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ON HODGE’S THEORY OF HARMONIC INTEGRALS 

By Hermann Weyl 
(Received June 4, 1942) 

The attempt which W. V. D. Hodge made in Chapter III of his beautiful 
book^ to establish the existence of harmonic integrals with preassigned periods has 
not been entirely successful because the proof is partly based on a false state- 
ment (p. 136) concerning the behavior of the solution of a non-homogeneous 
integral equation when the spectrum parameter approaches an eigen value. In 
a Princeton seminar on the subject, H. F. Bohnenblust pointed out that counter 
examples arc readily available even for linear ccpiations with a finite number of 
unknowns. For instance the equation \x + Ax — c with 



is solvable for X = 0 (a^i arbitrary, 0:2 = 1 ) and yet the solution for X 0, 

Xi = 1/X, X 2 = 0 
does not tend to a limit with X — > 0. 

In his book Hodge uses the parametrix method first developed for a single 
elliptic differential equation by E. E. Levi and 1). Hilbert.^ Building on the 
formal foundations laid by Hodge, I will show here how the argument can be 
made conclusive. Hilbort^s procedure served me as a model. 

Let n be the dimensionality of our Rieniannian manifold. 1 denote^ by 
Du the dual form and the derivative of any (linear differential) form u and 
use the abbreviation A for the operator D*D,^ For two forms w, v of rank 
Pj n — p respectively (t>, u) designates the integral of the product r-u over the 
whole manifold. u) is positive unless u = 0. An immediate consequence is 

Lemma i. A?/ = 0 implies Du = 0. 

Indeed {D*DUj u) = 0 leads to (*i>i/, Du) = 0, hence Du — 0. 

In the following,/, ?/, are forms of rank p and g, yp, d forms of rank n — p. 


^ The Theory and Applications of Harmonic Integrals, ('ambridge, 1941. St*o also Proc. 
London Math. Soc. (2) 41, 1936, pp. 483-496 whore Hodge asoribos the idea of using Hilbert’s 
parametrix method to IL Kneser. I find it hard to judge whether a previous proof along 
different lines (Proc. liondon Math. Soc. (2) 38, 1933, p. 72) is complete, or rather how much 
effort is needed to make it complete. For the Euclidean case, see W. V. D. Hodge, Proc. 
London Math. Soc. (2) 36, 1932, p. 257, and H. Weyl, Duke Math. Jour. 7, 1940, pp. 411-444. 

* E. E. Levi, Memoric della Societal italiana dclle Scienze, Ser. 3“, Tom. 16, 1909; 
D. Hilbert, Grundzuge einer allgemeinen Theorie der linearen Integralgleichungeny Leipzig, 
1912, pp. 223-231. 

® The author intended the printer evidently disliked it and replaced it by *u. If a 
standardized notation in the theory of linear differential forms is adopted the author 
would recommend to follow him and not the printer. 
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The rank p is fixed; no induction with respect to p takes place. The goal is to 
prove the following 

Theorem i. For any given null form gfQ'^O, the equation 

(1) Au = g 
has a solution u. 

I copy Hodge^s two basic formulas (3) and (4) on pp. 132, 133 of his book, 
replacing p — 1 by p and using the abbreviation 1/7= (— — 2)an . 
Let K be the operator with the kernel yKp(x, y) which carries any form u(x) 

into 7 J Kp(Xy y)-u(y)y and K' its transpose. The “parametrix^' operators 

Q, P with the kernels 7 • Wp(a;, y) and 7 -Wp-iCo:, y) are symmetric, 

(Qv, g) = {Qgy v). 

Finally, I set DPD = IT. Hodge’s formulas read 

(2) Ku - u QAu + (-l)"II*it, 

(2') K'v — = AQv + (— l)"*ni>. 

The solutions of the equations 

Ku — w = 0, K'v — y = 0 

will be called the eigen forms of the kernels K and /v' {scilicet “for the eigen 
value 1”). We try to solve our problem by means of the non-homogeneous 
integral equation suggested by (2), 

(E) Ku — u ^ Qg. 

It is essential to study this equation not only for null forms hut in a wider set 8; 
the success of the method depends on the proper choice of that linear space 8. 
Here is my definition: 
g belongs to 8 whenever PDg is closed, 

DPDg = ngr = 0. 

Every form of the type 

f = Uv (v arbitrary) 

is said to belong to ff. Evidently 8 contains all closed forms g whereas all ele- 
ments / of r/ are null forms, if and 8 are orthogonal: 

Lemma ii. (g, /) = 0 /or gi € 8, / € fL 
Indeed, if PDg is closed, then 

{PDgy Dt;) = 0 = (D^, PDv), 

an equation which may at once be changed into 

07, DPDv) = 0. 
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I take over Hodge^s Lemma I on p. 142: 

Lemma hi. If ^ is any eigen form of K' then is closed. 

For the sake of completeness I repeat the simple proof. Equation (2') yields 
for i = Qyp: 

(3) 

hence Z>*A{ = D*D'^D^ = 0 and then by double application of Lemma l/ 

D*D^ = 0 , = 0 . 

Incidentally we learn from (3) and the intermediate ecpiation Af = 0 that 
= 0, or that the eigen forms yp of K' lie in 9. 

We analyze the eigen forms of K and as follows. Within the linear space 
of all eigen forms ^ of we consider the subspace f of the closed eigen forms 
(p and choose our basis 

for all eigen forms accordingly, i.e. <pi , ' — , <pi span f. Equation (2) yields 

(4) 

This proves on the one hand that each closed eigen form v? of K satisfies the 
condition nV = 0, 

Lemma iv. V « ^for every <p € f. 

It shows on the other hand that ^ = A^ satisfies the conditions 

AQ^ = 0, 11^ = 0 

because the operators All and ITA annihilate. It then follows from (2') that 
ip is an eigen form of K'. The m forms Dipi , • • • , Dipm are linearly independent 
by construction, and hence by Lemma I the same is true for the forms 

= A^i , • • • , • 

The transposed kernel X' has the same number Z + m of linearly independent 
eigen forms as K. We determine a basis 

(5) ^-1 , • • • , , • • • , 

of which the i^^s are a part. 

The integral equation (E) is solvable if and only if 

iQg. ^) = 0 = (fif, W) 

for every eigen form \p of K\ or with the notation $ = Q\py if 

(6) (g, f) = 0. 


* One differentiation may be saved here by applying the formula (/)s, Di) ** 0 holding 
for any two forms s, t with continuous first derivatives of rank p — 1 and n — p — 1 (see 
Weyl, l.c.S p. 426) to s « PD^/ and t « with the result (FI^, = 0 =* (*A$, A^) whence 

A| “ 0 *» n^. 
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Let US say that ^ is of the first kind when ^ = Qxf/ t Tf. The forms , • • • , 
arc of the first kind, on account of the equation (4). We choose our basis (5) 
so that 

span the linear manifold of all eigen forms of K' of the first kind. By Lemma 
II the relation (0) holds good for any ^ c S in case ^ is of the first kind, and thus 
the m + I conditions (G) reduce to the last I — v oi them, 

(7) (^, = 0, . • . , {g, Qrkt) = 0. 

Let denote the set of those forms g e^} which satisfy the conditions (7). We 
have found that under the assumption g the integral equation (E) has a solution u. 

For this solution u we obtain from (2): 

(8) Q{g - ^u) = (~l)"-nX 

hence AQ(^ — /lu) = 0. Combining this with 11 (g — Aw) = 0 and applying 
(2') iov — g — ^u one finds 

g — Au = yp = Ciipi + * * * + Cmypm + Cirpi + . . . + cixpi 

to be an eigen form of K\ More precisely, because of (8), Q\p c ff, yp is an eigen 

form of the first kind, which forces cv+i , • • * , c/ to vanish. Writing u for 
u + 01^1 + . . . + we arrive at the following 

Intermediary Proposition: For any g efii there exists a form u and v con- 
stants , • • * , such that 

(9) g — Au = Ciypi + • • • + c^yp, . 

We know from Lemma IV that the dual form V of any element of f lies in 
8. That subspaee of f the elements <p of which satisfy the conditions 

(V, Wv+i) = 0, • • • , (V, Q4^i) = 0 

is of a dimensionality m = r. Let the basis , • • • , v?/ of f be so chosen that 

<Pi , * • • , <Pui span this subspace. From (9) we obtain for the v unknowns c^ the /x 

linear equations 

( 10 ) ^^0 Ha^'Cff = [g^ (fa) 

where 



= (ypff , (Pa), 

I maintain : 

Lemma v. 1 1 Ha^ 1 1 is a non-singular square matrix. 

Once this is established we have reached the goal. For then the v conditions 

= 0 (a = 1 , • • • , i;) 



HARMONIC INTEGRALS 


5 


imply Ca = 0 whereby (9) reduces to ^ — Au = 0. In other words, if g 
satisfies the relations 

(11) (Qj Wvfi) = 0, • • • , (flf, Q\pi) = 0; {g, =0, • • • , {g, ip,) = 0 

then the equation (1) is solvable. A null form g fulfills all our requirements, 
because the and Q\l/i are closed, the first by construction, the others 
by Lemma III. 

Proof of Lemma v. Wc have found the equations (10) to be solvable if 
€ 8i . For 

( 12 ) <p = aupt + • • • + a^<Pfx 

the integral (V, <p) is a positive definite quadratic form of ai , • • • , . Hence 

we can determine the coefficients a, in (12) so as to assign arbitrary values ba 
to the integrals 

(V, ^a) (a = 1, • • • , fi). 

But g — *<p . Hence we see that the equations 

e,h„c,.6. 

have a solution for arbitrary !>„ . In view of v this statement is equivalent 
to our lemma. 

In proving Theorem I we actually showed that the equation Au = g is solvable 
if g satisfies the conditions (II). Hence each such g is a null form, and the 
linear space is of finite dimensionality g I modulo the space of null forms. 
As 8 contains all closed forms of rank n — p, we find a fortiori that the number 
R'n-j, of linearly independent closed forms of rank n — p modulo null is finite 
and ^ /. The conditions (11) are of the type (g,/) = 0 where/ runs over certain 
specified closed forms of rank p. Consider the ^finner product*^ (o, f) of any 
two closed forms g,f of rank n — p and p respective!}^ ; the factors matter only 
modulo null. Our proof implies this further fact: 

Theorem ii. If ike inner product ({/, /) vanishes for a given closed g and all 
closed f, then g ^ 0. 

It is of course also true that the product cannot vanish for a given closed / 
and all closed g unless / ^ 0. Both facts together give the duality law 

(13) RLp = Rp . 

Theorem II has nothing to do with any Riemannian metric, de Rham’s 
second theorem follows at once from it by means of the expression of the product 
(gf,/) in terms of the periods of g and/ (Hodge, p. 85, last line), but it is essentially 
simpler since it deals with closed forms only, and not with forms and cycles. 
Its proof on an arbitrary manifold should be correspondingly easier. 
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The following proposition is equivalent to Theorem I for the rank p — 1 
instead of p: 

Theorem hi. For any form f there exists a uniquely determined rj f such 
that *7j is closed. If f be closed^ theji rj is harmonic. 

Indeed, set / = Z>< + r?, < being of rank p — 1 . The requirement Z)*r; = 0 
leads to the equation D*Z)i = D*/ which is solvable by Theorem I. 

The new proposition shows at once that for any rank p the space of closed 
forms modulo null may be identified with the space of harmonic forms. This 
makes the equation (13) particularly lucid because is harmonic if u is and 
vice versa. The same proposition provides another proof for Theorem II, 
because one has merely to substitute *97 for in order to see that the vanishing 
of the inner product (77, t?) of a fixed harmonic form rj with every harmonic H 
implies 77 = 0. The observation (Hodge, p. 139) that on account of (2) the 
harmonic p-forms are eigen forms of K again proves the inequality Rp ^ 1. 

The link with the homology theory of cycles is established by de Rham^s 
first theorem stating that a p-cycle C is homologous zero if the integral of every 
closed p-form / over C vanishes. 

Institute for Advanced Study, Princeton, N. J. 
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moutard-Cech hyperquadrics associated with a 

POINT OF A HYPERSURFACE 

By Buchin-Su 
(Received May 22, 1942) 

The purpose of this paper is to give a new proof of the theorem of Cech^ 
concerning the locus of the quadrics of Cech of sections produced by certain 
spaces and to generalize, as a consequence of the equation to a Moutard-Cech 
hyperquadric, the notion of Moutard pencils^ to the theory of hypersurfaces. 

Let 0 be a generic point of a hypersurface Vn in a projective space iSn+i . 
If 0 is taken for the origin of coordinates with the tangent hyperplane of F„ at 
0 in non-homogeneous coordinates • • • , as the coordinate hyperplane 
= 0, then the expansion of V„ at O is of the form 

(1) X”"-' = + ^KarXX^X’^ + 

where we have made use of the convention that when the same index appears 
as a subscript and superscript in a term this term stands for the sum of the terms 
obtained by giving the index each of its n values 1,2, • • • , n. Without loss of 
generality we may further assume that the coefficients in (1) are symmetrical 
in the subscripts. 

We shall calculate the fundamental quantities a»/(i, j = 1, • • • , n) of the 
fundamental form of Fubini.^ Putting 

l,..dX-dX- - - 

for homogeneous coordinates with X* = 1 , and noticing that 

dX' , 

5^ = (», J = 1, • • • , n), 


we have 

(2) hr. = = Hr. + 2Kr., + //„pr X'X' + (3), 

where {m) denotes all of the terms of order ^ m in • • • , X”. The discriminant 
B of the above form is consequently found to be 

(3) 5 = ff{l + 2H^^K,r,X^ + L^rX^r + (3)1, 

1 Cf. G. Fubini and E. Cech, Geomeiria proiettiva differenziale, vol. II, Bologna (1927), 
p. 618; in the sequel referred to as <7. P. Z). 

* For the definition of a Moutard pencil in Si see B. Su and A. Ichida, On certain cones 
connected with a surface in the affine space ^ Japanese Journal of Mathematics, 10 (1933), 
pp. 209-216. 

3Cf. G. P. D.,p. 608. 
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where 

(4) Lvw — iV^lloTVw + K^trvKopu, + KarwKupv — KvrwKopv) 

and H is the determinant of is the algebraic complementary of Hi, in 

H, divided by H and, finally, = 0 if ^ = j or A; = Z, and otherwise is 
the minor formed by striking out the rows and columns in H which contain Hrk , 
Hu , Hjk , H ji , also divided by H, the sign being +1 or — 1 according as the per- 
mutations f, j and the remaining rows in order, and fc, I and the remaining col- 
umns in the order 1,2, • • • , n are of the same or opposite parity. 

From (3) it follows that 


-l/(w+2) _ jT-U(n+2) 


1 --- ^ tl Pi^erp A 

n + 2 


' I 7 i ^ ^ J^arv P^puw ^ « 

\{n + 2)2 n + 2 / 


so that 

a.. = 

Thus we obtain at 0 


n + 2 / 


+ (2) 


dra — 

H 

■•l/(«+2) 


^Clrs 

2 1 ^— l/(n +2) 

(Kr., - 

1 

dX^ ~ 



n + 5 

a * = 

H' 

/(n+2) jjt 

> 



1 / 

^dart , 

ddst 


1 ra.t “ 

2! 

— - + 

dX- 

dxy 



H 

l/(«+2) 1 

Krst - 

1 



] 

71+2 


(r, s = 1, • • • , n), 
(r, = n), 




rj. = H"Kr.. ~^H"K,r.5t 

n + 2 


//"■//. ./r'K„p 

n + 2 n + 2 


The covariant derivatives of X' are 


__ _ z 

dX'dX^ '^dX^ 


(z = 0, 1, • • • , n + 1). 
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At 0 we obtained from (7), X® being 1, 

f x?. = 0, 

( 8 ) I xi. = -ri. 

= Hr.. 

Introduce, as usual, the vector of components^ 


(f = 1, • ■ • , n), 


( 9 ) 


r = - (i = 0, 1, • • • , n + 1) 

n n 


and calculate the values at 0 by means of (7) and (8). The result of this com- 
putation is as follows: 

^ = 0 , 


( 10 ) 


r = - //"if,,,//*'’ (f = 1, • • • , n), 

n Z 


We are in a position to consider the corresponding tangential coordinates 
= 0, 1, • • • , n + 1) of Cech given by the minors of order n in the following 
matrix^: 


1 

X' 

x • 

• X" 

X"+1 

0 

1 

0 • 

•• 0 

dX”^^ 

ax‘ 

0 

0 

1 • 

• 0 

dX"^^ 

ax* 

0 

0 

0 • 

• 1 

ax"+‘ 

aX" 


.^l/(n+2) 


or, more precisely, 

( 11 ) 


I ^-l/(n+2) 

1 




(f = 1, • • • , n). 


( 12 ) 


A reference to (1) and (5) gives 

r = + (3)j 

(i = 1, • • • , n). 


* Cf. G. P. />., p. 611. For clearness of notation the X there utilized is now replaced 
by 3^. 

» Cf. G. P. Z)., p. 609. 
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SO that at 0 


dX‘ 


= Hu 


(i, I — 1, • • * , 7i), 


^ ^ - = 2H 
dx^dX‘ 


and therefore 


-l/(n+2) 


\ n + 2 n4-2 / 

(r, s = 1, • • • , n) 


(13) 


ki. = - - ^-^irK„.Hir - --i .H"K,rrHi. 

' n + 2 n + 2 


?! -j- 2 

If we define, as the dual of 3£, the vector S of components 


(i = 1, 


(14) 


^ A 2 I' = (j = 0, 1, • • • , n + 1), 


(i = 1, • • • , n), 


we have at 0 

f2yi “H 3 r/pj/ rjrs -rr j rrm j 1 
n(n + 2) n + 2 j 

whence 

(1 G) SXE = x-o, b -1-4 . 

n(n + 2) t n + 2 j 

The quadric of Cech of Vn at O is given by the equation*^ 

(17) 2Xm + (nfSXS - a^rvv = 0 

where the local coordinates X, 1^4 • • • , r”, /x of a point are related to the co- 
ordinates • • • , by the following equations: 

1 : X' : Z" : • • • : X” : 


(18) 


= X : + V : /x3E^ + v : 




Substituting (10) and (16) into (17) and reducing by (18), we have the equation 
to the quadric of Cech of F„ at 0 : 


(19) 


2 

71 + 2" 


1 rj V’®’ ^ TJP^ T/' \rn+'l 

^\. ■“ 2^ or ^ ■‘^puo-^ 




• Cf. 0. F. D., p. 616. 
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From the last equation we can easily demonstrate some known results. In 
fact, consider a hyperquadric Q which has at 0 a contact of the second order 
with Vn . Since the equation of such a quadric Q is expressible in the form 

(20) + apX'X”"*' + 

the quadric of Cech given by (19) evidently belongs to this family. It is easily 
seen that the tangents to the intersection of Vn and Q drawn from 0 constitute 
a hypercone Fn-i of the third order 

(21) F3 ^ (iX,.p - ha,H„)X^X^X^ = 0. 

The latter is apolar to the asymptotic hypercone 

( 22 ) • H^rX^X^ = 0 

if and only if 

ir{2K.ri ~ aJI^r - 2arH,i) =0 (i = z, . . . , n), 

namely, 

(23) Oi = -^irK,ri (t = 1, • • • , n). 

In consequence, the quadric Q in consideration must belong to the pencil 

(24) + a(X"''‘)*, 

called the Darboux pencil,' The equation (19) shows that the quadric of Cech 
is contained in the Darboux pencil.^ 

We now proceed to find the section Vy of Vn produced by a space [*/ + 1] of 
V + 1 dimensions through a given tangent space [i'] of v dimensions at 0. First 
it is convenient to take the given space [v] through O for the space 

(25) = 0, • • • , = 0 1), 

SO that the [v + 1] is then given by the equations 

(26) ' Z* = (A = .- + 1, • • • , n). 

In virtue of (1) and (26) there is no difficulty in showing that the section of 
Vn produced by (26) is a hypersurface Vy in this [v + 1], the expansion of Vy 
at 0 being 


(27) 


^n+l 


1 Z H,r X’ X' + 5 Z K.r.X’X^X" 

2 1 o 1 

+ r^Eff,r,uX'X'X^X'‘ + 

1^ 1 


f 


7 J. Kanitani, G^omHrie differentielle projective des hypersurf aces ^ Hyojun (1931), p. 33. 
« Cf. G, P. D., p. 617. 
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where the coefficients symmetrical in the subscripts are given by the following 
equations : 

Kerp = Korp + 


(28) 


o“»'4-l o-^v+l 

n n n 

ftoTpu — H„Tpu-\- Krpu 23 + TVpuff 23 ^ra + Kuar 23 ^poX° 

n n 

+ Karp 23 4“ 23 {H orH pa ^^ + K apH uaHr^ 

o-=p 4-1 a,/J=-v41 


+ HauIlraUpf) + II rp H ua K a0 + Hru K aall + H pti H aa H rfi) 

n 

4 “ ^ ^ (^K ara K pu 4 “ K-apaK ut 4 “ KauaHrp 4 ” I^rpaKau 4 ” KruaKap 

a^v+l 

4 " KpuaIIax)X*^ 4 “ hill aril pu 4 " HapHru 4 " H pr H au) 

n 

• 23 //a 3 X“X^ (o', T, p, W = 1, • • • , I/). 

In order to find the quadric of Cech of Vy at 0 we have only to replace in (19) 
n by Kijk , Hijki , etc. by Kijk , flijki , etc., remembering that in this case the 
summation must be of the terms obtained by giving the index each of its v 
values 1, 2, • • • , I'. Thus we have 


(29) 


X n+l 1 TT V’’ ^ V IT 

— / j rl ar ^ ^ ~ll O ^ J^putr^^ ^ 

2 a.T—l U -f' Z p,(r,u—l 


rt+1 


where 




f = 0 , 


Lr . = Z H " Jhrr . + 5 Z A%„. - KurrK,,. 

1 J 1 


(30) 

4 ” Kars K pur KursKapr')* 

From (28) it follows that 

Z = Z Ap„. + K*- + 2) Z //.«X“ (<7 = 1, • • • , 

1 1 o-v+l 

Hence, putting 

[a = Z H " ft ^'‘ H '' K „ rK , us , 


( 31 ) 


= Z , 

1 

= Z - RurrR ,,.), 

1 
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the equation of the quadric of Cech in consideration can be written in the form 


X»+l 1 \ Tj \r<r \rr f 2 \ ’’ TJpu 

rt ^ ^ tl (tr ^ S I * ^ ^ ^pua-^ 

Jt \ {V -T ^ I 


(32> 


iT=l a*^v+l 


^ /2(. + 3)^ 1 


(93 + S) ^ = 0. 


2y ” v{v + 2) 

Since Karp and Harpu are respectively linear and ipiadratic in X’s and isB, (S 
given by (31) are all quadratics in Ihesc parameters, by eliminating thesm from 
(26) and (32) we may easily conclude that when the* space [j/ + 1 ] turns about the 
fixed space [v] given by (25) the quadric of Cech (32) describes a hyperquadric, 
which completes the proof of the theorem of Cech. 

For the subsequent development it is, however, desirable to derive the explicit 
form for ?l, 58, (£ and therefore the equation of the hyperquadric thus obtained, 
namely, the Moutard-Cech hypeniuadric belonging to the given space [v]. 
The first two of them may easily be calculated by means of (28). Thus we 
obtain 

p 

X j a H £2 J\. arr ^ pus 

1 

(33) + (v + 2) 'E fi'" Ti" K„r E //.aX“ 

1 a‘^v+1 

+ (v + 2)^ ^2 ^ 

4 1 a, ^- 1^+1 

53 = Harpu + 4 1;; Z HraX" 

1 1 a — I'+l 

(34) +2(;< + 2)E^” E + 2{v + 2)En" E K^aX" 

1 a./S—v+l 1 a—t'+l 

+ J >'(»' + 2) E //-3X“X^ 

^ a.^—v+l 

remembering that H„ , K,,^ , //„p„ are symmetrical in the subscripts and that 


(35) 


E = «; . 


It remains for us to compute S. For this purpose we find it convenient to 
remark that 

^j^9U,rp jJU9,Tp j^yu, pr 

, 

= fl'‘% - fI'‘X , 


( 36 ) 


E - HurH,,) = 2p{u - 1 ), 

1 

E - H,„i7„) = 2(SX - 6Xr), (r, s, p, T = 1, • • • , ,-). 
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The first two relations are consequences of the definition of the next two 

follow from the expansions of the determinant involved in and the last two 
sets follow from the repeated utilization of Laplace expansions of the deter- 
minant ft or from the preceding two equations. Some calculations suffice then 
to demonstrate that 


e = Z - KurrK,,.) 

1 


(37) + 2(1. - 1) Z Z 

1 

+ 5 (•- + 2)(.> - 1) Z Z 

Substituting (33), (34) and (37) into (32) and reducing, we arrive at the equa- 
tion to the quadric of Cech of at 0, namely, 


A — ? j ij A A “x r~?i ^ -• tl IVpuff-^ i“ X ^ X ^ ti ffa\ A /A 

2 1 [V -f' Z 1 <r-l o-j»+l J 

^ /r H K.„Kp., viTT^ Y ^ 

+ -7-4-o^ Z H"Jt^'‘Kpu. Z //raX“ - - Z Z A.„X“ 

v{p -jr Z) 1 a-v+l V 1 a-K +1 

-5 Z iy«(*X“X'')(Z''+')* = 0 

Z a,^-v+l J 


where L„r(<rj t = 1, * * • , J') arc given by (4). Elimination of • • • , X” 
between *(26) and (38) immediately gives the equation of the Moutard-Cech hyper- 
quadric belonging to the space (25): 


X"+‘ = J Z H,r X’X^ 

(39) +z|-ZH"A„ 


P-1 I*' 


v{v + 2) ff,T,u,vi 


tL H,pir^H^^Kuvr>X^X^ 


n+1 


J 2(v 3) jjffT fjpu ijrs 1 Jj9r j \ /'|r”+l\2 

\Kir+-2)r^ ^ ^ V ^ 


Several interesting theorems can be easily established. For example, take 
any point P({\ • • • , {", 0, • • • , 0) in the given space [i^]; the polar hyperplane 
(in [j/]) of P with respect to the corresponding Moutard-Cech hyperquadric is 
evidently given by the equation 




Z z H"K„peX’'*\ 

<r,T-l V + 2 1 


( 40 ) 
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This hyperplane can, however, be obtained by the following method: Consider 
the quadric Q given by (20); the cubic hypercone Tn-i of equation (21) contains 
the space [v] when and only when 

E = 0, 

1 

that is, 

(41) KffTp ^dpUgj T^dffHrp 0, ((T, T, p 1, * * * , . 

Multiplying (41) l)y and summing for a, r = 1 , • • • , i', we obtain 

(42) ap = 1 o ^ ’ (P = 1, • ■ • , v). 

V + 2 «r,r«l 

The hypcrquadric Q in this case becomes 

x'‘+' = ^ E H,rX^x^ + Z rr K,r,x'‘ x’"^ 

2 V V -]r 2 \ 

( 43 ) 

+ E a„X“X"'‘ + a(X"'')', 

Of— 1/4-1 

, • • • , a,t , a being arbitrary constants. It is obvious that the polar hyper- 
plane of the point /^(^\ • • • , 0, • • • , 0) is precisely (40). Hence we have the 

Theorem. Suppose thdi d spdce \v] through O he contdined in the tdngent 
hyperpldnc of a hypersurfdce Vn cit 0 dud thdt d hyperuqddric Q hds dtOd contdct 
of the second order with Vn . If the cubic hypercone Fn-i formed by the tungents 
drdwn from 0 to the intersection of Vn nnd Q contdins the spdce [v]^ then the poldr 
hyperpldnc of dny point in this [j'] with respect to Q imist coincide with thdt of the 
sdme point with respect to the Moutdrd-Cech hypercjuddric belonging to [v]. 

In particular when »/ = 1 we obtain a theorem due to Fubini.^ 

Let us now consider the hypeniuadric (20) such that the corresponding Fn-i 
should pass through the space [j'] doubly. We can show that such a hyper- 
quadric must belong to a pencil. In fact, for the hypeniuadric Q in question 
the coefficients dp(p =1, • • • , v) are, as before, given by (42), and 

= (K„, - \a,H,r - a,Hr,)X’r = 0, (p = 1, • • • , n), 

must be satisfied identically for any • • • , and = 0, (a = + 1 , • • • , n). 

Therefore 

E (X„p - - a,Hr,)X’X^ = 0, (p = 1, • • • , n), 

<y,T— 1 

or 

(44) 2K.ifTp dpHffp dpHxp dxHap — 0 t = 1, * * ’ ^ v y p = 1, •**, n), 


» Cf. G, P. D.y pp. 617-618- 
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whence 


(45) a, = - Z H"K„p - -7-i-oT ^ (p = 1, • • • , n). 

+ 2) a,r.u,v-^\ 


V a,T«l 


Hence we obtain a pencil of hyperquadrics 


= s z H„X’X^ 

2a,T-l 


(46) 


+ Z j- Z - r 1-oS \ X<‘X’‘ 

p«l (^1/ <r,r-l + 2 ) (T.nu.i;-! ' 


a being a parameter. We shall call (46) the pencil of Moutard-Cech belonging to 
the given space [*^], because each of these pencils contains a Moutard-Cech 
hyperquadric (39). Thus we have proved the following 

Theorem. If the cubic hypercone r^_i passes through the space [i/] doubly, 
then the hyperquadric Q must necessarily be in a pencil of Moutard-Cech belonging 
to the space [i/]. 

That the converse of this theorem is not necessarily true may be seen by con- 
sidering a Vn in which H^r = ^cr and Kpar ^ 0 for p, a, r all different. Then 
even if a^ is defined by (45), the right member of (44) becomes Kpar ^ 0 for 
p, <r, r all different, and thus (44) cannot hold. 

This generalizes a theorem for the case v = 1 

The hyperquadric of the pencil (46) possesses another definition, as we will 
show below. 

From (27) it is easily seen that all of sections produced by spaces + 1] 
through the space [i'] have the asymptotic hypercone at 0 in common, namely. 


(47) 


Z H„x’x^ = 0 , = a, • • • , = 0 , 


which may be obtained as the intersection of the space [v] with the asymptotic 
hypercone (22). 

In the tangent hyperplane = 0 of Fn at 0 a space [n — v — 1] is taken 
such that it is skew with the space [H- The projection of the hypercone (47) 
from this [n — v — 1] is apolar to the cubic hypercone Fn-i if and only if 

V 

Z — a^H^r — a,Hfr — arH^c) = 0, (p = 1, ■• • • , n), 

<r,T— 1 

whence we obtain (45) and consequent!}^ the pencil of hyperquadrics (46). 
Hence we have the 

Theorem. If the cubic hyperco?ie ri_i be apolar to the quadratic cone ob- 
tained by projecting the common asymptotic hypercone of various Vp*s from a space 


Cf. my poper: Plane sections through an ordinary point of a hypersurface , to be pub- 
lished in Revista, Tucumdn. 
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[n — — 1] contained in tUe tangent hyperplane of Vn at 0, but skew with the 

given [v], then the corresponding hyperquadric Q must belong to the pencil of Mou- 
tard-Cech, and conversely. 

We have shown the truth of this theorem in the case v = 2}^ 

Among various sections of a hyperquadric Q of the equation (20) produced by 
spaces (26) of */ + 1 dimensions through the given space [v] it may happen that 
the section just coincides with the quadric of Cech of the section . In 
virtue of (20) and (26) it is easily shown that the section of Q is 


(48) 


2X”+' 


i: II„ X’X^ + 2 £ /a, + £ 

r.T—l (T-“l ( a — v+l j 

+ 2 ( 0 + £ 


In order that the latter should represent the quadric of Cech (38), the necessary 
and sufficient conditions are 


(49) 


a. = i ^ Z 

V Z p.w-1 


(<r = I, 


n 

a *f- UaX* 


= I Z 

^ a.0-v+l 


+ ^£//" £ K.raX" 

V 1 a-v+1 


(50) 


+ 


v{v + 2) 

4 v n 

IT TJ \ ® 

+ Z) 1 
2(y + 3) 

Y^ v’ TT 

f \~n\n 2^ ^ ^ ^ 

+ Zy 1 


I have not been able to find the geometrical meaning of (49) and (50). We 
remark that if the hypercone Fn-i passes through [p] then (42), which is identical 
with (49), holds. However, since (49), or (42), does not imply (41) — as can be 
seen from the counterexample following the next to the last theorem above — 
(49) does not imply that Tn-i passes through [j/]. We also remark that in the 
case V = 1 the equation (50) shows that the plane (26) should osculate a curve 
contained in the intersection of Vn and Q}^ 

It is of some interest to investigate all the quadrics of Cech of sections which 
lie on a fixed hyperquadric Q having at 0 a contact of the second order with 
Vn . Observing that a space [j'] through 0 and in the tangent hyperplan of 
Vn at O contains in general v{n — v) parameters and that the conditions (49) 
and (50) are + 1 in number, we may conclude that on Q there are 00 
quadrics of Cech of v dimensions. 


Cf. my paper, loc. cit.*®. 
Cf. my paper, loc. cit.^®. 
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For the sake of completeness we shall find the equation of the Moutard- 
Cech hyperquadric belonging to a general space [v] through 0 and in the tangent 
hyperplane of Vn at 0. 

For this purpose it is convenient to express the equations to the space [r] 
in the form 

(51) = Z d:x’ (a = y + 1, • • • , n), = 0 

<r-l 


(52) 

if we put 

(53) 

Introduce 

(54) 
so that 


X* = 0 (k = p + 1, ,n), = 0 


= X" - Z dlX’ 


(k = p + 1, • • • , n). 


X‘ = X‘ 0-=l, ...,„), = 


X" = X* + Z 


(A; = y + 1, • • • , ti). 


Substituting (54), (55) into (1) and rearranging, wc obtain 

= It, + I Z K,„X’TX^ 

J 1 O 1 

(56) 


where 


+ Z H„,„.t^rx^Y“ + • 


H„ = H„+ z H,ad‘; + Z Hr„d: + Z Haf>d:(f,, 

a=»v-hl a—i'-hl 


Haa = Hca + ^ Hapd^, 

/S-v+1 


(<7, T = 1, • • • , j;), 

((T = 1, • • • , J/; a = J/ + 1, • • • , n), 


= Haff, {a, P = V + 1, • • • , n); 

and similarly one can obtain explicit expressions for Kp^r and Hpam in terms of 
poT ) parii > and dp , 

By virtue of (39) the equation of the Moutard-Cech hyperquadric belonging 
to (51) is of the form 

2 1 

. (58) + Z Z H" - -7-4- 0^ Z //.P H” H"" X’’+‘ 

p -1 [v I v[y 2) V ] 

j2i{v -f” 3) f^ra fjOT fjpu ip’ _ 1 \ 

V7 T7~oS2 " “ ^ “ KorrJ^pu* ^ tl LaT(\2i. ) 


v(v + 2) 


v(p + 2) 1 
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where H" is related to H„ as H„ was to H„ ■ On account of (53), (54), (57) 
the equation (58) may be written as 

1 Q ” r _ o ^ 

^ TJ _L. " J n ^ 

— O ^ ^ n ar Ji. A. “T — / ^ \ / j tl Tv^rp 1 ^ ^ ti op tl it I\uvt 

V p-i {I I' + 2 1 

(59) - Z f Z K,ra ^ Z H" X" X''+‘ 

a^y+l \ 1 V + 2 1 / ) 

+ - 2(»' + 3) Z S^'H"S'‘'‘K,rrK,u]iX"*y. 

v{v -jr 2) [ I 1 J 

Hence we have the 

Theorem. The Moutard-Cech hyperquadrics belonging to two different spaces 
through O and in the tangent hyperplane of Vn at 0 intersect in the asymptotic 
hyper cone of Vn at 0 and a hyperquadric of n — \ dimensions. 

We shall consider now the intersection of the quadric of Cecil of Vn with the 
Moutard-Cech hyperquadric (59) or what amounts to the same thing, (58). 
Since (19) remains unaltered when //, /C, X are replaced by H, X respec- 
tively, the intersection in question consists of the asymptotic hypercone and a 
hyperquadric Qn-i . The hyperplane on which Qn-i lies passes through the 
space (52) if and only if 

( 60 ) Z z H"” = 0 , (<r = 1 , • • . , 

I' -b 2 1 n “f- 2 1 


But the Darboux tangents of F„ at 0 constitute a cubic hypercone with the 
equations 


(61) 


Z = 0, = 0, 

1 


where we have placed^® 

.u. = K,.. - Z ir'Kr, 

n + J \ I 


(62) 


+ Z H'’Kr.u + H, 




In order that this hypercone should contain the space (52) it is necessary and 
sufficient that 

(63) = 0 (p, -w, <7 = 1, • • • , J') 

Multiplying (63) by and summing up with regard to p, w = 1, • • • , i;, 
we are led to (60). Hence there follows the 


Cf. Kanitani, loc. cit., p. 34. 
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Theorem. At a generic point O of a hypersurface Vn the quadric of Cech (or 
any quadric in the Darhoux pencil) and the Moutard-Cech hyperquadric (or any 
hyperquadric in the pencil of Moutard-Cech) belonging to a tangent space [j'] inter- 
sect in the asymptotic hypercone of F„ and another hyperquadric of n — 1 dimen- 
sions. The hyperplane through the latter hyperquadric contains the space [p] when 
and only when the space [i/] belongs to the cubic hyper cone of Darboux tangents at O. 

Thus is generalized the theorem of Bompiani^^ concerning Moutard quadrics 
of a surface in ordinary space. 

National. University of Chekiang, 

Kweichow, China. 


E. Bompiani, Contrihxiii alia geometria proiettiva-differenziale di una auperficiey Bol 
lettino della Unione Matematical Italiana, 3 (1924), p. 97. 
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THE CLASS-RING IN MULTIPLICATIVE SYSTEMS 

By a. 11. Richardson 
(Received October 15, 1942) 

Notation. S denotes a system closed to a binary operation; a, b, c, • • • , are 
elements of 7^-siibsets yt, T, • • • of X; u, y, ic, • • • , are elements of w. The 
term J5-set implies that the classes Cw ^ w- A are disjoint, the relation between 
the elements in C,,, being an eciuivalence relation Ra . Hence if w b(' any element 
in S, ai , any elements in A then there exists an element a such that w = le a; 
w = (w-ai)-a 2 ; (iy*ai)-a 2 = w-a. 

These classes will be regarded as the elements of a multiplicative system Ta in 
which multiplication will be denoted by X. In group theory X may be derived 
from • , e.g. a X h may denote any one of a • b, b • a, a • ^ • a~^ • h -a^b etc. On 
the other hand X may be defined without reference to • as in the theoi y of 
rings of systems closed to two operations, e.g. ah — ha, ah + ha} 

In order to establish an automorphism between the structure (lattice) of 
equivalence relations , in which A ranges over all /iJ-subsets of 2^, and those 
quotients of T^-sets having th(^ same Ra , we shall assume : 

Cancellation Law I. If for any dement u we have u-a — ud) then there 
exists a d in D — A C\ B such that u-a = u-b = u-d, i.e. we assume that D is 
non-void. 

Associative Laws. w^O'-h) = {wa)-b; {w-a)-h = w- (a- b) where b is iriB,. 
Hence A AB C) = (A /^) C. 

The product le a, X v-Uj is in 2 and so falls into one and only one class 
Cu = U’A. In ordinary algebra several classes ari.se, viz.: 

(a) All ehiinents W’A X v- A are in the same class {w X v) • A . This hold.s, 
in the theory of normal ce-set expansions in groups and si^mi-groups. 

(b) All elements w-A X v-A are in the same class u-A where u ^ w X v,. 

This case cannot occur here for since A is an E-sot, right units a^, , a„ exist 

such that w = W’ a„, and v = e • . Hence w Xv \s in w- A Xv- A which product 

must therefore be in {w X v)'A, 

(c) The elements w A X v-A fall into different classes, e.g. the classes of 
conjugate elements in group theory. 

We shall denote unions and cross-cuts with respect to • and X by A U B, 
A B, A B, A V\ B respectively. 

1 . Cu^XCv^ Cuxv. 

This is equivalent to 

(1) (w-A) X (v’A) ^ {w X v)-A 

' A. R. Richardson, Congruences in Multiplicalive Systems. To appear in Proc. Londork 
Math. Soc. 
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i.e. given a, , a,- any elements ol A\Wy v, any elements of S then a € A exists 
such that 

(2) (wai) X (y-ay) = (it; X v)*a. 

Since -A is an J?-set Uu, e A exists such that w-Qu, = w. Hence there are the 
following special instances of the distributive law ( 2 ): 

(3) w X (v-ai) = (w X v)-a 

(4) (w-ai) X V — (w X v)-a^ 

If (ly-A) X (v-A) = (w Xv)‘ A there are other special instances: 

w X (arfl;) = (ty X ai)-aj, 

(w X a.) -ay = (w-ak) X (arUn,) = (w-ak) X an , 

(w-ai) X aj = (w-ai) X (aj-ai) = (it? X a,) -a. 

Theorem 1. If the classes mod Ra and mod Rb both satisfy condition (2) then 
so do those mod Raub and mod Racxb- 

liCt D — A f] By supposedly non-void, and let d* , d, be any elements 
in D. Then (w-di) X (v-dj) = (it? -a*) X (t?-ay) = (it? X t?)-a. Similarly 
(w-di) X (v-dj) = (w X v)'b. Hence, by cancellation law I, there exists d in 

D such that (w-di) X (t?*dy) = (it? X «?)*d, i.e. (2) holds for D = A H B. Next, 

owing to the associative laws, the elements oi M = A U B are of one of the 
forms a, 6 , a • 6 , 6 • a. Take these in turn : 

(w-ai) X (v'bj) = {(w-ai) X t?l -6 = {(it? X v)-a}-b = (it? X t?)-(a- 6 ) 

= (it? X v)-m, 

{w-iavbi)} X \v-{a2-b2)] = { (it?-ai) * 63 } { (t?'a 2 ) ' 64 } = {(w^-ai) X (t?*a 2)}*6 

= {(it? X v)-a]-b = (it? X i?)-(a- 66 ) = (it? X t?)-m. 
{it?-(ai*&i)} X (t?*(?? 2 *a 2 )} = {w?*(ar 6 i)} X {(t?- 62 )-a 3 } 

= [{it?-(ai- 6 i)} X (v-b 2 )]'a = [{ (it?-ai) * 63 } X {v-b 2 }]-a = [{(it?-ai) Xv}'b]-a 

= [{(w? X v)-ai}‘b]-a = (it? X v)-m. 

Hence (2) holds for M = A (i B. 

Corollary 1. We have also proved that A • J5, defined as the set of all elements 
of 2 of the form a -by also satisfies ( 2 ). 

Corollary 2. If A is a normal E-set of 2 with respect to • , i.e. if v- A = A-v 
for all V in 2 , then (2) is satisfied if X is taken to be • . ‘ 

If (2) is satisfied it is customary to define C„, X Cy, to be equal to Cwxv^ for every 

* These laws resemble those of D. C. Murdock and O. Ore, On generalized rings. Am. 
Journ. of Math. vol. LXIII No. 1. 1941. 
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element in Cw X is in • In such cases the correspondence w w- A 
between S and Ta is a homomorphism. 

Although in many instances we require only that (w-A) X {v^A) ^ {w y^v)- A 
in others it is necessary that {w-A) X (v-A) = {w X v)-A. We therefore 
examine the condition {w X y)*A ^ (w-A) X For this to hold it is 

necessary that given ^e, v, a there shall exist ai and a, such that 

(5) (w X v)-a = (ty-ad X (v-aj). 

Theorem 2. 7/ the classes mod Ra and mod Ru satisfy (5) then so do those 

mod Rauh . 

The elements of A U ^ are of one of the forms a, b, a- 6, h • a. (Consider 
(w X v)-m = (w X v)-{a-h) = [(w X v)-a ]-?>2 = X (v-aj)]-b 2 

= {(^v-a^)-bi} X [0^'aj)-bj] = {w-(ai-h,)\ X {v-{aj-bj)] 

= (w-irii) X (v-mj) 

i.e^ (5) holds. Similarly it holds for the ease m — b-a and therefore in all eases. 

In order that (5) shall hold for Ra^h a new form of the cancellation law is 
necessary. 

Cancellation T.aw IT. If (w-a^) X (v-af) = (w-b^) X (v-bj) then there exist 

in D = A f) Bd, and dj such that the above produets equal (w-di) X (v-dj). 

Theorem 3. If the cancellation law II holds and if Ra , Rb tialisfy condition 
(5) then so does Ra^b . 

(ic X v)-d = (w-a^) X {v-aj) = (w-bi) X (v-bj) since d is in both A and B. 
Hence, from cancellation law 1 1, , dj exist in D such that (w Xv)-d = (w-di) X 

(v-d j)y i.e. (5) holds in Rahb . 

Theorem 4. If 2 is homogeneous with respect to X and if cancellation law II 
and laws (2) and (5) hold for A and B then the cancellation law I also holds. 

Let z be any ekment in 2. Since 2 is homogeneous, w and v exist such that 
z = w X V. Let z-a = z-b then a, , Uj , bi , bj exist such that z-a = z-b = 

(w-ai) X (v-aj) = (w-bi) X (v-bj) and by law II, d, , dj exist in D = A 0 B 
such that z-a = z-b =. {w-di) X (v-dj) and by law (2), there exists d in D such 
that these products are ec^ual to (w X v)-d = z-d, i.e. cancellation law I holds. 

Theorem 5. 7/2 is homogeneous with respect to 2 and if cancellation law I 

holds as well as laws (2) and (5), then the cancellation law II holds. 

Let (w-Oi) X (v-aj) = (w-bi) X (v-bj) then by (2) a and b exist such that 
(w X v)-a = (w X v)-b. Himee by cancellation law I, d exists in 7> = A fl 7^ 
such that (w X v)-a = (w X v)-b = (w X v)-d and, since (5) also holds, this is 
equal to (w-di) X (v'di), i.e. cancellation law II holds. 

In general the 7i'-sets do not form a Dedekind Structure (modular lattice). 
If however the equation ai = a 2 • x is always solvable in an i^-set, then 
Theorem 6 . The E-sets form a Dedekind structure with respect to - , i,e. if 

A <C then C h (A U B) = A U (B (1 C). 
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By the associate laws the elements of A U B are of one of the forms a, b, 
a-by b-a. 

Let c — b a. Then d exists in A and therefore in C such that c-d = b. Hence 

6 is in C and therefore in B 0 C, i.e. c € A U (B 0 C). 

Let c = a-b then c exists in C such that c — a Cy i.e. c = a-c = a-b. Hence 
d exists in B n C such that c = a -d, i.e. c c A U (B fl C). 

Corollary. The mutually permutable E-sets A, B, • • • for which ai = 
bi = b2-xhave solutionSy forma Dedekind structure. 

It is desirable to express the conditions that every element in a product class 
occurs ecjually often in the product but, apart from the very restrictive condi- 
tions such as those in group theory, the necessary qualifications are complicated 
and are not inserted here. Instead we shall assume the CiCj = '^CijkCk . 

2. The characteristic equations in the class-ring 

Let X = ^ XiCi y i = 1, 2, • • • , n, the x's being indetcrminates in a ring K 
not of characteristic two. Then 

z X y = Z X E mCi = E = (x.)(E 2//%m)(c„) 

*.J 7 

where (x.) is a one-rowed matrix and C« a one-columned matrix and Ay = 
(^iVjCkim) is an n-matrix in which k denotes the rows and m the columns. 
Hence 


= (xi)Ay{C„), 

Similarly 

XXY = (C.-XE XiCin,k){yn) 

7 

= (j^.)(Ea:,-c,tm)(C„) 

= (C'.)(E2/,«-/*)(^n). 

Evidently (X X Y) X Z = (xi)AYAz(Cn) and X X (Y X Z) = (Xi)Ayxz(Cn). 

Hence the condition for the class-ring to be associative is Ayxz = AyAz . If 
this holds then the correspondence Y Ay between the class-ring and the 
matrices in a homomorphism m in which the class multiplication x corresponds 
to matrix multiplication and addition to addition. 

Let X X. Then = (xOA^C^n). Hence if A^ satisfies 

the characteristic equation Z” + + * • • + Pn = 0, then X satisfies a 

characteristic ecpiation 

+ • • • + = 0 . 

Evidently the p, are homogeneous and of degree i in the x’s and the elements 
of Ax are linear in the x\s and integral in the Cijk . 

In group theory and in the theory of matrix representations of algebras the 
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regular representation is important. From the present point of viiivv tliis 
corresponds to where 72 ^ is the unit equivalence relation in which each class 
consists of one and only one element of 2. 

Theorem 7. // every element in a class-product occurs equally often in Us class 

then the characteristic polynomial of the general number in the class-ring has a 
linear factor Z — ^ XiPi where pi is the number of elements of 2 in Ci . 

Since every element occurs ecpially often in its class, 

PiPi ~ (^ijkPk • 


Multiply the columns of by p^ , P2 , • • • Pn respectively and add to the first. 
Then the 7^^ row has in the first column the clement 

((>) XjCyjm pm Zpy = Py Pj Zpy = Py ^jPi z\, 

j.w» i 

Hence Z — ^ Zjpj is a factor of the characteristic polynomial Az and it is linear 
in the indeterminates Zj . 

In group theory a -5 = ir^-a-b and a X b = a b. Every element in a class 
occurs equally often in a class-product and the characteristic ciiuation of the 
general number in the class-ring splits into linear factors 

II [^ - Z 

i i 


where the are the group characteristics. The group character (1 , 1 , • • • , 1) 
arises from (6) , 

In the general (^ase the characteristic [lolynomial does not split into linear 
factors although it is known to do so when the class-ring is commutative. 

Theorem 8. If 2 is an E-set with respect to X then Az — [Z — ^ ZiPiV' i''^ a 
complete n^^ power. 

For, 2 being an /i'-set, the elements which appear in the multiplicative table of 
2 as multiples of Ci , ?’ = 1, 2, • • • , n, arc in (U . Hence = 0, k i and 
Ciji == Pi , k = i. Hence Az = \Z — z^piY. 

Theorem 9. If Ra C: R,i then | A/, | is a divisor of | A'a | where Aa is what Aa 
becomes when certain of the a\s are equal. 

Since Ra CI / 2 « , 77 , = X therefore BiBj = ^hjkCk = ^ C^C,n = 

^ CnmkCk i.C. ^ bijk- = ^ Cp = ^ CnmkCk • bct = Ci + * * * + C ] B^ = 

+ . . . + c., , • . • 

then 


BiBi = E + • • • + aj(ay_, + • • • + 

= ^ ~ +7.»y-i 

i.e. 

y,i 


In A A put ai = a2 = • • • = = • • • = a^^-i and so on, i.e. the a's which 

belong to C’s which are in the same class B are put ccpial to one another. Add 
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the corresponding rows of A^i then the elements in the row into which the sums 
arc taken are also row elements of . The order of A^ < order of A a . Hence 
certain columns of Ab are repeated in Aa . Subtract the equal columns from 
one another and we reach a determinant in which A^ appears in one corner 
flanked by a zero matrix. Hence \ A a \ = | A^ | v?. 


3. Factorization of the m-ary ^-ic 


The characteristic Ax is linear in the indcterminates x, , integral in the Cijk 
and satisfies the characteristic equation and the reduced characteristic equations 
which are homogeneous in the x/s and integral in the Cijk . 

Definition 1. A matrix in which the elements arc linear in the m-inde- 
terminates x*- and rational or integral in the coefficients of an m-ary p-ic over 
a field K of characteristic 7 ^ 2 will be termed a linear matrix over 
K{xi , X2 , • • • , Xm). 

We proceed to factorize any m-ary p-ic over /C as a product of p mutually 
commutative linear matrices. 

Theorem 10. An m-ary quadratic can he expressed as the product of commuta- 
tive linear matrices of order ^ 2”"”^ * 

Proceed by induction: 


(7) 


ax^ + hxy + 


’ax + cyirx, -cy 
-dy , X J \jdy, ax + hy^ 


ax + hy^ + cz + dyz + ezx + fxy 


( 8 ) 


where 


= ox^ + x{fy + ez) + by^ + dyz + cz^ 
= ax^ + x{fy + ez) + CD 


~ax +fy + ez, c~ 

X, — C 

—D , x_ 

_D, ax + fy + ez_ 


^ rby + dz, czl ^ ^ ["i/, -cz 1 

L -2 , 2/J’ b, by + dz] 


and where in (8) x, ax + fy + ez are scalar matrices of order 2, i.e. 


ax + fy + ez, 
0 

-y 


0 

f 

by + dz, 

CZ 

• 

ax + fy + ez. 


y 


cz 

» 

X , 

0 


—by - dz , 

0 , 

x_ 




0 , 

- 

■by — dz , —cz 

X 

0, 

X , 


2 > -y 

yy 

-cz , 

ax 

fy + cz, 0 


-Zy 

by + dz. 


0 , ax + fy + ez. 
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Assume that the (m — l)-ary quadratic can be expressed in commutative 
linear matrix factors of order Then the m-ary quadratic can be written 

/ = ax^ + bx C — D where b is linear in 0 : 2 , X 3 , • • • , Xm and C and I) are 
commutative linear matrices of order Hence 

f = 1 

^ L 

is factorized in linear commutative matrices of order 2'"*“^ Hence the theorem 
may be proved by induction. 

In special cases the matrix order may be less than 2"'~* and if the restriction 
as to rationality be abandoned the matrix order may also be reduced further. 

Corollary 1. Similarly the bilinear form ^ (lijXiyj may be factorized in 
commutative linear matrices of order ^ 2*". 

(Corollary 2. A linear form ^ aiXi may be factorized in commutative linear 
matrices of order 2^^^* in which the elements are cither zhXi or ztai or zero. 

Corollary 3. The determinant of any matrix factor ~ f\ t — 2"* \ 

Corollary 4. The factor matrices satisfy the same reduced arul the same 
characteristic equations. 

A tower of matrix rings will now be constructed in which the m-aiy p-ic may 
be factorized in p commutative linear matrices. 

Let / == A 1 A 2 Ay + B 1 B 2 ' ' • Bs be scalar in A(xi , X 2 , • • • , Xm) and let 
Ai , A 2 , • * • , Ay be mutually commutative linear matrices of the same ord(U‘ y 
and , J52 , • • • , B^ho, also mutually commutative linear matrices and of the 
same order v. Let A = aiA , and B — ^ ffjBj , , 13 j being indeterminates. 

In the direct product the matrix rings in which A and B lie let A A' where A 
is repeated v times in the leading diagonal and let B — > in which each element 

of B is repeated y times as a scalar matrix. Then A'B' = 7?'A' = A X B. 
Hence in the total matrix ring of order yv (wery A' is commutative with every 
B] as well as with the remaining AI^s. Also (AiA;)' = AiAy and (BiBjY = 
BiBj . Further Ai , Bj satisfy the same reduced equations as At and Bj re- 
spectively. Suppose also that A 1 A 2 • • • Ay and B 1 B 2 • • • are c^ach scalars 
in K{xi j X 2 j • • • , Xr») then so arc AiA^ • • • Ay and B 1 B 2 • • • Bg in the new 
matrix ring. Hence Ai'A 2 • • • A y + B[B 2 • — B[ is a scalar matrix of order yv in 
which/ is repeated yv times in the leading diagonal. In general A iA y + BiB,n 
(AtAy + B^B^y. 

We proceed to prove by induction the principal theorem: 

Theorem 11 . An m-ary p-ic, f, over a commutative ring K can be expressed as 
the product of p commutative linear matrices of the same order each linear and in- 
tegral in the coefficients and, if regular in one of the indeterminates, having / = 0 
as its reduced equation. 

Assume first that / is regular in x, i.e. / = + aix^ + a2X^ + • • • + Up 

where a,* , z = 1, 2, • • • , p is of degree i and is homogeneous in X2 , X3 , • • • , Xp 
the coefficients being in the commutative ring K. For the purpose of factoriza- 



28 


A. R. RICHARDSON 


tion it is unnecessary to take the coefficient of to be 1 but it simplifies the 
discussion to assume this. Then 

/ = x[x^ ^ + a\X^ ^ + • • • + ctp-i] + ttp . 

Assume that it has been proved that both the m-ary p-ic and the m-ary 
(p — l)-ic [ ] can both be expressed as products of commutative linear 

matrices viz: 


(9) / = x{x — a; 2 )(a: — 0 * 3 ) • • • {x — Xp) + A 1 A 2 • • • Ap . 

Write these as matrices Xi , in the direct product M of the matrix rings in 
which they lie so that, as above, Xi and Aj are mutually commutative and for 
convenience ignore the ', then in ( 9 ) we may regard the A’s and as mutually 


commutative in the matrix 

ring K{M). Then 

X — 

is a 

linear matrix factor 

of / where 

X2 y 

— Ai y 0, 0, • • • 

0 , 

0" 


(10) 

0, 

Xz y —‘A 2 ,0, • • • 

0 , 

0 


0, 

0 , 0 , 0 , • • • 

Xp , 

p—i 





0 , 0 , 0 , • • . 

0, 

0 


The remaining factor, found by ordinary division in K{M), is the homogeneous 

(p — l)-ic in Xy 

X2y • • • 

y Xm y Uy viz. the 

(m 

+ l)-ary (p — l)-ic in 

K{,M,x,xt, • • • ,Xm 

,u) 






( 11 ) 


^ + (Ul + u)x^ ^ + GiU + (h)x^ * 

+ • • • + ^ + UiU^ ^ + * • * + 


Hence if we also assume that the (m + l)-ary (p — l)-ic can be factorized as 
desired then so can the m-ary p-ic. The theorem is true for all'the (m + .l)-ary 
quadratic. Hence to complete the induction it is necessary to prove it for the 
binary p-ic. 

The binary p-ic may be factorized in commutative matrices of order ^ p! of 
the Galois group of / = 0 but such matrices are non-linear in the coefficients, 
their order not being large enough for our purpose.^ 

The m-ary cubic may be written as / = x (m-ary quadratic) + (m — l)-ary 
cubic. 

Assume that the theorem is true for the (m -- l)-ary cubic. Then, since it is 
true by theorem 10 for the m-ary quadratic, / = x{x — X 2 ){x = Xs) + A 1 A 2 A 3 . 
Write this in K{M) as/' = x{x — X 2 ){x — Xz) + A 1 A 2 A 3 where x'z + Xz j X 2 Xz 
and AiA^A'z are scalars viz. X 2 + Xz y XzXz , AiAzAz respectively. Then x — u 
is a linear factor 


u 


r ^2 , 

-a[, 

0 

0 

x'a , 

-Ai 

1 — 
1 

ca > 

0 , 

0 


* A. R. Richardson. Quart. Journal Math., 1934-35, pp. 256-270. 
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The remaining factor is 

+ X[U — (0:2 + X‘i)] + [U^ — U{X 2 + Xz) + X2X3] 

an (m + 1 )-ary quadratic in a", Xo , 0:3 , • • • , Xm , u which can ho factorized as 
desired. The theorem is true for the binary cubic; therefore, by induction, it is 
true for the m-ary cubic. 

The actual factors are: 


fx - u, 0 ira: + R ~ (X2 + xz), 

L 0 , X — wJL —u + Xz , 

r ^ ’ -II + X2 1 

\ja — Xz, X u - {X2 -]r Xz)j 


u — X2 

X 


where x u — {xo + ^3) is interpreted as 


X - Xz, 
0 , 
-^5 , 


x — X2 , 

0 , 


0 

-A2 

x — (X 2 + Xz) 


and u 


Hence 


-^1' , 

t / 

Xz — X 2 , 

0 , 


- ^2 , 
0 , 

-^3 , 

Ai , 
X — Xz , 
0 , 

0 : 

A 2 \ 

X : 





• X — X2 , 

Ai , 

0 



: 0 , 

X — Xi , 

Ai 



: ^3 , 

0 , 

X 


X — Xz , 

--4i , 

0 

0 , 

-Ax , 

0 

0 

X — X 2 , 

-Ai 

0 , 

Xz — X2, 

’—A 2 

—Az , 

0 , 

X — (,Xi + X 3 ) 

—As , 

0 , 

— X2 

-Xi + X 3 , 


0 

a: , 

0 , 

0 

0 

0 , 

A 2 

0 , 

X , 

0 

A 3 , 

0 , 

Xz 

0 , 

0 , 

X 


^ , 

0 , 

0 

0 , 

Ai , 

0 

0 , 

^ , 

0 

0 , 

X2 — Xs , 

A 2 

0 , 

0 , 

X 

X ~ 0:8 , 

-Ax , 

0 

X 2 Xz , 

-Ax, 

0 

X — Xz , 

-Ax , 

0 

0 , 

0 , 

—A 2 

0 , 

X — Xi , 

-A* 

. —As , 

0 , 

— Xz 

—Az , 

0 , 

X - (X2 + Xs). 
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where ' has been dropped. It will be noted that each matrix zero is semi-reduced, 
that the first and the product of the second and third are completely reduced 
and that the product of the three factors is the scalar matrix having / in each 
element of the leading diagonal and of order SIjjlv. 

The binary quadratic depends for its factorization on that of a ternary cubic 
which, as above, can be factorized. Hence the theorem is true for the binary 
quadratic. The binary p-ic depends for its factorization on that of the ternary 
(p — l)-ic only since the term Upy^ is already in linear commutative factors. 
Hence, by induction, the theorem is true for the binary p^ic and, by‘ further 
induction, for the m-ary p-ic. 

Corollary 1. The theorem holds for a multilinear form. 

Corollary 2. Since the matrix factors are linear in the coefficients of the forms, 
F = X) ^»/» factors linear in the Therefore any set of m-ary p-ics 

in the same indeterminates may be factorized simultaneously in the same matrix ring. 

Corollary 3. 2 ' here are minimum orders to the matrix rings in which a special 

m-ary p-ic or in which every m-ary p-ic over K can be factorized linearly. 

Corollary 4. The factorization is not unique but since the invariant factors 
and reduced equations are the same, two factorizations of the same order are similar. 

Corollary 5. / may be regarded as a form in m + indeterminates if the p' 
coefficients are themselves regarded as indeterminate. Hence f may he factorized 
in matrices in which the elements are sums of the coefficients and indeterminates 
each multiplied by + 1 , —1 or 0 . Such a factorization will be termed complete. 

Factorization of irregular f. The preceding factorization applies to regular 
/’s of which the characteristic and reduced equations of the class-ring are speci- 
mens. An irregular/ may be factorized thus: arrange the terms of / in any order 
and consider two of them aia2 • • • ap + 0i02 • - • 0 p where the a\s and need 
not all be different. Then 



'«1 , 

ft , 

0, 

, 0] 

u = 

0, 

«2 , 

02 y * • ■ 

, 0 


-0p ) 

0, 

0, •• 

’ , OCp. 


satisfies the equation 

(12) n(x - «.) + = 0. 

The conjugates of u may be calculated thus: divide hy \ — u obtaining a 
(p — l)-ic regular in X. This may be factorized as in ( 11 ). Then u and its 
conjugates are linear commutative matrices such that 

UU2 ••• Up == OL\a2 • • • Ofp + 0102 ’ ' ' 0p • 

Repeat the process with a further term 7172 • • • 7p of /. The 7’s are commutative 
with the u's and the above method leads to a set of conjugate commutative linear 
matrices coco2 • • • a?p == aiUi • • • ap + 0i02 ‘ ’ ‘ 0 p + 7i • * * 7 p • By successive 
applications of the process, / itself may be factorized as desired. This is the 
practical method of procedure. 
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The matrix order in which the factorization takes place may be reduced if the 
restriction as to rationality in the coefficients is abandoned. Thus the quater- 
nary cubic may be expressed irrationally as 

S = x\ + xl + x\ + x\ + x\ 


3 I 3 
Xi + Xi 


3 I 3 
Xi + Xf, 


\xi + Xi 

’ ® 1 

~Xi — Xi , 

Xzl 

Txi , 

— Xz 1 

L 0 

, Xi + Xsj 

_ —Xi , 

X2i 

L^3 , 

X2 — XzJ 

Vxi, + Xi 

, 0 i 

1 

1 

Xsl 


— Xs 1 

L 0 

, Xi + Xi} 

L “^6 , 

Xij 


Xi XzJ 


ABC 


PQR 


Let 


u — 


A 

0 

R 


P 

B 

0 


O' 

Q 

C 


S-T = 


{A + B + C), 
0 

-A 

-C 


0 


u — (A B -j- C), 
R 

- B - C 


B +C, 

-c , 

u , 
0 , 


B 

A 

0 

u 


Then: 


M. 

0 , 

A, 

LC, 


0 , 
M , 

-B , 

B + C, 


-B - C , 
C 

{A+B + C), 
0 


-B 
-A 
0 

(A + -B + C')J 


Pm, oITm — (A + B + C), (S'! To, 

Lo, mJL -2’ , oJLt, m- 

for A, B, C, P, Q, R arc mutually commutative. 


■S 


(A + B + C) 


J = uvw 


- w, 

0 

Ifa:! + w, 


r a:i, 

0 , 

Xi — 

JL 

w , 

Xi J 

\^-Wy 


“ 0, 

-u, 

0 ■ 



w = 

0 , 

0, 

— V 





0 , 

0 _ 




where 


Hence / may be factorized in matrices of order 144 which is the same as that 
for the ternary cubic having rational factors. If the ternary cubic is expressed 
irrationally as x^ + + bxyz it can be factorized in linear matrices of 

order 48. 

Iffis regular in x then the reduced equation for each matrix factor is / = 0. Let 


(13) 


u = 



Cl, 

0 , 

0 , 

0 1 

0 , 

Ai, 

Ci, 

0 , 

0 

0 , 

0 , 

0, 

* * > — I > 

C„-i 

Cp y 

0 , 

0 , 

• • 0 

p J 
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where , Cy; j = 1, 2, • • • , p are mutually commutative matrices each of 
order fi. Let 7" = (L-, y) where t, j denote row and column respectively and 

ti, j ^ ( 1) C 1 C 2 * * • Ct_iCp/lp_(i-|-y) (-.4i y A 2 f * * * , ^y , Ap), 

3 < V, U,p = 

where h^{ai , aa * * • ay) is the sum of the homogeneous products of ai , a 2 , • * • otj 
taken s at a time and /lo = 1, /i« = 0. Then 


(14) 


TuT~^ = = 


+ (— 1) 


, 

«2, 

• • * , flp-l , 

-1, 

0, 

•••, 0 , 

_ 0 , 

0, 

•••, -1, 

^~^CiC2 

• * * Cp 

and a, is the 

» ^2 , • 

■,A 

p of degree 


where ttp = /li-42 • 
function, ^ A 1 A 2 

/ = 0. In general T is non-singuar in K{M) since | 7' | = /p- 2.2 

••• tp-i,iti,p-i = (— l)‘'cf"^C 2 '~^ ••• Cp_ 2 Cp‘^ where v — 2 or \ according as 
p = 0 or 1 ; or 2 or 3 (mod 4). 

Hence unless all the C\s are singular, T is non-singular in K{M) and' this 
suffices for our present purpose, for in the m-ary p-ic Op = • • • ^4p 9 ^ 0. 

Each element in (14) is a scalar matrix of order /z. Hence ?/' is similai* to a 
and can be transformed into the matrix in which the canomical elementary 
matrix in K 


u 


di , 
-1, 


dz , 
0 , 


0 


0 , 0 , 


-1, Oj 


is repeated m times in the leading diagonal. Hence u satisfies the same reduced 
equation in K as u" viz. / = 0. 

The (p — 1) conjugates of u also satisfy / = 0 as reduced equation in K{M), 
Thus U 2 satisfies (11) in K{My u) and since ih is equivalent to an elementary 
canonical matrix in K(Mj w), (11) is its reduced equation. Hence, in /v(M), 
/ = 0 is its reduced equation. A repetition of the argument shows that ih is 
equivalent to an elementary canonical matrix having a reduced ecpiation in 
K{M, Uy U2) of degree (p — 1) and hence having (11) as reduced equation in 
K{My u)y i.c. / = 0 in K{M), Similarly the other conjugates have/ = 0 as 
reduced equation. 

These conjugates of u can be transformed into (14). Actual transforming 
matrices for cubics and quadratics are: 


Xl y 

Ai{x2 + xi), 

0 

, '0 , 

AiXi , 

Ai A 2 

-XS y 

—At , 

0 

, 0 , 

-Ai , 

0 

1 

0 

0 

, 0 , 

0 , 

0 

— 2^130:3, 

—AiAz , 

— a;3(a:2 + ia), —AiXz, 

—^12:3, 

—0:20:3 

As , 

0 


, 0 , 

0 , 

0 

- 0 , 

0 

0 

, 0 , 

0 , 

1 



CLASS-RING IN MULTIPLICATIVE SYSTEMS 


33 


transforms 


into the second zero where 


u = 



■1 


Lo, 

uj 


-1, 

as , 

az 

a\ y 

0 , 

0 

0 , 

-1, 

0. 


In general T is non-singular, e.g. for the binary cubic 


\T as (as — aiOs). 


For the quadratic 


where 


Tn = 


T 


12 — 






Tn 



T = 

T 21 

T 2 ,, 

Tn 




Tu 

r, 2 . 

T 

^ 33 J 


— (I\(l 2 -}■ (Iz 

, asCal — as), 

~az((ii — 

02 ), 

(i4{ci\ — as) 

— as 

, aiWi 

J 

— aias 

> 

CLlCL^ 

0 

, as 

J 

-as 

> 

(X 4 

1 

0 

> 

0 

J 

0 

— 0^4 > 

2 

(i^CLz — aiUs , 

a4(ai — as). 

0“ 


«3 , 

— a\az , 


(X 1 CI 4 , 

0 


0 , 

"”<^3 > 


a4 , 

0 


0 , 

0 


0 

0 



Tn 


— aia4 , a4(al — a-i), 0, 0 

— a4 , aia4 , 0, 0 

0 , a.! , 0, 0 

0 , 0 , 0 , 0 


0 , 

0, 

0 , 

0, 


- 1 , 

(ii , 

0" 


"-1, 

a, , 

-02 , 

0 ” 


"0, 

0, 

0, 

a4 

0 . 
0 , 

1 , 
0 , 

0 

0 

7^ — 

, i 22 — 

0 

0 , 

0 , 

, 0 , 

0 , 

1 , 

0 

0 

rr 

, i 23 — 

(), 

0, 

0, 

0, 

0, 

0, 

0 

0 

0 , 

, 0 , 

0 


_ 0 , 

, 0 , 

0 , 

0 


.0, 

0, 

1, 

0 


0, 0, ~1, ai 
0 , 0 , 0,1 
0 , 0 , 0,0 
0 , 0 , 0 , 0 . 


"0, 

-1, 

«1 , 

— as 


-1 

> J 

— as 

Os 

0, 

0, 

0 , 
0 , 

0 , 
0 , 

0 

1 

. Tn = 

0 

0 

, 0 , 

, 0 , 

0 . 

0 . 

0 

, 0 

_0, 

0 , 

0 , 

0 _ 


0 

, 0 , 

0 , 

, 1 


Uy 0, 0 
0, Uy 0 
0 , 0 , u 


transfoims 
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where 

— ai , a2 , — tts , 0,4 

-1 , 0 , 0,0 

0 ,- 1 , 0,0 

_ 0 , 0 , - 1 , 0 _ 

into the second zero, viz: 

— M — Oi, M* + OiU + 02, — (m’ + OlM* + O 2 W + Os) 

- 1 , 0 , 0 

_ 0 ,- 1 , 0 

A result which is useful when calculating the conjugate zeros of u is: if 

r Oi , da, O3 , ( i)**Op”| 

_ -1 , 0 , 0 , •••, 0 I 


L 0 , 0 , 

then 

M* "h Oitt* * “H flao* * "t" • • • Qt 


- 1 , 0 


0 

(-!)■ 


— 0.+2 , 

o«+i , — a,+a, 


0 , (-ir^Oa, 

(—1)* 'oi, 


+ (-l)*ap , 0 

+ (-l)*Op_i, (-l)*Op , 


o»+i , 

0 


(-ir‘ap_a, (-l)'ap 
0 , 0 


(- 1 )* , (-ir‘ai, 

and in particular 

+ • • • + Op-l = (m — xt)(u — Xs) ■ ■ : (m — Xp) 


0 , dp , 0 , ' * ■ 0 

0 , 0 , Op , • • • 0 



0 , 0 , Op 
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4. Pseudo-representations 

The characteristic polynomial of the class-ring may now be factorized in linear 
commutative matrix factors 

|x - Ax| = n[X - 

i 

Xi,j being the matrix coefficient of Xi in the linear factor. The number of 
factors is equal to the number of classes and each factor gives rise to a matrix- 
ring in which the correspondence Ci — > Xi,j can be established. 

Definition. Xij will he termed a representative of Ci in the matrix-ring , 

Definition. The p matrix-rings will be termed conjugate rings. 

In group theory the correspondence C,- — > X^.y/Xo./ is a representation, but 
in general this is not so. E^ven when C» — > X,.i gives a representation, the con- 
jugate matrices X^.y may not do so, although the general number in the 
matrix ring is similar to the corresponding general number in the ring, i.e. 
although Tj^k exists such that TjXi^XiXi,j) Tj,k = x,X,,a , Tj,k depends 
on XiS and does not transform Xy.y into Xy.A . There may however exist a 
pseudo-representation in which if C\( 7 y = CijpCp then 

(15) n Xi., - E c,,„ X^.,] = 0, 

k 


although the factors in this product are not necessarily conjugates. 

Pseudo-representation of the total matrix algebra of two rowed matrices. Let 

denote (J; j), (j; j), (j; ®), (J; J) respectively. The 

characteristic polynomial of the general number x = acn + ficn + 7C21 + 5c22 is 


x^ — x(a + 5 ) + — (3y. 

One factorization of this is: 


(« + 3 ))» 

0 

> 


18“ 


0 , X 

- (« + S), 

7 , 

5 


-s 

0 

y 

Xy 

0 


y , 


0, 

x_ 




X , 

0 , 


1 



0 , 

X , 


-7 , -S \ 



5 , 

-Py 

X - (a + p), 0 



_~T, 



— 1 

+ 

a 

1 

0 


which gives rise to two sets of matrices X,,y corresponding respectively to cn , 
C12 , C21 , C22 viz.: 


' 1 , 

0, 

-1, 

0 " 


"0, 

0 , 

0, 

- 1 ” 

0, 

1, 

0 , 

0 


0, 

0 , 

0, 

0 

0, 

0, 

0 , 

0 

y 

0. 

-1, 

0, 

0 

Lo, 

1, 

0 , 

0_ 


Lo, 

0 , 

0, 

0 ^ 


■ 0 , 

0 , 

0 , 

0 “ 


1, 

0, 

0, 

0 “ 

0 , 

0 , 

- 1 , 

0 


0, 

1. 

0, 

-1 

0 , 

0 , 

0 , 

0 

y 

1, 

0, 

0, 

0 

.- 1 , 

0 , 

0 , 

0 _ 


. 0, 

0, 

0, 

0 


( 16 ) 



36 


A. R. RICHARDSON 


"0, 

0 , 

1, 

0“ 


"0, 

0, 

0, 

r 

0, 

0 , 

0, 

0 

> 

0, 

0, 

0, 

0 

0, 

0 , 

1, 

0 


0, 

1, 

0, 

0 

0 , 

-1, 

0, 

1_ 


_0, 

0, 

0, 



"0, 

0, 

0, 

0" 


■ 0 , 

0, 

0, 

0“ 

0, 

0, 

1, 

0 


0 , 

0, 

0, 

1 

0, 

0, 

0, 

0 

1 

-1, 

0, 

1, 

0 

_1, 

0, 

0, 

0_ 


_ 0 , 

0, 

0, 

1_ 


These give a pseudo-representation for, using (16) 

= Ixx' - 1 (aa' + + («/?' + 0)e,2 + 7 «' + h>2i + ( 7 ^' + d8y.2,\] 

- y(3\ alS' - 13a' , l3y' - 5a', ^6' - 8I3'~ 

_ 8y' — 75 ', a8' — i^? 7 ', ya' — a 7 ', 7/3' — a5' 

5a' - 7/3', a/3' - 13a', I3y' - 5a', (36' - 5)9' 

^ 57 ' __ ^ 5 '^ (^5' __ 


and, using (17) 


;^2 



- aS', 

aH' 

- «' 8 , 

a5' 

- 87 ', 

8 a' 

- ati‘ 

5y' 

- 75', 

718 ' 

— 8a', 

y8' 

- 57 ', 

Sa' 

- yfi‘ 

7/3' 

- aS', 

58' 

- 85', 

a8' 

- 78 ', 

85' 

- 58' 

ay' 

— ya', 

87 ' 

- Sa', 

ya' 

— ay'. 

Sa' 

— 87 ' 


and Z 1 Z 2 = 0, i.e. the matric(\s (16) and (17) give a pseudo-repnisentation of the 
total matrix algebra. Nevertheless Z 2 is not a conjugate of Zi . 

Thei’e are two other matters which may be mentioned. In the group ring 
the characters arc orthogonal. In the general case this is not so and a biortho- 
gonal 'relation takes its place. Suppose that the matrix ecjuations 

^ ^ ai.yAt.y ~ 1, ^ V ^i,j ^i,8 0, ^ ^ J 

i *" y 


can be solved for the a,,^ . This will be so if the det( 4 *minant | Xij | regarded 
as a determinant in K is non-zero. Then the a's and X's are biorthogonal, viz: 

Xi,jai,j 71, ^ V Xi,jai;^j 0, 

y y 




where ii is an element of K invariant in the class-ring; in the group ring it is the 
group order. 

The matrix ring generated by the a’s is not in general the same as that gene- 
rated by the X,,y but the two rings and the corresponding polynomials arc 
related in a way which has some geometrical significance. 

The second matter of interest is that / = 0 is the reduced characteristic equa- 
tion of each of the matrix factors. If / = 0 is reducible in K, e.g. / = / 1/2 • • • /# 
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then the matrices m^y l)(i constructed, as above, having each of these factors 
or any combination of them as reduced equations. These lemarks will be 
illustrated by examples. 

Example 1. 


The characteristic eciuation is 
(18) r - .T(2.ri 

This may be factorized as 


giving the true representations 

(h 0\ /o, i\/h 0 W 1 , 

Vo, ly^Vi, ir Vo, i/A-i, 0 

respectively. The corresponding a,, / are 

(i.: =0^ 

respe^ctively. The biorthogonal relations are: 


Cl 

Ci 

Cl 

c. 

c. 

Ct + Ci 

C2) + (j'l + XiXi 

Xo 

1 fa: - Xl , 

— Xl 

JL -^2 . 

oW 1 , - 
0 

(Xi, J 

are 


Jii , Xi2 ; X 21 , X 22 


ocii , ai2 , a2i , a22 


•TiiOfii + Xi2ai2 — 5 

•r 110:21 *^ 120:22 “ 0 

0:11 U'li + a2i.T2l = 5 

o:i2:rii 0 : 22*^21 — 0 


^'2i«u + .r22ai2 = 0; 

:r2lQ:21 "f" •T220f22 = 5 1 

o:ii:ri2 4" o:2i.r22 = 0) 

«12^’l2 “h OC22X22 ~ 


A different factorization of (18) 


X — (2x1 + X 2 ), 0 , Xi + .T2, X 2 

0 , X — (2.ri + X 2 ), X 2 , Xi 

— Xi , X2 , X , 0 

X2 , —Xi — Xo , 0 , 

X , 0 , —.Xi — X2 , —.X2 

0 , X , -X2 , —Xi 

X , — X 2 , X — (2xi 4- X 2 ), 0 

,~X2, Xl + X2, 0 y X - (2xi + X 2 ) 
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gives the pseudo-representations 


' 2 , 

0 , 

- 1 , 

01 


“ 1 , 

0 , 

-1 

-r 



0 , 

2 , 

0 , 

- 

1 


0 , 

1 . 

-1 

0 



1 , 

0 , 

0 , 

0 

7 

0 . 

-1, 

0 

0 

7 


Lo, 

1 , 

0 , 

0 _ 



1 , 

0 

0 _ 







■ 0 , 

0 , 

1, o' 


fo, 0 , 1, 

r 





0 , 

0 , 

0 , 1 


0, 0 

, 1, 

0 





- 

•1, 

0 , 

2 , 0 

7 

0, 1 

, 1, 

0 





L 0 , 

-1, 

0 , 2 _ 


.1, - 

1, 0, 

i_ 


for which it is readily verified that 

(xi2 — Xn — 2:12) (xL — X21 — 2*22) = 0 ; (xn — 2:11) (2-21 — 2*21) = 0 


(^110:12 — 2:12) (2*212:22 — X22) = 0 . 

P]xAMPLE 2. The symmetric group of order 3. 

The reduced equation of the group-ring is 

[2; — (2:1 + 32:2 + 22:3)][2: - (2:1 - 2:3)][2: - (2:1 - 82*2 + 2 x - i \ = 0 


Taking the first two factors together and factorizing in matrices of order 2 we 
get as pseudo-representations 



— 2*21 , .T22 , 2*23 ; 2*31 , 2:32 , 2:33 

Writing the remaining factors as 


representatives of the classes (1), (12), (123) 

/l, 0\ /3, 0\ /2, 0\ 

U ij’U aj’U = 

the biorthogonal set is: 

/I, o\ A, o\ A, oV/i, o\ /-i, o\ A, ON 
Vo, l/’Vo, l/’Vo, l/’V- 3 , V’V-l, 07 ’ V 3 , - 2 j’ 

C: i).G: - 1 ) 

with 


^ ^ — 3!, ^ ^ ^k,J — Oj ^ V Oiij Xij — 3!, ^ ^ Oii,jXi^k — 0. 

; jit 


Similarly any other grouping of the factors of the characteristic equation leads 
to a pseudo-representation. 

The above pseudo-representations generate total matrix rings. 

We may also repeat one of the factors, e.g. corresponding to [ 2 : — ( 2:1 — 2 : 3 )]^ 
we have the pseudo-representations 


/2, -1\ /O, 0\ /-2, l\(0, i\ /O, 0\ /O, -1\ 

Vl, Oy/’VO, O/'V-l, 2;A0, 0j^\h -2) 


These do not generate total matrix rings. 
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Example 3. The symmetric group of order 4. 

Denote the classes (1), (12), (123), (12) (34), (1234) by , C\ 

respectively. Then the characteristic equation has as zeros 

a + 6i3 + 87 + 35 + Ge; a - 6^ + 87 + 35 - Ge; a - 47 + 35; 

a -f* 2/3 — 5 — ct — 2/3 — 5 -h 2c. 

Any combination of these gives a pseudo-representation, e.g. 

(a — 5)* — 4 (/3 — «)* gives 

( 2 , -A / 0 , -2\ /O, 0\ (- 2 , A /O, 2Y 

\l, 0 J’ V-2, 0 J>\0, Oj’ V-1, Oj’ V2, 0/’ 

0 , A /O, 2\ /O, 0\ { 0 , -A / 0 , -2 

-1, 2y’V2, oy’Vo, O/’Vl, -2/’V-2, 0 


These generate simply isomorphic matrix-rings. 

Example 4. The following set has the same representation as the symmetric 
group of order 2. 



Cl Cl C2 
C2 C2 4Ci 


and the characteristic equation is 

{x — Xi + 2 x 2 ) (x — xi — 2x>f) = 0. 

Hence dividing the representatives by the class orders 1, 2, respectively we get 
1, 1, 1;1, —I, — l,as representatives of a, h, c respectively. The class-ring is 
simply isomorphic with the group-ring generated from the symmetric group of 
order 21 in which Ci — > 1, C 2 — > 2(1, 2). Therefore the existence of a set of num- 
bers having all the properties of group-characters cannot be taken as evidence 
of the existence of a group having these as characters. 


Conclusion 

In addition to the analogy stressed above between the group characteristics 
and the linear matrix representatives of classes found by factorization of the 
characteristic polynomial of the class-ring there are many other fields in which 
the factorization of the m-ary p-ic may be applied. 

For example the theory of quadratic forms is known to depend on that of 
generalized quaternion algebras. This becomes apparent as soon as the form 
is factorized. There are also applications to the theories of algebraic functions, 
invariants and arithmetic. 
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ON HOMOTOPY TYPE AND DEFORMATION RETRACTS 

By R. H. Fox 
(Received October 1, 1942) 

It has recently been shown by J. H. C. Whitehead' that two complexes X and 
Y belong to the same homotopy type^ if and only if there is a third complex W 
of w’hich both X and Y are deformation retracts.^ I shall show that this theorem 
holds not merely for complexes but for the most general spaces for which con- 
tinuity has a meaning. The proof which I give is direct and constructive and 
avoids the extraneous notions of relative homology and relati\"o homotopy 
groups which complicate Whitehead’s proof. 

The concept of homotopy type splits naturally into two concepts which I shall 
call right- and left-homotopy inversion. In theorems 3.3 and 3.4 I show that 
right-and-left inversion correspond respectively to deformation and retraction, 
thus replacing Whitehead’s theorem by two ‘Component” theorems. The 
necessary preliminary study of deformation, retraction, and inversion is carried 
out in §§1 and 2, and the mapping cylinder, the fundamental tool of our theory, 
is defined in §3. It should be noted that Whitehead’s definition^ of mapping 
cylinder is not really satisfactory for the general spaces considered here. 

The fundamental theorems of this paper are theorems 3.1 and 3.2. They are 
generalizations of the theorems (3.3 and 3.4) discussed above. In §4 these 
fundamental theorems are applied (in another direction) to the Hopf-Pannwitz 
deformation and also to yield a new characterization of the closure of a homog- 
enous n-dimensional polyhedron. 

These theorems (3.1 and 3.2) are of considerable interest in themselves. 
They exhibit a duality which is quite striking and seem to indicate a relatively 
unexplored region which I might designate as “algebra of mapping classes”. In 
this connection they should be compared with the fundamental theorem of 
fibre spaces'^ to which they bear an evident analogy. 

In §§5 and 6 certain specializations are considered. They are to be regarded 
as trends in the following two directions (a) bridging the gap between homotopy 
type and nucleus® (b) bridging the gap between homotopy type and topological 
type. In §7 I develop an a-dimensional analogue of §3. This is in line with 

^ J. TI. (/. Whitehead, Simplicial spaces, nuclei, and m-groups. Free. London Math. 
Soc. 45 (1939), 243-327. The proof referred to is on p. 278. 

W. Hurewicz, Topologie der Deforrnationen III. Proc. Akad. .Amsterdam 39 (1936), 
p. 124. 

® K. Borsuk, Zur Komhinatorischen Eigenschaflen der Retracie. Fund. Math. 21 (1933), 
p. 91. 

* J. H. C. Whitehead, loc. cit., p. 259. 

W. Hurewicz and N. E. Steenrod, Homotopy Relations in Fibre Spaces, Proc. Nat. 
Acad. 27 (1941), p. 62, theorem 1. 

® J. H. C. Whitehead, loc. cit., p. 247. 
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the viewpoint of my Thesis/ especially §§2 and 13; analogous definitions and 
theorems using homology and n-dimensional homology are quite obvious and are 
omitted. The n-dimensional homotopy was selected because the n-dimensional 
homotopy type seems to be related to the so-called (n -f- l)-group‘^ of Whitehead 
in much the same way that homotopy type is related to nucleus. 

1. Deformation and retraction 

Mappings^ / and gf of a space A into a space D are said to be homotopic (nota- 
tion : f g) if there is a mapping ^ (called a homotopy between / and g) of the 
product A X [0, 1] of ^ with the closed interval 0 ^ ^ 1 into D such that 

fo(a) = /(a) and fi(a) = g{a) for every a e A. A is a subset of D and / is the 
identity, so that /(a) = a, the homotopy f is called a deformation and the set A 
is said to be deformable in D into g(A). U D = A we say merely that A can 
be deformed into g(A). 

(1.1)® If A can be deformed into B then a mapping f of A into itself is homotopic 
to the identity if {and only if) f | is homotopic to the identity. 

If f is a deformation of A into B and ry is a homotopy between / 1 B and the 
identity then a homotopy f between / and the identity is defined by 

^t{a) = ? 3 /(^), 0 ^ ^ ^ 

= ^2-3/(fi(a)), 3 = ^ = h 

= /(^3-3/a)), §^^^1. 

A subset ^ of a space A is said to be a retract of A if there is a mapping r 
(called a retraction) of A into B such that r \ B is the identity mapping of B. If 
r is homotopic to the identity mapping of A then B is called a deformation 
retract^ of A, r is called a deformation retraction and the homotopy is called a 
retracting deformation. 

Theorem 1.2. In order that B be a deformation retract of A it is necessary and 
sufficient that B be a retract of A and A be deformable into B. 

This follows from (1.1) by specializing / to be a retraction of A into B. 

The example of a point B contained in an 7i-sphcre A (n ^ 0) shows that B may 
be a retract of A without A being deformable into B. The example of an n- 
spherc B contained in an (n + 1 )-cell A {n ^ 0) shows that A may be deformable 
into B without B being a retract of A. These two statements are equivalent 
to each other and to the Brouwer fixed point theorem." 

^ U. H. Fox, On the Lufiternik-Schnirelmann Category, Annals of Math. 42 (1041), 333-370. 

® A mapping of a space A into a space D means a continuous function defined on A with 
values in D. 

^ This lemma is a trivial generalization of Satz IVa Hilfsatz, Alexandroflf and Ilopf, 
Topologie, p. 251. 

10 The partial mapping / | B is the mapping of B defined by the rule {/ [ B\{b) = f{b) 
for every b e B. 

11 See W. Hurewicz and II. Wallman, Dimension Theory, Princeton Mathematical Series 
4 (1941) Chapter 5, §1. 
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(1.3) If f is a deformation of an ANR-se^^ A and B is the set of fixed points of 
fi then there is a homotopy f between {o = 1 and f i such that the points of B are fixed 
under each of the mappings ft, 0 ^ g 1. 

Let ri be the map of (A X [0] + B X [0, 1] + ^4 X [1]) X [0, 1] into A de- 
fined by 


Vu(a,y 0) — a y 

0 ^ w ^ 1, 

a € A, 


0 g ^ M g 1, 

a € By 

77u(a, t) = \ 



(a 

0 ^ g g 1, 

a € By 

rju(a, 1) = ^i(a) , 

0 g M ^ 1, 

a € A. 


Since f is an extension^® to ^ X [0, 1] of the map m , and since A is an ylATiJ-set, 
it follows that there is an extension^^ f to A X [0, 1] of t/o. This deformation 
f has the required properties. 

Theorem 1.4. If A and a subset B are ANR-scts then either of the conditions 
(i), (ii) is necessary and sufficient for B to be a deformation retract of A. 

(i) There is a retracting deformation i of A onto B such that the points of B are 
fixed under each of the mappings ft, 0 S t ^ 1. 

(ii) There is a deformation ^ of A into B such that f<(B) C B for every 0 ^ t ^ 1. 
The sufficiency of (i) and the implication (i) — > (ii) are trivial. That condition 

(i) is necessary follows from (1.3) by imposing the condition ^i(A) = Z? so that 
f becomes a retracting deformation. If (ii) is assumed then fi | B and fo | B are 
homotopic in B, Since B is a compact ANR-set and since fi is an extension of 
^i\ Bio A (with values in B) it follows^^ that there is an extension rof^o\BtoA. 
This extension r is clearly a retraction of A onto B. By (1.2) it follows that B 
is a deformation retract of A . 

Appreciation of theorem 1,4 is facilitated by consideration of several examples. 
The first example is due to Hopf and Pannwitz.^^ B is the pseudomanifold 
obtained by pinching a meridian, of a torus to a point; A is obtained from B by 
spanning an equator with a 2-cell. A can be deformed into B but condition 

(ii) is not satisfied (hence B is not a deformation retract and condition (i) is not 
satisfied either). In the second example A is a bounded portion of the Cartesian 
plane and B is the set 

{0 ^ a: gl; j/ = 0( + En-i {x = 1/n; 0 g j/ ^ 1} + = 0; 0 ^ y ^ 1}, 

hence not an ANR. Condition (ii) is satisfied but B is not a retract of A , hence 
not a deformation retract of A. In the third example A is the set B of the 
previous example and B is the point (0, 1). 5 is a deformation retract of A but 

R. H. Fox, A Characterization of Absolute Neighborhood Retracts^ Bull. Am. Math. Soc. 
48 (1942), 271-275. 

If / is a mapping of X into Y an extension/* of / to. a space X* 3 X is a mapping of 
X* into Y such that /* | X * /. 

The Borsuk-Kuratowski theorem: Fox, ibid, p. 273, and Dowker^s proof of Borsuk^s 
theorem: Hurewicz and Wallman, ibid, p. 86. 

AlexandroflF and llopf, loc. cit. p. 287, fig. 23. 



HOMOTOPY TYPE AND DEFORMATION RETRACTS 


43 


condition (ii) is not satisfied.** In the fourth example A is as in the last example 
and B is the line segment {a; = 0;0^y^l}. Here is a deformation retract 
of A, Condition (ii) is satisfied but not** condition (i). 

2. Homotopy type 

Two spaces A and B are said to belong to the same homotopy type if there are 
mappings j oi A into B and g oi B into A such that the maps gf of A into itself 
and fg of B into itself are each homotopic to the identity (in A and B respec- 
tively). Belonging to the same homotopy type is an equivalence relation.^ 

If mappings / of .4 into B and g o{ B into A are such that 1 then g will 
be called a left homotopy inverse of / or, briefly, a left inverse of / and/ will be called 
a right inverse oi g. A two-sided inverse of / is a mapping which is both a right 
and left inverse of /. Thus A and B belong to the same homotopy type if and 
only if there is a mapping of A into B which has a two-sided inverse. 

Theorem 2.^^ If f has both right and left inverses then it has a 2-sided inverse. 

Let g' and gr" be left and right inverses respectively and let g = g'/g". Then 
gf == g'/g"/ ^ g' i/ = g'/ i and/g = /g'/g" ^/ig" = fg'" ^ i. 

It may happen, even for compact ANR-sots A and B, that no map of A into 
B has a 2-sided inverse although maps of A into B can be found with either right 
or left inverses. Let 0 denote the 1 -sphere and 8 the figure-eight graph. Let 
A=8X8X8X‘-* and let B = 0 X 8 X 8 X • • • = O X ^ , so that A and B 
are compact ANR-^Qi^}^ The map /' of A into B defined by /'(<i , ^ 2 , • * •) = 
(p j h , h p e Oy has a left inverse g' defined by g'(^i , / 2 , * * • ) = (k j h , 

• • • )• "^I'he map/" of A into B defined by/" (^i , ^ 2 , , • • • ) = («(/i), , A? , * • • )» 

where a maps 8 into 0 by folding the top down over the bottom, has a right 
inverse g" defined by g" (/i , ^ 2 , ^ 3 , • • • ) = h , h , • * •) where 0 maps 0 

homeomorphically onto the bottom half of 8. The fundamental group Tri(A) of 
A is the infinite direct product F 2 X F 2 X F 2 X • • • and the fundamental group 
ti{B) of B is the direct product Fi X F 2 X Fz X • • • = Fi X 7ri(.c4), where Fi 
denotes the free group on i generators (^ = 1,2). Since iri{B) has an element 
(a, 1, 1, • • •) which commutes with every element of ir\{B)y and ti(A) has no 
such clement, iriiA) and 7ri(J^) are not isomorphic. Hence*^ no map of A into 
B can have a 2-sided inverse. 


3. Mapping cylinder 

For any mapping a of a space*^* M into a space N let N + Ca denote the space 
obtained from the space N and the cylinder M X [0, 1] by identifying the point 

R. H. Fox, On the Lusternik-Schnirelmann Category, Annals of Math. 42 (1941), p. 362. 

This proof of the theorem was shown to me by M. M. Day who has proved a theorem 
on partially ordered sets by exactly the same method. 

N. Aronszahn and K. Borsuk, Sur la eomme et le produit combinatoire des retractes 
absolus. Fund. Math. 18 (1932), Theorem 6, p. 197. 

W. Hurewicz, Topologie der Deformationen III, Proc. Akad. Amsterdam 39 (1936), 
p. 125. 

Unless otherwise specified spaces considered at the same time are mutually separated. 
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n and the closed set (a“\n), 1) e M X [1]. Precisely, N + Ca is the hyper- 
space^^ of the decomposition of + ilf X [0, 1] into the points (m, 0 ^ ^ 

of M X [0, 1) and the (closed) sets n + {a~^{n), 1) of AT + Af X [1]. Denoting 
the identification mapping by t, it can easily be proved that i | M and i | N are 
homeomorphisms and that i | (J{M) + M X [0, 1]) is the identification mapping 
of the induced decomposition of f{M) + A/ X [0, 1]. (Note that i\M X fO, 1] 
is not necessarily the identification mapping of the induced decomposition of 
M X [0, 1]). Accordingly denote by Ca the hyperspace of the induced de- 
composition of f{M) + Af X [0, 1] and consider Ca, A/ and N as subsets of 
AT + Ca so that i 1 (Af + N) is the identity mapping. (This justifies the nota- 
tion N + Ca). I shall call N + Ca the mapping cylinder^ of the symbol 
(m, t) will denote the point i{m, t) of Ca , so that m = (m, O) and a{m) = (m, l). 
If Af and N are compact metric then so also is N C a The dimension 
of A + Ca is max {dim Af, 1 + dim N].^^ 

Theorem 3.1. Let X, Y and Z he topological spaces and let 6 be a mapping of 
X into Z, If f is a mapping of X into Y then there is a mapping g of Y into Z 
satisfying gf 6 if and only if 6 can he extended^^ to Y + C/ , 

If 6* is an extension of 6 to Y + C/ let g = 0* \ Y, The homotopy f defined by 

it(x) = d*({x, <)), xeX, 0 S t ^ ly 

is a homotopy between = 6* \ X = 6 and fi = 6*f = gf. 

Suppose, conversely, that a map g satisfying gf 6 has been given and that 
{ is a homotopy between 6 and gf. Then the map of 1' + C/ into Z defined by 

e*i{x, t)) = (x, t) fCf, 

o*(y) = giy), y « Y, 

is an extension of ^ to 7 + C/ . | C/ is continuous because if V is an open set 

of Z then f~^(V) is an open set of X X [0, 1] which is the union of sets of the 
decomposition {i“^((x, t))]. 

Theorem 3.2. Let X, 7, Z, and 6 be as in theorem 3.1. If g is a mapping of 
7 into Z then there is a mapping f of X into 7 satisfying gf 6 if and only if 6 
is homotopic in Z + Cg to a map of X into 7. 

Let w denote the homotopy in Z + C^, between the identity mapping of 7 and 
the mapping g; explicitly 

(»t(y) = (y, t), y tY,0 ^ t ^ 1. 

If 6 6' in Z + Cg where 6' (X) C 7 then $ — cood' coid' = g6\ Thus 

a mapping / satisfying gf B is the mapping/ = 6'. 

If, conversely, there is an/ such that gf B then B c^gf — coif wo/ = /; thus 
/ is a map of X into 7 which is homotopic in Z + C^ to the given map B. 


Alexandroff and Hopf, loc. cit. p. 63. 

22 Ibid., p. 96 -99. 

23 Kuratowski. Topologie I, p. 127. 
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On choosing Z = X and 6 = 1 in theorem 3.1 we have 

Theorem 3.3. X is a retract of Y + Cf if and only if f has a left inverse. 

On choosing Z — X and 6 = 1 in theorem 3.2 and observing that Z + Cg can 
be deformed into Z by the homotopj’' 

s)) = (j/, S + /(I - s)), {x, s) e Cg , 

^t(z) = 2 , z eZ , 

we have 

Theorem 3.4.^^ Z + Cg mn be deformed into Y if and only if g has a right inverse. 

Comparison of theorems 3.3 and 3.4 shows a curious “duality'^ between 
deformation and retraction. 

(3.5) There is a mapf of X into Y such that X is a retract ofY + Cf if ami only 
if there is a map g of Y into X such that X + Cg can he deformed into Y. 

This is a corollary of the more general ‘^duality"’ implied by 3.1 and 3.2. 

(3.G) There is a mapf ofX into Y such that 6 can be extended toY -\-Cf if and 
only if there is a map g of Y into Z such that d is homo topic in Z + Cg to a mapping 
of X into Y . 

From theorems 1.2, 2, 3.3, and 3.4 follows 

Theorem 3.7. A" is a deformation retract of Y + C/ if and only if f has a 2-sided 
inverse. 

This theorem shows the practical equivalence of the two concepts, deforma- 
tion retraction and homotopy type. To emphasize this I restate theorem 3.7. 

Theorem 3.8, 7\vo spaces X and Y beUmg to the same homotopy type if and 
only if they can both be imbedded in a third space W in such a way that they are both 
deformation retracts of W, The dimension of W need not be larger than max 
{dim y, 1 + dim A^j. 

By induction there follows 

(3.9) If the spaces Xi , • • , Xk belong to the same homotopy type then there is a 
space W of which each X» is a deformation retract. The dimension of W need not 
be larger than 1 + maxi^i,....fr {dim Xt), or than max,wi, {dim X,) if only one 
Xi has the maximum dimensionality. 

I conclude this section with an example illustrating the utility of theorem 
3.7. J.et T be a 2-simplex with vertices a, 6, c and let E be the 2-dimensional 
complex resulting from T by an identification (denoted by i) of the side ah with 
the side be and with the side ac. From general theorems it is known that E 
is contractible. I will now show how to construct, explicitly, a contraction”^ 
of E. Let A be a small 2-simplex in the interior of E = i{T). The projection 
/ from an interior point of A maps X — A^^ onto Y = i{t)- Both X and Y arc 
1 -spheres and F + ( 7 / = X — {A — A). Since / is homotopic to a homeo- 
morphism of X on Y, f has a 2-sided inverse. Hence, by theorem 3.7, X is a 

Equivalently: Z can be deformed into Cg — Z if and only if g has a right inverse. 

^ The contractibility of this example was shown by K. Borsuk, Vher das Phdnomen der 
Unzerlegbarkeit in der Polyederiopologie. Comm. Math. Helv. 8 (1935), §3, p. 143. 

2® The dot denotes the boundary operation, as in AlexandrolY and Hopf, loc. cit. 
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deformation retract of F + (7/ . By theorem 1.4 the retracting deformation 
may be chosen so that it leaves the points of X fixed throughout the deformation. 
Thus is a deformation retract of E. Since A is contractible it follows that E 
is contractible. 


4. The Hopf-Pannwitz deformations 

A space A is said to be inesscntiaf^ relative to a subset B if there is a deformation 
of A into a proper subset of itself such that the points of B remain fixed during 
the deformation. 

Theorem 4.1. Let f he a mapping of X into Y such that F + Cy is an ANR-set 
and suppose thatf has a right inverse. If V is a proper subset of Y + C/ (which 
contains X) and h is a mapping of F into V such that hf 1 in V then F + (7/ is 
inessential relative to X. 

On choosing Z of theorem 3.1 to be the set V we have that the identity map 
of X can be extended to a map of F + C/ into V. Let this extension be denoted 
by X. Since / has a right inverse it follows from theorem 3.4 that F + C/ can be 
deformed into X. Hence, by 1.1, X 1 in F + (7/ . Thus there is a deforma- 
tion 7) of Y + Cf such that m = X. By 1.3, rj can be so chosen that r}t \ X = 1 
for every 0 ^ t ^ 1. Thus F + C/ is inessential relative to X. 

Let X be the graph consisting of two circles Si and S 2 joined by an arc and 
let F be a 2-cell. Let / be the map of X into F which maps the arc into a point 
of the boundary F^® of F and maps each of the circles homcomorphically onto 
F. Since F is contractible, / has a right inverse. A map h satisfying the condi- 
tion of theorem 4.1 is a map of F into a point of X, where F = X -f- 
F + C/|(.si 4 ..s 2 )- (It is easy to verify that X can be contracted in V.) Hence, 
by theorem 4.1, F + C/ is inessential relative to X. Let K be the space ob- 
tained from a torus by spanning a meridian with a 2-cell and an equator with 
a 2-cell. It is easy to see that the mapping cylinder Y + C/ just constructed 
is a subset of K in such a "way that {K — (F + C/))-(F + Cf) = X. Hence 
we deduce that K is inessential. This gives a new and simple proof of a defor- 
mation theorem of Hopf and Pannwitz.^® 

If F is a point then a mapping of F into a point of X is a right inverse of /. 
Hence, on choosing h{y) e X, we have 

Theorem 4.2. If f maps the ANR-set X into a point of Y and if X can he 
contracted in a proper subset of Y + (7/ then Y + Cf is inessential relative to X. 

By choosing X to be the graph described above, theorem 4.2 yields a new 
proof of another example of Hopf and Pannwitz. 

If F is a point and /(X) C F then F + C/ == C/ is called the cone of X. A 
homogeneous n-dimensional polyhedron K is said to be closed^^ if for some co- 
efficient domain there is an n-cycle whose carrier*® is K. 


Alexandroff and Hopf, loc. cit. p. 521. 

M Ibid, p. 525. 

« Ibid, p. 274. 

Ibid, p. 169 where the carrier for C is denoted by | C 1. 
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Theorem 4.3. The homogeneous n-dimensional {n > 0) polyhedron K is 
closed if and only if K can not he contracted in any proper subset of its cone. 

If K cannot be so contracted that K is closed by theorem 4.2 and a theorem of 
Hopf and Pannwitz.®^ Suppose K were closed and could be contracted in a 
proper subset of the cone. Then a continuous (n + l)-chain, covering a proper 
subset of the cone, could be found whose boundary cycle has K for its carrier. 
Since every n-simplex of K lies on exactly one (n + l)-simplex of the cone and 
conversely, this is impossible. 

The absolute boundary^^ of a homogeneous n-dimensional polyhedron K is 
made up of those simplexes which, for every coefficient domain, carry the 
boundary of every n-chain whose carrier is K. 

Theorem 4.4. A point p of a homogeneous n-dimensional {n > 0) polyhedron 
K belongs to the absolute boundary of K if and only if the boundary of its star st{p) 
can be contracted in a proper subset of st(p).^^ 

Since st{p) is the cone of the boundary of st(p) this is a consequence^^ of 
theorem 4.3. 


6. Special deformation retracts and homotopy type 

Let 

p«X, s)) = fix), (x, s) e Cf , 

p{y) = y, y (Y. 

I shall say that a retracting deformation ^of Y + C/ into X is special if 

I X = 1, 0 g < g 1 and 

P(f<(/(x))) = p(Si((x, <))). 

A two-sided inverse g ol f 1 will call special if there are homotopies F and G 
such that in addition to the usual conditions 

F^{x) = X, Fi{x) = gf{x), Go{y) = y, Gi{y) = fg(y) 

the condition 

f(F,{x)) = (?,(/(x)) 

is satisfied. 

Theorem 5. In order that f have a special 2-sided inverse it is necessary and 
sufficient that there exist a special retracting deformation o/ F + C/ inU> X. 


« Ibid, p. 521. 

»» Ibid, p. 285. 

” The star of p is the union of the closed simplexes of K which contain p. The boundary 
of 8t(p) is the union of those closed simplexes of K which are contained in 8t{p) and do not 
contain p. 

Ibid, Satz XIV, p. 285. 



48 


R. H. FOX 


Suppose first that f is a special retracting deformation of y + C/ into X. Let 

g{y) = iiiy), y « y, 

Fi{x) = t)), X € X, 0 g < g 1, 

Gi{y) = p(^(2/)), ^ 6 y, 0 ^ ^ 1. 

Clearly Fo(^) = fi((:r, 0)) = fi(x) = x; /^i(x) = fi((x, l)) = Ji/(x) = g(J{x))\ 
Go(y) = p(fo(z/)) = p(2/) = y;G,(y) = p^iCy)) = p(^(i/)) = p{{g(y),0}) ^f{g(y)). 
Aiso/F,(x) = /ai«x, <))) = pai((x, <») = p(m^))\ = g,(/(x)). 

Conversely suppose F and G are given satisfying f(Ft(x)) = Gi(f(x)), 
A retracting deformation ^ of Cf is defined by 

U{x, y)) - F( 2 u 4 -i)tW, 0 g ^ 2u/{2u + 1), 0 ^ 2 / g 1/2, 

= (F2u(x), (222 + l)f - 222 ), 222/(222 + I)g/gl,0g22g 1/2, 

= F2.(x), 0 ^ ^ g 1/2, 1/2 ^ 22 ^ 1, 

= (^(/(^)), (2/ - 1)(2 ~ 222)), 1/2 g ^ g 1, 1/2 g 22 g 1. ^ 

It is easy to verify that this definition is consistent. When 0 ^ 22 g 1/2 we 
have iuiSix)) = ?«((x, l)) = (F 2 u(x), l) = fiF^uix)) = G 2 u(Jix)) and when 1/2 g 
22 ^ 1 we have ^uifix)) = <gf{x)y 2 — 2u), Hence I may consistently define 

iu{y) = G2u{y), 0 g 22 ^ 1/2, 

= { g { y ), 2 - 222), 1/2 g 22 ^ 1, 

and thus extend f to a retracting deformation of y + C/ into X. For every 
0 ^ u g 1 we have ^u{x) = ku{{x, 0)) = Fo(x) = x. Thus $„ | X = 1 for every 
0 ^ 22 g 1. Finally I show that p(^t(f(x))) = p(fi((x, /))). When 0 g / ^ 1/2 
we have p(f/(/(x))) = p(^/({x, l))) = p((F 2 «(x), l)) = {F 2 t{x)) = p(fi((x, <))) and 
when 1/2 ^ ^ 1 we have p($/(/(x))) = p($<((x, l))) = p({g(f(x)), 2 - 2/)) = 

P({g(f(x)), 0)) = p(fi«x, t))). 

6. Mappings with e-inverses for every e 

A homotopy f in a metric space B is called an e-homotopy^^ if (i(f (x), f (^)) < 
e for every /i , ^2 c [0, 1] and x e ^“^(^). Accordingly if X and Y are metric 
spaces and / and g are mappings, of X into Y and Y into X respectively, such 
that gf 1 (c^e denotes e-homotopy) then I will call g a left vAnverse of / and 
/ a right ^-inverse of g. The property of having a left or right e-inverse for 
every e > 0 is topological. 

Assume now that the mapping cylinder Y + Cf is metrizable and has been 
metrized. This is the case, for instance, if X and Y are compacta. 

Theorem G.l. A mapping f of X into Y has a left e-inverse for every e > 0 
if and only if f is a homeomorphism and for every e > 0 the identity mapping of 
f(X) is e-homotopic inf{X) to a map extendable to Y, 

^ Ibid, p. 343. 
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If g^- is a left e-inverse of / then f(xi) = f{x 2 ) implies that d{xi , 0:2) ^ 

> ^^(/(^i))) + <^(s^^(/(a:2)), :C2) < 2e. Hence if / has left e-inverses for every 
e > 0 then/ must be one to one. If {xa;} CZ X and/(j-A) ^/(^o) then g^{f{Xk)) — > 
g^{f(xo)) for every e > 0 as /c — > q© and g^(f{xi,)) — ^ Xk uniformly in A; as e — > 0. 
Hence Xk — > Xq so that / is a homeornorphism. For every e > 0 there is a 5 > 0 
such that fg^ff~^ cs^e/ 1/“^ = 1 in/(Z). Hence the mapping/7^ | f(X) is (;xtend- 
able to F and also e-homotopic to the identity. 

It is no loss of generality, in the proof of the converse, to assume that X d Y 
and / = 1. The maps g^ of F into X such that g^ | X 1 in X are easily seen 
to be left e-inverses of /. 

((5.2) If X is, in addition, an ANR-sel then f has a left z-inversc if and only if f 
is a homeornorphism and f{X) is a retract of F. 

This follows from (0.1) and a theorern^^ of Borsuk-Kuratowski-Dowker. 

Theorem G.3. In order that f have a right e-inverse for every e > 0 it is neces- 
sary and sufficient that Y he e-deformable^^ into Cj — Y for every e > 0. 

If, for every 6 > 0, is a right 5-inverse and is a 5-homotopy such that 
C^aiy) = y and G\{y) = fig^iy)) then, for preassigned c and sufficiently small 8, 
the deformation defined by 

i\(y) = GUy), y,Y, O^t^l/2, 

= {g\y), {21- 1)5), y e F, 1/2 g < g 1, 

is an e-deformation of F into Cf — F. 

Let v{{x, t)) = X for every {x, t) e 0/ — F. If, for every 5 > 0, is a 5-de- 
formation of F into C/ — Y then, for preassigned e and sufficiently small 5, 
the mapping of F into X defined by 

giy) = v{i\iy)), y (Y, 

is a right e-inverse of /. 

Note that the condition of theorem 6.3 implies that /(X) = F. Hence 
(0.4) If X is compact then f has a 2-sided e-inverse for every e > 0 ^/ and only if 
f is a homeornorphism of X onto F. 

7. Analysis of n-homotopy type 

Mappings / and g of A into B are called n-homotopic^ if for every n-dimen- 
sional polyhedron P and mapping of P into A the mappings /0 and g<l) are 
homotopic. The symbol will denote n-homotopy. 

Theorem 7.1. Let X, F and Z he topological spaces and let B he a mapping of 
X into Z. If f is a mapping of X into Y then there is a mapping g of Y into Z 
satisfying gf 6 if and only if 6 is n-homotopic to a mapping which can he 
extended to Y + Cf , 

If is a mapping of F + C; into Z such that 0* | X 6 then the mapping 
g = 6* \Y satisfies gf 6, In fact gf= 6* \ {X, l)c^0*\ {X, 0) = d*\ X 6, 


3® 1.0. the deformation is an t-hoinotopy. 

11. H. Fox, On the Lusternik-Schnirclmann Category, Annals of Math. 42 (1941), p. 344. 
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Suppose, conversely, that gf 6, Define 

<)) = g(f(x)), (x, t) tCf, 

0*{y) = g{y), y eY. 

Thene*X = gf ^”.6. 

Theorem 7.2. Let X, F, Z and 6 he as in theorem 7.1. If g is a mapping of 
Y into Z then there is a mapping f of X into Y satisfying gf 6 if and only if 0 
is n~homotopic in Z + Cg to a mapping of X into F. 

The proof can be constructed from that of theorem 3.2 by changing the ap- 
propriate homotopies to ?i-homotopies. 

If p/ 1 the mapping g will be called a left n-homotopy inverse and / will 
be called a right n-homotopy inverse. If / has a 2-sided n-homotopy inverse 
X and F will be said to belong to the same n-homotopy type. If X and F are 
compact i4Ar/2-sets then g is a left (right) inverse of / if and only if g is a left 
(right) n-homotopy inverse of /for every n < 1 + dimX (for every n < 1 + dim 

F) 38 

(7.3) / has a left n-homotopy inverse if a'nd only if the identity mapping of X is 
n-homotopic to a map which is extendable to Y + C/ . 

(7.4) g has a right n-homotopy inverse if and only if Z + Cg can be n-deformed 
into F. 

By the argument of (1.1) it follows from (7.3) and (7.4) that 

(7.5) X and Y belong to the same n-homotopy type if and only if there is a space 
IF 3 X + F, o/ which Y is a deformation retract, and a mapping h of W into X 
such that h 1 in W and h | X 1 in X, 

For example a 2-sphere X and a point F belong to the same 1-homotopy type. 
Here a space W is a 2-ccll of which X is the boundary and F is the center. 
Spaces which belong to the same n-homotopy type have isomorphic A;-dimen- 
sional homotopy groups for k ^ n. 

University of Illinois. 


Ibid, theorem 13, p. 344. 
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ON THE DEFORMATION RETRACTION OF SOME FUNCTION SPACES 
ASSOCIATED WITH THE RELATIVE HOMOTOPY GROUPS 

By Ralph II. Fox 
(Received October 1, 1942) 

The homotopy group C) = C, d), (n ^ 1), of an arcwisc 

connected^ space B relative^ to an arcwise connected^ subset C with base point 
d tC may be defined as the fundamental group of a certain space* iS'^iB, C, d). 
The group C) is independent of the base point d in the sense 

that C, di) and C, d^) arc isomorphic. Hurewicz demonstrates 

this by showing that C, di) and C, d^) belong to the same homotopy 

type. According to my generalization^ of Whitehead’s theorem these function 
spaces are therefore deformation retracts of some containing space W. The 
containing space W constructed by this method is a subset of the function space 
C, D)y where D is the arc, with end-points di and ^2 which appears in 
Hurewicz’ (unpublished) proof. This suggests that ^i) and C, d 2 ) 

may be deformation retracts of 5”(B, C, D) itself. 

It will be shown below that this is indeed the case, at least if B and C are com- 
pact A ATjR-sets. (The reader will note that the reasoning can now be reversed 
to deduce the independence of C) of the base point.) Furthermore 

deformation retraction of B or C induces deformation retraction of C, d), 

hence leaves C) unaltered. Before plunging into the proof I generalize 

the spaces C, D) by (a) generalizing the antecedent cells and cell- 

boundaries to arbitrary topological spaces, and (b) removing the dependence 
of on the obviously irrelevant number three. Thus we might loosely describe 
the investigation as a stud}^ of the relationship between deformation retraction 
in the image space and deformation retraction of the function space. 


1 This slight restriction, which is not required for the definition of the group, simplifies 
our discussion. 

2 The absolute homotopy group d), whose definition may be obtained 

from that of the relative group by identifying B with d, may be discussed analogously. 

3 The set of continuous functions defined on a topological space X with values in a metric 
space Y is denoted, as usual, by the symbol Y^. If X is compact or K is bounded the well 
known formula 

diS, g) = 8up^«.4ld(/(x), g(x))] 

makes Y^ a metric space. If either X or Y is compact then topologically equivalent 
metrics of Y induce equivalent metrics of Y^ so that the topology of Y^ is then independent 
of the metrization of the topological space F. 

Let denote the n-cell: 0 ^ x, ^ 1, i = 1, 2, • • • , n and its boundary: — x*) 

= 0. If D is any subset of C, the symbol C, D) denotes the subset of which 

consists of those mappings / for which /(B") C C and/(^7” — F""') Cl D. 

^ R. H. Fox, On Homotopy Type and Deformation Retraction^ this volume, p. 45, 
theorem 3.8. 
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The three lemmas are contributions to the theory of fibre spaces^ and, except 
for notation, are independent of the rest of the paper. With reference to lemma 
3 it should be pointed out that a certain theorem of Borsuk®, published four 
years before fibre spaces® had been discovered, is, when restated, seen to be a 
far-reaching result on fibre spaces. Borsuk\s fibre theorem reads: If 5 is a 
compact .4A^i2-set and is closed in A then the operation / — > / | / e 5"^ 

is a fibre mapping of into I have recently discovered a very simple 

proof of this theorem which will appear elsewhere together with a discussion of 
its place in fibre space theory. 

Let .4x (X a non-negative integer) denote a topological space and B\ a metric 
space with either A\ compact or B\ bounded. Consider a decreasing sequence 

Ax 3 ^x-i Z) • • • 3 >lo . Z) , (0 ^ ^ 

of subsets of .4p and a corresponding sequence 


3 J?x-i => • =>J5o 3 . . ZDB,^ 

of subsets of B\ . Let Bq be a subset of which contains B^i if m 5*^ 0. For 
0 ^ i S X I shall use the symbol to denote the subset of B-'^ which consists 
of those mappings/ for which 


f(Aj) C Bj for g / g i, 

and the symbol 55 i for tho subset of which consists of those mappings / € J5t 
which satisfy the additional requirement 

f(Ao) C Bo . 


Let h be a deformation of Bo into Bo which deforms each of the 
subsets B-i , • * • , B-.^ within itself. Thus h e such that 

(fk(y) =y for ye Bo, 


(1) ^h{Bo) ClBo, 

[hi{B.A ezB^, for 0 g g 1, -m ^ ^ 0. 


The existence of this deformation is assumed from now on. 

Theorem 1. If Bo is closed and Bi , • • • , Bx are ANR-sets^ closed in Bx then 
gx can be deformed into gx . 


® W. Hurewicz and N. E. Steenrod, Homotopy Relations in Fibre Spaces, Proc. Nat. Acad. 
27 (1941), 61-64. The earlier definitions of H. Whitney (sphere-spaces, sphere-bundles 
and fibre bundles) required the fibres to belong to the same topological type. Other defi- 
nitions — sec B. p]ckmann, Zur Ilomotopietheorie gefaserter Rdume, Comm. Math. Helv. 14 
(1941), 141-192, for references — reejuire compactness assumptions. 

® K. Borsuk, Sur les prolongements des transformations continues, Fund. Math. 28 (1937), 
99 - 110 . 

^ R. H. Fox, On Homotopy Type and Deformation Retraction, loc. cit., footnote 10. 

^ R. H. Fox, A Characterization of Absolute Neighborhood Retracts, Bull. Am. Math. Soc. 
48 (1942), 271-275. 
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Since Bq is closed in the Bi the deformation h of B^ can be extended 

to a deformation of Bi (in itself )^ Since Bi is closed in the ^AT'i^-set J5,>i 
(z == 1,2, • • • , X — 1) the same argument shows that when h has been extended 
stepwise to a deformation of Bi it can be further extended to a deformation of 
Bi^i . Let h* denote the deformation of Bx which is the final result of this 
sequence of extensions. Thus h* e such that 


( 2 ) 


hoiy) = ?/ for yeBx 

< ht(Bo) C Bo 

ht(Bi) <ZBi for 0 ^ < g 1, -n ^ i ^ 


For every x cAo and / € 5x define 

(3) = hrifix)). 

The function is a deformation of gx into JJx . 

Theorem 2. If Aq Ax are ANR-sets closed in Ax then 5x is deformable 

into gx . 

First I construct a deformation r of i4x which is a neighborhood retracting 
deformation of and which deforms each ^ z ^ X) within itself. The 

construction is inductive; the mapping 

^Rt{x) = X for X eAn 

is a deformation of An which is a neighborhood retracting deformation of Ao. 
and which deforms each Ai{ — ii^i^O) within itself. Since yto is a neighbor- 
hood retract of ylx there is a closed neighborhood Uo of ylo in ylx and a retraction 
p of Uo onto Ao . Suppose that ^R € A {0 ^ j < X) such that 

^Ro{x) = X for X € Aj y 

^Rt(Ai) ClAi for 0 ^ ^ ^ 1 and -n ^ i ^ j, 

^Riix) = p(x) for X € Uj-Aj , 

where f/, is a closed neighborhood of Ao in Uo (hence in Ax)> Define 
^Sq(x) = X for x^Aj^ij 
’Si{x) %{x) for (x, 0 X fO, 1], 

\Si(x) = p(.r) for X e U j- A . 

Since yl, - 1-1 X [0] + ^ y X [0, 1] + U.-Aj^i X [1] is closed in Aj+i X [0, 1] and 
Aj^i is an ANR-^oty can be^° extended to a map of a neighborhood Fy 
(into yly+i). Let U be a closed neighborhood of .4 o in f/y (hence in ytx) such 


® R. H. Fox, On Ilomotopy Type and Deformation Retraction, loc. cit. footnote 14. 
R. H. Fox, A Characterization of Absolute Neighborhood Retracts, loc. cit. p. 273, 
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that 

X [0, 1] C F,., 

and define 

^Tq{x) = X for xtAi+i, 

'Tt{x) = ^S^{x) for {Xy t) € Uj+i-Aj+i X [0, 1]. 

Since is homotopic to the identity mapping of the closed set 
^7+1 X [0] + Ujj^i-Aj^i X [0, 1] and X [0, 1] is an ANR it follows® that 
can be extended to X [0, 1]. Let denote the extended mapping. 

But ^^^R € such that 

= X for X € Aj+i , 

^'^^RtiAi) c: At for 0 ^ t ^ 1 and — m ^ i ^ j + I, 

^'^^Ri(x) = p(x) for xeUj^i-Aj+i. 

This completes the induction; let r = ^R so that 
Vo(x) = X for X € Ax , 

(4) < ri(Ai) CZ Ai for 0 ^ ^ 1 and — /x g ^ X, 

[ri(x) = p(x) for X € f/x . 

Let 6 € [0, 1]"*^ such that 5(Ax — U\) — 0 and 5(Ao) = A deformation of 
5x into gx is defined by the formulae 

= fiT 2 t{x)) for 0 s < ^ 1/2, X € Ax , 

(5) = hi 2 t-i)s(x){f{ri(x))) for 1/2 g g 1, x c ?7x , 

= /(nW) for 1/2 ^ t ^ ly X € Ax — Ux , 

where / € gx . 

Given a topological space X and metric space Y I shall say that a mapping 
TT € is a fibre mapping if X is a fibre space^ over 7r(X) Cl Y relative to tt. 
This implies, of course, that 7r(X) is open and closed in 

Lemma 1. If ir is a fibre mapping of X into Y and X' is the complete inverse 
image of some subset Y' of Y then tt | is a fibre mapping of X' into Y. 

The proof is immediate. 

Lemma 2. If tti is a fibre mapping of X into Y and t 2 is a fibre mapping of Y 
into Z whose slicing function is uniformly continuous in y and z together then 
7r27ri € is a fibre mapping. 

According to the definition there exist ci , C2 > 0 and slicing functions 0i , 02 
such that 

01 (x, y) € TTi^iy) and is defined whenever d(7ri(x), ?/) < €i , 

02 (i/, z) € and is defined whenever d(7r2(i/), z) < €2 y 

<t>i(Xy 7ri(x)) = X and (hiy, ^rofi/)) = y. 


Urysohn^s Lemma. 
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Choose € < C 2 so small that d{<i> 2 {x, z), (hix, 2 ')) whenever d( 2 , 2 ') < e; this 
is possible because of the uniform continuity of 02 . Let 

(6) </>(x, z) = 0i(x, (hMx), 2 )). 

This is defined whenever d(7r27ri(:r), 2 ) < €. Furthermore 

7r27ri0(x, z) = 7r2(iri0i(a:, 02(7ri(2:), z))) 

= 7r2(02(7ri(a;), 2 )) 


and 


= 2, 

0(x, 7r27ri(a:)) = 0i(x, 02(7ri(x), 7r27ri(x))) 
= 0i(a:, tri(x)) 


= X. 

Let Tij be the mapping of 5* into ^ j) defined by 7riy(/,) = fi\ A fi c 5,* . 

Lemma 3. If Ao j • • • , ^x-i urc closed and Bi , • • • , jBx are compact ANR-sets 
then TTxo w « fibre mapping^^. 

By the proof of a theorem of Borsuk® [in particular, formulae (8) p. 101 
(which should rcad:<^*(p) = 1 — roi[0(p) +v?o(p) ~ 0o(p)]), 1. 11 p. 102 (which 
should read 0(x) = {^^*’”^(x) } ) and 1. 6. p. 103] the mapping/* | Ai^i\fi e Bt\ 

1 ^ t g X is a fibre mapping. Moreover [the previously mentioned formulae, 
(1) p. 100 and modification of the proof of theorem 2 to the extent of replacing 
the neighborhood U last line p. 102 by a clovsed neighborhood so that the re- 
traction r is uniformly continuous] the slicing function for this fibre mapping 
is uniformly continuous. 

But the inverse image of under the mapping is precisely 5* . Hence, by 
lemma 1, Ti ,_i is a fibre mapping. Hence, by lemma 2, 7^^o = 7rio7r2i • • • ^xx-t 
is a fibre mapping. 

Theorem 3. If Ao , Ax-i and Bo are closed and , • • • , B^are compact 
ANR-sets and if hi(y) =* y for every y e Bo y 0 ^ t ^ 1 then gx is a deformation 
retract of gx . 

Let 0 € defined by 

(7) ^{{x) = htf(x) for 0 ^ ^ ^ 1, X t Aq and /e gx, 

I shall show that 0(55x X [0, 1]) C 7rxo(5x)* In fact 

r/t = ‘woo(^<), 

00 (^) = fix) for X c -4o , 

Since the image set of a fibre mapping is open and closed it follows from R. H. Fox,. 
A Characterization of Absolute Neighborhood RetraciSy loc. cit. footnote 3 that the compact- 
ness of Bx is essential to this lemma. 
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and € 55o for every fixed t € [0, 1]. Suppose, inductively, that for every fixed 
/ e {5x there is a map V = 0 ^ t < X, such that 

TTioCil/i) = Vi = 

Vo (a:) = f(x) 

Vi € gi 

Let 



for 0 ^ ^ ^ 1, 
for X € Ai , 

for every fixed ^ e [0, 1]. 
for (x, t) eAi X [0, 1]> 
for (x, 0 € Ai+i X [0]. 


= 

Since is homotopic to the map defined by 

'vi{x) = fix) for {x, t) (Ai+i X [0] + >li X [0, 1], 


since can be extended to ^,+i X fO, 1] and since V maps the closed subset 
^ 1+1 X [0] + Ai X fO, 1] of yl<+i X [0, 1] into the compact ylAT/J-set ^,+i , it 
follows* that V can be extended to a map of Ai+i X [0, 1] into B,+i . But 
TT.+ioC'^VO = 7r.o(x.>i .(‘^Vi)) = 4'Uor 0 ^ t ^ I, 

'^Voix) = %(x) - f(x) for X « A.+i , 

'"^Vf « 5.+1 for every t « [0, 1], 


and this completes the induction. 

Since Bo is compact, ^ is a uniform homotopy^ By the previous 

lemma ^rxo is a fibre mapping. Therefore, since X [0, 1]) Cl 7rxo(5^x), it 
follows by the covering homotopy theorem^ that there is a mapping </> € 
such that 

• <t>o = f for every / e J?x , 

^^o(0) = 

<t>{ € for every / € gx . 

Thus 0 is a deformation of gx (within itself) into 5x • 

ff / € J?x then f(x) c Bq for every x € Ao , hence = htf is independent of t. 
Hence, hy the covering homotopy theorem^, </>{ is independent of t. Hence, 
for every / € gx , 

<t>i = <l>o = /. 

Hence <t> is a retracting deformation (which leaves the points of 5x invariant). 

(^OKOLLAUY. J5x o, deformation retract of ^x if Ao , Ax~i are closed , 
Bo , B'o , Bi , — • , Bx are compact ANR-sets and h is a retracting deformation. 

For under these conditions h may be assumed to satisfy the condition of the 
preceding theorem in addition to (1). 


University of Illinois, Urbana, III. 


Ibid, Theorem 1.4. 
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ON PERMUTATION GROUPS OF PRIME DEGREE AND RELATED 

CLASSES OF GROUPS 

By Hichard Brauer"^ 

(Received June 17, 1942) 

Introduction 

The transitive permutation groups of prime degree p appear as the Galois 
groups of the irreducible algebraic equations /(rc) = 0 of degree p. This is the 
reason that these groups have been the subject of a large number of investiga- 
tions/ However, only few results of a general nature have been obtained. In 
the present paper, the theory of group representations^ will be applied in order 
to derive some new theorems concerning the structure of these groups. Actually, 
the method can be used for the study of a wider class of groups, viz. the groups 
® of finite order g which have the following property : 

(*) The group & contains elements P of prime order p which commute only with 
their own powers P\ 

It is clear that transitive permutation groups of degree p have the property 
(*). Secondly, the doubly transitive permutation groups of degree p — 1 are 
of this type.'^ A third example* is furnished by the irreducible linear groups in a 
p-dimensional vector space whose center consists of the unit element only, in 
particular by the simple linear irr(?ducible groups in p dimensions (cf. section 7). 

It is easily seen (section 1) that the order ^ of a group with the property (*) 
is of the form 

(1) g = (p ^ i)p(l + np)/l 

where t and n an* integers and where t divides p — 1. The group (contains 
exactly 1 + np conjugate subgroups of order p, and each of them has a nor- 
malizer of order p{p — \)/f. In section 2, the normal subgroups of arc 
studied, in particular the first commutator-subgroup W' and the second com- 
mutator-subgroup W" of ©. Two cases must be distinguished: 

CUsE I. The group contains a normal suhgroiip ® of order 1 + np. 

We shall show that (^3/0 then is a metacyclic group of order p{p — 1)//; 
the group 0 possesses an outer automorphism of order p which leaves only the 

* Follow of the John Simon Gugg^'^hoim Memorial Foundation. 

1 Wo may mention here the work of Mathieu, C:. Jordan, Sylow, Frobenius, Burnside, 
G. A. Miller. C'f. also E. Pascal, Reportorium dor hdlieren Mathematik, Vol. I, part 1, 
2nd German edition, Leipzig 1910. 

2 In this paper, the notation “representation of a group” always means a representation 
of the group by linear transformations of a vector space over the field of complex numbers 
(or an algebraically closed field of characteristic 0). By a “vecdor-spacc” we always mean 
a vector-space over this field. 

3 For this class of groups, cf. G. Frobenius, Sitzungsberichtc der Preussischen Akademic, 
Berlin 1902, p. 351. 
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unit element fixed. For / < p — 1, we have ® and ®' has the order 

p(l + np). For < = p — 1, we have © = ®'. Unless n is of the form 

(2) n = u + m + ump (w, m positive integers), 

© is a minimal normal subgroup of ® (for n 4= 0). 

This case I is of relatively small interest. In particular, when ® is a transi- 
tive permutation group of degree p, © consists in this case I only of the unit 
element 1 . If ® is a doubly transitive group of degree p + 1 or an irreducible 
linear group in a p-dimensional space with center 1, then © must be abelian. 
Case ii. The group ® does not contain a normal subgroup of order 1 + wp. 
Here, we shall have ®' = ® . The group ®' itself satisfies the condition 
(*); its order g' is of the form 

(3) g' = (P - 1)P(1 + np)/f 

where n is the same number as in (1). The number t' divides p — 1 and is 
divisible by we have 5*^ p — 1. If n is not of the form (2), in particular, 
if n < p + 2, then ®' is simple. 

In the later sections, we shall assume that ®, besides condition (*), 'satisfies 
the following condition 

(*♦) commutator-subgroup ®' of ® is equal to ®. 

By this condition (**), groups @ for which we have case I are excluded. If 
we have case II, the group ®' satisfies both conditions (*) and (**), and our 
theory can be applied to ®'. From ®', the group ® can be obtained by a cyclic 
extension; the value of n remains unchanged. 

Our main result (section 5), is: If a group ® satisfies the conditions (*) and 
(**), and if n ^ (p + 3)/2, then n can be represented by the following rational 
funi3tion F(p, u, h) 

+ u^ + u + h 

(4) n = F{p, u, h) = ^ — 

where u and h are positive integers, and where u + I divides ^(p — 1). If ® 
satisfies the conditions (*) and (**), and if n < (p + 3)/2, we must have one of 
the following two cases: 

(a) n = 1, t = ® — LF{2y p), (p > 3). 

(b) n = (p - 3)/2, t = (p - l)/2, ® = LF(2, 2^) where p = 2^ + 1 

is a Fermat prime, p > 3.^ 

In a later paper, the values n with (p + 3)/2 ^ n ^ p + 2 will be discussed. 
It had been shown by Frobenius that LF(2, p) is the only simple group of 
order p(p — l)(p + l)/2. In section 6 we drop the assumption (*) and prove 
that the groups @ = LF(2, p) and LF(2, 2^*). (2^ + 1 = p) are the only simple 

^ That permutation groups of degree p with the value n »* (p — 3)/2 exist for these primes 
p, was mentioned by Frobenius, loc. cit. 
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groups of an order p{p — 1)(1 + mp)/r with m < {p + 3)/2, {p a prime, r, 
m not-negative integers, r | (p — 1)); if for a simple group of this order we have 
^ ^ (p + 3)/2, then m must be of the form m = F(p, w, h) where u and h 
are positive integers. 

1. Preliminary remarks 

Let ® be a group of finite order g which satisfies the condition (*), i.e. which 
contains elements P of prime order p whose centralizer consists of the powers of 
P only. If ^ is a p-Sylow subgroup of @ which contains P, then the order of ^ 
cannot be larger than p, since otherwise the order of the centralizer of P in ^ 
would be larger than p. Hence g ^ 0 (mod p^), ^ = jP). The number of 
subgroups conjugate to ^ is of the form 1 + np where n is a non-negative integer. 
The order of the normalizer 92 = 9?(^) of ^ then is g/(l + np). But since ^ 
is a cyclic group of order p, and since 92 also satisfies the condition (*), we readily 
see that 9J can be generated by ^ and another element Q such that 

(5) P^ = 1, Q" = 1, Q-^PQ = P^' 

where y is a primitive root (mod p), and where t and q are positive integers such 
that 

(6) iq p - 

The group then contains exactly t classes of conjugate elements of order p. 
For the order of W, we obtain 

(7) g = iv - 1)P(1 + np)/t = ^p(l + np). 

Hence we have 

Theorem 1. // W is a group of finite order g which contains an element P of 

prime order p which commutes only with its own powers {condition (*)), then 
gf=(p— l)p(l + np)/ty where n and t arc integers , and t divides p — 1. The 
group & contains exactly 1 + np subgroups of order p, and t is the number of 
classes of conjugate elements of order p in &. 

Since g contains the prime p only to the first power, the results of an earlier 
paper^ can be applied. .For the sake of convenience we mention those facts 
which will be needed. 

The ordinary irreducible representations of ® are of four different types: 

(I) Representations of a degree Up = Upp -f 1 = 1 (mod p). Denote by 
Ap{G) the value of the character i4p of ?lp for an element G of Then 

(8, I) ^p(P’) = 1 (for f ^ 0 (mod p)). 

II. Representations 33^ of a degree K = v^p — 1 = — 1 (mod p). If Ra{G) is 
the character of 33^ , we have 

* R. Brauer, On groups whose order contains a prime number to the first power, American 
Journal of Mathematics vol. 54 (1942) part I p. 401, part II, p. 421. I refer to these papers 
as [1] and [2]. 
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(8, II) = — 1 (for i ^ 0 (mod p)). 

(III) Representations S of a degree c which is not congruent to 0, 1, — 1 (mod p) 

for t 9 ^ There exist exactly t such representations S, S', • • - , and 

the}'’ are algebraically conjugate. The degree c is of the form 

c = {ivp -f- 5)//, 5 = dzl 

where n is a positive integer. If e is a primitive pth root of unity, suitably 
chosen, we have for the character C{G) of S: 

(8, III) C{P') = (-5) £ e”'"' for i ^ 0 (mod p). 

M«0 

We denote the expression on the right side by ( — 5 ) 77 , so that rj, is a Gaussian 
period of length g = (p ~ l)/t. 

(IV) Representation Tr of a degree dr = pxr ^ 0 (mod p). If Dt(G) is the 
character of T)t , then 

(8, IV) = 0 for t ^ 0 (mod p). 

t 

If we have a representation ?lp , p = 1, 2, • • • , a, and representations 
, 0 - = 1, 2, • • • , we have 

(9) a + /3 = g == (p - l)/t. 

Furthermore, for elements G of an order prime to p, we have 

(10) Z Ap((?) + ac'-’cc) = z B^iG). 

pwm\ ffmm\ 

In particular, for G = 1, this gives 

(11*) ttp + 5c = ^2 • 

p a 

It is well known that the degrees Up , , c, dr divide the order g of & and that g 

is equal to the sum of the scpiares of all the degrees, i.e. 

( 12 ) ^ cip ^ hi tc^ -j- ^ dr = g, 

pa T 

It is often convenient to set (as above) 

(13) Up = Upp + 1, K = VaP ~ 1, C = {wp + b)/t, dr = XrP, (8 = dhl). 

On substituting these values in (11) and taking (9) into account, we easily 
obtain 

(14) + 

p Iff' 

® In the case ^ = 1, S can be chosen arbitrarily among the p irreducible representations 
of degrees not divisible by p. We then choose (S so that its degree c is of the form c s — 1 
(mod p). This is always possible. The results given in (III) remain valid for this G. 
We then have 6 = —1, and C(P0 is rational. 
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Substitute the values (13) in (12) and use (9) and (14). A simple eomputa- 
tion gives 

( 15 ) + + + + 

2. Normal subgroups of 

The number of representations of degree 1 of any group W is ecpial to the 
index of the commutator-subgroup W' of W. In our case, for t 9 ^ \, 

i 7 ^ p — 1 , only the repn^sentations Sip can have degree J . By (9), their number 
is at most (p — \)/t. For t — 1, we may choose (S so that its degree is different 
from 1, and the same argument holds. If / = p — 1, then a + = 1, cf. (9). 

Since the 1 -representation G — > 1 appears among the ?lp , we have a = 1 , = 0, 

«! = 1, and (11) gives c = 1. Consequently, W has exactly p representations 
of degree p. We thus proved 

Theouem 2. If the group (M satisfies the condition (*), then the index (&:&) 
of the comnudator subgroup C’V in W satisfies the relation 

g (p — l)/t if t 7 ^ p — 

= p, ?/< = p — 1. 

If W has a normal subgroup S, then any representation of the factor group 
W/2 may be considered as a representation of C^. On account of this remark, 
we prov(' easily 

Theorem 3. Let (M he a group of order g which satisfies condition (*). If 2 
is a normal subgroup of an order s divisible by p, then 2 contains the commutator- 
subgroup CM' of Q>). 

Proof: l.et be an irreducible representation of (^V® degree z; let f(f7) 
be the character of the corresponding representation of Since the element 

P of order p must belong to 2, we have f (P) = z. The formulas (8) then show 
that 2 g 2 is impossible; every irreducible representation of W/2 is of degree 1. 
Hence ®/2 is abelian, i.e. 0 contains 0»P, (pe.d. 

We now treat normal subgroups of an order which is relatively prime to p. 
We have 

Theorem 4. Let & be a group of order g which satisfies condition (*). If 0 
is a normal subgroup of an order s which is not divisible by p, then s divides 1 + np 
and we have s ^ 1 (mod p).^ The group W/® itself satisfies condition (*), and the 
number t* of classes containing conjugate elements of order p is the same as the 
analogous number for i.e, t .= /*. The group 0 is contained in the kernel of 
the representations 3Ip , (§1)* 

Proof: The order of @/0 is divisible by p; we have P > 0. Obviously, 
P g t. Consider now the representations of the first p-block of C»V®** If 


^ The numbers n and t are defined in theorem 1. 
® cf. [1], section 8. 
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5^ 1, we find representations whose characters take on distinct algebraically 
conjugate values for an element of order p. These representations yield 
representations of & with the same property, and the formulas (8) show that 
t = t*. If /* = 1, we find p representations of whose characters have non- 
vanishing rational values for an element of order p. Since this again gives p 
representations of ® with the corresponding property, we must have t = 1, 
This shows that t = t* in any case. The first p-block of now accounts for 
^ + (P "" I)/^ representations of ® of a degree prime to p. But this is the full 
number of such representations (cf. §1), and hence ®/© does not contain any 
other p-block of lowest kind. Then the order of the centralizer of a p-Sylow 
group of @/© is equal to pf i.e. ®/© satisfies the condition (*). At the same 
time we proved that © is contained in the kernel of all representations -4p , 

The order g/s of ®/© can be written in the form 
(16) g/s = (p - l)p(l + rnp)/t 

where m is a non-negative integer. Comparison of (16) with (7) shows that 
s = (1 + np)/(l + wp). Hence s divides 1 + np, and we have s ^ 1 (mod p). 
This proves theorem 4. 

Corollary 1. Any normal subgroup © of ® of an order prime to p possesses 
an outer automorphism of order p which leaves only the unit element invariant. 

Proof: Transformation of © with an element P of order p in ® defines such 
an automorphism. — This shows again that s = 1 (mod p). 

Corollary 2. Ihe kernel of any representation is the {unique^ maxi- 

mal normal subgroup ©* of an order prime to p. The same holds for the kernel of 
?lp , if the degree Up is not 1. 

Proof: As shown above, ©* will belong to each such kernel. But the formu- 
las (8, 1), (8, II), (8, III) show that the kernel cannot contain elements of order p, 
i.e. the kernel itself has an order prime to p, and it coincides therefore with ©*. 

Corollary 3. We have ©* C If t ^ p — I, the group ®'/®* is simple, 

// / = p - 1, = ©*. 

Proof: The group ®' can be defined as the intersection of the kernels of the 
representations of degree 1. Theorem 4 then gives ©* C (‘>^'. If / p — 1, 
the order of ©' is divisible by p (cf. theorem 2). From theorem 3 and the 
definition of ©* it follows that no normal subgroup of ® lies between ®' and ©*. 
Then the group 0'/®* is a minimal normal subgroup of ®/©*, and hence 
is a direct product of isomorphic simple groups. But since the order 
of @V©* contains p to the first power, this implies that ©'/©* is simple. 
If < = p — 1, theorem 2 shows that = ©*. 

Corollary 4. If n is not of the form w = w + ^ + wmp (w, m positive inte- 
gers), in particular if n < p + 2, then ® does not contain a normal subgroup 
© {!] of an order s smaller than 1 + np. 


® cf. [1], theorem 1. 
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Proof: If s = 0 (mod p), theorems 2 and 3 give s ^ (g>(p ~ l)/0 = 
p{\ + np). If 5 ^ 0, theorem 4 shows that s is of the form 1 + wp where u is 
a positive integer. From (7) and (16) we obtain 

1 + wp = (1 + wp)(l + wp). 

Hence n — u + m + ump. Under our present assumption, we must have 
m = 0, i.e. s = 1 + np and this proves the corollary. 

We now distinguish two cases: 

(vASE I. The Group @ contains a normal subgroup of order 1 + np. 

C^ASE II. The group & does not contain a normal subgroup of order 1 + np. 
In other words, in case I the order s* of is equal to 1 + np while in case II 
s* is smaller than 1 + np. 

Theorem 5. We have case 7, if and only if one of the following two sets of 
conditions holds 

(a) < = p — 1. 

(b) / < p — 1, and the first and second commutator subgroups and of @ 
are different. 

In case (a), ©' has the order 1 + np, and 0/®' is cyclic of order p. In case 
(b), the group (^" has the order I + np and & has the order p(l + np); is 

metacyclic and can be defined by the equations (5). 

Proof: The case / = p — 1 is trivial, cf. theorem 2 and (7); we may assume 
/ < p — 1. If is an invariant subgroup of order 1 + np in 0), then ®/S* 
is a group of order p(p — 1 )/t, which satisfies condition (*) and in which t classes 
of conjugate elements contain elements of order p. Hence ®/@* contains a 
subgroup of type (5), and since this subgroup has order p(p — 1)/^, the group 
®/@* itself is a metacyclic group of type (5). In particular, ®/@* contains a 
normal subgroup @i/@* of index (p — l)/t. Then ®i is a normal subgroup of 
index (p — \)/t of ®, and theorems 2 and 3 now show that ®i = ©'. We may 
apply theorem 2 to which again satisfies condition (*). Since ©' contains a 
normal subgroup ©* of index p, this group ©* must be the commutator sub- 
group of ®'. Conversely, assume that According to theorem 2 

we have (@:0') ^ (p — l)/t. The order of ®' then is divisible by p, and 
also satisfies the condition (*). If the index (®':®") was prime to p, the group 
0" would have an order divisible by p, and theorem 3 would give 
i.e. Hence (®':®") is divisible by p. Now theorem 2, applied to 

®', gives (®':@") = p and, therefore, (®:®") ^ p(p — \)/t. However, 
theorem 4 shows that the order of the normal subgroup ®" of @ must divide 
1 + np. As ® has the order p(p — 1)(1 + np)/^, we now see that @" has the 
order 1 + np. This completes the proof of theorem 5. 

Corollary 5. In case II y the order g* of the group is given by 


(17) 


g' ^ (p ^ l)p(l + np)/t' 
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where n is the same number as in (7) and V denotes the number of classes of conju- 
gate elements in &' which contain elements of order p. We have t\t\t'\ {p — 1), 
a7id t ^ V < p — Furthermore^ = 0". The group 0/0' is cyclic. 

Proof: It follows from theorem 5 that t < p — \ and that 0' = 63". The 
group 0' also satisfies condition (*), and since it contains all subgroups of order 
p of 0, we obtain (17). The number t divides t\ because g' divides g. If we 
had <' = p — 1, theorem 2 would give 0' 9 ^ 0". The element Q in (5) has the 
property that its {t'/t)\j\i power is the first power which belongs to 0'. This 
shows that 0/0' is cyclic. 

Corollary 6. If n is not of the form n = w + m + ump, (w, m positive inte- 
gers), in particular if n < p + 2, then 0' is simple in case II. 

Proof: Corollary 4 shows that = {!}, and corollary 3 now proves the 
statement. 

Finally, we treat the three kinds of groups mentioned in the introduction. 
We prove 

Theorem 6. If 0 is a transitive permutation group of degree p {p a prime num- 
ber), then 0 does not contain any normal subgroup of an order prime to p and dif- 
ferent from [l\; the group 63' is simple {or of order 1 ). // 63 is a doubly traiisitive 

group of degree p + I or if & is an irreducible linear group with center { 1 } in a 
p-dimensional space, then any normal subgroup of an order prime to p is abelian. 
In all these cases, the composition series of 63 has at most one non-cyclic factor group. 

Proof: If 0 is a transitive permutation group of degree p, then 63 possesses 
a reducible (l-l)-rcprcsentation S degree p, whose character has the value 0 
for elements of order p. As shown by the formulas (8, I), this representation 
cannot consist of representations exclusively; furthermore it cannot contain 
any constitutent T)t . Theorem 4 and corollary 2 now show that 8 the 
kernel ©*. However, was a (l-l)-representation. We thus find 2* = {1 }, 
and corollary 3 shows that 63' is simple (or 63' = { 1 } , if </ =?= p). 

Any doubly transitive permutation group 0 of degree p + 1 possesses an 
irreducible (l-l)-representation of degree p. As condition (*) holds for any 
such 63, we easily see that 0 has the center { 1 } . ft is, therefore, sufficient to 
treat irreducible linear groups with the center { I } in a p-dimensional space. 
It follows here that ®*, considered as a linear group, must be reducible since 
the dimension does not divide the order s*. Since is a normal subgroup, 
it splits into constituents of the same degree z. Then 2 = 1 , and is abelian. 

The last statement of theorem 6 follows from corollary 3. 

Corollary 7. If 0 is a primitive irreducible linear group in a p-dimensional 
space and if 63 has the center { 1 j , then 0' is simple. 

Proof: When 0 is primitive, the normal abelian subgroup must lie 
in the center. We then have = { 1 } under our assumptions. Now corollary 
3 gives the statement. 

There is a well known theorem of Burnside which states that a transitive 
permutation group 63 of degree p is either doubly transitive or it is metacyclic 
of the type (5). With the methods used here, this could be proved in the fol- 
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lowing manner. If ® is not doubly transitive, the permutation representation 
S splits into the 1 -representation 2li and at least two more coristitutents not all 
of which can be of type ?Ip . Then one constituent at least is a Since the 
character is rational, all the conjugate appear, and we find 

3 = 2ii + E c = (p - i)/t, t ^ 2. 

v-O 

If ^ > 2, the group ® must have a normal subgroup of order and therefore 
® is of type (5). If ^ = 2, we have also to consider the case that ® ~ LF{2j p). 
It is not very difficult to exclude this last possibility. However, the ijroof may 
be omitted. 

3. Conditions fof the degrees , c 

We now make use of the fact that the degrees ap , c (of. (13)), divide the 
order g = (p — l)p(l + np)/t of ®. For the , we certainly must have 
(Upp + 1) I (p — 1)(1 + np). If the sign 8 has the value +1, the condition 
for c gives (v)p + 1) | (p — 1)(1 + np). The question we have to treat then 
is this: When is 


(up + 1) I (p — 1)(1 + np) 

(where u = Up or u = w)? Set np + 1 = mini 2 with n?i | (p — 1) 
and m 2 1 (1 + np). Then p = l, np+l=0 (mod 7?n) and hence 
7/ + 1 s 0 (mod mi). Further, np + I ^ 0, 1 + np = 0 (mod 7712 ), and this 
gives (n — n)p = 0 and hence n — n = 0 (mod m 2 ). It now follows that 
np + 1 = mim 2 divides (n + l)(n — n). We may set 

(18) (n + l)(n — n) = h(up + 1) 

with an integral h. Then h(up + 1) = 0 (mod n + 1). Since u = 
— 1 (mod n + 1), this gives 

(19) (n + 1) I h(p — 1). 

Assume first that h = —h' < 0. Then (n + l)(n — n) = h'(up + 1) which 
gives 

n^ = u(h'p + n — 1) + h' + n > u(h'p + n — 1). 

Hence n > h'p + n — 1 while (19) yields h'(p — 1) ^ n + 1, i.e. 
n ^ h^p — /i' — 1 ^ h'p + n — 1. This is a contradiction, the case h < 0 is 
impossible. From (18) it follows that n = (hup u + u + h)/(u + 1). We 
therefore have 

Lemma 1. Denote by F(p, n, h) the rational Junction 

(20) Fip, u, h) = —F 


cf. [2], theorem 3. 
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of p, u and h. If gt = (p — l)p(l + up) is divisible by a number 1 + up where 

u is a non-negative integer, then there exists an integer A ^ 0 such that 

(21) n = F{p, u, h) 
and that (a + 1) | h(p — 1). 

In a similar fashion, we have to find the condition that vp — 1 divides gt = 
(p — l)p(l + np) where v > 0, (v = Va , or v = w for 5 = —1). 
We set vp — 1 = with mi | (p — 1) and m 2 | (1 + np) and derive — 1 = 
0 (mod mi), V + 71 ^ 0 (mod m 2 ). Hence 

(22) {v — 1)(?^ + n) = h(vp — 1) 

for some integer h ^ 0. For fixed n, p, h, this is a quadratic equation for v. 
The second root = (h — n)/v must he integral too. For h = 0, we have? 

v' = —n/v ^0. U h 9 ^ 0 , rei)lace v by I in (22). The left side of (22) then 

vanishes while the right side is positive. This again gives 1 / ^ 0. 

Set u = — // = (n — h)/v; them u ^ 0. Since ?/ satisfies the ecpiation (22), 
this equation remains correct when v is replaced by — w. We thus come back 
to (18). Since (18) implied (19) and (21), we have proved 

Lemma 2. If gt = (p — i)p(l + 7ip) is divisible by vp — 1, ivhere v is a posi- 
tive integer, then there exists a non-negative integer h such that u — (n ~ h)/v is 

integral and not negative, and that the relations hold 

(23) n = F{p, u, h)] (a + 1) | h(p - 1). 

If u = 0, then n = h, and (22) gives v = pn — n + 1. However, it follows 

from (15) that tv = pa — n + 1 or r? = pa — n + 1 are possible only when 
«V = 1 or = 1, i.e. when a = 0. If h = 0, then u = n and v = 1 . 

Theorem 7. If W is a group satisfying the condition (*), then find 
all representations of n in the form n — F{p, u^*'\ *= + 

7/^’'^“ + + 1) with positive integers u^''\ The degrees of the 

irreducible represefitations of ®, as far as they are prime to p can only have some of 
the values 

(24) Up = 1, ttp = a^'^p +1, Op = ap + 1. 

(25) 5a = p — 1, 5a = v^'^^p — I. 

(2G) c = («p + l)/t, c = + l)/t, c = (p — l)/t, 

c = - l)/t 

where v^"' is set equal to (n — h^''^)/u^''\ 

For h > 0 and variable u, we have (d/du)F{p, u, h) > 0. Since we are only 
interested in solutions a, h of n = F{p, a, h) with 1 ^ a ^ h(p — 1) — 1, we 
must have 

(27) F(p, 1, h) = g ^ - i) - i^h) = 2ph-h- 2. 
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This gives 

Theorem 8. In theorem 7, only values h == have to be considered for which 
(28) 

2p ~ 1 p + I 

To each h^^^ there belongs at most one and this satisfies the conditions 
I (n - + 1) I h^^\p - 1). 

The last remark follows from the fact that the equation n = F{p, u, h) is 
equivalent to (18), and since h < n,wc have one positive root 21 . Unless n has 
one of the following values 


(29) n = 


p + 3 

2 ’ 

2p + 7 

3 ’ 

3p + 13 

4 ’ ‘ ’ 

(A = 1; M = 1, 2, 3, • 


P + 2, 

4p + 8 

3 ’ 

3p + 7 

2 ’ 

(A = 2; u = ], 2, 3, • 


3p + 5 

2 ’ 

2p + 3, 

9p + 15 

4 ’ 

(A = 3; M = 1, 2, 3, • 



only the values 

(30) flp = 1, Op = np + 1, 6a = p - 1, c = (np + 1)/^, c = (p - l)/t 
are possible in theorem 7. 

As an example for theorems 7 and 8, we choose the case ^ = 2, p = 1 1 , n = 157 
for which g = 95040.^^ We find here 9 ^ h ^ 2fi. Actually, only the values 
h = 10, 12, 14, 17, 2(5 give integral values for u. From (15), we obtain Up ^ 28, 
Va ^ 28, Xr ^ 28, w ^ 39. We thus obtain as the possible values of the degrees 
Up and 6a : 

ap = 1 , 12, 45, or 144; K = 10, 32, 54, or 120, 

while c has one of the values 5, 6, 16, 27, 60, 72, 160, 190. The sign 5 = ±1 
is determined by 2c = —5 (mod 11). The total number of degrees Op and 6a 
is five, and their values together with c must satisfy the equation (11). If we 
further assume that 65 is simple, only one of the Up has the value 1. On the basis 
of these remarks and using further properties of group representations, it is 
possible to compute the full table of group characters of 65. 

This case is relatively eomplicated as n will appear five times in the table (29) for 
p = 11. The case has been chosen because there exists a simple group 6) of order 95040, 
the five times transitive permutation group of degree 12 of Mathieu. It is possible to 
show that, for any simple group of order 95040 and p = 11, the condition (*) must hold and 
that i must have the value 2. The characters of the Mathieu groups have been obtained 
by Frobenius (Sitzungsberichte der Preussischen Akademie der Wissenschaften, Berlin 
U)03). Our result shows that any simple group of order 95040 has the same table of charac- 
ters as the Mathieu group. This seems to make it appear highly probable that only one 
simple group of order 95040 exists. 
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4. Relations between the characters of & and those of 91 = 91 (^) 

Every representation of & defines a new representation of any given sub- 
group. We apply this for the subgroup 91 = 9i(^) defined by (5). In this 
manner, we can obtain some new information about the characters of & from 
the formulas of section 1, and this will be needed later. 

It is easy to find all irreducible characters of the group 9? of order pq = 
p(p — Let CO be a primitive gth root of unity. We then have q linear 

characters co^ , (m = 0, 1, 2, • • • , ^ — 1) defined by 

(31) co,(Q0 = co,(P0 = 1. 

Besides, we have t conjugate characters of degree q. We only notice that 

(32) F''''(Q0 = 0 for j ^ 0 (mod q). 

Set 

Q = coo “h coi -f- • • • + cog^i . 

Then, we have 

(33) 12(1) = 12(P*) = q, 12(Q0 = 0 for j 0 (mod q). 

Every element W of 92 which is not a power of P is conjugate to some and 
hence Q(N) vanishes. 

The expressions Ap(W), B„(N)y Z)r(iV), (N in 92), form (reducible) 

characters of 92. Hence they can be expressed by the cj^(N) and the 
From (33), (8) and (13), we obtain (N in the sums ranging over the elements of 92) 

^A,{NWN) = Z A,{P%{Pi = qia, + p - 1) = qpiu, + 1); 

i— 0 

z B,iNWN) = Z B,{P%iP') = q{b, - p + 1) = qp{v, - 1); 

Z C^''\NMN) = Z C^’\P%(Pi = - 5 Z >»<) = 9(c + Sq) 

= q{wp + 6 + 5tq)/t = qp{w + d)/t] 

2 DriNMN) = E DriPW') = qdr = pqxr . 

From the orthogonality relations for the characters of 92, we now obtain 
Lemma 3. If we consider the characters of ® only for elements N of the subgroup 
92, then Ap{N) contains Up + \ of the co,i{N), Ba(N) contains \ of the 
C^’'\N) contains (w + d)/t of the co^ , and Dt{N) contains Xr of the o)p^(N). The 
same cop(A^) appear in the different v = 0, 1, 2, • • • , ^ ~ !• 

The last remark follows easily from the fact that C{G) can be carried into 

“ The equations (31) and (32) can easily be derived from our general results applied to 
the case n = 0. 
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each C'’’ (G) by a change in the choice of the primitive pth root of unity «, be- 
cause this change does not affect <o^ . We also show 
Lemma 4. We have 


(34) 

(35) 

(36) 


fZ a,A,(m + E b,B,(N) + c Z + Z drDriN) 

1 p <r F T 

S a-y 

= (1 + pn) Z + ■■■ . 

I M-0 

Z A,(N) + 5CiN) = Z B,iN) -f Z + • • • . 

p a /i— 0 

Z u,A,iN) + Z v,nAN) -h wC{N) + Z XrDriN) 

pa T 


</-l 


M-0 


where the dots stand for a linear homogeneous combination of the 

Proof: The left side in (34) is the character R{N) of the regular representa- 
tion of and we have 72(1) = R{N) = 0 for N 9^ Then (34) follows from 
the orthogonality relations and (31). 

The expression 

S{N) = Z A,{N) -h bC{N) - Z 

P o 


can be written as a linear combination of the characters of 9? with integral ra- 
tional coefficients. From (8), (9) and (10), we obtain 

Z S{P') = z (p - 1) + 5 (-5 £ »;.) - Z (-P + 1) 

1-1 P \ t — 1 / a 

= a(p — 1) -b ? -f |8(p — 1) = p?; 


B{N) = 0 for N ^ P,P\ ■ ■ ■ , P'"'; N in 91. 


Then (31) gives 

Z S(NUAN) = pq 

which shows that S{N) contains with the coefficient.!. Finally, (36) is 
obtained by subtracting (35) from (34) and dividing by p, taking into account 
that and C{N) contain the same . 

As a first application of the considerations of this section we prove 
Theorem 9.^^ Let Qd be a group which satisfies condition (*). If 0 possesses 
an irreducible representation ^ of degree p — 1, then either the number t is even 
or the index of the commutator-group 0' in 0 is even. 

Proof: It follows from lemma 3 that the character f (AT) of 3(^) in 91), 


13 If p » 2, then i « 1 =* p — 1, and the theorem follows from Theorem 2. 
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contains only characters and no a)^(A^). We then must have 

(p — l)/q = t such constituents It follows from (32) that S(Q) has 

the characteristic roots 1, co, • • • , \ each taken t times. Hence the de- 
terminant of .8(Q) has the value = (—1)'. The de- 
terminant of G in CM, forms a representation of degree 1 of (M. If t is 

odd, an even power of this representation will give the ]-repr(\sentation of G. 
This implies that ((M:CM') is even. 

6. Proof of the main theorem 

In what is to follow we shall assume that CM satisfies the following further 
condition 

(**) The commutator-subgroup of CM is equal to (M. 

In the notation of section 2, we must have case II. This shows that groups 
CM are excluded which contain a normal subgroup 63 siudi that metacyclic 

of order p(p — ^)/t. (Conversely, when 0»3 is any group which satisfies the 
condition (*) and falls under ease II, its commutator-subgroup CM' satisfies 
conditions (*) and (**). The number n is the same for (M and (M' and (M.is ob- 
tained from CM' by a cyclic (extension. We now prove 

Theorem 10. Let (M he a group which contains an clement P of prime order p 
which commutes only with its own powers and assume that C»3 is equal to its com- 
mutator-subgroup CM'. If g = (p — 1)/>(1 + ^p)/f is the order of (M where 1 -f- np 
is the number of conjugate subgroups of order p in (M, then the number 7t must be 
of the form 

(37) n = h 

u -Y I 

where^u and h are positive integers^ except in the following two cases 

(a) n = 1, / = 2. Here, (M = LF{2, p), {p > 3). 

(b) ~ ^ ^ Q ^ , p = 2^* + 1 > 3 a Fermat prime. Here, (M ^ 

LF(2,p - 1). 

C^OROLLARY. If 71 < (p + 3)/2, then (M must be either of the t7jpe (a) or of the 
type (h). 

Proof: Suppose that n is not representable in the form (37). Then the 
degrees of the irreducible representations of (M are either divisible by p or have 
one of the values (30). Because of condition (**) the degree 1 appears only 
once, say ai = 1 . If / was odd, theorem 9 shows that the degree p — 1 does 
not appear. It follows from (11) that this is impossible. Hence 

(38) t = 0 (mod 2). 

The degree (p — l)/t is impossible for t > 2;*^ for ^ = 2 it occurs only in the 
case (M = LF(2, p), i.e. in the case (a). Hence we may exclude this possibility. 

This implies that p 2. 

If n is not of the form (37), it is not of the form n = ump u m with positive inte- 
gers u and m, since otherwise we could set ^ = (w -h l)m and would obtain a representation 
(37). Then corollary 6 (section 2) shows that (^' is simple. Because of conditions (^*), 
(^ is simple. Now, [2], theorems 3 and 4, can be applied. 
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We now see that we must have 

= 1, a2 = ^3 = * * * = «o = 1 + np, 

(39) 

= 62 = • * • = = 7) — 1, c — (pn + l)/t 

and the sign 8 has the value +1. Tiie values of a and can he obtained from 
(9), (13), (14), and (39) which give 

(40) a + 13 = (p — l)/t = q, 

(41) (a — l)n + ^ = 13. 

In particular, + 1 is divisible by t; we set 

(42) n + 1 = stj 
and then obtain 

(43) 1 + np = 1 + (qt + \)(st - 1) = tr 
where 

(44) r = qst s ^ q = ps — q. 

T^y (43), the order g of W can bo written in the form 

(45) (7 = (P ~ ^)pr = qtpr. 

The next st(‘p is to show that r and p — i = qt are relatively prime. Using 
(44), (42), (41), (40), we obtain successively 

s ~ 0, n = — 1, (a — 1)(— 1) + s ^ I3j a + ^ 0 (mod (r, q)) 

whence it follows that 1=0, i.c. that (r, f/) = 1 . In a similar manner, we ha\'e 
.s- ~ n = — 1, (a -- 1)(— 1) + s = /5, a + 0 ^ s (mod (r, t)) 

which gives ,s + 1 = s (mod (r, t)), i.e. (r, t) = 1. Hence we have 

(46) (r, p - 1) = 1. 

From (45) and (46), it follows that for any prime I dividing p — 1 the charac- 
ters Ba are of highest kind.^^ This implies 

(47) B,{L) = 0 

for elements L of @ whose order is divisible by I, For the primes m dividing r 
the characters of degrees I + pn = rt and (1 + pn)/t = r are of the highest 
kind. Hence 

(48) A,{M) = 0 for p I, &^\M) = 0 


Cf. R. Brauer and C. Nesbitt, Annals of Mathematics, vol. 42, p. 556 (1941), Chapter II. 
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for elements M of ® whose order is divisible by m. Because of the assumption 
(*), the order of the elements L and M is not divisible by p, and hence the 
equation (10) holds for these elements. If an element G of ® would be an 
element L and an element M at the same time, then every term in (10) except 
Ai{G) = 1 would vanish, and this is impossible. Hence the elements of ® are 
distributed into four disjoint sets: (I) The 1-element, (II) the elements of 
order p, (III) the elements L whose order is divisible by at least one prime 
factor of p — 1, (IV) the elements M whose order is divisible by at least one 
prime factor of r. 

. Consider now the following element of the group ring F belonging to ® 

(49) T = £ 

We wish to show that (p now will always denote one of the values 2, 3, • • • , a) 

Ar{T) =9-1, .4,(7’) = -(n + 1), B,(T) = 0, 

(50) 

C^'\T) = - (n + \)/t, DAT) = (q-l)Xr. 

The proof of (50) can be obtained from the results of section 4. By (39) and 
(13) we have 

Ui = Oy U 2 = * Ua = Uy 2)1 = • • • = = 1, w = riy 6 = 1. 

Lemma 3 shows that Ai(iV) contains exactly one o)^ , i'lp(A^) withp > I contains 
exactly n + 1 of the , B{N) does not contain any , C(N) contains exactly 
(n + 1)// of the Wp , Dr{N) contains Xt of the . Here, N is an element of 
= 9l(^)j cf. (5). It now follows from (35) that each of the appears in one 
of the characters Ai{N)y A 2 {N)y • • • , Aa{N)y C{N)y while (36) shows that the 
coft appearing in Ap(N)y p > 1, do not occur in any other character, and that 
the a)p appearing in C(V) occur only in the Since, obviously, Ai(N) = 

1 = coo(Ar), this implies that the Ap(N) with p > 1 and C{N) contain only co^ 
for which p ^ 1 whereas the A contain only cooiN). 

The elements belong to 9L On account of (31) and (32), we have 

coo(T) = q - ly a)p(T) = -1 for p 0, = 0. 

The first formula (50) is olndous, as Ai(N) = 1 = coo(A^). Since .Ap(A^) for 
p > 1 is a sum of n + 1 terms cop with p > 0 and of terms Y^''\ we find Ap{T) = 
— (n + 1). The remaining formulas (50) follow in the same manner using the 
facts that, apart from terms the character is a sum of exactly 

(n + \)/t terms Wp with p > 0, the character Dr{N) contains only XrOJo , and the 
characters Ba(N) do not contain any term except terms 

Let f range over all the characters Ai y Ap y B^ y A of 0. If L again is 
an element whose order contains at least one prime factor of p — 1, then (47) 
and (50) give 
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L f(r)f(L) = (? - 1) - (n + 1) E A,{L) 

(51) 

- (n + l)C(L) + (g - 1) E XrDr{L) 


since the t characters have the same value for the element L. 

In order to compute these expressions in a different manner, we use the 
orthogonality relations for group characters. If f again ranges over all charac- 
ters of we have 


1 + Z A,(G)A,{H) + E B,{G)B,{H) 

p— 2 <r 

(52) + ^ C^’\G)e’\H) + E D,iG)DriH) 

y T 

= E r(G)f(/7) = n{G)B{G, H) 

where n{G) is the order of the normalizer of and where 5(G, H) has the value 
1 or 0 according as the elements G and //“' of @ are or are not conjugate. 

In particular, set G = 1 and H = L. The value f(l) is equal to the degree 
of the character and can be found from (39) and (13). Again we use (47) and 
the fact that (L) = C(L) . Thus 

1 + (1 + np) E ^p(7-') + (1 + np)C{L) + p E XrDr{L) = 0. 

P T 


Finally, (10) for G = L reads 

<53) 1 + E A,{L) + C(L) = 0 {p^ 1), 


on account of (47). The last two equations give 
(54) E XrDriL) = n 

and, on combining (51), (53), (54), we obtain 

E = g - 1 + ra + 1 + (g - l)n = g(n + 1). 

f 

Substitute for T the value (49), and use again (52). This gives 

Er(7’)f(I<) = = T.nmsiQ\L). 

{ f )-l j 


Hence 


(65) 2 n(Q’)SiQ\ L) = g(n + 1). 

y-1 

The equation (55) shows that not all L) can vanish. Hence L is conjugate 
to some power of Q 


(56) 


L~ Q' 


(1 ^ p ^ g - 1). 
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Since L is any element whose order is divisible by at least one prime factor of 
p — 1 = g/, and since Q has the order g, this proves that every prime factor of 
t divides g. Moreover, the formula (55) can be applied for L = Q\ (mod g). 
The left hand side is obviously the order of the normalize!* of the cyclic group 
{Q*}, and if this order is denoted by we have 

(57) Nm = g(n + 1). 

As the order of a subgroup, q{n + 1) = qst (cf. (42)) must divide the order 
g = qtpr (cf. (45)) of This gives s | pr. If p | s, (42) and (41) would imply 
that ^ p, and this contradicts (40). Hence s \ r. Now (44) shows that s 
divides g and is, therefore, a common divisor of r and qt = p -- 1. By (46), we 
have 8=1. 

Now (42), (44), and (45) become 

(58) n = t - 1, r = p - q, g (p ^ l)p(p - q) 
while (40) and (41) yield 

(59) a^-/ + 2 = g=(p- 1)/^ 

As we have seen, every prime divisor of t must divide g. Because of (59), t 
must be a power of 2, say 

(60) t = 2""*. 

It follows from (38) that m ^ 2. 

Consider first the case ii = 2, i.e. f = 2. Here, n = 1, g = (p — l)/2 and 
g = p(p — l)(p + l)/2. From (59) we obtain a = {p — l)/4. But then (40) 
shows that /3=(p — l)/4. We have therefore, one character of degree 1, 
(p — 5)/4 characters of degree p + 1, (p — ])/4 characters of degree p — 1, 
two characters of degree (p + l)/2, and one character of degree p. The last 
fact follows from (15) which now reads 

^ “ 2 ~T~ 4 2 “ 

The method applied in an earlier paper*^ now gives ~ LF{2, p). 

Assume now m > 2, i.e. t ^ 4. As shown in (50), all elements L of an order 
2^ are conjugate to a power of Q. But (59) shows for ^ = 0 (mod 4) 
that g ^ 0 (mod 4). Hence no elements of order 4 exist, and a 2-Sylow-sub- 
group y of ® can contain only elements of order 1 and 2. This implies that 8 
is an abelian group of type (2, 2, • • • ,2). 

Let Xi be the normalizer of the group {Q*}, i ^-0 (mod g). Every Xi is 
contained in X = Xi , but since (57) shows that all Xi have the same order 
g(n + 1) = g^ = p — 1, we have 

X = Xl = • • • = Xq-l . 


[2], sections 0 and 10. 
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Assume now that q 9^ 2, Since we have q ^ 0 (mod 4), the number q will 
contain an odd prime divisor 1. We set Lq = If X is an clement of order 

2 in 2 ^, we have 

JT'LoX = Li 

for some j. But will commute with Lo which gives f = 1 (mod /), 
i.e. j = zhl (mod Z). 

The order p — 1 = of X is divisible by 8 . Because of the structure of the 
2-Sylow subgroup S of it follows that X contains an abelian subgroup of type 
( 2 , 2, 2). This implies that we have at least three elements X of order 2 in I for 
which j ^ I (mod Z). 

If j ~ 1 (mod Z), X and Lo commute and L = ALo is an element of order 2Z. 
By (50), XLo then is conjugate in 03 to a power of Q, say 

(61) T-^XL^T~^ = Q\ 

Hence i.e. T This shows that T belongs to the 

normalize!* of 1 , and therefore T belongs to X. Moreover, ( 01 ) implies 

that T~^X^T = Hence has order 2 , i.e. must be equal to the only 

power of Q of order 2. Since T transforms into itself, we have X = = 

This gives a contradiction because we had shown that we 
have at least three different elements X of order 2 in X for which ^ = 1 . It 
follows that q = 2 and then (58) and (60) give 

(02) p = qt+l = 2 '‘+ I, g = pip-l){p- 2), < = n = 

In particular, p must be a Fermat prime. Furthermore, (59) and (40) give 

a=l, /?=!. 

Hence W has one representation Ai of degree 1 , one representation of degree 
p — 1 , and ip — l )/2 representations of degree (1 + np)/t = p — 2 . The 
degree of all other irreducible representations is divisible by p. 

The 2 -Sylow subgroup must have the order p — 1 = 2 ^. We may assume 
that ^ contains Q, ‘From (50) it follows that each of the 2^—1 elements 
L 1 of S is conjugate to Q in Then L must be conjugate to Q in the 
normalize!* 5f(l0 of the abelian group Conversely, every element of 9I(?) 
transforms Q into an element L 5 *^ 1 of ?. But (57) for f = 1 and ( 02 ) give 

NiQ) = qin + 1) = 2 (p - l )/2 = p - 1 = 2 ^ 

Hence only the elements of V will commute with Q. This shows that 2 has 
the index 2 ^ — 1 in 9^(?). Consequently, 91(1^) has the order 2 ^( 2 ^* — 1 ) = 
(p — l)(p — 2 ) i.e. 9? (8) has the index p in @. 

It now follows that ® possesses a permutation representation of degree p. 
If II is the corresponding character, then II contains Ai exactly once. Since 
p > 3, n cannot contain a character of degree p — 2, and it cannot contain 
any character Dr . Hence we have 
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n(G) = Ai(G) + B,{G) = 1 + 

From (8), (10), (47), and (48), we obtain -Bi(P*) = —1 for z ^ 0 (mod p), 
Bi{L) = 0, B,{M) = Ai{M) + C{M) = 1. 

Hence 

(63) n(l) = p, n(P’) = 0 for z ^ 0 (mod p), n(L) = 1, U{M) = 2 

where L and M have the same significance as in (47), (48). However, n((j) 
equals the number of letters not altered by the permutation representing G, 
Then (63) shows that we have a (l-l)-representation since n(G) = p only for 
(? = 1. The subgroup leaving three letters fixed has the order 1, i.e. its index 
in ® is p(p — l)(p — 2). This implies that @ is three times transitive. From 
a theorem of Zassenhaus,^^ it now follows that @ = LF(2, p — 1) and this 
finishes the proof of theorem 10. 

6. Simple groups of order (p — 1) p (1 + rnp)lr 

We now drop the assumption (*) and propose to prove the following theorem 
Theorem 11. Lei ® be any non-cyclic simple group of order 

g = (p- l)p(l + mp)/T 

where p is a prime, and where r and m are any non-negative integers such that r 
divides p — 1. If m does not possess a representation of the form m = 
(puh -j- u + u + h)/(u + 1) with positive integers u, h, in particular if m < 
(p + 3)/2, then ® is either isomorphic to LF(2, p) or to LF(2, p — 1), and in the 
second case p must be a Fermat prime, p = 2^+l,(p>3). 

Proof. Let 1 + np be the number of conjugate subgroups of order p in ®. 
If ^ = {P) is one of these Sy low-subgroups, then p/(l + np) is the order of the 
normalizer of 9?(^). If the order of the normalizer (centralizer)' of P is v, and 
if t classes of conjugate elements of ® contain elements of order p, we have 

(64) g = (j> - l)p(l + rnp)/T = (p - l)pv{l + np)/L 

The number n here is positive since otherwise ^ would be a normal subgroup 
of ®. The number 1 + np of conjugate Sylow subgroups divides g and hence 
it divides gr = (p -- l)p(l + znp). Then lemma 1 shows that there exists an 
integer h ^ 0 such that 

(65) m = P(p, n, h). 

Since it was assumed that m did not have a representation m = F(p, u, h) 
with positive integers u and h, we must have h = 0 in (65). Then n becomes 
equal to m, and (64) gives 

(66) n = m, t vt. 

Consider now the irreducible representations of ® which belong to the first 


H. Zassenhaus, Abhandlungen aus dem Mathematischen Seminar der Hamburgischen 
Universitat, vol. 11, p. 17 (1936). 



ON PERMUTATION GROUPS OF PRIME DEGREE 


77 


p-block. For this block we have corresponding results^® as for the Ap , Btr , 
in section 1. There exists, however, other representations of a degree prime to 
p when t; > 1, and (12) and (15) will no longer hold. 

The degrees Op = pUp + 1 and h„ == pva — 1 in the first p-block must divide 
gr zzz (p ^ l)p(l + pm). Then lemmas 1 and 2 show that we have Op = 1 
or Up = 1 + pm and 6<r = p — 1, cf. (30). Since & is simple, only one ap has 
the value 1, say ai = 1. 

If t; == 1, the group ® satisfies the assumption (*), and theorem 10 implies 
theorem 11 in this case. We therefore may assume that v > 1. Suppose now 
that F 1 is a p-regular element of 9I(P). If iS 0, it follows easily from 
(8, II) that Str(P) has the characteristic roots €, • • • , where c is a primitive 

pth root of unity. We may arrange the characteristic roots Xi , X 2 , • * • , Xp^i of 
55a(F) in such a manner that P^V has the characteristic roots x^e*^, (/u = 
1, 2, • • • , p — 1). However, S3,r(P'F) = — 1 for ^ 0 (mod p).^° This gives 

(67) S = -1 = (i = 1, 2, • . • ,p - 1). 

The Xp are themselves roots of unity, of an exponent prime to p. Since 
€, €^, • • • , must be linearly independent over the field generated by the Xp , 

(67) implies Xp = 1. But then ®,r(F) = /, and since ® was simple, we have 
F = 1 which gives a contradiction. Hence we have /S = 0. 

It now follows from (9) that 

Gi = 1, ch ag = pm + 1; 

and (11) gives 3 = — 1 and 

(68) c = 1 + (g — l)(pm + 1). 

This shows that 1 + pm and c are relatively prime. The degree c divides g, 
and (64) now implies that c divides (p — 1 )/t. However, since c 1 and 
n = m ^ Oj the equation (68) yields c > p > (p — l)/r. We have a contra- 
diction, and theorem 11 is proved. 

7. Examples of groups which satisfy the condition (*) 

First, let @ be a transitive permutation group on p letters, where p is a 
prime. The order g of Qd then is divisible by p, and ® contains elements P of 
order p. Each such element P is represented by a simple cycle of length p. 
It now follows easily that P commutes only with its own powers; i.e. @ satisfies 
the condition (*). In a similar manner, we can show that a doubly transitive 
group of degree p — 1 satisfies the condition (*). 

We next consider irreducible groups ® of linear transformations of a p- 
dimensional vector space^^ where p again is a prime. Assume that @ is of finite 


cf. [1], theorems 4 and 11. 
cf. [1], theorems 4 and 11. 
cf. footnote 2. 
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order g and that its center consists of the unit element only. The order g is 
divisible by the degree p of the irreducible group. Let ^ be a Sylow-subgroup 
of and let Po be an invariant element of ^ which is different from 1. Then 
Po cannot be a scalar multiple of the unit matrix, since it does not belong to the 
center j 1 } of But Po commutes with every element of and Schur^s lemma 
implies that the linear group ^ is reducible. The degree of every irreducible 
constituent of ^ must be 1, since it divides the order of 'ip. Hence ^ can be 
taken as a set of diagonal matrices, i.e. ^ is an abelian group. We now prove 

Lemma 5.^^ Let & be a group of order g = p'^g* with (p, g*) = 1, and assume 
that ® does not contain invariant elements of order p, and that the Sylow-subgroup 
^ of order p“ in @ is abelian. If ^ is an irreducible (1-1) representation of ® 
of degree p^, then /z = a. 

Proof. Let f be the character of 3- If G is an element of @ which has 
exactly j conjugate elements then it is well known that if (f7)/f (1) = if is 

an algebraic integer. Since ^ is abelian, the number i is prime to p when G lies 
in Hence f (G) = 0 (mod p^) for G in On the other hand, f (G) is a sum 
of p^ roots of unity. If G 5 *^ 1, not all these roots of unity can be equal. Hence 
the integer f (G)/p^ and all its algebraic conjugates are smaller than 1 in absolute 
value which implies f(G) = 0 for every G 1 in Then the character f 
is of the highest kind,^^ i.e. p^ = f(l) = 0 (mod p") which yield y = a, as was 
stated. 

Lemma 0. Let (S) be a group of order g = p°gr* with (p, = 1 . If the center 

of @ consists of the unit element only, and if © has a {\-])-representation ,3 of 
degree p", then the centralizer of a Sylow subgroup of order p'* is contained in "ip. 

Proof. The character f of 3 values^^ 

[p" P ^ 1 

f(P) = 

[O P in ‘ip, P 1. 

Hence 3(^) is the regular representation of ‘iP; we may assume that it breaks 
up into the distinct irreducible representations of each appearing f^ 
times where f^, is the degree of JJm • We then have 

f- Ol 


SiP) = 




F, = S,(P). 


22 The following lemmas 5 and 6 are proved here in a more general form than necessary 
for our purpose. However, in the form given here, they can also be used in other connec- 
tions. 

22 For this argument, cf. W. Burnside, Proceedings of the London Mathematical Society 
(2) vol. 1, p. 388-392 (1904). 

2^ cf. theorem 10 of the paper mentioned in footnote 16. 

22 cf. footnote 16. 
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Let V be an element of the centralizer S of iJJ such that the order v of V is prime 
to p. Then 3(^) will commute with SiP)- It follows that 8(1^) is of the form 


SiV) = 


X h 


10 -J 

where is a matrix of degree and is the unit matrix of degree . Then 
S(V"P) breaks up completely into the matrices Tl X . If is the trace 
of T'i and if d^{P) is the character of Fp,(P)y ^\e find 

f(F‘P) = E rj^^e.iP). 


Since f is of the highest kind, we have 

(70) E rl:%iP) = 0 for P in % P ^ 1. 

M 

Set where the sum extends over all values of jjl. Using the 

orthogonality relations for the characters of ‘iP, we derive from (70) the equation 

Pm m 

This shows that the matrices Tl/fu have the same trace for all values of v. 
If 5i is the 1 -representation of then Ti is a t^th root of unity X where v is the 
order of V. Hence 

tr(n) = = fX. 

The mapping V" Tl defines a representation of the group {Fj. Since its 
character is identical with the character of the representation V' — > \'Iy , it 
follows easily that Tl = yi ^ . Hence ,3(^) = X/. This is impossible for 
F 5 ^ 1, because 3 was a (l-l)-representation, and 6^ did not contain any 
invariant elements except 1. 

Hence the centralizer S of ^ cannot contain elements of an order prime to p. 
Consequently, the order of (S itself is a power of p. Since iS and ^ generate a 
p-group contained in @, we have C£ C ‘iP and this proves lemma G. 

Returning to irreducible linear groups ® of degree p whose center consists 
only of the unit element, it follows from lemma 5 that the order g contains p to 
the first power only. If P is an element of order p, then lemma G shows that 
{Pj is the centralizer of P. Hence w'e see 
Theorem 12. If p is a prime y then the transitive permutation groups p, the 
doubly transitive permutation groups of degree p + 1, and the irreducible linear 
groups in p dimensions with the center {1} satisfy the condition (*). 
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ON THE CONVERGENCE OF CONTINUED FRACTIONS TO 
MEROMORPmC FUNCTIONS* 


By Walter Leighton and W. J. Thron 
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1. Introduction 

In this paper we give a new set of convergence criteria for continued fractions 
of the form 


1 0,2 Us 

I +T + T + ’ 


where the On are complex numbers. The fundamental results are contained in 
Theorem 3. Application is made to continued fractions of the form 


( 2 ) 


1 + 


Oix (hx 

T + T + 


where x is a complex variable. The basic algorithm in §3 is equivalent to one 
introduced by Euler [1, p. 206]. A direct proof is included since it is very brief. 


2. General concepts 

The continued fraction 


bo + 


Oi 02 

6 i + 62 + 


f 


where the On and bn are complex numbers, is said to converge or diverge accord- 
ing as the series 


(3) 


F + (f - f) + (f - f) + 

£>0 \/5i JDo/ \/j 2 


converges or diverges. If the series converges to a value v, the continued frac- 
tion is said to converge to v. The numbers An and Bn are defined by the re- 
cursion relations 


Ao — bo , Ai — bobi + Oi , 


(4) 


Bq — ly Bl = 61 , 

An ~ bnAn—1 OnAn—2 x 
Bn ~ bnBn—1 “f" OnBn—2 • 


The ratio A n/Bn is called the n*^ approximant of the continued fraction. Finally, 
if it is known that the series either converges or, at worst, diverges to 00 , the 


* Presented to The American Mathematical Society, Sept. 8, 1942. 
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continued fraction is said to converge at least in the wider sense. If the numbers 
an and bn are functions of a variable x, and if for x in a prescribed set the series 
(3) converges uniformly with respect to x, the continued fraction is said to con- 
verge uniformly with respect to x in this set. 


3. An algofithm 

It is well known that the (piantity 

" Bn Bn^l 


is given by the relation 
(5) Dn 


( 1 ) a\ a^ * * * Un 

K-lBn 


(71 = 1,2,3, •••), 


at least when 9^ 0. The numbers Dn assume a particularly simple form 

for the continued fraction 


/pN 1 22-1 22(23 - 1) 23(24 - 1) 

i+ 1 + 1 ' + 1 

Lemma. For the continued fraction (6) the quantity Dn is given by the formula 
^ l)(^3 1 ) * * ' (2n — 1 ) 

Z^Zz • • • 2n 

This result will follow from (5) once it has been shown that 
(5)' Bn = 2223 • • • 2 n 


(n ^ 2). 

{n ^ 2). 


The proof of (5)' is by induction. This formula may be verified readily for 
n = 2 and for n = 3. Suppose it holds forn = — 1 and for n = k. By the 

last relation (4) 

Bk-\.i = Bk + Zkizk^i — l)Bk-i . 

The proof can now be completed by applying the induction hypothesis to Bk 
and to Bk -\ . 

It is an immediate consequence of the lemma that for the continued fraction 
(6) the series (3) takes the form 

Theorem 1. The continued fraction (6) converges if the numbers Zn {n ^ 2) 
satisfy the relation 


(7) 


22n + 


1 


h^ - i 


> 


h 


h^ - 1 


+ e 
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and 

( 8 ) 


hi - 1 



-d, 


where h is any mimher > 1, and e and d are arbitrary positive numbers. 

If relations (7) and (8) hold, positive numbers e' and d' can be found such that 


1 - — 
Z2n 


and 


Under these conditions 


1 

22n+l 


<h - e' 


1 


Dn\ < 


h + d'’ 
(h - e')'”'*' 


(h + d') ■ 

The series (3) is therefore majorized by the convergent series 


(9) 


, ^ ^ “ ^') _i_ (A ~ 

1 + (/i — e ; + TT — i — jT\ + ]f\ 

(h + d') (h + d') 


hence, the series (3) and the continued fraction (6) converge. The proof is 
complete. 

Theorem 2. If the quantities Zn are functions of a complex variable x and if for 
all values of x contained in a certain region D, the functions Z 2 n{x) and Z 2 n+i(^) 
satisfy relations (7) and (8) respectively^ where A, e and d are independent of x, the 
continued fraction (G) converges uniformly for all x in D, Further, if the functions 
Zn{x) are analytic for all x in D, the continued fraction (7) converges to a function 
that is analytic for all x in D. 

Under the conditions of the theorem, the series (9) is independent of x and 
majorizes the series (3) for all x in D, Thus the series (3) converges uniformly. 
The partial sums of the series (3) are rational functions of the quantities Zn and 
hence analytic functions of x, Weierstrass' well-known theorem then insures 
the validity of the second part of the theorem. 


4. Convergence criteria 

The results of the preceding section will now be applied to continued fractions 
(1). It is our aim to find conditions on the numbers a„ such that for any given 
sequence ja„) satisfying these conditions a sequence [zn] is uniquely determined 
by the system of equations 

a2 = Z2 — 1 , 

^2n “ Z2n—l{,^2n 1)> 

^ 2/1 + 1 ~ ^2ni^2n+l 1 )> 


(10) 
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in such a way that the numbers Zn satisfy the conditions of Theorem 1. Condi- 
tions of this kind on the numbers an will clearly entail convergence of the con- 
tinued fraction (1). 

We proceed with the following definitions: 


(i) 2 6 Zi , if z 


- I ^ - 1 ’ 


( 11 ) 


(ii) 2 < z* , if 2 j > /js _ j ’ 

(ill) w,W,. if 


(iv) w €W2i il 


jR? + 


- 1 



It follows that z € Zi implies z — 1 € Wi and that z e Z2 implies 2 — 1 € 1^2 , 
and conversely. 

We shall dete'rmine regions /li(/0 and A2{h) with the property that if a2n+i « 
Ai{h) and a2n « the numbers defined by equations (10) will belong 

to Zi , when 71 is odd, and to Z2 , when n is even. 

To this end let us denote by z AV the set of points containing all products zWy 
where z is fixed and w ranges over the set W. By D[zAV2] we shall denote the 
point set intersection of all such sets z • W2 as z is allowed to vary over the region 
Zi . It follows that a is an element of D[z-W2] if and only if a/z is an element of 
W2 for all 2 € Zi . 

The region A2iS) ro^y be taken as Z)[2* W2], since for any a e A2(h) and z e Zi 
there exists a z' € Z2 (i.e., 2' — 1 € IT2) such that a = 2(2' — 1), 

Similarly the region ^i(/0 may be taken as D[Z'Wi] where 2 assumes all values 
of the set X2 . As 2 = 1 € Zi it is clear that the set A2{h) is contained in the 
set W2 . 

If now a sequence {an} with a2n € A2Q1) and a2n+i e Ax{h) is given, a sequence 
[Zn\ can be uniquely determined (2,, 0) satisfying the system of equations (10). 

If further the numbers a2n and a2n+i are bounded away from the boundaries of 
their respective regions, then an e and a d can be found such that the correspond- 
ing 2n satisfy conditions (7) and (8) respectively. 

From the definition of the set A2Q1) it follows that it is that part of the com- 
plex plane which remains when all circular regions Z'G are deleted, where 2 is 
allowed to vary over the closure of the region Zi and C is the closed circular 
region 


^ h 

* 2 - 1 == - I * 


The boundary of the region A2{h) can be determined as follows. Consider 
the products 2c where 2 and c are arbitrary values from the regions Zi and C 
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respectively. These products lie outsidq A 2 Q 1 ) and can lie on the boundary of 
A 2 Q 1 ) only if both z and c lie on the boundaries of their respective regions. Let 
us fix the sum of the arguments of z and c. The products then lie on a ray passing 
through the origin, and only those products will lie on the boundary of A^Qi) 
for which the absolute value of the product 2 c, for a fixed arg zc, is maximized 
and minimized respectively. 

We now note that the circles that form the boundaries of Zi and C have the 
same radius and have centers on the real axis with the x coordinates 1) 

and IQfi — 1) respectively. 

We further note that for any fixed arg z there are two points z on the circle 
bounding Zx . A similar remark is true for C, Let | | < | 22 | , arg Zx = arg 

02 and I Cl I < I C 2 1 , arg Ci = arg C 2 . It is clear that the minimum and maximum 

Y 


X 

1 


Fig.. 1. The Region A 2 (|) 

absolute values are obtained respectively by considering products of the type 
0 iCi and 02 C 2 . 

Let us set A; = — 1) and a = lift — 1). Then z\ = d{oL)e^°' and Ci 

= where 

d{6) = a cos 6 — — a sin^ 6)^. 

It follows from considerations of elementary calculus that for a + /? = 7 fixed, 
the expression | ziCi | is a minimum when a = jS = 7/2. We note that y/2 cannot 
exceed the value arc sin l/A. 

Substituting the values a = /S = y/2 = (^ — 7r)/2 and a = — 1), 

fc = ~ 1) we then have as part of the boundary of the region A 2 (^ 1 ) 

r = d^( 7 / 2 ) = ^ 1^2 ^ ^ [I — cos 6 — 2h sin ^/2(1 — cos^ d/2y^^] 

where 7r-'2X^^^7r + 2X;X = arc sin 1 /h. 
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An analogous argument shows that the remaining portion of the boundary 
is given by the equation 

r = [1 — cos 6 + 2h sin 0/2{l — cos* B/2y'\ 

(x - 2X ^ 0 ^ T + 2X). 

It follows that A 2 (A) is the region outside the curve 
(12) + 2r(a* cos ^ — A:*) + a* = 0, 


Y 



Fig. 2. The Region Ai(f) 


where we recall that 



and h is any number > 1. 

Similarly, the condition that a 2 n+i == re^ be an element of the region Ai{h) 
can be shown to be 

(13) r < j 7 T—T\Ah^ ~ cos ^ — 2 sin d/2{h^ — cos* 6/2)^% 

(A* — 1)" 

The following theorem has now been proved. 

Theorem 3. The continued fraction 

1 CI2 G3 
1 + 1 + 1 + 
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converges if the numbers a^n « A2{h) [formula (12)] and the numbers a2n+i e AiQi) 
[formula (13)], /or some /^ > 1, and if in addition the numbers an are bounded away 
from the boundaries of these regions. 

It is of course evident that the roles of the odd and of the even a^s can be 
interchanged. 

As /i — > 1 the regions A2Q1) and Ai{h) both tend to the parabola found by 
Scott and Wall [2]. 

We now note that if the parameter h is taken large enough, the region A2(h) 
can be made to include all the plane except an arbitrary small neighborhood of 
the point ^ — 1. The region Ai{h) is then restricted to a small neighborhood 

of the point 2 = 0. The following is a corollary of Theorem 3. 

Corollary. The continued fraction (1) converges at least in the wider sense, 
if lim a2n-^i = 0 and if z = —I is not a limit point of the sequence { a2n | . 

Under the conditions of the corollary there exists an c > 0 and a positive 
integer n{e) such that | 1 + a2n | > c, when n ^ n(e). Further, there exists a 
number h such that a2n « A2{h) for all n ^ n{e). Finally we can find a positive 
integer n{h) such that for all n ^ n{h), a2n+\ € Ai{^h). If we set N = max 
[n(c), n{h)], the numbers a2n and a2n+i(n g N) will certainly lie in the regions 
A 2 (2/1) and Ai{ 2 h) respectively and will be bounded away from the boundaries 
of these regions. Theorem 3 therefore insures the convergence of the continued 
fraction 

1 a2K a2Ar4l 

1 + 1 + T“ + " * * 

From a well-known argument it follows that the original continued fraction 
converges at least in the wider sense. The proof of the corollary- is complete. 

This result permits the following application to continued fractions of the 
form (2). 

Theorem 4. Let L {possibly including the point be the set of limit points 
of the sequence \a2n\ of the continued fraction 


1 + 


aix 02 X 

1 + I + 


and suppose lim a2n+i = 0. The continued fraction then converges to a mero- 
morphic function of the complex variable x in every region contained in the set D, 
where D is defined as follows: x t D if 


and if 


\x \ < M, 


x + ~ 
^ k 


> e 


for all k € L, k 9^ 0 . The constants M and e are any positive numbers such that 
e g 4Af. 
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Consider the set of numbers a 2 n . They may be distributed into three cate- 
gories as follows. If the point at infinity belongs to L, the first category A will 
contain all a^n such that | a 2 n | ^ 2/e. If infinity does not belong to L, A is to 
be the null set. By hypothesis \ x \ > e for all x in D and hence | 1 + a 2 nX | > 
1 > e/4M for a 2 n e A. The second category B contains all a 2 n such that | a 2 n | < 
1/2M. This set may be null. Each member of B has the property that 
I a 2 nX I < 1/2 and hence that | 1 + a 2 nX | > 1/2 > e/4M, for all x in D. Finally, 
the third category C contains the remaining numbers a 2 n. Except for at most a 
finite number of elements of C, the members of C and hence the limit points of C 
are in modulus ^ 1 /2M and ^ 6, where 6 is a suitably chosen finite constant ^ 
2/e. 

By Zermelo^s principle, if needed, numbers kn belonging to L and a positive 
integer no can be chosen such that for n ^ no 


K 


- 1 


<4B 


It follows from our hypothesis on D that 

! 1 ®2n 

«2n X -f- 

I 


2M 


for all X in D. Combining these two relations we see that 


1 + (hnX I S 


OSnX + 


a2n 

kn 


(l2n 

kn 


- 1 


4M' 


(a2n C C). 


for a 2 n in r(n ^ no) and all x in D. 

A number h independent of x thus exists such that a 2 nX c A 2 {h), where for all 
x in D and all n ^ no the quantities a 2 nX are bounded away from the boundary 
of A 2 {h). Further, since lirn a 2 n+\ = 0 and | x | < M, a positive integer n\ 
exists such that for all n ^ ni and all x in D, a 2 n^\X e Ai{h) where the set of all 
a 2 n-\-iX is bounded away from the boundary of Ai{h). If we now let N = 
max (no , ni), it follows that the continued fraction 


1 ei2J^X (l2N-{-lX 

^ ^ i + ■ 1 + 1 + ”‘ 

converges. The uniform convergence of this continued fraction follows from 
Theorem 2. The quantities z mentioned there are rational functions of the 
variable x, 

^ 1 , «nX ttn-lX 02 X 

” ^ r + 1 + ■ ■ ■ + 1 ’ 


and have no pole for x in D as for all x \n D the system of equations (10) has 
unique and finite solutions. The continued fraction (14) therefore converges 
to a regular analytic function in every region contained in D. A well-known 
argument then insures the convergence of the complete continued fraction to a 
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function meromorphic in every region contained in D. This completes the 
proof of Theorem 4. 

To illustrate what may happen when lim a 2 n = — 1 and lim = 0, we give 
two examples. The continued fraction (1) diverges if 02 = — 2,0271 = —(n + 1)/ 
(n — 1) and a 2 n+i = — 1/n^; it converges if 02 = — 2, a 2 n = — (w + 1) 
(n* — 3n + 3)/(n — 1)® and a 2 n+i = These results can be quickly 

verified by a reference to equations (10). 

6. Value regions 

As a by-product of the method used to establish the above convergence cri- 
teria we obtain results on value regions. The connection is established by the 
following lemma. 

Lemma. If there exist in the complex plane four regions Ax , At , Vi, Vt such 
that 

i) (a) 1+ Aid Vi, 

(b) 1 + A 2 C F 2 , 

ii) (a) 1 + a/v e Vi , if a e Ai , v e Vt , 

(b) 1 + a/v € Vt , if a € At , V e Vi , 

then all approximants of the continued fraction 


(15) 


1 , ai at 

‘+T+7+ 


lie in the region Vi , and all approximants of 


(16) 


1 + 


Ot Oz 

T + T + 


Ixe in F 2 , tf Otn € At , Oftn-\-x ® A \ . 
Let 


Atn - . Oi Otn 

Kn “ ■^T+’”+T- 


It follows from condition (b) of i) that 1 + G 2 n € F 2 . Alternate application of 
conditions ii) (a) and ii) (b) then gives the desired result. The proof is analo- 
gous for the odd approximants of the first and all approximants of the second 
continued fraction. 

We now note that the conditions of the lemma are satisfied for 

Ax(h) = Ai , At(h) = A2 , 

= Fi , Z2 = F2 . 

The following theorem is then an immediate consequence of our previous 
results and the lemma. 
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Theorem 5. Ifh> 1, a 2 n € A 2 (h) [formula (12)], oan+i c AiQi) [formula (13)], 
then all approximants of the continued fraction (15) lie in the region Zi [formula 
(11), (i)] and all approximants of (16) lie in Z 2 [formula (11), (ii)]. 

The Rice Institute. 
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ON THE CONTINUUM HYPOTHESIS 

By Isaiah Maximoff 
(Received March 21, 1942) 

In an earlier paper ^ the author proved that the set of all the sequences 

(1) X = {Xo , X\ , X2 > * * * Xa y ^ ^ ^ > 

(2) X {Xq y XI y X2 y - • Xa , • - }y OL < y 

where Xa is any one of the numbers 

(3) 1, 2,3, ---T, ••• ,7 < «r, 

is a continuum of power 2 ^* . 

Let {a, h) be a pair of elements of the set such that a < b. 

Definition 1. The set of all the elements x such that a < x < b will be called 
an interval (a, b) with the boundaries a, 6 . 

Let £' be a set of points in E^J^ . 

Definition 2. A point Xo of Elf^ will be called a limit (fS)-point for E if every 
interval containing Xq contains at least one point Xi of E differ mt from xo y Xi 9^ xo . 
Let E^^^ be the set of all the limit (f/’)-points for E, 

Definition 3. We shall say that a set E is perfect (.T) if E^^ = E, 

Let y = fix) be a single valued function defined in 7 ? C Ex^\ Denote by 
fiE) the set of all the points y = fix) where x c E. 

Definition 4. The function y = fix) will be called regular in E if for every pair 
ix\ , X2) of points Xi , X2 of E such that Xi 9^ X2 we have fix\) 9^ fix2). 

Definition 5 . The function y = fix) will be called continuous (ff ) in E if for 
every pair (xo , yo) where yo — /(xo), Xo € E, to every interval iiyjf) containing y^ there 
correspomis an interval i(xo) containing Xo and having the following property: from 
Xo € iixo)E there follows y e iiyo)fiE), We then write: iiyo) — > f(xo). 

Definition G. The set E C Et''^ will be called hypermeasurable Qf) if E either 
contains a perfect (ff ) set or is of the power ^ Nr . 

Definition 7. A fuiiction y = fix) defined in E, will be called hypermeasurable 
(.T) in Ey if the set E contains a perfect (fS) set which fix) is continuous iff). 
Definition 8. Let 

(4) X (Xq , X\ , X2 y ’ ' ' y y ***}>^ ^ y 

be a sequence of points Xa of the space Ex\ This sequence will be called a point of 
the transfinite space Ex’". 

Evidently, the power of the set El^ is equal to 2 ^’'^^ We shall say that a point 

( 5 ) X' = {Xo' , Xi' , X2 , • • • xl • • • } , a < ilri-k y 
of Ex'" is equal to a point 

‘ On a Continuum of Power (Annals of Mathematics, vol. 41, no. 2, April 1940). 
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(6) x" = {xi , Xi , X 2 , • — Xa , - ot < 12r-ffc , 

if x'a = x'a for every ct < Qr+* . In the contrary case we write x' 9^ x'\ We 
shall denote by p / the point 

X = {xo , Xi , X2 y • - Xa J • • •}, a < 12r+Jfc , 

of El!" such that xo = xi = X2 = • • • = Xa = • • • = p e Ex\ 

Let E be any set of points in E^^ and let 

X \Xq , Xl , X 2 y • — Xa y - ']y Ot < 9 .r-\-k y 

be any point of E, We shall denote 

(i) by {.f}a the point Xa of E^J^ , Xa — {^}a ; 

(ii) by {E}a the set of all the points {:r}a where x e E. A set 'S C E'J" will be 
called an interval in E]!" if {.T} ^ is an interval in E]^^ for every a < ih^-k . Fur- 
thermore we shall say that a set E, E C E]!", is perfect (U ), hypermeasurable 
(D ) if the set {E\a is perfect (fi)> hypermeasurable (.T) respectively. 

If we now suppose that to every point 

X I y X\ y X2 > * * * Xa y ***})^ ^ I2r-j-A: y 

of a set E C E'^J' there corresponds one and only one point 

y = S{x) = {/o(Xo), fl{Xl)y f 2 {X 2 )y • • • !a{Xa)y ••*},« < , 

of E^xy then we have a single valued function y — f{x) defined in 72' C 

Denote hyf{E) the set of all the points y = f{x) where x e E, If f(xi) 9^ /(X2) 
in all cases when 9^ X2 y X\ € Ey X2 € Ey then the function f{x) is said to be 
regular in E. 

A function /(x) defined in Ey E C El^y will be called continuous (.T), hyper- 
measurable Cn in E if {/(x)}a is respectively continuous (.T), hypermeasurable 
(ff) in {E}a for every a < Ur+k . From this it follows that a function defined in 
E aEx^ is hyp(u*measurable (fl ) in E if E contains a perfect (.T) set fPsiich that 
/(x) is continuous (ff) in fP. 

We denote by Ei the' set of all points 

X = {xo , Xi , X2 ,••• a;a ,•••), a < , 

of Ex^ having the following property: any one of the elements xo , Xj , xo , • • • Xa > 
•••,«< ^2r+^ , of Ek^ is the rational point { 2 ) of E^J^ and every other element 
is the rational point { 1 } of E]^\ 

Let |«| be the point 

X = {Xo , Xi , X2 , • • • x« , • • • } 

of E]!" such that Xa = {2} and Xa = {1} for ai 5*^ a. 

We denote by Eo the set of all points p / where p e E^J^ and I = {1,1,1, ••• 1, 
. . • } 6 El\ 

Now we consider a correspondence 
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( 7 ) a = Z ( p ) 

between the number a, 1 ^ a < Qr+k, and the point p « Ex''\ It is easily seen 
that we can replace the correspondence ( 7 ) by the equivalent correspondence 

(8) |«| = Z ( pl ) 

between the points 

§, pi 

of 

We shall say that f(x) is a function of Nicholas Parfcntieff if 

(i) f(x) is regular in B2 ; 

(ii) El 9^ f{E2). 

We denote by (P) the class of all the functions of Nicholas Parfentieff. 

Theorem 1. If a function f(x) is continuous (ff) and regular in E2 C 
then f(x) is a function of N. Parfentieff, 

Proof. Suppose the function /(x) does not belong to the class (P). Since 
f{x) is regular in E2 , we have: Ei = /(P2) . Since the function y = f{x) is con- 
tinuous (ff) in E2 , to an interval ff (yo) C El^ {y = /(xo), Xo c E) there corresponds 
an interval ff (xo) in such a manner that when x runs over the set ff (xo)P2 then 
/(x) runs over a set H contained in ff (yo) /(-B2). We then write: T (2/0) — ^ .T(xo). 
Let ^Sy(y) be an interval in Ex^ containing the point |*;| e P**. Evidently, to the 
interval 'Sp{y) there corresponds an interval tT(x), ify{y) rf(x), where y = /(x). 
It is obvious that the set ^f(x)E2 has the power ^ , but the set \f'y{y)Ei consists 

of one and only one point |^| . Since the function /(x) is regular in E2 , the set 
H of* all the points /(x) where x c 'S{x)E2 also has the power However 

this is impossible in view of // C ^Sy{y)E\ . 

Theorem 2. Every hypermeasurable (ff) regular in E2 function y = fix) is a 
function of N, Parfentieff. 

Proof. Suppose the function y = /(x) does not belong to the class (P). 
Since /(x) is regular in E2 , then Ei = fiE2). Since the function /(x) is hyper- 
measurable (T) in E2 , there exists a perfect (ff) set F contained in E2 and such 
that/(x) is continuous (T) in F. Let Ei = /(P) and let|M| be any point of E[ . 
It is clear that to an interval 5 Q( 2 /) C El^y {y = /(x), x e F) there corre- 
sponds an interval T (x) C El^ in such a manner that when x runs over the set 
.T(x)P, then y = fix) runs over a set W contained in {fy,iy)E[ ; for/(x) is regular 
in E2 and since %iy)E[ consists of one and only one point. But the set .T(x)P 
has the power ^ , and so has also the power ^ t<o . This is impossible 

since ^%iy)E[ . 

Thus, in the mathematics i? of the hypermeasurable (.T) functions we have: 
2«’' 7^ (0 g r < ilo , 1 g k < flo). 

Tchbbolssary, Tchapaewskiposelok, U.S.S.R. 
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LINEARLY ARC-WISE CONNECTED TOPOLOGICAL ABELIAN GROUPS 

By R. C. James 
(Received December 10, 1941) 

Several types of connectedness of topological spaces can be defined in terms 
of continuous functions with real numbers as arguments and values in the 
space. ^ The function can be required to be linear if the space is a topological 
abelian group, giving rise to properties that can be used as necessary and suf- 
ficient conditions for the topological abelian group to be a linear topological 
space. If the concepts of convexity and boundedness are generalized to topo- 
logical abelian groups, these properties lead to a theorem on normability 
analogous to one given by Kolmogoroff for linear topological spaces.^ 1 am 
indebted to Dr. Michal for suggesting an investigation of linear arc-wise con- 
nectedness, and for his guidance. 

1. Topological groups and linear topological spaces 

By a topological group, we mean an abstract group which has a Hausdorff 
topology'^ with respect to which the group operations are continuous. A topo- 
logical abelian group is a topological group whose abstract group is abelian. 
A linear topological space is a linear space^ which has a Hausdorff topology with 
respect to which the fundamental operations x + y and ax are continuous. It 
can easily be shown that a linear topological space is a topological abelian 
group and has the following properties: 

1. If ax = 0, either a: = 0 or a = 0. 

II. \i ax = ay and a 5 *^ 0, then x y)\i ax hx and x 9 ^ 0, then a = b. 

III. U U is an open set and a 0, then all is an open set. 

IV. If 1/ is a neighborhood of the origin, there is a neighborhood V of the 
origin such that aV Cl U for all a satisfying | a | ^ 1. 

2. Continuous functions and arc-wise connectedness 

The functions treated in this paper are exclusively functions with real num- 
bers as arguments and values in a topological abelian group or a linear topologi- 
cal space. Such a function f(t) is said to be continuous at ^ if for any 

neighborhood U of f(ti) there is a 5 > 0 such that f(t) e U for all t satisfying 
I < — I < 6 . A continuous function will be called linear if it is additive [i.e. 

+ < 2 ) = f(ti) + /(^)] and continuous throughout its interval of definition. 
It will be convenient to introduce the concept of uniform continuity: 

Definition 2.1 . A function f(t) with real numbers as arguments and values in a 
topological group T is said to be uniformly continuous in an interval (a, b) if for any 

^ See Pontrjagin (VI) for a discussion of these properties. (Roman numerals refer to the 
bibliography.) 

* Kolmogoroff (IV). 

3 Hausdorff (II). The space satisfies (A), (B), (C), (5), pp. 228-229. 

^ Banach (1), pg. 26. 
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neighborhood U of the identity there is a positive number b such thatfit) efih) + U 
if ti and t belong to (a, b) and | — ^ | < 5. 

This definition ean be readily extended to functions of several variables. It 
can be shown that a uniformly continuous function is continuous and that a 
function which is continuous in a closed interval is uniformly continuous in this 
interval. 

Several types of arc-wise connectedness of topological spacers can be defined 
in terms of continuous functions of a real variable, two points x and y of the 
topological space being said to be joined by a curve or arc if there is a con- 
tinuous function /(O such that/(()) = x and /(I) = y!" Only one of these types 
of connectedness is needed in this paper (def. 2.2), although the others will be 
used for topological abelian groups in a more restricted sense as defined by means 
of linear functions. 

Definition 2.2. A topological space is called simply connected if every closed 
path in the space can be continuously shrunk to a point] explicitly, if for every closed 
pathf(t) for which /(O) = /(I) there is a function g{s, t), continuous simultaneously 
in s and I, for which g{0, 1) s /(<), g(l, 1) s /(O), and g(ii, 0) s g(s, 1) 

Definition 2.3. A topological abelian group T is called linearly arc-wise 
connected if: (1 ) the identity can be joined to any point of T by a curve defined by a 
linear function] or (2) any two points Xi and X 2 of T can be joined by a curve defined 
by an affine function, i.e. a function f{t) satisfying the functional relation: 
/(O) + f{l\ + h) = f{l\) + f{h)-^ Jf Ihere is only one linear path joining the 
identity to any given point of T, then T will be called uniquely linearly arc-wise 
connected. 

Definition 2.4. A topological abelian group T is called locally linearly arc-wise 
connected if: (1 ) for any neighborhood U of the identity there is a neighborhood V of 
the identity such that the identity can be joined to any point of V by a curve contained^ 
in U and defined by a linear function] or (2) for any neighborhood [/' of a point Xi 
of T there is a neighborhood V' of such that any point X 2 of F' can be joined to .Ti 
by a curve contained in f/' arul defined by an affine function. 

It can be shown that the two forms of definition 2.3 (oi* 2.4) are equivalent. 
From the fact that a connected topological group can be generated by an arbi- 
trary neighborhood of the identity,^ it follows that a topological abelian group 
which is connected and locally linearly arc-wise connected is also linearly arc- 
wise connected. A linear topological space can be shown to have the properties 
of definitions 2.2, 2.3, and 2.4. In fact, the linear path joining the identity to 
any point x is f{t) = tx, and any closed path/(0 can be continuously deformed 
to a point by means of the function g{s, t) = sf{\)) + (1 ~ s)f{t). Property IV 
of section 1 shows that a linear topological space is locally linearly arc-wise 
connected. 


* See Pontrjagin (VI), pp. 210-221, for explicit definitions. 

® The definition of curve implies that/(0 is also continuous. 
^ Pontrjagin (VI), pg. 76, theorem 15. 
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3. Points of finite order in a topological abelian group 

Since a linear topological space has no non-zero points of finite order, this is a 
necessary condition for a topological abelian group to he a linear topological 
space. It will be shown in this section that a topological abelian group which is 
connected, simply conm^cted and locally, linearly arc- wise connected must have 
either no non-zero elements of finite order or the set of elements of the 7i^ 
order is dense in itself for each n > 1. However topological abelian groups 
can be found which are linearly arc-wise connected and locally linearly arc-wise 
conm'cted and have any desired number of elements of a given prime order, 
provided an abstract abelian group exists which has this number of elements of 
that order. This is shown by the following examples: 

Let T be composed of elements of the form x = , * • • ), 2/ = (2/i , 2 / 2 , • • * ), 

where x, and yi are any complex numbers of absolute value 1. Define x y 
as (xi^i , .r 2?/2 , * • • ) and a neighborhood U of x as the set of elements of the form 
n — {u\ , ?/ 2 , • • •)» where | Vi — x, | < e for i ^ 1/e. It can be shown that T 
is a topological abelian group which is linearly arc-wise connected and locally 
linearly arc-wise connected (but not simply connected) and the set of elements 
of the order is dense in itself for each n > I, It is an open question whether 
this is possible if the space is also simply connected. Let T' be composed of 
elements of the form x = (xi , .T 2 , • • • , Xr), where Xi is any complex number of 
absolute value ], and addition and neighborhoods are defined as above. If j) 
is a prime, the ehunent x is of the order if and only if xy = exp (27rf(R;/p)) 
for each and at k'ast one ny is not a multiple of p. Hence T' contains \ 
elements of the order, and any abstract abelian group contains p^ — \ 
elements of the order (for some integer r). 

The following three lemmas will be u.sed in establishing the theorem of this 
section : 

Lemma 3.1. If a topological abelian group is linearly arc-wise connected and 
has a non-zero element of finite order, then for each positive integer n there are at 
least n — 1 non-zero elements Xy such that nxi = 0. 

Lemma 3.2. If a topological abelian group is locally linearly arc-wise connected, 
and for some integer p > i there is an element of order p in every neighborhood of 
the identity, then this is true for any positive integer n, and the set of elements of 
order n is dense in itself (for each integer n > 1). 

Lemma 3.1 and the first part of lemma 3.2 can be readily proved by exhibiting 
certain closed linear paths which are not identically zero. (Connectedness is 
not necessary in Lemma 3.2, since a closed linear path in some neighborhood of 
the identity is sufficient. The proof that the set of elements of order n (n > 1) 
is dense in itself if there is an element of order n in every neighborhood of the 
identity is as follows: 

Let X be any element of order n and W a neighborhood of x. Then W — x 
is an open set containing the identity. Let C IL — x be a neighborhood of 
the identity which contains none of the elements zx (z = 1, 2, • • • , n — 1), and 
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F be a neighborhood of the identity such that V C [7.® There is by assumption 
an element y of order n belonging to V. Then x y tW and n{x + y) = 
nx ny 0. If i{x + 2/) = 0 for 0 < z < n, then iy = — zx = (n — i)x. 
But this is impossible, since 2/ e F, iy c F* C [7, and (n — i)x does not belong 
to U, Hence for each positive integer n the set of elements of order n is dense 
in itself. 

Lemma 3.3. If a topological abelian group is locally linearly arc-wise connected 
and there is a positive integer n and a neighborhood U of the identity such that 
X eU and nx = 0 imply a; = 0, then for any neighborhood M of the identity there is a 
neighborhood N CZ M such that if y €X + N, and Xi is any point such that nxi = x, 
there is a unique point yi which belongs to Xi + N and is such that ny\ = y. 

Proof: For such a neighborhood U and any neighborhood M of 0, take a 
neighborhood F such that V CZ M and F C r7. Let N be the set of all points 
of F which can be joined to the identity by a linear path/(0 for which there is a 
neighborhood L of the identity such that f{t) + L C F. Suppose nxi = x and 
ytx-^-N^ or y—^xtN. Let g{t) be the linear path joining the identity ioy — x. 
Then yi = Xi + g(l/n) exi + N, and nyi = y. Since N CZ U, there is no other 
point 2/2 of Xi + A/’ such that ny 2 = y. 

It now remains to show that N is open. Let a: be a point of iV, f(t) the linear 
path joining the identity to x, L the neighborhood of the identity such that 
f(t) + L CZ Vy and L' a neighborhood of the identity such that 2L' CZ L, Since 
T is locally linearly arc-wise connected, there is a neighborhood L" of the identity 
such that if 2/ c L" there is a linear path contained in IJ which joins the identity 
to y. Then L" + x is an open set contained in TV, for if 2 c //' + x, then 
z — X t L", and hence there is a linear path g{i) contained in L' and joining the 
identity to x. Then [g{t) + f(t)] + L' d F and g{t) -f f{t) joins the identity to z. 
Hence sreN, 

Theorem 3.1, If a topological abelian group T is connected', simply connected 
and locally linearly arc-wise connected, then T either has no non-zero elements of 
finite order, or else for each positive integer n > 1 the set of elements of the nth order 
is dense in itself. 

Proof: Suppose there is a non-zero element of finite order and the points 
Xi for which 2x, = 0 is not dense in itself; that is, there is a neighborhood U of 
the identity such that x tU and 2x = 0 imply x = 0, Since T is connected and 
locally linearly arc- wise connected, it is linearly arc- wise connected. Let fit) 
be a linear function of t for which /(O) = 0, /(I) = a; 7*^ 0, where x eT. By 
lemma 3.1, there is an element y of order two. Then 2[/(l/2) + y] — x, and 
since T is linearly arc-wise connected, there is a function Fit) which is continuous 
for 0 ^ ^ 1 and such that F(0) = /(1/2), F(l) = /(i/2) + y. Also, 2Fit) is 

a closed path beginning and ending at x, and hence there is a function gis, t), 
continuous simultaneously in s and t, such that g(0, t) = 2F(0, Sf(l, t) = x, 
gis, 0) = gis, 1) ^ X. 

Take a neighborhood N CZ U of the identity, as defined in lemma 3.3. There 

* is the set of all t/ =* 4- W 2 + • • • + Wn , where each m belongs to U. 
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is an Cl such that if 0 ^ s < ci , | «' — < | < ci , and 0 g ^ 1, then g(s, t) € N + 
g(0, V) for all V (0 ^ ^ 1).® Let 0 < < ci , and hence g{8i , V) c ^(0, t') + N 

for all V, Since N has the properties of lemma 3.3, there is a unique point 
Xi c AT' + F{i') such that 2x1 = g{si , <')• Define the function F{si , t) by the 
relations F{si , V) = Xi . The function F{si , t) is uniquely defined for all 
/ (0 g g 1); and F{8, , 0) = F(0), F(«i , 1) = F{\), 2F{8 , , t) ^ g(8, , t). 

It will now be shown that F(si , t) is continuous in t. Let U be any neighbor- 
hood of F(si , t'). Since F(si , <') + 0 C F((') -f Ny there is a neighborhood Ui 
of F{8i , ^') and a neighborhood F of 0 such that U\ + V Cl F(t') + N and 
U\ a U. If 5i is such that F(/') — F{t) C F for | <' — < | < 5i , 

then Ui + Fit') - F(t) Cl Fit') + AT, or fA C Fit) + Nyior\t' - t \ < 5i . 

Similarly, there is a 52 and a neighborhood U 2 of gi8\ , t') such that 
U 2 C giOy 0 + AT' if I / I < 52 . Since Ui — Fisi , t') and U 2 — gisi , t') are 
both neighborhoods of the identity, there is a neighborhood M of the identity 
which is contained in their intersection. Take N' Cl M and having the property 
of Lemma 3.3. Let 5 be a positive number equal to or less than the smaller of 
5i and 52 , and such that if | ^ | < 5, then gis\ , t) c gr(si , t') -f- N'. 

If I < I <5, then there is a unique point Xi in Fis\ , t'\ + N' such that 2xi = 
^(si , t). But since F(si , t) is the unique point in Fit) + N such that 2F(si , t) = 
gisx , t), and xi c Fis\ y t') N' Cl Ui Cl Fit) + N, it follows that xi = Fisi , t). 
That is, if 1 / I < 5, then F(si , t) c F(si , t') + N' Cl Ui C [/. Hence 

Fisi y t) is a continuous function of t. 

There is an c (the same for all si , tx) such that giSy t) tgisx y tx) + N 

if I , Si — s I < €, I /i — < I < c, and s and t are in the interval (0, I). Hence the 

above process can be continued by *'jumps’^ of c. That is, if Fisx , 0 is a con- 
tinuous function of t and Fisx , 0) = F(0), Fisx , 1) = 2Fisx , t) = gi8x , 0; 

then a continuous function of ty F(s, t)y can be defined for any s (si < s < si + e, 
0 ^ s ^ 1), such that Fis, 0) = F(0), FiSy 1) = Fi\)y and 2/?’(s, t) ^ 0- 

But Fi\y t) is a continuous function of t and /^(l, 0) = Fi0)y F(l, 1) = 
and 2Fi\y t) = (/(!, t) = x. This contradicts the fact that in each of the neigh- 
borhoods F(0) + AT' and /^(l) + AT^ of FiO) and /^(I), respectively, there is only 
one point Xi such that 2xi == x. That is, the assumption that there is a point 
of finite order and a neighborhood U of the identity such that x c f/ and 2x = 0 
imply X = 0 has been shown to be impossible. Hence if there is a non-zero 
point of finite order, there is a point of the second order in every neighborhood 
of the identity. Then from Lemma 3.2 it follows that the set of points of order 
n is dense in itself (for each integer n > 1). 

4. Conditions for a topological abelian group to be a linear topological space 

The following lemma will be needed to establish the results of this section. 
It is equivalent to the continuity of multiplication by real numbers, as defined 
in the proof of theorem 4.1. 

Lemma 4.1. If a topological abelian group T i8 uniquely linearly arc-wiee 


® See definition 2.1 and the following discussion. 
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connected and locally linearly arc-wise connected, then the function F{t, x) = f{t), 
where f(t) defines the linear path joining the identity to x, is simultaneously con- 
tinuous in t and x. 

Proof; Let x' and V be any values of x and t, and W a neighborhood of 
/(<') = F(t\ x'), where fit) is the linear path joining the identity to x. Since ' 
0 + fit*) = /(<')» there are neighborhoods V\ and F 2 of the identity and /(<')> 
respectively, such that Fi + F 2 Cl W, Since T is locally linearly arc-wise 
connected, there is a neighborhood F' of the identity such that each point of F' 
can be joined to the identity by a linear path contained in Fi . Take U = 
x' + F' and x € U. Let git) and fit) be the linear paths joining the identity 
to X and x', respectively. Then git) — fit) is the linear path joining the identity 
to X — x' € F', and is therefore contained in Vi . Since /(O is continuous, there 
is an € > 0 such that/(0 « F 2 for all t such that \ t^ — t \ < e. If | ^ | 

then git) — fit) + fit) = git) belongs to W. Since git) was the linear path 
joining the identity to an arbitrary point x of U, it then follows that Fit, x) is 
simultaneously continuous in t and x. 

Theorem 4.1. A necessary and sufficient condition that a topological abelian 
group T he a linear topological space is that T he uniquely linearly arc-wise con- 
nected and locally linearly arc-wise connected. 

Proof: For each real number a and point x of T, define a -x as F(a, x) = /(a), 
where /(O is the linear function joining the identity to x.^° Lemma 4.1 states 
that this multiplication is continuous simultaneously in a and x. From the fact 
that/(0 is additive, it also follows that the multiplication satisfies the postulates 
for a linear space. Hence T is a linear topological space. 

Several variations of this theorem can be gotten by giving other conditions 
in place of the unique linear arc-wise connectedness. It can be shown that if 
the linear path joining the identity to some point x is unique, or if there are no 
non-zero points of finite order, then the topological abelian group is uniquely 
linearly arc-wise connected if it is linearly arc-wise connected. 

Corollary. A necessary and sufficient condition that a topological abelian 
group T he a linear topological space is that T he connected, locally linearly arc- 
wise connected, and for some element x e T there is only one linear path joining the 
identity to x. 

Corollary. A necessary and sufficient condition that a topological abelian 
group be a linear topological space is that it he connected, locally linearly arc-wise 
connected, and possess no non-zero elements of finite order. 

If a connected topological abelian group T is locally linearly arc-wise con- 
nected, it is also linearly arc-wise connected. If T is also simply connected, it 
then follows from theorem 3.1 that T either contains no non-zero elements of 
finite order, or the set of elements of order n is dense in itself for each n > 1 . 
Hence the second corollary above can be written in the form: 

Theorem 4.2. A necessary and. sufficient condition that a topological abelian 


f(t) is only required to be defined for 0 ^ ^ 1, but it can be uniquely extended to all 

real numbers by usinf< the additive property. 
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group be a linear topological space is that it be connected, simply connected, locally 
linearly arc-wise connected, and there exist an integer n > 1 and a neighborhood U 
of the identity such that U contains no elements of order n. 

5. Convex topological groups 

A. Kolmogoroff and A. Tyehonoff have called a neighborhood U of the origin 
of a linear topological space convex if ax + (1 — a)y is in U for any elements 
X and y oi U and real number a in the interval (0, 1).^^ A linear topological 
space is said to be locally convex if for any neighborhood U of the origin there is 
a convex neighborhood V contained in U. John von Neumann calls a linear 
topological space convex if for any neighborhood IJ of the origin there is a neigh- 
borhood V (Z U such that 2F = J. V. Wehausen has shown that these 

concepts of convexity and local convexity are equivalent/^ Convexity can be 
extended to topological groups in a number of ways, the following seeming to 
be the most vsatisfactory. 

Definition 5.1. A topological group is called convex if for every neighborhood 
U of the identity there is a neighborhood V Cl IJ such that nx e V implies x tV 
(for every positive integer n). 

When the topological group is a linear topological space, this definition is 
equivalent to the above definitions of convexity and local convexity. It is 
also evident that a convex topological group has no non-zero points of finite 
order. The definition of convexity given by von Neumann can be applied to 
topological groups without rewording, but is not entirely satisfactory, since 
for each y in some neighborhood of the identity it implies the existence of an x 
such that 2x = y. Convexity as given in definition 5.1 also has the advantage 
of being a consequence of normability (def. 6.4). 

Lemma 5.1. A topological abelian group T which is convex and linearly arc- 
wise connected is locally linearly arc-wise connected. 

Proof: Take any neighborhood U of the identity, ("hoose a neighborhood 
V such that V Cl U and nx e F” implies x € F. Let x be any point of F and 
f{t) the linear path joining the identity to x:/(0) = 0,/(l) = x. Let p/q be any 
rational number in the interval (0, 1), where p and q are positive integers. Then 
qH-V/q) — f(p) ^ ^ Hence f(p/q) c F. Since /(O is continuous, it then 

follows that/(0 € F for 0 ^ ^ ^ 1. That is, each point of F can be joined to 
the identity by a linear arc contained in IJ, and hence T is locally linearly arc- 
wise connected. 

Theorem 5.1. A necessary and sufficient condition that a topological abelian 
group be a convex linear topological space is that it be convex and linearly arc-wise 
connected. 

This theorem is an immediate consequence of the above lemma and theorem 

4.1. 

“ Kolmogoroff (IV) and Tychonoff (VII). 

Neumann (V), pg. 4. 2F is the set of all u ^ v v, where v e F; F* = F -|- F is the set 
of all t>i 4- t >2 , where vi and V 2 belong to F. 

” Wehausen (VIII), pg. 158. 
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6. Bounded sets and normable topological abelian groups 

Several equivalent definitions of bounded sets in linear topological spaces 
have been given. The following one is due to J. v. Neumann, and can be ex- 
tended to topological groups. This property will be used in finding conditions 
for normability of topological abelian groups. 

Definition fi.l. A set S of a linear topological space is called hounded if for 
any neighborhood U of (he origin there is a number a such that S C ai\^^ 

Definition 6.2. A set S of a topological group will be called bounded if for any 
neighborhood V of the identity there exists an integer n such that (]/m)S C U for 
all integers m ^ where i\/m)S is the set of all x such that mx 6 S, 

Definition 0.3. A topological group will be called locally hounded if it has a 
bounded neighborhood of the identity. 

It can easily be shown that definition 0.2 is equivalent to definition 0.1 when 
the topological group is a linear topological space. J3efinition 0.1 could have 
been revised for topological groiqis by merely requiring that a be an integer. 
However this has the disadvantage of implying that for each element x of a 
bounded set S CZ aU (where U is a neighborhood of the identity) of a topologi- 
cal group there exists an element u of U such that x = au. For example, if this 
definition were used, no non-z(Mo elements of the multiplicative group of rational 
numbers would be bounded. Boundedness as given in definition 0.2 also has 
the advantage that local boundedness is implied by normability (def. 0.4), while 
the above example shows that this would not be true for the other form. 

Even if the topological group were linearly arc-wise connected, def. (>.2 would 
not be equivalent to the form gotten by replacing C by “iS C 

This is illustrated by the multiplicative group of all complex numbers with 
absolute value 1, for any single element is bounded in the revised sense, but no 
element is bounded in the sense of def. 0.2. This difference is closely related to 
the fact that the form ''{\/m)S C U'" implies that the set of all nx (for n an in- 
teger) is unbounded (symbolically, lim nx= oo ) if a: 0, while the second does not. 

n —►00 

Requiring that the relation (l/m)*S C hold for all m ^ n, rather than merely 
(l/n)*S C r, has easily seen advantages, but becomes ambiguous when the 
topological group is a linear topological space. 

Definition 0.4. A topological abelian group T is normable if to each point 
X of T there can he associated a non-negative real number | x | which satisfies the 
conditions: 

(1 ). \nx\ = \ 71 \\ X \ for all integers n and elements x of T. 

{2). \ X + y \ ^ \ X \ + \ y \. 

(3). The system of neighborhoods of T is topologically equivalent to the system of 
neighborhoods defined in terms of the distance between two points^ as given by 
y) = \ x - y\. 

Theorem 6.1. A necessary and sufficient condition that a linearly arc-wise 


This and three other equivalent definitions are given in Hyers (III). 
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connected topological abelian group T be normable is that T be a normable linear 
topological space}^ 

Proof: It is evident that the conditions of the theorem are sufficient. Now 
suppose that T is a normed linearly arc-wise connected topological abelian 
group. It follows from (1) and (3) of definition 0.4 that \ x \ = 0 if and ^)nIy 
if X = 0. T then contains no non-zero points of finite order, for if 7ix — 0 it 
follows that \nx\ = 0= |n|la:|, and hence that a: = 0. It will now be shown 
that T is also locally linearly arc-wise connected. Let U be the neighborhood 
of the identity consisting of all points x for which | .r | < ei , and V b(^ the* neigh- 
borhood of the identity consisting of all points x for which | :r | < € 2 , where 
€2 < . Let y be a point of V and f{t) the linear path joining the identity to 

y f/(0) = 0, /(I) = y]. Suppose /(O docs not belong to V for sonu' rational 
number h = p/q, 0 < p/q < 1, where p and q an* positive intog(‘rs. "riieri 
\f{v/Q) I S «2, and |/(p) | = q\f{v/q) i S q^i ■ Hut since i/(l) i < , it 

follows that \fip)\ < pe 2 . These statements are contradictory, since 
0 < p/q < or q > p. Hence/(/) e V for all rational values of t in the int(*rval 
0 ^ ^ 1 . F rom the continuity of /(/) it follows that /(/) e V C T for all /. It 

has thus been shown that T is locally linearly arc- wise connected. 7" is th{*n a 
lin(‘ar topological space by the second corollary of tht*orem 4.1 . It only remains 
to show that | ax | = j a || .r | for all real 0 . From definition 0.4, | px i = I P || | 

for all integers p. Hence* | (p/q)x | = | p || x/q | = | p/q || c? || x/q | = j p/q || .r |. 
That is, I ax | = | a || a* | for all rational a. From the* continuity of ax and the 
continuity of the norm, it now follows that | ax | = | a || x | for all real a. 

Theorem fi.2. A necessary and sufficient condition for the normability of a 
linearly arc-xoise connected topological abelian group T is that T be convex and 
locally hounded. 

Proof. If T is a normable, linearly arc-wise connc'cted topological abelian 
group, then T is a normable linear topological space*. If the system of neighbor- 
hoods is defined in terms of the norm, it is easily se*e‘n that each ne*ighborhood is 
bounded and convex. ( -onversely, if the topok^gical abelian group T is convex 
and lineai'ly arc- wise* connected, it follows from the second corollary of theorem 
4.1 that T is a linear topological space. If T is also locally bouneled, it fe)llows 
from a theorem of Ke)lmogore)ff\s*” that T is a normable linear topological space 
and hence a normable to[)ological abelian group. 

('alifornia Institute of Technology. 
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1. Introduction 

In this paper we study continued fractions of the form 


( 1 . 1 ) 


1 


2 

ai 


hi + 2 — ^2 + 2 


^2 

ha + 2 ■— 


in which the ap arc real and positive, and the bp are complex numbers with nonnega- 
tive imaginary parts. In addition, we are concerned with certain infinite matrices 
connected with this continued fraction. 

In the earlier investigations of continued fractions of this form, beginning with 
the classical work of Stieltjes fl5l\ the bp have been supposed real. For this 
case, and with some additional restrictions, Stieltjes was able to connect the 
continued fraction with one or more integrals of the form 


( 1 . 2 ) 


r 

Iq 2 + W 


For particular oases where those restrictions are relaxed. Van Vlcck [10] obtained 
again a connection with an analogous integral the range of which he had to 
extend over the whole real axis. Hilbert^s [11] famous theory of bounded 
quadratic forms in which the ideas of Stieltjes are in the background allows 
immediate application to continued fractions of the form (1.1) and their connec- 
tion with integrals of the form (1,2) but with a finite range of integration.'^ 
Grommer [4] showed that the process of Hilbert can be applied to more general 
cases where the integral extends from — oo to + oo . A general theory of the 
continued fraction (1.1) in which the ap and bp are real and ap 9 ^ 0 was first 
developed by Hamburger [5] following the pattern laid down by Stieltjes. At 
about the same time the general case was treated by several other mathemati- 
cians: Hellinger [6] employed Hilbert's theory of infinite linear systems, R. 
Ncvanlinna [12] used methods of function theory and asymptotic series, and 
Carleman [2] used his theory of integral equations. 

In contrast with earlier extensions of Stieltjes' original theory, the problem of 
the present paper is unsymmetrical from two points of view: the functions which 
are obtained exist in general only in the upper half-plane, S' ( 2 ) > 0, and the 
infinite matrix J of the system of equations 


(1.3) appCp “b “b 2)Xp+i P — I> 2, • • • , (uo 0), 


Presented to the American Mathematical Society, April, 18, 1942. 
1 Numbers in square brackets refer to the bibliography. 

* Cf. Hellinger-Toeplitz [8]. 
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is not Hermitian. In spite of this asymmetry, we are able to develop a theory 
analogous to the classical theory. The principal points may be summarized as 
follows. 

A. The nest of circles.^ Regarding the continued fraction as an infinite 
product of linear transformations, we find for 3^(2) > 0 a nest of circles K\{z)^ 
Kiiz), K^{z)y • • • e^ach inside the preceding and lying in the lower half-plane, 
such that the n-th approximant of (1.1) is on Kn{z). We find for the radius 
rn{z) of Kn{z) the formula 

Tniz) = „ * , 

2Em + 2)i^p-i(z) r 

p-i 

(cf. (2.10) and (2.13)) where Xp = Bp.i{z) is that solution of (1.3) for which 
Xi = 1. We have to distinguish two cases according as r{z) — liin„„oo ^,,(2) is 
positive {limit-circle case) or zero {limit-point case). In the latter case, (1.1) 
converges, while in the former case it may converge or diverge (§2). 

13. Theorem of invariability. We show that the distinction between the two 
cases is independent of the particular value of 2. This is accomplished in two 
different ways. 1. Using methods of function theory, particularly the Stieltjes- 
Vitali theorem, we show that it is sufficient to consider the continued fraction 
(1.1) for 2 = 0. In this way we find that in addition to the distinction between 
the two caseSy also the fact of convergence or divergence of (1.1) is independent of the 
particular value e/ 2 (§ 4, 5). 2. Using for the linear difference equations an 

idem which Weyl [19]^ has applied in similar problems on differential and differ- 
ence equations, we prove a more geme'ral formulation of the tln'oremi of invari- 
ability (Theorem 7.1). 

C. Reciprocals of the matrix The matrix. J always haf? at least one 
bounded reciprocal. Howeveu-, while for reml bp the limit -point case is charac- 
terized by the fact that then^ is just one bounded reciprocal, there may be 
infinitely many for complex bp . Therefore, we introduce a mon' i*estrictive 
boundedness condition (^-boundedness)” and obtain an analogous characteriza- 
tion, for the limit-point case (§6). 

D. Asymptotic representation. The nest of circles yi(4ds a necessary and 
sufficient condition for an arbitrary function f{z) to be asymptotically ecjual 
(Definition 8.1) to the continued fraction (§8). 

’■* These circles have been applied for the case of real bp by llellinger [6]. Karlier applica- 
tions in related problems were made by Weyl [18] and Hamburger [5]. Cf. also ll. Nevan- 
linna [12], H. Weyl [19], and Paydon-Wall [13]. 

* The use of this idea which e.xtends our original theorem and simplifies the proof was 
kindly suggested to us by the referee. Cf. further footnote 15. 

® This theory has been given for the case of real Up , bp by Hellinger [6]; cf. also Beth [1]. 

® This amounts only to introducing W'eight factors in the sum of squares of the variables 
in the usual definition of boundedness. This has often been done ever since the start of the 
theory (cf. e.g. [9], §12). For problems somewhat related to our problem one will find an 
analogous change of the condition of convergence (boundedness) in Weyl [19], in the 
space of infinitely many variables as well as in the space of functions. 
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E. Stieltjes integral representation. If for 3(2) > 0 the values of an analytic 
function /(z) lie in the circle Kn{z) for every n, then /(z) has an integral repre- 
sentation of the form (1.2) with range of integration in general extended over 
the entire real axis, <l>{u) being still a real nondecreasing function. Unlike the 
case where the hp are real, the moments 

/ 4 00 

p = 0, 1, 2, • • • , 

00 

do not necessarily exist in the general case (§8). 

Part i 

C'oNTiNUED Fractions and Linear Transformations in One Variable 

2. The nest of circles 

A continued fraction 


( 2 . 1 ) 


Cl C2 Cz 

d\ — ill — ch — • • • 


may be regarded as an ^4nfinito product^^ of the linear fractional transformations 

^,(^0 = cj{dn - w), n = 1, 2, 3, • • • . 

The case where these transformations carry some circular region H into all or a 
part of itself 

(2.2) UH) C II 

is of particular interest. For if in this case we put hk • • • /«(//) = Iln , R = 1, 
2, 3, • ■ • , then ID //i 3 //o Z) //g 3 • • • , and we are therefore in pos.session 
of important facts concerning the values of the “generalized approximants’' 
td'i • • • tn{w) of (2.1) when the parameter w lies in H, 

We shall be concerned with the sequence of transformations 

(2.3) iniw) = - , n = 1, 2, 3, • • • , 

a„ bn — w 


where ao = 1 , ui , 02 , • • • are 'positive real numbers^ and 61 , 62 , 63 , * • • are complex 
numbers 


(2.4) bn = JW(6n) + i3(Pn) 

with nonnegative imaginary part 

(2.5) 3(6n) = iSn ^ 0, n = 1, 2, 3, • • • . 

If H is the lower half-plane, 3(w^) ^ 0, then under these conditions the trans- 
formation t = tn(w) from (2.3) satisfies the condition (2.2) because an-iOn^ is 
real and positive and 3(«n^5n) ^ 0. 
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The continued fraction generated by these transformations is 


( 2 . 6 ) 


dl^ fll 02 ^ O 2 Cts ^ 

Ol ^ 61 O 2 ^ O 3 ^ 63 


The notation has been chosen in such a way as to simplify and lend symmetry 
to the formulas which will be employed. The continued fraction is of course 
equivalent to 

1 2 2 

1 Oi 02 

bi — 62 — bz — * ‘ * 

We may write /ife • * * tn(w) in the form 


(2.7) 


t = tit2 • • • tn(w) 


An — A^iW 
Bn — Bn-lW^ 


w = 1, 2, 3, 


The An 
( 2 . 8 ) 


Bn are independent of w and satisfy the recurrence formulas 


bn-{-lA n dnAn — 1 y 

dn+lBfi+l ~ bn+lBn ClnBn—l y 


n = 0, 1, 2, • • • , 


where 


(2.9) A—i = — 1, — 0, Aq — 0, Bo =1, i4i = Oi^, — OiV;i, 

The determinant of the transformation (2.7) may be readily shown to be given 
by 

(2.10) - An^iBn = a;‘, n = 1, 2, 3, • • • . 

The inverse transformation is 


( 2 . 11 ) 


w = t-'t-li 


1/.\ .^In Bnt 

= .r„_, - 


The quotient An/ Bn is the n-th approximant of the continued fraction (2.6). 
By (2.7) we have: An/Bn = < 1/2 • • • tn(0) = W 2 • • • ^«fi(^). 


From the second recursion formula (2.8) we get 

dnBnBn—l ~ bn | B n~\ [ 0>n—\Bn-~2Bn~\ y 2, 3, * * * j 

or if we put 

(2.12) gn = d{BnBn-i)y n = 1, 2, 3, • • • , 

and consider only the imaginary part, we find 

(^nQn “ | Bn—1 | "f" dn—\gn~\ y ^ f>2, 3, ***, 

and therefore, using (2.9), 


(2.13) 


dn gn — 

p-1 




p— 1 1 


71 — 1, 2, 3, • • ’ . 
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If we recall that 5o = 1 and that jSp ^ 0 and if we assume in addition that 
(2.14) 3(60 = A > 0, 


we can conclude that qn > 0. Therefore, (2.12) shows that Bn 9^ 0. 

Next we determine the region Hn into which the lower half-plane 3(w^) ^ 0 
is carried by one of the transformations (2.7). Since Bn 9^ 0, Bn-\ 9^ 0, this 
transformation maps the real ty-axis into a proper circl(» of the ^-plane which 
bounds Hn . Inasmuch as it maps the point w = into t — and the 

center t — Cn of Kn can be produced by inversion of / = ^ in Kn , then Cn must 
correspond under this transformation to the reflection w = Bn/Bn-\ oi w = 
BnJBn-i in the real w;-axis: 


(2.15) 


'dn Bn—1 dn— 1 Bn 
BnBn-\ — Bn-lBn 


Since tit 2 • • • ln(0) = An/ Bn lies upon /v„ we then find that the radius of Kn is 


( 2 . 10 ) 


Tn 




|dn 


Bn 



1 

2ttn Qn 


In particular, the circle K\ has the center Ci = —i/2^\ and the radius ri = \/2qx 
= 1/2/eii, and therefore is tangent to the real axis from below at the origin. 
Since we have p!*o\'(‘d H\ 3 //2 3 //g 3 • • • we conclude that for all i)oints of 
these domains 


g <^{w) ^0, |wl g j . 

Pi Pi 

We have to distinguish two cases: 

Case I. The limit-point case. The circular regions H„ havo one and only 
one point / in common; th(^ radius r,, of the circle has the limit 0 for 7i = oc ; 
the infinite series 


(2.18) Z/3p|J5^-ir 

diverges. 

Case II. The limit-circle case. The circular regions Hn have a circular region 
in common; the circle bounding this common circular region has radius 


r = lim Vn > 0; 

7»“00 


the infinite series (2.18) converges. 

In Case I we have, uniformly for all w \n H: 

lim iit 2 • • • tn{w) = /. 

n*»oo 

Inasmuch as r; = 0 is in H it follows that limn-8o(dn/15n) = /. Therefore, since 
the denominators Bn are different from 0, the continued fraction (2.6) is con- 
vergent in this case, and its value is /. The continued fraction will be called 
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completely convergent^ in Case I. In Case II the continued fraction may con- 
verge or diverge; if it converges we shall say that it is simply convergent, 

3. Complete convergence 

We shall give two theorems which furnish sufficient conditions for the com- 
plete convergence of the continued fraction (2.6). 

I'heorem 3.1. If lim inf On is finite, and S(bn) ^ k > 0, n = 1, 2, 3, • • • , 
where k is a positive constant, then the continued fraction (2.6) is completely 
convergent f 

Proof. We prove the equivalent statement: If the series (2.18) converges 
and if 

(3.1) 3(M ^ fip^k>0, 

then lim a„ = oo. Indeed, from the convergence of (2.18) it follows that 
Mvcip^ooffp I Bp^i f = 0, so that, on account of (3.1), limp«ooi5p-i = 0, and 

(3.2) lim 3(/?pBp-i) = 0. 

P"00 

On the other hand, we conclude from (2.13) and (3.1) that 

= E /3p I f S fc I Bo r = A: > 0, 

p-1 

which, with (3.2), gives lim„«3oan = oo. 

The second theorem concerns the continued fraction 


(3.3) 


1 1 1 

“ 62 63 ’ 


which is obtained by letting Un = 1, n = 1, 2, 3, • • • , in (2.6). As a matter of 
fact, this is no essential specialization. We note first of all that (3.3) necessarily 
diverges if all the with odd subscripts vanish. For in this case Bi = Bz 
= ^6 = • • • = 0. Suppose that 61 = 63 = 6 b = * • * = = 0, 62n+i ^ 0. 

Then, inasmuch as 

t\h. * * • Un-^iiw) = —62 — 64 — * * • — 62n + , — , 

02n^.l — W 


it is clear that (3.3) is equivalent to a continued fraction of the same form but 
with the term ( — 62 ~ 64 — • • • — b 2 n) added on, and with the first partial 
denominator different from 0 . 

Theorem 3.2. Suppose that hi ^ 0 , | 9i(6p) | S k^{bp), p = 1, 2, 3, • • • , 
where k is a positive constant, so that ^(bi) = ffi > 0, Then the continued fraction 


^ For real w this notion has been introduced by Hamburger [51. 
® See Hellinger [6] for the case where 3(6n) is independent of n. 
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(3.3) is completely convergent if the series | 6p | diverges^ and is divergent if 
this series converges? 

Proof. If 2Z| bp | diverges, then the inequality | &p | ^ (1 + k)0p , 0p = 3(i>p), 
shows that J^/Sp diverges. Since i?p 0, p = 0, 1, 2, • • • , we conclude from 
(2.8) that 




bp B p^\ Pp—Z 

g 1 + 

bp Bp^i 



Bp^2 


Bp-2 


= 1 + ^ 1 + (l+k) 0p\Bp,i\\ 

I Bp^i 5p_2 1 Qp-i 

Therefore, since by (2.13) {qn} is a monotone nondecreasing sequence and 
> 0: 

I g 1 + {1+1} g 1 + (1+ iq^ - q^,), 

Op~2 I Pi Pi 

p = 2, 3, 4, • • • , 

So that 

|Pp1 ^ \Bp^,\e^^ (qp-Qp.2) ^ 

where Ci , C 2 are positive constants. Now | BpBp^i | ^ qp > 01 , so that 


1 i?p-i 1 ^ ,-f-| ^ 




Ca being a positive constant, or 0p | Bp^i ? ^ cl0p . Summing over p from 

1 to n we get 

E i3p|i,'„_, ^ cl E 0P-, 

p-1 p-1 

or, since qp ^ qp^i : 

^ c| /3p. 

p— 1 p-1 

Inasmuch as ‘diverges, we conclude that lim„.ac7n = , and therefore 

(,^ase I holds. 

If Si I converges the continued fraction diverges by a well-known theorem 
(cf., e.g. Perron [14] p. 235). 

4. Theorem of invariability 

We consider now the continued fraction obtained from (2.G) by replacing 
5p by 5p -f 2, p = 1, 2, 3, • • • , namely: 


(4.1) 


ai^ 


Oi 02 ^ 


0/2 ^3 


ai (bi + 2 ) ~ 02 \b2 -f 2 ) - aa \bs + z) 


® This theorem, except for the notion of complete convergence, has been given first by 
Van Vleck [17], p. 229, Theorem 6. 
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We keep the conditions 

(4.2) an > 0, ^(bn) = n = 1 , 2, 3, • • • , 

and drop the condition 3f(foi) = /3i > 0. If we suppose that 

(4.3) 3(z) = 2/ > 0 

then the preceding theory will hold for (4.1 ) because ^(hi + z) = I3i + y ^ y > 0. 
We shall use the notation of §2 except that dependence upon z will be indicated 
in the customary manner. In particular, the denominators will be denoted by 
Bn(z); they satisfy the recursion formulas (2.8) which now read 


(4.4) -anBn-i(z) + (hn+i + z)Bn(z) - an^.iBn~^i{z) = 0, 


n = 0, 1, 2, • • • . 


This is a system of infinitely many linear equations in Bo ( 2 ), Bi{z), B^iz), • • • 
with the following matrix of coefficients: 


(4.5) 


J = 


+ 2 , — , 0, 0, 

— ai , 62 + ^ , -a2 , 0, 

0, — ^2 , 63 + 2 , — as , 

0, 0 , — 03 , hi + z , 


Matrices of this form in w’hich the coefficients a„ 0 have been considered in 
the theory of infinite matrices under the name of J-rnatrices [8]. Since the 
theory of these matrices is equivalent to the theory of the continued fractions 
(4.1) it is appropriate to call these continued fractions J -fractions. 

The /-fraction (4.1) is completely convergent for y > 0 if and only if the series 


(4.6) ^ {0p + y) 1 Bp^iiz) p, where z = x + iy and = ^{bp), 

p^i 

diverges. When (4.6) diverges, then the radius rn(z) of the circle Kn(z) tends 
to 0 as tends to oc . The /-fraction is then convergent for this value of z, 
and its value is/( 2 ), the point common to all the circles Kn{z). We shall prove 
that if the series (4.6) diverges for one value of 2 ; = x + iy, where y > 0, then 
it diverges for all such values of z. This will be accomplished by obtaining a 
condition for complete convergence which is independent of 2 , namely: 

Theorem 4.1. The J -fraction (4.1) is completely convergent for 3^(2) > 0 if 
and only if at least one of the two infinite series 


(4.7) Z (1 

p-1 

or 

(4.8) E (1 + /3p)Up-i(0)|“ 

p-1 

is divergent}^ 


See Hamburger [5] for the case bp real. 
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It is easily seen that the series (4.6) and the series 
(4.9) + 

P-1 


converge or diverge together for ?/ > 0. - In fact, the ratio of corresponding 
terms is | Ap(z)/Bp(z) |^, and there is the inequality 


(4.10) 


1 

I b, + z I '+ (a!/y) - 


Ap(z) 

Bp(z) 



y > 0. 


The second part of the ineipiality is contained in (2.17). The first part follows 
then from the remark that aT^(hi + 2 — [Bn{z)/ A n{z)]) is an approximant of 
another /-fraction obtained from (4.1) by advancing all indices by unity. 

The determinant formula (2.10) shows that the polynomials An{z), Bn{z) do 
not vanish simultaneously. Therefore we conclude from (4.10) that neither 
vanishes in the upper half-plane y > 0. Now if Zi is a zero of one of these poly- 
nomials and if ?/ ^ 0, the length of the vector iy — Zi must increase as y increases. 
The same is true of any product of lengths of such vectors. Hence it follows 
that I ^n(O) I < I An{iy) I, 1 Bn{0) I < I Bn{iy) | if ?/ > 0. From these con- 
siderations we (conclude that if at least one of the series (4.7), (4.8) diverges then 
the series 22p*i(/3p + y) | Bp^i{iy) i.e. the series (4.6) for z = iy, diverges for 

y > 

It remains to be shown that the series (4.6) diverges for any Zo = Xo -f iijo 
with 2/0 >0. To do this, we show that any two ])oints Li , L 2 which are inside 
of every circle Kn(zo), n = 1, 2, 3, • • • , are identical. In fact, we may select 
two seciuences {Un} and {?;„} lying in the lower half-plane such that 


lim < 1<2 • • • tnizo ; U„) = lim 

n— 00 n— 00 Iyn\Zo) 


llnAn—\(,Zo^ j 


lim hh tn{za ; v„) = lim 

00 n— 00 J-'fni^ZoJ 


Vn An-l{Zo) 
VnB„-l(Zo) 


Let G be any bounded closed connected region in the upper half-plane y > 0 
which contains on its interior the point Zo and a i)ortion of the positive half of 
the imaginary axis. The two seciuences of rational funT‘tions of z, 


(4.11) {tit2 • • • Uz; Un)}, [hto • • • tn{z; Vn)} 

are uniformly bounded over G. Hence we may select two subseciuences, one 
from each, which are uniformly convergent over G to analytic limit-functions 
fi{z) and/ 2 (z), respectively. Inasmuch as, for the pure imaginary points of G, 
lim Tniiy) = 0 so thtxtfi(iy) = f-iiiy), it follows that//^) ^ f 2 (z) for all z in G. 
Therefore Li = L 2 and consequently (4.6) diverges if 3 ( 2 ) = 2/ > 0. 

We now suppose that both the series (4.7) and (4.8) converge, and shall prove 
that (4.6) converges for all values of z. The plan of the proof is as follows. 
We shall assign to Un and Vn in (4.11) particular values in the lower half-plane in 
such a way that the sequences (4.11) will converge to limit-functions /i(z) and 
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f 2 (z) where fi(z) — f 2 {z) is nowhere zero. This will of course imply that (4.6) 
converges for 3(z) > 0. On account of the fact that none of the zeros of Bp(z) 
are in the upper half-plane, we conclude by similar considerations as used before 
that (4.6) converges for all 2. 

On referring to (2.13) we recall that if 2/ ^ 0, then ^(BnBn^i) ^ 0. Conse- 
quently, ^(BnBn~i) ^ 0. Similarly, 3(AnAn~i) ^ 0. Hence two sequences of 
constants lying in the lower half-plane are: 


in 

in-l(O)’ 


Bn 

5n-l(0)’ 


n = 1, 2, 3, * • • . 


These we shall use in forming the sequences (4.11). Put 

(i) Pn(z) = an(An{z)An-.l(0) - ^n-l(^)in(0)), 

(ii) Qn(z) = an(Bn(2)in-l(0) ~ Bn-l(2)in(0)), 

(iii) C/„(2) = a„(/l„(2)5„_i(0) - yl„_i(2)5„(0)), 

(iv) Vn(z) = an(Bn(z)Bn^l(0) ~ 5n-l(2)5n(0)), 


and (4.11) are then the sequences {Pn(z)/Qniz)}, {Un(z)/Vn(z)\y respectively. 
Inasmuch as the numbers Un and Vn lie in the lower half-plane, Pn(z)/Qn(z) and 
Un{z)/Vn{z) must lie in the circle Kn{z), In view of the preceding remarks, the 
proof of Theorem 4.1 will be complete when we have proved the following 
theorem. 

Theorem 4.2. If the series (4.7) and (4.8) both converge, then there exist four 
entire functions p{z), q{z), u(z), v{z) such that 

p{z)v(z) - u{z)q{z) = 1, 
lim Pniz) = p{z), lim Qniz) = q{z), 

nnoo n*«oo 

lim Un{z) = u{z), lim V„iz) = v{z), 


(4.13) 

and such that 

(4.14) 


uniformly over every bounded region of the z-plane, 

Proof.“ From the determinant formula (2.10) we find by (4.12) that 
Pn{z)Vn{z) — Un{z)Qn{z) = 1, SO that (4.13) will follow from (4.14). In the 
proof of (4.14) we shall use for the sake of brevity the notations: 

Xn(2) = (2 + 2i/8n+l)in(0)^ 

Hn{z) = (2 + 22/3„+,)5„(0)' 

Vn{z) = (2 + 2i;8„+i)i„(0)5„(0). 


The essential idea of the proof is contained in several earlier investigations on con- 
tinued fractions; cf., for instance, O. Perron [14], p. 235. 
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•Since the series (4.7) and (4.8) converge and since fin+i ^ 0 it follows that the 
series 

2 D Xp(2), Hp{z)f 

and also the infinite product 

11 (1 -■>'p(2)) 

converge absolutely and uniformly over any bounded closed region G of the 
2-plane. Moreover, there exists an N depending only upon G such that 

N-h n 

ir„( 2 ) = n (1 ~ I'piz)) ^ 0, n = 0, 1, 2, • • • , z in G. 

On eliminating An+iiz)^ A„(z)y An-i(z) from the recurrence formula (cf. (2.8)) 

a„ 4 .l^„_^.l( 2 ) = (/>n+i + z)An{z) - a„-4„^i(2), 

and the equations (i) (written for n and n + 1) and (hi) of (4.12), we get a 
linear relation among P„_^i( 2 ), lJn{z) and Pn{^)> Analogously we get all the 
following four identities 

(i) Pn^\{z) = \n{z)lJn{z) + (1 “ Vn{z))Pn{z)y 


(4 15) " X.(2)F.(2) + (1 ~ vM)Qn(z), 

(hi) (1 - PrXz))lUl{z) = ~Mn(2)Pn + l(2) + U n^Z) , 

(iv) (1 - Vn(z))Vn^l(z) = -Hn(z)Qn+l(z) + Vn{z), 

If in (i) and (iii) we replace n by N + n where N is the index introduced 


before, and if we use the notation 


Pl{z) = 


PiV4n(2) 


* — / \ y ^ n\^J — «n 

7r„_i(2) 

j \ XAr'4-n(2) 

^ n\^) y n\Z) 

irn-i(2)7r„(2) 

these relations become 

= hl{z)Ul{z) + P*n{z), 

Xc * * * 

Un^liz) = cUz)Pn^i{z) + U*n(z), 


f n(2') n—l(,Z^ l_, X n(^Z^ j 


(4.16) 


Cn(z) = — Hy+n{z)Trn-l{z)Trn(z)y 


n = 1, 2, 3, • • • . 


By the remark at the beginning, the series X) 5* ( 2 ) and JD converge 
absolutely and uniformly over G, and hence there exists a finite number Mi 
such that, for all 2 in G: 


n (1 + i&*(2)i) < n (1 + ic*(2)i) < Ah. 

p-i j)-i 

Now, if I C/iCz) I ^ Mi, \ Pi{z) I g Mi over G, we have by (4.16): 

I PUz) I ^ I bUz) I • I UUz) I + I PUz) I ^ (1 + I bUz) \)Mi , 

I U*i{z) I g I cf (2) I • I Pf (2) I + I t/f (2) I g (1 + I 6 f (2) |)(1 + I cf (2) \)Mi . 
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Continuing this procedure we find 

I Pt(z) \ I Ut(z) I ^ M, n = 1, 2, 3, • • • , 2 in (?, 

where M = MoMI , 

Furthermore, (4.16) we have Pn+i(z) = Pi(z) + ^l^ibp(z)Up(z) and 
therefore 

lim P/f-^n-tiis) = lini Tn{s)P*ni-i(z) = [lim Tr„{z)] \ Pi{z) + ^ bl(z)Ul(z)\, 

7t«“oo n=-oo n— 00 L. J 

uniformly over G. This establishes the first limit in (4.14) ; the proof of the other 
limits can be made in the same way. 

We have thus established in Theorem 4.1 a condition for the complete con- 
vergence of the /-fraction which does not depend upon z. This means, in fact, 
that when at least one of the constant term series (4.7) and (4.8) diverges, then 
the /-fraction (4.1) converges if 3(2) > 0. Since the secpience of approximants 
is uniformly bounded for 3(2) ^ A* > 0 , the convergence is uniform over any 
finite region in this domain. We therefore have the following result. 

Theorem 4.3. If at least one of (he series (4.7), (1.8) diverges, the J-fraeAion 
(4.1) eonverges and represents an analytic function of z for 3(^) > 6. 

We have also obtained in Theorem 4.2 the means which will enable us in the 
next section to answer completely the questions of convergence of th(^ rA-fraction 
and nature of the limit-function when both the series (4.7), (4.8) converge. 

6. Simple convergence 

On eliminating yln~i(2) from (i) and (iii) of (4.12) and B„-](z) from (ii) and 
(iv), we now obtain the formula 

A„(z) ^ Pn{z) 7 S„ Ujz) 

B„(z) QJzy-s,V„(zy 

where Sn ~ ^ln(0)/5„(0). AVhen the series (4.7) and (4.8) both converge and 
lim„...oo Sn = s is finite, then the numerator and denominator converge to p(z) — su(z) 
and q{z) — sv{z), respectively. Since by (4.13) these two functions cannot 
vanish simultaneously, and q(z) — sv{z) is not identically 0, b(4ng different from 
0 for ^(z) > 0, we conclude that the /-fraction converges to the (juotient 
[p{z) — su{z)]/[q(z) “ -sd( 2 )], which is a mcromorphic function of z. The con- 
vergence is uniform in any closed bounded region containing no poles of the 
limit function. Similarly, if lim„«oo Sn = we conclude that the /-fraction 
converges in like manner to the meromorphic function u(z)/v(z). If the se- 
quence j Sn I has more than one limit-point (one of which may be <» ) it is easily 
seen with the aid of (4.13) that the /-fraction (4.1) is divergent for all values of z. 
These statements contain the following theorem. 

Theorem 5.1. In case both the series (4.7) and (4.8) converge, then the conver- 
gence of the J-fraction (4.1) or of its reciprocal for a single value of z implies the 
convergence of the J -fraction or its reciprocal for any value of z. The value of the 
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J -fraction is a meromorphic function of z, namely, in terms of the entire functions 
of (4.14), 


p{z) — su(z) 
qiz) - sv(z) 

u(z} 

v{z) 


if 


lim 

n-oo 5 „( 0 ) 


s is finite] 


if 


lim 

n»*oo 


Bn(q) ^ Q 

ArXO) 


The J -fraction is not completely convergent in this case. 


Part ii 

Continued Fractions and Linear Transformations in Infinitely 

Many Variables 


6 . ./-matrices 

In contrast with the preceding theory there is another theory in whicdi the 
continued fraction appeals in connection with a single linear transformation 
in infinitely many variables, naiindy : 

{bi + z)xi - aiX 2 = 2 ji , 

-aiXi + {1)2 + z)x2 - = y^ , 

— a2X2 + (63 + 2).r3 — azXi = 2 / 3 , 


which carries the point x = (xi , . 1 * 2 , .ra , • • • ) into the point 2 / = (?yi , .^2 , 2 / 3 » * • * )’ 
The matrix of this transformation is the J -matrix (4.5). For the present we 
allow the coefficients to lie arbitrary complex numbers, the Up being of course 
different from 0. If 2/1 = 1, 2/« = 0, n > 1 , the equations (0.1) may be written as 


( 6 . 2 ) 


Xi = 


5i + 2 — 


«! X 2 
Xi 


X 2 

Xi 


ai 


62 ~t“ 


a2 X3^ X 2 
X 2 


U 2 


hs + z — 


a^XA 

Xz 


and consequently Xi is formally equal to the /-fraction: 


(6.3) 


1 2 2 

1 Ui CI2 

hi z — 1)2 + z — hi + z — •••■ 


If the 2 /p are arbitrary, one could try to express a solution of (G.l) in the form 

00 

(6.4) Xp = ^ PpqVqy P ~ 1> 2, 3, • * • . 

g-1 

Here, pn would be formally equal to the /-fraction (6.3). A matrix (ppg) with 
this property is called a right reciprocal of the /-matrix (4.5). On substituting 
(6.4) into (6.1) we find the relations 

^0.5) (Zp_lPp_l,g -}- (bp 4” z)pp,q ^ppp+l,q ~ ^p,q y P) ^ ~ 1 ) 2, 3, * * * , 



116 


E. D. HELLINGER AND H. S. WALL 


where ao is to be set equal to 0 , and dp,g is equal to 0 or 1 according as p 7^ q 
or p = g. Since 0 , p = 1 , 2 , 3, • • * , it follows that, for a fixed q, if pi,q 

is chosen arbitrarily, then pp., , p = 2, 3, 4, • * • , are uniquely determined. 
Therefore, there are infinitely many different right reciprocals. 

An essential relationship to the ./-fraction can be expected only for those 
reciprocals which belong to certain restricted classes. The most important class 
is given by the following definition 

Definition 6.1. The matrix (kp^) and the bilinear form m infinitely many 
variables 

00 

~ ^pq^pVq 

p,<gr— 1 

is said to be bounded if there exists a fixed number M such that for all values of the 
Jp and rjg and for all integers n 

n / n \l/2 / n \l/2 

(6.6) S KiipVq ^ “W-l 12 l?}.n -(S hal*) • 

P.9—1 \P— 1 / \9“1 / 

The explicit formulas for the pp.^ in terms of the arbitrary pi,g and the pol}'- 
nomials Bp{z) and Ap(z) are: 

Pi, 9 1 ( 2 ) , p 1, 2, 3, ' * * q^ 

(6.7) Pp.q ~ ^ pi.q Bp^i{z^ ”f~ A g—i(^z^ B p^i{z^ A p^i{z) B g^i{z) f 

^ p = g + 1, g + 2, • • • . 

This may be readily verified by comparing the recurrence formulas for the Ap( 2 ) 
and Bp{z) with (6..5). 

If one introduces new arbitrary functions Wg{z) by means of the equations 
PI .9 = Bg^l{z)Wg{z) ~ Ag-l{z), q = 1, 2, 3, * * * , 

then the formulas (6.7) take the form 

B^,{z)BUz) , p = 1 , 2, 3, ■ • • , 9 ; 

(6.8) Pp.,{z) = 1 4 M\ 

5 p_i( 2 )B,_i(z) (uv(z) - ^“Y(“j) ’ p = 9 + l,g + 2 , •••. 

From ( 6 . 8 ) one sees immediately that the matrix {ppg) is symmetric if and 
only if Wi = iC 2 = tcs = * • • ; i.e. if and only if^^ 

Pn+l,q/ Pn^q = ^ ~ 

where Vn is independent of g, (g, w = 1 , 2 , 3, • • • )• 

1 * For the theory of bounded matrices see, for instance, Hellinger-Toeplitz [9], [10]. 
Cf. also H. T. Davis [3]. 

1 * See Hcllinger [6]. Following the procedure which Weyl [18] had applied to boundary 
value problems of ordinary differential equations, Hellinger used a real parameter t and 
considered for g * 1 the equation pn+i.® * tpn^q as a boundary condition. Beth [1] did the 
same for g > 1. 
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We shall suppose now, as in Part I, that the are real and positive and that the 
bp satisfy the condition ^(bp) ^ 0, p = 1, 2, 3, • • • . The next theorem gives a 
necessary and sufficient condition for the general right reciprocal of J to be 
bounded in the limit-circle case (cf. §2). 

Theorem 6.1. The right reciprocal (6.7) is bounded in the limit-circle case if 
and only if the series 

(6.9) E I PI., p 

9—1 

is convergent. 

Proof. The necessity of the condition follows from the fact that in a bounded 
matrix the moduli of the elements of any row have a convergent sum of squares. 
If we recall that in the limit-circle case the series 


( 6 . 10 ) 


f:i.i.-i(2)r, l:ifi,.-i(2)r 


converge for all values of z, then we find from (6.7) that the convergence of 

00 

(6.9) implies the convergence of the double series X) I Pp,q(^) Consequently, 

p.9— 1 

the matrix (pp.,) is not only bounded but is even completely continuous. We 
therefore have 

C'OROLLARY 6,1, In the limit-circle case^ any right reciprocal (6.7) which is 
bounded is also completely continuous. 

It is possible for the series (6.10) to converge also in the limit-point case. 
Then there will be infinitely many bounded reciprocals. However, we can 
modify the condition of boundedness so that it is satisfied by only one such 
reciprocal. Definition 6,1 introduces an upper bound M for the values of the 
forms in (6.6), for n = 1, 2, 3, • • • , as the variables run over the 

n 

spheres | fp ^ 1. Analogously, we can consider an upper bound as the 

p— 1 

n 

variables run over the ellipsoids ^ | Jp |^(1 + 0p)~^ ^ 1, and accordingly we 

p— 1 

make the following definition: 

Definition 6.2. The matrix (pp^) will be said to be E-bounded if there exists 
a fixed number M such that for all values fp , , and for all integers n: 


(6.11) 


X!) Pp,q^pVq 

p.9— 1 




^ 0. 


This is equivalent to saying that the matrix ((1 + /3p)^^^(l + ffqY^^ppq) is 
bounded in the sense of Definition 6.1, and hence the theorems about bounded 
matrices can be extended immediately to J5J-bounded ihatrices. 

Theorem 6.2. In the limit-point case, let f(z) be the analytic function whose 
value for every z with 3i(2) > 0 is common to all the circles Kniz)- Then the formula 
(6.8) with Wq{z) = f{z), g = 1, 2, 3, • • • , gives the unique E-bounded right reciprocal, 
which is simultaneously the unique left reciprocal. 
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Proof. We show first that if Wq{z) = f{z) for all q and for ^{z) > 0, then the 
matrix {ppq) is jB-bounded. If wc suppose only Wi{z) = W 2 {z) = • • • = Wniz)^ 
where n is a fixed index, then from (6.8) it follows that 


( 6 . 12 ) 


Pn-fl,g “d-nC^j) W\{^Z^Bn{z^ 

Pn,q An-l{z) - Wi(z)Bn-l(z) ’ 


q = 1, 2, 3, • • • , n. 


Hence, the quotient Pn-^i,q/pn,q = Vn is independent of q: 


(6.13) 


Pn+ltC ^npn,q j Q ^ t * ’ * > 


If we identify (6.12) with (2.11), we conclude at once that 3'(^n) ^ 0 if and 
only if Wi(z) has its value in the circle Kn(z). 

Let f 1 , f 2 , * • * , {n be arbitrary real numbers. On multiplying both members 
of (6.13) by and summing over q from 1 to n we then have: 

n 

2/n-fl ~ ^nVii ) Vp ~ Ppq^q • 

y-l 

9 

Therefore Vn+iVn — Vn\yn P and consequently 

(6.14) 3(j/»+iy») ^ 0 
if wi(z) is in K„{z). 

We now multiply the equation (G.5) by f,, and sum over q from 1 to n. This 
gives the equation 

(6.15) Lj,(y) = -ap_i 2 /p_i + (bp + z)yp - a^t/p+i = |p , 

p = 1, 2, 3, • • • , Oo = 0. 

Now, one has immediately the identity 

2 iVpLpiy) - yi'L^)) = 2i (pp + 3(z))|2/pI^ - cmdivn^iyn)) 

p-i \p-i / 

and by (0.15) we get 

n n 

(6.16) a„!3iy„+iy„) = X (i^p + 3(z))| 2/pf^ + S {p3(2/p). 

p-=l JJ-“1 

Considering now the quadratic form 

n n 

^) = Ppq^p^q ~ Vp^Pi 

p,q^m\ p— 1 


This identity is analogous to one of the so-called ‘‘Green’s formulas” in the theory of 
differential equations. It may be emphasized that if we regard pn = tp as a complex var- 
iable, then (6.16) along with (6.14) gives the inequality defining our nest of circular regions. 
This is the method which was used by Wcyl [18] for differential equations, and by Hellinger 
[6] and Beth [1] for real J-fractions. The method has been used also for other problems, 
cf., for instance, Weyl [19]. 
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wc have by Schwarz^s inequality 


I Rn(^, e) r S Z + 3(2))| y. r, 

p«l /9p + 3(2) P_1 

and, using (6.16) and (6.14): 

I I) r ^ Z -(-Z . 

P-1 /3p + 3(2) \ P-1 / 

Inasmuch as ~Z)p-i fp3(2/p) = -3(^n(f, f)) ^ I f) |, we have: 

I Rn{^, I ^ 5 Zp-ifp/(^p + 3(2)), or 

(6.17) Z pp,?p?, g ± ^ MrZ , 5 . , 

P.«-1 P«1 Pp + 3(2) P-1 1 + Pp 

for a suitably chosen Mi depending only upon the domain of z. For the related 

bilinear form we therefore have 

1 /^n($, ^) I = i I Rn(^ + V , ^ + V) — Rn(i — V , ^ — v) \ 

(0.18) i ^ ^^+17^ 

2 ptl^p + 3(^)* 

It follows that if f{z) is the value common to all the circles Kn(z), i.e. the value 
lim (Ap(z)/Bp(z)) of the J-fraction, and if every v\j(z) = f(z), then the matrix 
(ppf,) is E-bounded. 

It remains to be seen that any other reciprocal given by (6.8) is not £'-boiinded 
in the limit-point case. In fact, for any other reciprocal there is at least one 
z and integers q and N q such that 

! ... Ap-\{z)\ 7 ^ n ^ \T 


Bp-.i{z) 


^ d > 0 for p ^ N. 


Hence wc see immediat(*ly by the second equation (6.8) that (1 + fip) ^ 
(1 + I ppr, 1“ diverges inasmuch as ^p (1 + fip) | Bp^i{z) diverges. This 
implies that the matrix ((1 + + ^qY^^Ppq) is not bounded, i.e. the matrix 

(ppq) is not .^-bounded. 

From the inecjuality (6.18) wc shall now derive some estimates for pp,^ — ppq{z) 
which will be useful later on. 

Theorem 6.3. Let Wq{z) = f{z), q = 1, 2, 3, • • • , n, in (6.8), where f(z) is 
in the circle Kn{z) for 3 ( 2 ) > 0. Then 


(6.19) 


I P,,(z) 1 ^ ^ ^ ^ y , 

z = X + iy, y > 0, p,q^ n; 


( 6 . 20 ) 


Pp.(z) = Gp , 

2 zy 


I Gpq I ^ Ij (^p Up + I hp j + Up_i , p, q ^ n. 
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Proof. The inequality (6J19) is an immediate consequence of (6.18) if we 
specialize the variables such that one fp = 3 (2) + Pp , one rjl = 3(2) + fig , 
and the other variables are 0. Now by (6.5): 

p ( 2 ) = Pp-f ^pPpq(^) 4" Pp— l ,g(^) 

2 2 

Applying (6.19) to this identity we obtain (6.20). 

7. A general theorem of invariability 

We have seen that the behavior of the /-fraction (4.1) is invariant in some 
respect under change in the particular value of 2 in the upper half-plane. This 
has been implied by the fact that if the series (4.6) converges for one 2 with 
Q(z) > 0, it converges for all 2 . We now derive a more general theorem of 
invariability which covers entirely arbitrary /-fractions. The proof reveals in a 
certain way the inner structure of the theory. 

Theorem 7.1. Let (4.1) be a J-fraction with entirely arbitrary coej^ients 
ttp 0 and bp . Let ap — 1 , 2, 3, • • • ^be arbitrary real numbers not less than 1 . 
Then^ if the two series 

(7.1) f:apiBp-i(z)r 

p — 1 p — 1 

converge simultaneously for one value of 2 , they converge for every value of 2 . 

This obviously contains the theorem of invariability of §4. Moreover, it 
supplements the remark on the limit-point case after Corollary 6.1 in this way: 
If the series (6.10) both converge for one value of 2 , then there exist infinitely many 
bounded reciprocals for every value of 2 . 

Proof of Theorem 7.1.^^ Write, as in (6.15) but with ao now equal to 1, 

Lp{y) = -ap..i2/p_i + {bp + z)yp - Opi/p+i , p = 1, 2, 3, • • • , ao = 1, 

and denote by L*p{y) the same expression with 2 replaced by z*. The solution 
of the system Ijp{y) = 0 under the initial conditions 1/0 = — 1 , 1/1 = 0 is ^p = 
Ap_i( 2 ) = Ap^i , while under the initial conditions yn == 0, i/i = 1 the solution 
is 2 /p = Bp^i{z) = Rp-i . If 2/p, 2/p are arbitrary solutions of the systems Lp ( 2 /) = 0 
and L*p{y) = 0, respectively, then we obtain immediately the relation: 

n 

2 (ylLpiy) — ypLliy*)) = yiyt — yoy* 

p-1 

n 

— a„(2/niij/: — ynyt+i) + (z — Z*) 'll Vvy* = 0. 

. p-1 

Cf. footnote 4. This proof uses the idea which Weyl |191 has applied in similar prob- 
lems, namely, to express the relationship between solutions for two different parameter 
values as a Vol terra integral or sum equation. This procedure as well as the procedure used 
by Weyl [18j and Hellinger [61 may be embraced in a general set-up, if one uses an arbitrary 
one of the infinitely many reciprocals (6.7) of the J-matrix. Then, the different forms of the 
proof appear in specializing the reciprocal in different ways, for instance so that it becomes 
symmetrical (pp, = pq^) or a Volterra form {ppq « 0 for p < q). 
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In particular, for j/p = Ap-i and j/p = 5p_i we get 


y* — ciniy*A„ — yt+iA„-i) + (z 


2*) S y*pAp-i = 0, 

p-1 


yt — a„{ytB„ — yt+ifin-i) + (2 — z*) X 2/p^p-i = 0, 

p-1 

respectively. On multiplying the first of these equations by —Bn-i , the second 
by An-i , and then adding, we get: 

n — 1 

yl + (z* — z) (^p-ifin-i - An~iBp^i)y*p = ytB„^i — ytA„-i . 

p-l 

Therefore, fp = api/p is a solution of the Volterra sum ecjuation: 

p-i 

(7.2) fp -[- ^pg^q ^ Qp y P ~ 1> 2, 3, * • * , 
in which 

^pg ~ CXpOiq ( 2 * 2 ) (yl y_l5p_ 1 Ap—iBq^i^y Qp = Otp(^y\Bp—\ T/o-4p_l). 

The proof of the theorem will be complete if we show that 22 I f p P convergent. 

From the convergence of the series (7.1) it follows at once that gp satisfies 
the condition : 

t\9p? 

p-1 

is finite; and that, inasmuch as ap ^ 1, the double series 22 I ^'pq T converges, 
so that for r sufficiently large: 

(7.3) €. = i: E K'p.r < 1. 

Q“1 P—r 

We now multiply (7.2) by fp and sum over p from r to m, m > r. This gives, if 
we apply Schwarz\s inequality: 

m ' / m \l/2 m m 

1 fp 1^ ^ c-f x: I f„ |M + z: £ I I 

p—r \p— r / P— r 9—1 

/ m / m / m 

= I fp [“j + 22 1 ^9 1 l*^P9 \j J > 

and consequently, again using Schwarz\s inequality, 

( m \ 1/2 / m \l/2 /r-l \ 1/2 / m \l/2 

Zir.r) sc + .,(z;ir.r) ac + .,(|:if.i-) +..(i:if.r). 

or 

( m \l/2 /r-l \l/2 

SlfpP) •(! — «r) S C + «r(S IfaP) • 

Hence, by (7.3), the series ]C I f p T converges, and the theorem is proved. 
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8. Asymptotic and integral expressions for the /-fraction 

We shall now consider a different approach to the problem of relating to the 
/-fraction the leading element pn(z) of a reciprocal of the /-matrix (4.5). We 
suppose still that the /-fraction satisfies the conditions (4.2), and shall use the 
ideas of §0, particularly Theorem 0.3, to obtain conditions under which the 
approximants An(z)/Bn(z) approximate to pii(z) in the asymptotic sense of the 
following definition. 

Definition 8.1. Consider the domain 


S: a ^ arg — a:(0<a< 7r/2), -3(2) ^ 5 > 0, 

where a and 5 are arbitrary positive numbers. A function f(z) is said to be repre- 
sented asymptotically by the J -fraction (4.1) if 



as z approaches oo in S. 

This is the same thing as to say that/( 2 ) is represented asymptotically by the 
series expansion of the /-fraction into powers of X/z. 

Theorem 8.1. A function f(z) is represented asymptotically by the J -fraction 
(4.1) if and only if for every n there exists a number Mn such that the value of f{z) 
is in the circle Kn{z) for z in S and ^{z) > Mn 

Proof. To prove that the condition is sufficient, let Wg{z) = f(z), 
q = 1, 2, 3, • • • , in (0.8), where /(;2) is any function satisfying the condition 
of the theorem, llien, from (0.8) we have: 


( 8 . 2 ) 



2 Pjy+l.jfz^ 

B~{z)~B]::,{z) ^ 


p = 1,2, 3,.' 


If then 3 ( 2 ) > Mp^\ , z in S, so that f(z) has its value in Kp^i{z), it follows from 
the formula (0.19) that 


z 


2p 



Ap(z)\ ^ TIpiz) 

bm) ’ 


where Hp{z) is bounded in S] hence (8.1) holds. 

We now suppose conversely that f{z) is represented asymptotically by the 
/-fraction, and form the expression: 

By the determinant formula, this is equal to (0102 • •* • an? + Q/z, where Q is 
bounded in S. Hence we see that 

(8.3) lim (f{z) - ^41) = • • • a„)^ 

2»QO \ Jjn\Z) / 


For the case where the bp are real and f(z) is analytic, R. Nevanlinna [12] has proved the 
same theorem with the stronger formulation that Mn =* 0. 
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as z tends to oo in S. Let Vn be determined by the relation /( 2 ) = kh • • • tn{z] Vn ) ; 
and recall that/( 2 ) is in the circle Kn{z) if and only if ^ 0. On substi- 

tuting this value of S{z) in (8.3) we obtain (cf. (2.7)): 


lim f ■^n(,z') Vn-^n— 1 ( 2 ) ^t|(2j)\ ^ Y 2n+l Vn 

..00 \K(Z) - Vn Bn-l(z) Bn(z)J “ ..oo B~n(z)[B~n(z)~-~ Vn Bn_7{z)] 

= (ai 02 * * • anf. 

Thus, 

_ zanBn(zf[(aia 2 • • • On)' + e(z)] 

+ anBn(z)Bn-i(z)[(aia7^ anY + e(z)] ^ 


where €{z) approaches 0 as z approaches 00 in S, Therefore, since the coefficient 
of 2 ” in Bn(z) is (a ]02 • ‘ • (in) \ zvn converges to the positive limit a„ . Con- 
sequently, there exists a number Mn such that 0?(yn) ^ 0 and f(z) is in Kn{z). 
if 3 ( 2 ) > and z is in S. 

Furthermore, Theorem 6.3 enables us to connect with the ./-fractions ^‘Sticltjes 
integrals’^ of the form (1.2) with range of integration extended over the whole 
real axis. Any function /( 2 ) which, for 4 ^( 2 ) > 0, is analytic and has its values 
in the circles Kn{z), ?i = 1, 2, 3, • • • , will be called equivalent to the ./-fraction. 
It is to be recalled that in the limit-point case, there is but one equivalent func- 
tion, namely the value of the ./-fraction; while in the limit-circle case there arc 
infinitely many. If in (6.8) we suppose that w,Xz) = f{z), q = 1, 2, 3, • • • , 
then from (6.20) with p = g = 1 we obtain for any equivalent function the 
following estimate: 

( 8 . 4 ) fiz) = ^ + ^7z) ’ I 1 = ^ it' 3(z) > 0, 

C being independent of z. F'rom this we deduce the following general theorem: 
Theorem 8.2. A function f{z) has a StieUjes integral representation of the form 

(8.5) fiz) = 7 ^ = 1, 

J-Qo z -T n 


ill which <t){u) is real, hounded, and monotone noiuiecr easing, if f(z) satisfies all of 
the following three conditions for ^{z) > 0: 

(i) f{z) is analytic] (ii) 3[/(2)] = Oj (bi) The estimate (8.4) holdsA 
Proof. Suppose that 0 < y < c, and consider the contour T in the upper 
half of the 2 :-plane consisting of: the straight line segment from A = —c+iy 
to .B = + iy, the straight line segment from B to B' = + ic, the arc of the 

circle with center at the origin through B' to A' = —c^ + ic, and, finally, the 


* The condition (iii) is not necessary, as can be seen from the example 0(w) = 0 for 
M ^ 1, 0(w) =* 1 -• for w > 1. This shows simultaneously that not every integral of 

the form (8.5) is equivalent to a /-fraction. 
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straight line segment from A' to A, Inasmuch as/( 2 :) is analytic in the domain 

interior to F we have, using (8.4), and evaluating explicitly / dz/z: 

J A' 

I f(z) dz = - f f{z) dz - f f(z) dz - I f{z) i 

•'A Jr Jh* Ja' 


dz 


= - Tri + 2i arc tan ^ log ^ , 


where H and Hi are bounded as c tends to oo . Hence it follows that 
(8.G) lim / f{x + i7j) dx = —wi, if 7j > 0, 

c»-oo J—c^ 

Let/(x + iy) = y(x, y) — iw{x, y), where v{x, y) and w{x, y) are real functions; 
then by (ii) w{x, y) ^ 0 for 2/ > 0. From (8.6) we conclude that 

w{x, y) dx = TT. 


Moreover, ^(a, 7j) = / aj(x, y) dx is a monotone nondecreasing function of i/, 
Jo 

is bounded by (8.7), and 


( 8 . 8 ) ^(+ 00 , 2 /) - ^(-~ cc^y) TT, 

A well-known theorem*^ states that there exists a bounded monotone non- 
decreasing function ^(u) such that ^(+oo) — ^(— oo) = tt, and a sequence 
2 / 1 ) 2 / 2 , 2 / 3 , * • * of positive numbers approaching the limit 0 such that 


(8.9) 


lim xl^iu, yn) = ^(a) 


at all points u where ^(?x) is continuous. 

If z is any point within r,4.hen Cauchy’s integral formula gives: 


.If /<») * 

27n Jr s — 


I’sing (8.4) one may readily verify that for c — » this goes over into 


( 8 . 10 ) 


1 f(u + iy) du 
2tI Loo u + iy — z ' 


where the integral is to be regarded in the sense of Cauchy’s principal value. 
Let z* be the point outside F which is symmetrical to the point z with respect to 
the line segment AB. Then we must have: 

0 = — or 0 = .J_ ^ 

2Tn Lao u + iy — z* 2in Loo u — iy -- 2* ‘ 


1^ For the proof see, for instance, Perron [14], pp, 394-395. This theorem has been applied 
in almost all investigations on problems of the kind considered here. The idea goes back 
to Stieltjes, and was developed and extended by Hilbert as one of the most important tools 
in his theory of infinite quadratic forms. See Hilbert [11] (book), p. 113 and 116. 
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Inasmuch vlq u + iy — z — u — iy — we then have, on subtracting the last 
ecjuation from the equation (8.10) and then introducing the function ^(u, ?/): 

—w{ u, y) du ^ 2 duj/(,u^ y) 

TT jLoo u + iy — z TT X-oo z — u — iy' 

On letting y approach 0 over the sequence i/n for which (8.9) holds, one then 
finds by a well-known argument (see footnote 17): 



or, if we define </)(w) by <t)(u) = — (l/7r)^(— a), this })ecomes (8.5). Since <t)(u) is 
bounded and monotone, th(‘ integral conv(*rges absolutely (not merely as 
Oauchy\s principal value) and uniformly for z in any region at a positive distance 
from the real axis. The function <t>(u) is given at all points of continuity by 


( 8 . 11 ) 


Tr-<t)(u) = lim 



3lf{x + iy)] 


dx, 


wdiere y approaches 0 over the s(*(iu(uice y,, . Since /( 2 :) is now expressed as an 
integral (8.5) the invc'rsion piocess of Stieltj(ss^^ gives <t>{u) in t(u-ms of f(z)y 
and shows, simultaneously, that (8.11) holds no matter how y approaches 0 
over ])ositivo values. Thus is d(‘termined unicjuely by f(z) to an additive 
constant at all j)oints of continuity. 

That the integrals (‘'moments'') 

^ foO 

(8.12) / id‘d<t>{u), p = 0, 1, 2, • • • , 


do not all exist when a single one of the bp is nonreal may be argued from tlu* 
fact that they arc; rc'al if they exist, and from a theorem of H. Hamburger. 

The considerations of this section are closely conncicted with the “moment 
problem": To determine a real boundc'd iiondecreasing function </)(w) taking on 
infinitely many differemt value's and satisfying the infinite system of ecpiations: 


(8.13) 


= [ u^d<t>{u), 

J—QO 


p = 0, 1, 2, • • • , 


where the Cp are given real numbers. 

By the theorem of Hamburger just cited, </>(w) is a solution of (8.13) if and 
only if the function 


(8.14) 



d^M 

z + u 


Stieltjes [15], Chapter VI. 

Hamburger [5], Part I, Theorem IX (p. 268 ff). 
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is represented asymptotically by the power series P^l/z) with the given numbers 
as coefficients: 

(8.15) + 

This is the same as saying that/( 2 :) is represented asymptotically by the /-frac- 
tion (4.1) ‘‘associated” (cf. Perron fl4], §61) with P{l/z). Hence, all the solu- 
tions of the moment problem are obtained by finding all functions f{z) of the 
form (8.14) asymptotically equal to the /-fraction. By the theorem of Nevan- 
linna mentioned above and Theorem 8.2 these functions f{z) are just those 
functions “equivalent” to the /-fraction. In this way one arrives at the com- 
plete solution of the moment problem. 

It follows immediately that the moment problem is “determinate” in the 
limit-point case, and “indeterminate” in the limit-circle case. 

Northwestern University, 

Evanston, Illinois. , 
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REMARKS ON TWO-LEAVED ORIENTABLE COVERING MANIFOLDS 

OF CLOSED MANIFOLDS 

By Tsai-han KiaxVG 
(Received October 5, 1942) 

1. In the present note the covering complexes considered are without branch 
'point, and the covering manifolds are, in addition, of finite number of leaves} 
Our purpose is to establish the following two theorems. 

Theorem 1 . Any orientable covering manifold of a closed non-orientable n-mani- 
fold M is a covering manifold of the 2~leaved orientable covering manifold^ of M, 
and hence a covering manifold of M of even number of leaves. 

Theorem 2. A necessary ami sufficient condition for the e.ristence of a sim- 
plicial topological self-mapping of a closed orientable n-manifold M, which is 
involutory, without fixed point and orientation-preserving (orientation-reversing),^ 
is that M be a 2-leaved covering manifold of a closed orientable (non orientable) 
n-manifold M. 

2. Theorem 1 follows at once from the following two lemmas. 

Lpjmma 1 . Let K be a connected n-complex and F its fundamental group. Sup- 
pose that G and H are two subgroups of F and that II is a subgroup of G. If K* 
and K** are the covering complexes of K, determined, by G and II respectively,^ 
then K** is a covering complex of /v*.' 

Proof. From hypothesis the fundamental groups F* and F** of /v* and A"** 
are simply isomorphic to G and II respectively.^ By virtue of th(‘ simple iso- 
morphism between A* and G, there is a definite subgroup of A*, which is simply 
isomorphic to A**, l.et K be the covering complex of K*, dc't'ermined by this 
subgroup of the fundamental group A* of A*. Then K is a cov(‘iiiig comph'x 
of K.^ Since the fundamental group of K is simply isomorphic; to A** and 
therefore to II, and since a covering complex of K is uniciuely determined ))y a 
subgroup of the fundamental group of K,^ K and A** are not distinct.' Hence 
A** is a covering complex of A*. 

Lemma 2. Let M be a covering manifold^ of a closed n-manifold M with a 
cellular decomposition Ma } and, Ma the cellular decomposition of M derived from 

1 The topological terms will be defined as in Seifert-Threlfall, Lehrbueh dcr Topoloyie 
(1934). This book will be referred to hereafter as ST. 

2 Cf. ST, p. 272. 

3 ST, p. 129. 

^ ST, p. 193, 

3 (T. K. Reidemeister, Einfuhrung in die Kombinatorische Topoloyie (1932), p. 125. 

« ST, p. 194. 

^ ST, pp. 182-183. 

3 A finite covering complex of a closed n-manifold is obviously a closed n-manifold. 

» ST, p. 341. 
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Ma If an edge-path U on Ma at a vertex ()\ is closed, then II and its closed, ground- 
path IJ on M a at the ground-vertex O of Oi are either both orientation-preserving^^ 
or both noif^ 

Proof, het Mb be the cellular decomposition of M dual to . Dual to 
the vertices and edges of the closed U, in the order as they appear alternately in 
U, then' is on Mb the closed sequence V of incident cells of dimensions n and 
n — 1 : 

V = cscr^c^cr' • * • c:cr' \ 

wh(Te C{\ is the dual of the vertex 0. J^et Mb denote the cellular decomposition 
of M derived from Mb of M. Then Mb is dual to , and the dual V on Mb 
of U 

V = CoCS 

covers V in th(' sense that C,” , C," ‘ covers Ci , ^ . Since th(‘ orientations of 

Ci can b(' derived from those of (\ , our lemma follows at once. 

Proof of Theorem 1. Let the n-complex in Lemma 1 be' a close'd non- 
orientable /t-inanifold M with a definite cellular decomposition. Its only 
2-leaved orie'iitable covering manifold M* is determined by the subgroup G of 
index 2 of the fundamental group of M, whose elements are the classes of homo- 
topically deformable' closed orientation-preserving e^dge-paths of M at a vertex 
f/. A ne'cessary and sufficient conelition that a manifold be orientable is ob- 
viously that all the closed edge-paths on M at a vertex arc orientation-preserving. 
Suppose that a covering manifold M** of M is orientable. PVe^m Lemma 2, 
its fundamental group is simply isomorphic to a subgroup of G. From Lemma 
1, it is a covering manifold of M*, and hence a covering manifold of M of even 
number of leaves. 

From Lemma 2 and the proof of our theorem, we have the following imme- 
diate consequences : 

Corollary 1. Ariy covermg manifold of a closed orientable manifold is ori- 
cn table. 

Corollary 2. Let M be a closed nonorientable manifold and G the group of 
all classes of homotopically deformable closed orientation-preserving paths on M at 
a point 0. A covering manifold of M, determined by a subgroup of H of the fun- 
damental group of M at O, is orientable when and only when II is a subgroup of G, 

3. Proof of Theorem 2. Sufficiency. Suppose that M is a closed 
n-manifold, and that M a 2-leaved, and therefore regular, orientable covering 
manifold of M. The covering motion (Deckbewegung) f on M is a simplicial 

10 ST, p. 189, p. 272. 

11 ST, p. 191. Notice that an orientation-preserving or orientation-reversing edge- 

path may have double points. __ 

10 This lemma is tacitly used in ST, p. 272, in discussion of special M and M, 
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topological self-mapping of M, which is involutory and without fixed point. 
It remains to show, as follows, that / is orientation-preserving or orientation- 
reversing according as M is orientable or nonorien table. 

Let Ma , rrib , Ma , Mb have the same meaning as in Lemma 2 and its proof, 
but let Ma be simplicial. Suppose that M is determined by the subgroup H of 
the fundamental group F of Ma with reference to a vertex O of Ma as the initial 
point of closed edge-paths. Denote by Oi and O 2 the two covering vertices of O. 
Take an arbitrary closed edge-path U on Ma at O. Denote its covering path 
on Ma at Oi by U. U begins at Oi and ends at O 2 . 

Now let the n-cell on Mb dual to O be (7", and the w-cells on Mb dual to Oi , 
z = 1, 2, be Ci . The continuation of orientation along U can be derived from 
that along that along When M is orientable (nonorien table), U is orien- 

tation-preserving (orientation-reserving). Hence the orientations of Ci derived 
from the same orientation (opposite orientations) of (7" are coherent on Mb . 
Since / maps Ci and C 2 onto one another, and their orientations derived from 
the ^ame orientation of C”, / is orientation-preserving (orientatioii-revevsing) 
on M. ^ 

Necessity, Suppose that ilf is a closed orientable /^-manifold on which 
there is a simplicial topological involutory self-mapping / without fixed point. 
Through identification of pairs of corresponding points on M under /, there 
results a space M, Since the mapping of M on M, defined by the identification, 
is continuous, M is connected. Since / is simplicial and topological in the small, 
M is a complex and a closed n-manifold respectively. Then obviously M 
fulfills the condition of being a 2-leaved covering manifold of M, 

Finally, by virtue of the result in the proof of sufficiency, M is orientable or 
nonoricntable according as / is orientation-preserving or orientation-reversing. 

From the fact that the Euler-Poincar^ characteristics of M is half that> of ilf, 
and from the Poincar<5 duality theorem for orientable manifold, we have for 
n = 2m and forn = 2 and orientable M the following respectivel 3 ^• 

Corollary 3. If on a closed orientable {2m)-manifold there exists a simplicial 
topological involutory self -mapping without fixed point, the Betti number of the 
manifold must be even. 

Corollary 4. On a closed orientable 2-manifold of even genus there is no 
simplicial topological orientation-preserving self -mapping , which is involutory 
and without fixed point}* 

I 

The National University of Peking 
AND Academia Sinica 


ST, p. 271. 

11 Cf. A Komatu, IJber die dreidimensionalcn nichtorientierharen Mannigfalligkeilen, 
Satz 2, Proc. Phys.-Math. Soc. Japan, Vol. 18 (1936), pp. 135-141. 
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ON THE NON-EXISTENCE OF REGULAR STATIONARY SOLUTIONS OF 
RELATIVISTIC FIELD EQUATIONS 

By a. Einstein and W. Pauli 
(Received January 4, 1043) 

It is shown that tJie. field equations of the relativistic gravitational theory and of 
its five-dimensional geueralization do not admit any non-singular stationary solu- 
tion which represents a field of non-vanishing total mass or charge. 

Introduction 

Some time ago one of us proved^ that there exist no solutions of the gravita- 
tional eciuations Hu, = 0 satisfying the following conditions: 

1) The field is stationary (i.e. the g^k are independent of x^). 

2) It is irvo from singulariti(\s. 

3) It is imbedded in a Euclidean spac(‘ (of the Minkowski type), and for large 
values of r (r being the distance from the origin of the spatial coordinate system) 
gAi has the asymptotic form 

gu = —1 + - , 
r 

where g 0. 

The third condition im])lios that th(» total gravitational mass of the field is 
dififerent from zero. 

The following considerations led us to reanalyze* this proof, to reduce it to its 
necessary el(*m(*nts, and to generalize it to cases of higher dimensions. 

When one f ries to find a unified theory of the grax itational and electromagnetic 
fields, he cannot help feeling that (here is some truth in Kaluzd^s five-dimen- 
sional theory. Y(*t its foundation is unsatisfactory in so far as, with res{)ect to 
the group of admissible coordinate transformations, the fifth, space-like, coordi- 
nate is treated quite differently from the others. Consequently the com- 
ponents of the electromagnetic field transform inde])(*ndently from those of the 
gravitational field, and the two fields are only aiipanuitly unified. J'he question 
arises whether one could bas(^ the theory on the full group of five-dimensional 
point transformations without sacrificing its main achievements. 

This might seem impossible, for according to all our experience the physical 
continuum has 3 + 1 but not 4 + 1 dimensions, since its objects appear to 
have three, but not four spatial dimensions. One could, however, imagine 
that this difficulty might be overcome as follows. Assume that in such a theory 
the fields corresponding to non-singular solutions are not point-like but linearly 
extended in a four-dimensional space. The geometrical configuration of several 
coexisting fields of this character would, then, more or less resemble the con- 
figuration of the objects of a three-dimensional space. 

^ A. Einstein, Revista (Universidad Nacional de Tucuman) A, 2, 11, 1941. 
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We therefore have to in\ estigate the question whether, in a five-dimc'nsional 
metric eontinimm (of signature 1) the equations 

Ra = 0 


admit of non-singular stationary solutions with a field g,/, asymptotically given by 

A 0 0 0 0 

0 .4 0 0 0 

0 0.100 

0 0 0 B D 

0 0 0 D 

wlu're at least one of the (luantitic's, .1, B, C, D has th(' form 


±1 + 


const 

r 


with a non-vanishing constant. This is the asymptotic form of a field j’cpre- 
senting a particle whose electric and ponderable masses do not both vanish. 

J^\' discussing the field cfiuations, Bargmann** has shown that spherically 
symmetric solutions of this character do not exist. In what follows we shall 
prove the non-existence of r(‘gular solutions of the required form irrespective of 
any assumptions a))out the symmetry of the field (in regions of finite field 
strength). 

The proof makes it clear why oni‘ always encounters singularities if one at- 
tempts to represent material particles by solutions of field equations which are 
based on Riemann’s tensor. 


1 . Acccjrding to Palatini the variation of the contracttnl Rieniannian curvature 
tensor'^ 

(1) Rik = l is.K ~ + P.s/Twa: r//^Pft.s 

can I)e written as 

(2) 8Rtk = (^P/aOi^^ , 


or 

(3) ^RiK ~ UlK\S 
with 

(4) UIk = 

This leads to 


2 Private communication. 

® Capital indices assume all values 1, ••• , w, n being the dimension of the space 
which we consider. Ordinary differentiation is denoted by a comma, covariant differentia- 
tion by a semicolon. 
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(5) 's/ \ Q \ ^ \ 9 \ y 

where 1 (/ | is the absolute value of the determinant of the covariant metric tensor. 
Since the covariant derivatives of the metric tensor and of its density vanish, 
we can put the right side into the form 

and, finally, replace covariant by ordinary differentiation, the expression within 
the brackets being a contravariant vector density. Hence we get 


(6) 


V 1 ff 

\g"^&R,K = -r,. 

with 




(7) 

?[•’ = 

= ViTl 



If both the oi*iginal and the varied fields satisfy the gravitational equations 
Rik = 0, the 8Rik in (G) vanish, and we have 

(Ga) r..s == 0. 

This is always the case when the variation of the fa'ld is produced by an 
infinitesimal change of the coordinate system. In performing such a variation, 
we must not compare the values of F or R at the same world point, but we have 
to displace the world point so as just to compensate the yariation of its coordi- 
nates due to th(‘ change of the coordinate system. Only then can vai-iation and 
differentiation be interchanged so that we have, for examples, 

(sF/aO./v = 

For a variation produced by the coordinate transformation 

we then have, retaining only terms of the first order in the 

(8) f ./Fax ~ f .aF/;, - ^^FfA.R . 

When (8) is inserted in (7), (Ga) must hold for arbitrary functions in conse- 
quence of the field equations Rik = 0. 

2. We now decompose the n-dimensional continuum of the into the ordinary 
three-dimensional space of the (lower case italic indices = 1 , 2, 3) and the 
subspace of the remaining coordinates (Greek indices 4, • • • , n). We ex- 
pressly assume the Qik to be independent of the coordinates x^: 


(9) 


dgjK 

dx^ 


= 0 . 


In the physical interpretation of this formalism, is the time coordinate and 
x^ the fifth coordinate introduced in Kalmans theory (where the metric is space- 
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like with respect to this fifth coordinate). For the following mathematical 
discussions, however, it is more convenient to restrict neither the dimension of 
the continuum nor the signature of its metric except for the assumption that the 
metric of the three-dimensional space be positive definite. 

We are going to discuss the implications of the relations (Oa) for those varia- 
tions (8) which do not affect the condition (9) (cylindricity condition). Only 
the terms with S = i have then to lie retained in (fia). Using Oaiiss’ theorem, 
we infer from 31*., = 0 that 

(10) j ?t'n. (if = 0 

if the integral is extended o\xu- a closed two-dinumsional surface' which does not 
enclose any singularities of the field, /i, are the covariant comi)onents of a unit 
vector normal to this surface. In case singularities of the metric tensor do exist, 
we consider two different close*d surfaces Fi and as irmc'r and outer boundaries 
of a three-dimensional region free from singularities. Gauss’ theorem then 
leads to 

(10a) (f %% df (p tui df, 

J f'l J fi 

There are two different types of infinitesimal coordinate transformations 
which leave the stationary character of the field [cf. (9)] invariant. The first 
type is characterized by functions which are independent of the but may 
depend in an arbitrary way on the x\ In this case we may choose the to- 
gether with their first and second derivatives, equal to zero on the inner surface 
Fi so that the 31* too disapiiear on Fi . Hence for this type of variations the 
stronger relation (10) holds even when the surface encloses singularities of the 
field, provided the surface itself is free from singularities. 

The second, type of transformations not affecting the stationary character of 
the field leads to an integral theorem which singles out the regular solutions of 
the field equations Rik = 0. These transformations are defined by 

(11) f' = 0, r = 

with constant coefficients cj . From (8) and (9) it then follows that 

0, drfs = = 0, = ol 

- (c; r;, + c; r;,), srj-, = -c; J . 

Inserting these expressions in (7), we get 

a' « -2c; VWi . 

Since the coefficients cl may be chosen arbitrarily, (6a) implies, in consequence 
of the field equations and of the stationary character of the solution, 
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(13) = 0 

for all values of p and <t. For non-singular solutions this leads to 

(13a) ^ vjg] g"' rLn.- d/ = o 

in analogy with (10), while singular solutions satisfy only a weaker condition 
of the type (10a). 

3. To make use of this theorem, we introduce the assumption that asymptot- 
icall}' the gry^-field in question approaches that of Euclidean space. Hence for 
large distances from the origin of the coordinate system we ma.y put 

(Id) Qik = Oik + yiK . 

Here the constants gix can b(' brought to Ihe form (no summation!) with 
€, = +1, €p = ztl ; yiK are considered small of the first order. The determinant 
g is then giv(‘n by 

(15) 9 = (II «/)•(! + y) 

I 

with 

(15a) y = g"'yiK = ^ (lyn- 

I 

Retaining only first order terms, we infer from (1), b(‘caus(' of the stationary 
character of the field, that the equations Rik = 0 assume the form 

(lb) *“ yia,aK ”■ yKa,8T 4" 7. /A = b 


or 

(Iba) 


yik,aa yia,ak 7A«.«i 4” 7,tA, 0| 

yip, a a 7ps.«* b ypff,aa fl j 


As is well known, it is always possible to normalize the coordinate system in 
such a way that 


(17) 


yia,a — 27./ = 0, 


or 

(1/a) 7»»,« hy ~ b ypa,a ~ 0 

then (16) reduces to Laplace^s equation 

(18) yiK,aa ~ 0. 

In what follows we consider only those terms which, at infinity, do not decrease 
more rapidly than r~^ (where ixf). We have, therefore, 

7/a: = mjK/r. 


(19) 
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Since 


7 = (S ! /• = (X) ^n^i + Z] €p^0p) r, 


we infer from (17a) 

t7lik “ 2^*^' ^ ^ ^^^pp) ) ^^p ~ 0, 

J p 


or 

(20) niip = 0, = mda , + S ^p ^^^pp = 


Hence, lu'glect.ing terms of order higher than the first, we hav(' 


( 21 ) 



Opo 


€p5pa + 


77lp 


where m satisfies the last equation (20). This result may be us('d to evaluate 
the integral (13a) for a sufficiently large sphere. Since on its surface we, may 
put 


r* = r- 

^ pa — * i,, 


'I'^pad 



Inipc 


7U 

f* 


we finally get 

( 22 ) 



g^^T\atlx(lf = 27r€p?/?pa . 


According to this equation, tla^ int(»gral theorems (13a) imi)ly 
(23) * fripa = 0 for all p, a, 

for every solution which is independent of the regular everywhere, and asymp- 
totically approaches the Euclidean metric. Moreover, the relation (20) leads to 

(23a) m = 0. 

This shows that for such a non-singular solution of the field equations Rik = 0 
the deviations of the Qtk from the Euclidean (or Minkowskian) giK must decrease 
more rapidly than 1/r for all values of /and K. Should there exist at all a 
solution different from the Euclidean mc^tric, it could not describe a particle 
with non-vanishing mass or charge, as stated in the introduction. 


Appendix 

In the special case of the four-dimensional continuum, R. Serini [Atti Aca- 
demia dei Lincei (5), 27\ 235, 1918] has shown that except for the Euclidean 
metric there exists no regular solution of the required form, under the restrictive 
assumption, however, that the giA vanish everywhere. His proof is based on the 
fact that, under this assumption, we get for the equation (13) 
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( V| tj I 9**o''''9ii.k).i = 0. 

Multiplying this by —ga and integrating o\'er a three-dimensional region \vc 
find, beeause of = —1, 

j VlTl 9**9''‘9ii.i9**.i. ^ V I fir I g''''944.knidf = 0. 

According to (13a), the surface integral approaches 0 as th(» surface mov(‘s to 
infinity, because^ then gu — 1, gtL — ► 5,/. . Since g^* 0, 0 ^ fl, and th(* form 

g^^jCiXk is positive definite, the vanishing of the volume integral ((wteiuh'd over 
the whole spac(') implies g^^ = const. For a three-dimensional space, howe\ er, 
the field (Kpiations R,k = 0 are (‘quivalent to th(‘ requirem(*nt that the uncon- 
tracted lliemannian curvature t(‘nsoi- vanish; hence th(\v imply that the space 
is ICuclidc'an. 

It s('(ims impossible to treat those stationary solutions of the field e(iuations 
for which the yjK fi.e. the d(^viations of the giK from the constant valiu‘s (Jjk] 
d(‘crease more l apidly than 1/r by the methods applied in this pai)(‘r, nami^ly by 
the use of integral theorems and the liiu'arizc'd field eciuations. In order to in- 
vestigate' thc'se solutions it will be iK'cessary to discuss in mc)re (h'tail the higher 
approximations or the exact fic'ld (‘(piations. 

Institctio for Advanced Stcdy 
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ON THE SUM OF TWO SETS OF INTEGERS 

By Emil Artin and Peter Scherk 
(Received January 30, 1943) 

In his beautiful papiu-: proof of the fundamental theorem on the density 

of sums of sets of positive integers’^^ Air. Alann succeeded in proving the (a, /?)- 
hypothesis and a generalization of it that had been conjectured for more than 
ten years. We found that his me^thod can be? simplified considerably and iivvn 
yields some stronger results. 

Let A, B respectively^ be sets of nonnegative integers a, h. I.et C = A + B 
be the set of all integers of the form a + h. Let -4(.r), B{x), C(x) denote the 
number of positive integers of the st?ts Air. Alann proved the following 

theorem : 

7/0 Cl A and 0 Cl B, and if C(n) < n, then 

(1) C(n) ^ A W 

n • ‘.n X 

X not in C 

It seems to us remarkable that it is possilile to prove a certain identity from 
which Air. Alann ’s inequality can be deduced as an immediate consequence. 
The theorem in question is the following: 

Theorem I. Let n cf (L Then 

(2) C{n) — C{n — m) = A{7n — 1) + B{m — 1) + 

for a suitalde tn cjl 0 < ?n ^ r, ivhere Zm denotes the number of decompositiofis 
of m of a certain type. 

Throughout the following proof, small letters always denote numbers between 
0 and 71, and capital letters stand for sets of such numbers; n is supposed to lie 
not in C. We construct now several secjuences of sets denoted by B^, ^ /?* , 
C, , and C* . 

Let Co = Co = C, Bo — Bt = B. Ivot ei be the smallest number of B* for 
which there are two numbers Ci , Ci not in Co such that 

(3) Cl + cj — R = a + Cl . 

With this Cl , we now form Ci as the set of solutions Ci , cj of (3). The corre- 
sponding numbers 

Cl + 71 ~ Cl = Cl — a, 

form the set Bi . Such a number Ci need not exist; in*tliis case, our construction 
stops at Co . Cl exists if and only if there are elements in Co that have the form 
/ + /' — 71, where /, f cf C? . The sets Cf and Bi shall be the union of Ct and 
Cl respectively of Bt and Bi . 

» Annals of Math. 43(1942), pp. 523-527. 

2 Thus, 0 is never counted. 
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IjEMma 1 . A. H\ = C!\ ^ 

Proof: The elements of Bi can be written in the form cl — a. So, .4 + ID 
Cl . Since A + = C = Co , we have A + 3 C* . So, we have to show 

that every number a + = a + (ci + n — Ci) belongs to Cf , provided it is 

less than n. In proving this, wc may assume that this number does not lie in 
Co . Calling it Ci , it turns out to be a solution of (3) and, hence, to belong to Ci . 

Lemma 2 . n Cf . 

It is sufficient to prove n cjl Ci . Suppose n = Ci in (3) then Ci = a + Ci ; 
from Cl C Bt would follow cj CI Ct . 

Lemma 3. Bi and Bt are disjoint. 

For if Cl + w — Cl = ci — a C , Cl would be of the form a + 6 C C* . 

Starting from BX and Cf , we constnict in the same way Bt , C* ^ Bz , C* , 
and so on. This is possible, because , Cf satisfy still the same conditions 
as Bq and Co , namely Lemma 1 and 2. This process stops, say, at C* . Thus, 
no number of C* has the form / +/' — w, where/,/' cjl C* . The corresponding 
numbers c shall be called 62 , cs , • • • , Ca . Thus, c„ CZ B*.^i ; n cf: cl , and an}'^ 
two sets B^ are disjoint. 

Lemma 4. The numbers e^ increase monotonicalhj 

It suffices to show that C 2 > Ci . If e^ CZ B* , this follows from the minimum 
definition of Ci . If C 2 C ^i , th(‘n C 2 = ci + {n — Ci) > Ci , on account of 
Lemma 2 . 

AVe define m ^ n as the smallest positive number not in Ct . 

Lemma 5. There are no mirnbers Ci CZ Ci with 7i — m < Ci ^ n — m + Ci . 

Proof. Let Ci CZ Ci , n — 7n < Ci . \\ e wish to show n ~ m + ci < Ci . 

This contention is equivalent to w + Ci — a > Ci . Obviously, 0 < ?/? + Ci — 
n < 771 j hence ?/? + Ci — n CZ C* , say m + Cj — n CZ C\ ; therefore, because of 

(\ CZ A “f" By \ m Cl — n ~ a by ^ by . 

If z/ > 0, then by = + (r — c„) > c„ ^ ci . If z/ = 0, we obtain 7n 4 - Ci — 

n — a + b; C] = 7n and Ci are a solution of (3) with b instead of Ci . Since Ci 

was chosen minimal, and since 771 cfl Ci , we obtain b > Ci . 

There are Ci(n) ~ Ci(r — m) numbers Ci in the interval n — m < Ci < 71 . 

According to Lemma 5, they even satisfy n — m + cj <0 or ei + 71 — Ci < m. 

These are, according to the definition of Bi , precisely the numbers of Bi below 
771. Their number is equal to Bi{ni — 1). Thus, wc obtain for any v ^ I 

( 4 ) Cy(n) — Cy(7i — in) = By(m — 1 ). 

Lemma G. All the numbers s in the interval n — 771 < s < n belong to Ct . 

They satisfy, indeed, 0 < 5 + w — n < m, so that s + m — n CZ Ct ^ If 5 
would not belong to C* , we could construct Ca+i , for m is also not in C* . 

Since n cfl cr , we obtain from Lemma 6 

(5) Ct{n) — din — m) = m — 1, 

3 The sum-sign means: Cf is tlic set of all numbers a bt , where a C A and b* C Ri . 

♦ We owe this lemma to a written communication of Professor Alfred Brauer. 
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There are m — 1 decompositions of yn into positive summands: m x y. 
Among them, there are A {in — 1) with x d A and Bt{m — 1) with y d Bt • 
Since m 4: A + Bt , these A{m — 1) + — 1) decompositions are different 

from each other. If Zm denotes the number of decompositions m = a: + i/, 
where x A and y Bt , then 

m - 1 = Aim — 1) + Bt{m — 1) + Zm • 

According to Lemma 3, the sets B^ are disjoint, hence 

h 

Bt(m - 1) = Z B^ini - 1) 

0 

and 

h 

(6) in — I = A(m — 1) + Z Bu{m — 1) + 

0 

On the other hand, the C\ are disjoint by construction. So, (5) may be 
written in the form 


h 

— 1 = Z iCp{n) — C\ (n — m))y 
0 

or using (4) for = 1, • • • , h 

h 

(7) m — 1 = C{n) — C{n — m) + Z Bp{m — 1). 

1 

By comparing the right sides of (0) and (7), we obtain (2). 

As a conseiiuence of Theorem I, we obtain 
Theorem IT. If C{n) < n, then 

(8) C{n) - C{n - 7^) ^ .4(777 - 1) + B{m - 1) 
for a suitable rn cf C v)ith 0 < m ^ n. 

Obviously, (2) implies (8) for n cf C. If (8) holds for n — 1, and if n CZ C\ 
then we choose the same m for n as for n — 1; the right term of (8) remains 
unchanged, wh(ui we replace n — 1 by n, while the left term is not decreased. 

If 0 C A, 0 c: B, then m cf B and ni cf A ; for if m C A, we would have 
771 = 0 + m Cl r. So, in this case, (8) implies 

(9) C{n) - C{n - m) ^ A(m) + B{7n). 

Iterating this formula, we can obtain the following inequality 

(10) (’(n) ^ Min (no + E U{nu) + Birm))). 

no 4*2 

mi not in C 

Mr. Mann\s estimate (1) is an immediate consequence of either (9) or (10). 
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For 


n.a». Min (i /w + gw y 


X not in C 


+ Min (l/W t 

mi x-l,-...n\ X ) 


X not in C 


hence, on account of 

no + '^ nii — n, 

(11) C(n) § n- Min (l, 

X— l,***,n \ X / 

xnot in C 

Since C(n) < n by assumption, 

Min Min 

\ X / X— !,•••, n X 

X not in (' x not in C 

and (1) follows from (11). 

Another consequence of (10) is the (a, /3)-thcorem: Let 

(12) a > 0, /3 > 0, a + 13 < 1; A(x) ^ ax, 


B(x) ^ I3x for X = 1, 2, • • • , n. 

Then 

C(n) ^ (a + P)n. 

This is clear if G{n) = n. But if C{ri) < n, then (10) yields, on account of 
no ^ (a + l3)no , 

C(n) ^ Min ((a + p)no + ^ {arrii + fifUi)) 

nt{ not in C 

= Min (a + /3)(no + 2 "»*•) = (“ + i®)«- 

no + 2Jw», — n 
mi not in C 

Obviously, (12) can be replaced by the weaker assumption 

0 < 7 < 1, A(x) -f- B(x) ^ yx for x = 1, • • • , n. 

Let OCA, 0 4: Then C consists of all numbers of the form b and 6 + a, 
where a C A, 6 C 5, and both positive. For such sets, Mr. A. S. Bcsicovitch 
has proved^ If A(x) ^ a(x + 1), B(x) ^ /3x for x = 1, • • • , n, and if C{n) < n, 
then C(n) ^ (a + 


A. S. Beaicovitch: On the density of the sum of two sets of integers^ Journal London Math. 
Soc., vol. 10 (1935), pp. 246-248. Mr. Besicovitch’s method yields the stronger result: 
If A{x) ^ a(x -f 1) for X = 1, • • • , n and if C(n) < n, then C{n) ^ B{n) -f «n. 
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Since, in this case, (8) goes over into 

(7(n) — C{n — m) ^ .4(/w — 1) + J?(m), 

Mr. Besicovitch’s estimate is a consequence of Theorem II. In this case, 
Theorem II implies inequalities that are analogous to those discussed above. 

Indiana University 
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CONTRIBUTIONS TO THE THEORY OF THE DIRICHLET I-SERIES AND 
THE EPSTEIN ZETA-FUNCTIONS 


By Carl Lt^dwig Siegel 


Introduction 

Let 

‘> 0 . 

» - - I log , + are r (i + 1) - ' log ^--1 + O(r'), 

V 

(2 + 2 53 cos (p i log n) = R. 


The formula 


( 1 ) R = 0(r\ 

due to Hardy and Littlcwood\ is important in the theory of the zeta~function. 
This formula contains the main term of an asymptotic expansion of + ti) 
for / — > cc, which had been discovered already by Biemann, but was not pub- 
lished*^ before 1932. Ricmann\s formula is 


(2) R = ( 


-T'Ct)* 


(Co Cl t ^ Ckt ^ Rk 


). 



where k is an arbitrary integer ^ 0 and Co , f \ , • • • , Ck denote certain bounded 


functions of e.g. Co = cos 





cos 27 ra 


, u 



This 


has been used by Titchmarsh’\ with k = 1 and numerical bounds of Ri , for the 
calculation of the zeros of f((r + /?) in the strip 0 < ^ < 14()8; he found that all 
1041 zeros lie on the critical line <r = ^. 

Kusmin^ generalized (1) for the case of an arbitrary L-series, L(s) = 


00 

^ where x(^) denotes a proper character modulo m ^1. Tn the 

n**l 


1 G. H. Hardy and J. E. Little wood, The zeros of Riemann's zeta-f unction on the critical 
line. Math. Zeitschr. 10, pp. 283-317 (1921). 

2 C. L. Siegel, Ober Riemanns Nachlass zur analyiischen Zahlentheorie, Quell, u. Stud. z. 
Gesch. d. Math. B2, pp. 45-80 (1932). 

3 E, C. Titchmarsh, The zeros of the Riemann zeta-f unction ^ Proc. Uoy. Soo. London A 
151, pp. 234-255 (1935), and 157, pp. 261-263 (1936). 

* R. O. Kusmin, Sur les ztros de lafonction f (s) de Riemann^ C. R. Acad. Sci. URSS (N.S.) 
2, pp. 398-400 (1934) (Russian. French summary.); R. O. Kusmin, Zur Theorie der 
Dirichletschen Reihen L(s), Bull. Acad. Sci. URSS (7), pp. 1471-1491 (1934) (Russian. 
German summary). 
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present paper, I prove the analogue of (2) for L(s); the result (Theorem 6) is 
of the same form as (2) and contains, of course, (2) as the special case m = 1. 
My proof is somewhat simpler than my former proof of (2). It starts from a 
representation of L{s) as the sum of two particular integrals (Theorem 4), 
obtained in a different way by Kusmin; the corresponding theorem for f(s), 
discovered by Riemanii, was published in my edition of Ricmann\s ^manuscripts 
on analytical number-theory. Using a simplification of my former method, 
remarked by Kusmin, I prove then the following two theorems: 

Let A(ti , (2) denote the number of different zeros of odd order of L(s) in the 
interval < / < ^2 on the critical line s = ^ + ti. If ti is a function of t satis- 
fying the condition log t = o(t — ^), then 

(3) lim inf Aitu t)/(t — <i) ^ 7, 

<-•00 

where 7 = m ! ireipirti) and ip{m) is Euler’s function. 

Let B{ix , /> , e) denote the number of zeros of L(s) in the rectangle h < t < (2 , 
i — € < cr < J + €. If /Mog / = o(^ — ti) and € = o(log log t/\og t), then 

(4) lim inf B{ti, t, e)/(t — ti)t" ^ \y. 


Hardy and Littlewood proved that (3) holds in the case of f (s) with a positive 
constant 7, provided = (){t — h) with constant X > ^; however, they did not 
determine an explicit value of 7. The value 7 = m/Teip{m) is better than the 
values formerly obtained, in the case t\ = 0, by me for f (,s) and by Kusmin for 
an arbitrary L-function. 

The interest of (4) consists in the condition 6 = o(log log ^/log t) for the 
breadth of the rectangle. Tii the well-known theorems of. Littlewood^ and 
Carlson®, this breadth is subjected to the conditions log log ^/log t — o{^) and 


1 = 0(e). 

The second part of the f)aper is concerned with similar problems for certain 
Epstein zeta-functions, w^hereas the methods are quite different. Let Q{x) = 
Q(xi , • • • , arjt) be a positive quadratic form of k variables, @ its matrix, D its 
determinant and f (ij; 3) the Epstein zeta-function defined by the series f (s; 3) = 

Z Q{nr ■■(-I) , where n = (rzi , • • • , Uk) runs over all lattice-points in the 


fc-dimensional space with exception of the origin. 


The function 




is regular in the whole plane, and 77(5; 3) = tt^'F («)([' (5; 3) fulfills the functional 
equation 77(5; 3) = D'S Q — . Obviously f(s; S'3(S) = f(s; 3), 

for any unimodular matrix with k rows; hence f (s; 3) = f (s; 3~^), if 3 itself 


® J. E. Littlewood, On the zeros of the Riemann zeta-function^ Proc. Cambridge Philos. 
Soc. 22, pp. 295-318 (1925). 

® F. Carlson, Vher die Nullstellen der DirichleC schen Reihen und der Riemann* schen 
^-Funktion, Ark. Mat. Astr. Fys. no. 20, 28 pp. (1921). 
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is imimoclular. Tlie functional equation shows, in this case, that rj(s; 3) is 
k 

real on the line o- = - , which corresponds to th(‘ critical line a — ^ for the zeta- 
4 

function. This holds in particular for 3 = , tht» unit matrix of k rows; put 

(Sfc) = u{s). The formula 2{'(2.s*) suggests that the distribution of 

the zeros of might be analogous to that of itself. Generalizing Hardy's 
first proof of the existence of an infinite number of zeros of f + ti), Landau^ 

obtained the same result for all notice that, in th(' 

special cases k = 4, 8, his theor(‘ni is an immediate (‘oiisequence of the formulae 

(5) Us) = 8(1 - - 1), Us) = 10(1 - 2^-^ + 2^-^0fCs‘)rC5 - 3) 

following from Jacobi's theorems on the number of decompositions of an integer 
into 4 and 8 squares; obviously ^i(s)j Us) have on the critical line ~ ^ exactly 

the zeros s = 1 ± 4^*^ (^ = 1, 2, •••),« = 2 + {2lir =fc are tg\/ 15) (I = 

0, db. 1, • • •)• other values of k, howevei*, there is no such obvious reason 

for the existence of the z(‘ros. \ly results depend upon two thc^on'ins con- 
cerning the Epst(4]i zeta-f unction foi* arbitrary int(*gral S: 

If 3 and 3i belong to the same' genus, then 

(6) f(s; S) - Si) = loK t o(l + 


Let 3i , • • • , 2/i be representatives of the diffi'rent class(‘s of the genus of 
let LX3) be the number of units of 3 and 


z«i E{^i) / h(iCi) 


define 



k 

= 


E 

n (mod b) 


TTt - Q (n) 

e >> 




wher(» a, h are coprime positive integers and ahQ{x) is an (*v(*n quadratic form; 
then 



^ E. Landau, Vher die Ilardysche Entdeckung vnendlich vielcr Nnllstellen der Zetafunktion 
mit reellem Teil i, Math. Ann. 76, pp. 212-243 (1915). 
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The proofs of these two theorems use the theory of modular forms and the 
analytic theory of quadratic forms. The formulae (6), (7) contain an analogue 
of (1); it is easy to deduce the following statements: 

Let A{ti) denote the number of different zeros of odd order of f(s; ®) in the 

interval 0 < / < on the line s = - + ti. If 0 belongs to the genus of , then 

4 

(8) ^(0 > -log2 + 0(1) (A: >8). 

IT 

Let B(fi) denote the numb(‘r of zeros of 0) in the rectangle 0 < t < h ^ 
— Tf0 belongs to the genus of S/t , then 

A 


(9) 


Bit) = A log 2 + 0(1) 

IT 


(k ^ 12 ). 


Obviously, (8) and (9) correspond to (3) and (4). The consequences are 
much more precise; it follows immediately, for A: ^ 12, that the zeros of 0) 
k k 

in the stri[) 2 ^ <7 ^ ^ — 2 are simple and lie on o- = ~ , with at most a finite 


number of exceptions. In the cases k = 4, 8, the zeros of f (.s*; 0) on <r = - are 

4 


completely known, by (5); it is possible to discuss also the remaining cas(^s for 
3 < k < 12, but this requires some numerical computations and we omit it. 
For the function ^3(5), however, our method does not lead to any result. 

Since the number N(ti) of all zeros in the strip 0 < / < /i satisfies N(t) = 


-- log /’+ 0(/), it follows that most of the zeros of f (s; 0) do not. lie in the neigh- 
borhood of <t = ^ , if 0 belongs to the genus of Qk and k ^ 12. 


Part I: Dirichlet L-series 

1. Asymptotic expansion 

Let (Ti , <72 be given real numbers, <7i < <72 , and s = <7 + ti a complex variable 
in the half-strip (7i ^ (7 ^ (72 , / ^ 2. If P, Q 0 are functions of s and some 
parameters p, a, n, • • • , then the formula F = (){Q) means that F/Q is bounded 
in the half-strip, uniformly with respect to the set of values of all parameters 
p, u, • • • except n. The symbols denote real and imaginary part of 

a complex number c, and c is the conjugate complex number. We define 

~ (1 + 0(r^)), 

/- — 14-2 -*.* 

\/< > 0, 6 = 6^== — , g{z) = z • 
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with the principal value of 2 “* = e”* moreover ii is a real variable, p is a 
positive parameter satisfying the condition p = r + 0(l) and Ci , • • • , c?i are 
certain appropriate positive constants. 

Lemma 1 : 

0(P + eu)/g(T) = 

Proof: Let r~\cu + P’- t) = v = |t;| — tt ^ a < tt; then 

(10) V = r'(*M + 0(1))(1 + 0(r‘)), 


whence a = arg v = — ^ ^ sign u + 0(u + 0(t ^), cos a > — f > C 2 ; 

4 id 

t > Cz) and (rvf — in + (| ?/ | + 1) 0(1); moreover 




(< > Cs). 


X = — log (1 + y) = f ^ “1“ wdw, 

where the integration is performed over the segment w = 0 ^ r ^ | r | . 

Hy (11), M = ^^’“0(1); on the other hand ^ (i + 0 “ > ce (0 ^ r). 


' ^ ^ io + 2r cos a + 1 


(1 + r) V(/r ^ |c6 I r 


(u > C 2 ; t > Cz). 


Therefore 


= -SlrV I i’ 1 “m! = u~ \ v\ + (I I + 1)1 y I “/xO(l) 


^ -h 0(1 I + 1) > CiW“ 


(u > Cl ; t > cz) 


(13) 3{ = 0(1) (ir ^ Cl), 

Since g(p + 01 ) = 9 f(r)(l + the assertion follows from (11), (12), (13). 

Consider now v as an independent comple.x variable and define 

(14) h = h(v) = V — iv' — log (1 + v) 
with the principal value of log (1 + v)f 

(15) lA(y) = (1 + vr^e"’\ 

The function ^(v) is regular in the circle 1 | < 1, let 


^(v) = EAnV" 


(1 H < 1) 
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l)e its power series and 


Sn(v) - E 7?„(d) = ^(v) - .S„(v) (n = 0, 1, • • •)• 

A— 0 

T.emma 2: Let u he real and v = r“^(cw + p — r); the7i 

Nn(v) = (I « I + 1)“0(H) (i/ ^ c/), S,(v) = 0(m") (?/ ^ c/). 

Proof: By (14), the function v~^h(v) is regular in the circle | y | < 1 and con- 
secpiently bounded for | ?; | ^ hence T^h(v) — 0(1), \p(v) = 0(1) (| y | ^ 
Applying the formula 


If p.) ^/IHV P 

2« Jl,|-p2"(z — 1)) \p/p — |y|ui-p 


= 2 < *, I w I < §p, we obtain 


(1 v I < p < 1) 


(I H < for'). 


1 ftn(r) I = 
with p 

(16) Kn(v) = v-oQ) 

G n4-1 »»\ 

r I ^ ^ (I y I < c4 ^), whence 

.4„ = oOO, 

(17) 5„();) = o(l + 

By (10), the condition | | < co/' ^ is satisfied for v = t~^{€U + p — t), whenever 

^ The assertion follows from (10), (10), (17). 

Lemma 3: The coefficients An ~ An(r)(n = 0, 1, • • • ) of the power series 

\f/(v) aYe polynomials in t' of degree ^ satisfying the recursion formula nAn + 

{n — i)An-i + IT* An -5 = 0 (/^ = 1, 2, • • • ) with Ao = 1, A-i = A_o = 0. 
Proof: The function ^ = ^(i) fulfills th(‘ differential equation 


d log \(/ 
dv 


11 , . 2 1 \ 
“-21-+-. + " V'-"-r+.)> 


whence 


(1 + lO + (i + zV%^)^ = 0, 

nAn + {n — l)An-„i + JAn-i + iAln-a = 0 (n = 1 , 2 , • * •)) moreover Ao = 
^(0) = 1 ; q.e.d. 

Let/(u) be an integrable* function of the leal variable u and 

(18) |/(m)| < Cioe'""', Cl, < Cl, Cii < 1. 

Setting €U + p = 2 , we define 

F(s) = f g{z)f{u) du, B„ = c ‘“-''’(2 - r)7(M) du (n = 0, 1, • • •). 

J— 00 J— 00 
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Lemma 4: 

Fis)/g{r) = Z r-* + o(r”0 (n = 0, 1, • • • )• 

ib—O 

Proof: Introducing again v == + p — r) = — r), we have, by 

(14), {\b),g{z)/g{T) — We use the decomposition 

ns)/g(r)^ r" Sn(v)m du - f Sn(v)m dll 

J— 00 

+ r dM + f !7(a)/(M) d«/ff(r) 

J—a I u| 

with a* = Cg/* and obtain, by (18) and Lemmata 1 , 2 , 

F(s)/g(T) - Z = f e-“^'‘"0(u") du 

k^O Ja 

+ f + l)"o(rO du+ f 0(6“'’““’) du 

Jo Ja 

= 0(e-^‘“*) + o(r») + 0(e •'•“*) = o(r 0 ; 

q.e.d. 

« n — 1 

We write P — ^ QnT~'' as an abbreviation for the formula P — Qk'i’~^ = 

n — 0 A-O 

0(r'’”)(77 = 0, 1, • • • )• It is easily seen that the relation P == Q has the 
following simple properties: If P ~ Q and P* — Q*, then P + P* = Q + Q* 
and PP* = QQ*y whore Q + Q* and (?Q* arc sum and product of the formal 
l)owcr series Q, Q*; if P ~ Q, then P~^ = Q“\ whenever the first coefficient 
Qo of Q satisfies the condition Qq^ = 0(1). 

Theorem 1 : 

F(s)/g(T)=f:T,r-\ 

il-0 

where 

3fc -+0O 

r* = z 7«^''’(r), Hy) = / e*'— '”/(«) dw 

<-i0 J-OO 

icf/Zi numerical coefficients yki ; in 'particular 700 = 1 . 

Proof: Since 

e-“'’4>(r + y) = du, 

J—OO 

we find 

(19) B* - - r)V(M) d« = (-2i)-*{Bj c-'’#(r + y) , 

J—ao 
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a homogeneous linear function of the derivatives = 0, • • * , A:) with 

numerical coefficients; moreover z — t = eu + 0(1) and consequently = 

0(1) (/i = 0, 1, • * )• the other hand, by Lemma 3, the expression AkT~^ 
is a polynomial in of degree ^ k which does not contain the powers r~*' for 

0 g p < ^ . Therefore AkBkT~'‘ = 2 T* r“*, where F? is a homogeneous 

O fc-0 ifc-0 

linear function of ^^^^(r) (Z = 0, • • • , 3A*) Avith constant coefficients and inde- 

3A* 

pendent of n for k < n. Writing F* = Fjt = X) (fc = 0, • • • , n — 1) 

/-o 

3n-l 

and applving Lemma 4 with 3/? instead of n, we obtain F{s)/g{T) = ^ AkBkr^^ 

it-O 

n-l 

+ 0(t"") = Z r,T“" + 0(r-”) (a = 0, 1, • • • ), where Fo = Hr); q.e.d. 


2. Properties of the coefficients 

In order to get simple recursion formulae for the coefficients yn , we introduce 
the formal power series 


( 20 ) 


di = di(T) = Z ykiT-^ 

. ^ i 


(I = 0, 1, •••), 


T being an indeterminate, and define d_i = r /_2 = 0. 

Lemma 5: 

+ nTdn + idn-, = 0 (a = 1, 2, • • • ). 

Proof: By (19), 

E d„4.<"\T) = E r* p-* = E AkiT)Bk T"* 

n-0 A-0 A-0 

= Z Ak{T)(-2iTy '‘\Dlc~‘’'Mr + i/)Uo, 

fc -0 

whence 

(21) d„ = E AkiT)i-2iTr'‘ (^){D*-'*e-‘''’},.„. 

A-n \^/ 

QQ 

We write Ak{T){ — 2i7y^k\ = 6\., = 6^, with another indeterminate y; 

A-O 

ao 

then the coefficients hn of the formal T>aurent series’ L = ^ hn'if 

n— — 00 

are formal power series in 7’“\ and by (21), 


( 22 ) 


d„ = K/n\ 


(n = 0, 1, ••• ). 


Using I^emma 3, we obtain the recursion formula rG„+i 



+ 
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Gn -2 = 0 (n = 0, 1, • • Oj hence G satisfies formally the differential 

8 

equation 

T(G - ]) - * ( g ' - ^ g) + g(r'G)" = 0. 

Setting G = we find (T + \y)L + i( 2 /~^L)" = 

(23) TK + ^ /i„_, = 0 (n = 1 , 2, • • • )• 


The assertion follows from (22), (23). 
Let 



Lemma 6: 


Of/S = do(T), a: ^ = 1 + T \ 

(/o(t) 

Proof: Tn the special casc/(?/) = l,M’cget 

F{s) = Fo( 6) = ff(x) rfM = 7r2^* 

'!’(?/) = ^>o(2/) = f = Vtt; 

J— 00 

consequently, by Theorem 1 and (20), 

Po{s)/g(T) = (/o(t)$o(t) = v/tt do(r). 

For /(it) = tit, we obtain in the same manner 

F(s) = F,{s) = g{z)(z - p) du = Fo(s - 1) - pFo(s), 

J— 00 

4>(j/) = 4>i(t/) = f e“' "'*(2 — p) dw = ( 2 / — p) f du = V'tt (ij — p); 

J—ao J—oo 

Fi(s)/(/(t) == do(T)4'i(T) + di(T)^>((r) = Vjt {(r — p) do(T) + di(T)}. 


Therefore 


Fo(s) ^ ^ ^ do(r) ’ 


-1 ^(s ~ 1) _ 1 1 <fi(^) -t , 
Fo(s) do(r) 
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on the other hand 


Fo(s - i)/Fo(s) = 2^ 4‘r^^yr(0 


= T2*e" (‘ »■) /(I + e”*)r r (^-^) 

= rar^/(l + e'**) = Ta'^(l + O(c“"^0). 
This proves a~^ = 1 + r“^ di(T)/do(r). Moreover 

TT ^/^o(s)/9^(t) = t^2 2 *r*c j 

whence ajS = do(r); q.e.d. 

The coefficients , hn of the power series 


osa; S(2n)!^ ^ 2 )’ 


cosx n^o(2n)l \ 2/* sinx t^o (2nl) 

may be calculated from the recursion formulae 

with ao = to = 1 . 

Lemma 7: 


= Z (I ^ l< ’r) 


(w = 1,2, • • • ) 


1 00 I QO ¥ 

'V' /O 2N-2n ^ V' /O 2>,l-2» 

® = 8 S n(2.-- 1 ) ) • 


Piioof: Let5R{{} ^ j, f Jithcn 
rflogr«) _ r /e-“ e-«“ 


+r -ri-;-.) 

= log (f - i) - (4f - 1)“‘ + j[“ (l + dw 


logr(^) = (f-^)log(^-i)- (^-i) 


+ 1 f «<-«>» (. 1 . + .1 _ u--‘ - l) ^ + c 

Jo \chu shw / u 

with constant c. On account of the formula r(f)r'(f + 2 ) — x/^r 

the passage to the limit ^—^co gives the value c = ^ log 27r. Applying Cauchy^s 

theorem, we obtain 

'■ ( 1 ) - (i - i) - (1 - 0 + 
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dx 




where the poles — (A: = 1 , 2, • • • ) integrand on the positive real axis 

are avoided by small half-eircles to the left; hence 


loer(*)-''2'log(“-;) 


+ 6 - '.) - ; s {5 (2.V 

and the assertion follows from the definition of co, 0 in (24). 

Theorem 2; 

00 3A: 

(25) e'“/«’(s)/!/(r) = E G,r-\ G, = E £/*<■*>•'’ (r), 


where the coefficients (j^ i arc rational mmibers com puted from the recursion formulae 

(26) 5_2 = 5 . 1 = 0, 5o = fi"”', 6i = (6o ‘ - «o)7’, 

2T 1 

(27) 5„ 6„_, - , . ^ ^ 5„_4 (« = 2, 3, • • •), 

n Jni.n — 1) 


<^iT) = lT, (27’=)--", 

n= 1 R 




= 2 f7A:n T 


(n = 0, 1, •••). 


Proof: DefiningB(70 = I E .on = 0, 1, • • •), 

n-i — J; 

we infer from Lcmimata 5, G, 7 that 


5o = 6o^ = 1 + p T-\ 

n{n + 1) 


+ nT8n + l^n-i = 0 (r — 1 , 2 , * * *), 


i.e. (2G), (27), (28). Formulae' (25), (29) follow from Theorem 1, (20), Lemma 
7. By (2G), (27), (28), (29), all coefficients gki arc rational numbers. 

AVe find in particular 

Go = 4>(r), Cu = - 4>”’(r), (?* = 1 ^><=’(r) + A 
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Gi = — #(r) + — H y— 

* 2 * ^ ^ 2“.3 ^ 2 “. 3*.5 ^ ^ 2 “ . 3 ® 


We shall use the symbol to designate the asymptotic series X) 


-A 


3. Calculation of some integrals 

By the sign Z •/ / + 1 we mean that the integration extends over a line x = 

T1 

€U + a, where a is a given real number in the interval Z<a<Z+l,c = e^ 
and u runs through real values from + oo to — oo . I,et ^ be a positive integer 
and f a complex parameter. 

Lemma 8: 

with constant «i , • • • , . 

Pkoof: We denote the integral by J and apply Cauchy's theorem; then 

J - e«”^ = lf ctg irxdz 

2z Jo 1 

2t J-ii^o 

= |j + 1 - 1) ctg TTX rfxj. 

Sincp 

1 - 1) ctg TTX = ^0 = /3, = J, = 1 (0 < < 3) 

Zl ^-0 


-) 


and 


2i 





JfcZ 

■—ri blkwi^ i 

e 0, 


where 



(30) 

J 

e V < 


-1^0 

is independent 

of we get 

(31) 


(i 

with 



(32) 


rj = e' 


e’""* dx 






c""" dx 


ki 


■.?)• 
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On the other hand, 

(33) X Pk — 7]^) == ao + ak^ 

A-o ^«=i rj — tk 


+ 2] “* tg "• f j 

k-i \ q/ 


where ao , «i , • • • , «« are (‘(^rtain eonstants and 6 ^ = C'hoosing 7} — 0 

and ?; = oc , w(‘ find 2ao = (3* — 0* = (t3,j — 0o) b = 0, and the assertion follows 
from (31), (33). 

J.EMMA 9: 


q A- 2 A n IT I / n 2 \ 1 


\n TTi /»2 V 

'/ = (-; 4 \ </ / 


(n — 7 even). 


Pkoof: Tak(^ f ^ and apply (31), (32); then 
Zq 

/ n \ «/ A- 2 An n 2 

7} = e ^ = 1 , h ^ '/ = — e , 

k=l 

and th(' assertion follows from (30). 

W(' introduce a proper character- x(r) modulo ?n ^ 1 and define 


Theorem 3: 


C = Cix) = E x(/0«" 


J j : ^ 

Joi/l I — c „-i 


C'c “''ird). 


Proof: Apjd}^ L(*mma 8 with q = 4/n, replace .r, ^ by ‘^- 7 ^ - , multiply 

n 2 

by 27r?x(^)^’ and sum over fi from 1 to 2m; then 


r .!Li{i _{)2 2Tri ^ \ - Ti— -h — (j-n)* 

/ c “ Wix) dx = -- E x(n)e ■" 

I — e n-l 


+ 27ri E xin)e E «* tg ; 


(i-«+ ■) 


with constant Xi , • • • , X 4 m . Performing the passage to the limit f 2 ’ 
find Xt = 0 (fc odd) and 


Xjj = - e'‘ "• E x(«)c 


(Z = 1 , • • •, 2 m). 
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Since 

m In 

<36) E x(n)e~“"' - = Cx(0, 

n««l 

the assertion follows from (34), (35). 

We set 

A:2 w /2 HI 

7 A: = 0 (A* — ?n odd), 7 a = ~~ c""* ^ even). 

o??i- z==i 

Lemma 10: 

rt I 

Cjk = —c 4 m"yk (A: = 1, • • * , 8m). 

Proof; The assertion is tri\ ial if k — m is odd. In the other case, by Lemma 
y and (30), 

8???f(7e''* '^”'7/, = X 

i.n=l 

w n 2 An yw / 2 ^ / 

n=»l ^“1 

= — 7it c V ; 


q.e.d. 

Lemma 11 : If Z fs divisible by viy then 
“ ; f W{x)dx 

2Tn J It/ I 


(~iy 

I - (-l)”e-4^*« 


if E, x(n)e " •«+ m S 74 ctg 


2m V 1/ 


Proof: Apply Lemma 8 with q = 8ar, replace j:, ^ by 

T ■ 

multiply by x(^0e ”* and sum over n from 1 to 2m; then 


x — n f — n — I 


2m 


2v.i 




1 


1 r — 

- . / e 

27ri Jot/i 

2 m . n* 8 m / i \ 

(37) + Z x(«)c-- E «. t* i («-»-<+ j) 


.({-/)2 


- (-W-. S 


. n* 4 rt n 8 m 

+ S 7 * ctg 

A -1 2 m 


-6--) 
5m 4/ 


with constant 7 * , • • • , ytm . Performing the passage to the limit f ^ , we 
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find yk = 0 (A: •— in odd) and 

2iri^k m . nk 

(38) 7* = TT- e“V'‘ / ^ x(w)e’'‘ "• = (— l)'7t (* — w even). 

om n-l 

Since ir(j: + 0 = (- 1 )'ir(.0, the assertion follows from (37), (38). 

4. Generalization of Riemann’s formulae 

It is well-known that has tlu^ absolute valut' 7n\ We dt'fine 

a = ^ “ x(-l) ^ X(.s) = ‘ . f e^"\-‘W{x)dx, 

^(S) = p r + “) X(s), L(,s) = i: x{n)n-‘ (a > 1). 


Theorem 4: 


Proof: 

“'oo >« — 1 W 


, (^y-r W + ^ir 


s). 


»oo w Ivtn /*t *00 00 J jT j n 

/ 1 _ z,-2t.£ ^ x(n)e” ^ x(«)c'' ^ 

i* IF (a:) (/x^ 

^ (^) lo^i ^ 

consecUK'iitly, by Th(*orcni 3 and the formula 1P( — .r) = — x(— l)lPCr), 


c" r(.s-) { L(.s) - X(.s) ) = 2 ^ . j[‘ e- “ 


c I r 

( — De’^''* 2n Jo 


1 + x(-l)c 


e- :: ^ ; 

'OM 1 + x(-” l)e’"** 


moreover 

2’cT- r(^ + ")/ r(s) = :r“‘z“(i + x(-i)Or(--~^-“), 

and the assertion follows. 

Set 
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1 w n* 2iri/ l \* 

^(y) = ^ ^ 


+ (-l)‘£7*ctK^(, + / + ^-|). 


Theorem 5: 

xW= ZxW^r- + 


^ I J T2_tB / 27r\^ 


Proof: Putting = ^> /> = (^ + \ ^ = c?/ + p, .r = and /(w) = 

— TPQ + cba), we infer from Cauchy’s theorem that 
27ri 

x(«) - E x(«)h"' = • f e'" *'• W'’C»0 <).v = (-1)' 5- r“ !?(0 )/(r) rf«. 

n-1 ^Tr?. Jiy:'i+1 J-oo 


m 

n/i * ^ ^ 


V*Q, Q = «(-*•). 


Rv I.emma 11 


f 


(- 1 )' 


/,. 


V(m) ^ o ' / e'-”' ir(a;) dx 

iTTi 


J y vfnie"’” ™+— 


1 - r^l 

+ (-l)'g7.cl|!2^,(t;/-‘)-4'C./), 

and the assertion follows from Theorem 2. 

We define x(«) = c’*"! if Jind m are eoprime, pc •* — e'*, 


'i'(v) = 


(-1)' 


. „ / , mN n-l 

sm2xl t; 'T~ 


• /2x / . w + I ^*1 I A 

2^ siii< — (tjH —n) — X |-a„ + 5>, 

[m\ 2 / m J 




Theorem G: 

L(s) = 2 53 n”* cos + ofn — log n) + f — r' ^ 72, 72 — ^(^)- 

n-l \^/ 

(n,m)— 1 

Proof: By (24), 

i 

(39) c* 




where c = 1 for a = 0 and c = tg* ^ for a = 1 and consequently c = i’ + 

It 
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0(e "). The functions 


= i9(s) and p(fi) = p 




2 


satisfy I? (s) = — t>(l — s) arid p(s) = p{l — s). It follows from Theorems 4, 5 
and (39) that 

e*'’L(s) = e'^(s) + c“"x(l - s) 

= 2 S n~* cos («> + «„ — / log n) + ( — ) t~^R, 

n-»l \ 'ffl / 


R ~ (—iy^(y) = pe® ‘I>(2/) + p ‘e 

B}" Lemma 10 , 


pe^ jk + p e ^ = pe^ 


= pe * ( 7 * + e * Cm == 0; 


Hy) = 


sin 27r 


L“i)' V 

/ I 

r l >; + 1 (n.»n)- 


sin (^ + J — nf — TT ^ + 2 x 7 ? + tt + 5 > = ^(t/); 

[771 m 2 J 

q.c.d. 

For our further purposes we need Theorem 4 and the main term in Theorem 
5, namely the formula 

(40) X(s) = g x(n)rr‘ + o(r^), r = 

obviously 

(41) log X(s) = log (L(s) + 0(r‘)) = Z 1 x(p‘)p"‘' + 0(r‘) W = 3), 

k,p K 

p running over all prime numbers and k over all positive integers. Moreover, 
by Lemma 7 and (39), 


<1^ log ^’■4 + 0(1) = ^ log + 0(1). 


2 “ 2ire 


t , mt 


2 ® 27re 


e" 1 = ^(1 + 0(r‘)) = o(<^ 0- 


6. The zeros of L{s) on and near the critical line 

Lemma 12: Lei h{s) be a regular analytic functioii on a segment C and 8 the 
variation of arg his) on C, where the zeros of his) on C are avoided by small half- 
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circles to the left; let N be the number of different points on C, where the real part of 
h{s) changes its sign; then 

(44) iV ^ - 1. 

TT 

Proof: Assume first that h(s) 9 ^ 0 on (\ then arg h{s) is continuous on (' and 
runs over an interval of length ^ \ 8 \. The number of odd multiples of ^ in 

I 5 I ^ 5 I 5 

the interior of this interval is ^ — 1 ; hence :v ^ “ 1 ^ — 1 . 

TT TT TT 

Let now .s = Suif — 1, •••,«) zeros of h(s) on C, e\'ery zero written 

with its multiplicity; let a be the angle between T and the real axis, a = then 

hi{s) = It (.s) TL( ^ regular and 3 ?^ 0 on ( 9 f } fi (.s) } = 9i j hi(s ) } U 

k^i \s — Sk/ \ a 

Denoting by 81 the variation of arg //i(.s‘) on C\ we have 81 = 8 + irn and 
therefore, if the real part of hi{s) changes its sign exactlv tinu'S, A'l ^ — 1 = 

7I» 

- + — 1. On the other hand, A^ ^ A\ — n, and (44) follows. 

TT 

We define lS(s) = e'^Cs) = p + "^X(.s): 

by Theorem 4, 

(46) ie‘^L(s) = (<r = i). 

Lemma 13: Let 8 (t), 8 i(t) be the variations of arg /^(s), arg \{s) on the segtncnl 
s = a + ti, the real part a running increasingly or decreasingly over a given interval 
0-3 ^ (T ^ <74 ; then 8 {t) = O(log /), 8 i{t) — O(log t). . _ 

Proof: Consider the function 7 ( 2 ) = h\(z) + \ \{2ti + z) in the circle 

I 2 — 20 i ^ 2r, 2 o = 2 + /z, r = 2 + I (73 I + i 0-4 1- By (40), 

1 7 ( 3 ) I < Z , + o{r^) = o(r‘), 

n<cjfiM 

7 ( 20 ) = 9?{X(3o)! > 2 — f( 2 ) + 0 (r*) > Ci 7 {t > Cli). 

On account of Jensen^s theorem, the number of zeros of 7 ( 2 ) in the circle 
\z — Zq \ ^ r is therefore 0(log t). This circle contains the segment z =■ <t ti, 

cr 3 ^ <T ^ or 4 y and 7(<7 + ti) = 9 i{X (<7 + ti)} ; consequently the number of zeros 

of 9i{X(flr + ti)] on the segment is O(log t). By I.emma 12, the variation 
8 i{t) of arg \{s) is O(log t). T^y (42), the variation 50(0 of arg e'^ = is 

0(1). Since 5(0 = 5i(0 + ^ 2 ( 0 , the assertion follows. 

We denote by A(/i , fe) the number of zeros of odd order of the function 
L{\ + ui) in the interval h < u < U , where 0 < b < ^2 . 

Lemma 14: Let aa be any number in the interval ai ^ a < \)then 

7 r(i — (j-o)A(<i , 0 > — log 1 / 3 (< 7 o + ui) I du + 0 (log 0 * 
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Proof: Assume that a funetion h(s) is regular in the leetangle ai ^ <r ^ ( 7 ^ 2 , 
h ^ i ^ t 2 . Wo define arg h(s) on the contour by analytic continuation, be- 
ginning at the point Si = o-i + hi and running through the boundary (■ in posi- 
tive direction, where zeros of h{s) are avoided by small half-circles to the left. 
Then 

log h(s) rfs = X) (si - p), 


where p runs over all zeros of h(s) in the interior, whencf* 

log //(s) f/s| = 2,r X (9i{p} - cri) ^ 0, 


(40) 

log \ h{(Ti + ti) \dt + J urg /i(a- + hi) d<r 

^ J log 1 /i((T 2 + ii) \ dl J arg /?(o- + fii) da, 

A])plying this ineciuality with h{s) = /iCs), = o-o , a^ - I and with }l{h) = X(6‘), 
cTi = tJ, <72 = 3, we obtain, by (41) and Lemma 13, 

f log \ ^(ao + ui) I du 

(47) + [ arg f5(a + (i) da > f log | + ui) | du + 0(log /), 

[ log I HI + ^^0 I du > 0(log t), 

Jii 

Let 5 be the variation of arg ^or ti ^ u ^ t; then, by (45) and Lem- 

mata (12), (13), 

(48) arg I3{a + ti) = d + O(log t) < irAQi , t) + O(log () {ao ^ a ^ h); 
moreover | i3(^ + vi)\ ~ | X(i + Rt)|. This proves 

f log \ P{ao + ui) 1 du + 7r(i — a^) A(h, t) > 0(log 0; 

Jti 

q.e.d. 

Lemma 15: If (Ti ^ a < \ and log i ^ o{t — ii), then 
(39) log I Pic- + ui) 1 du < (log + 0(1)). 

Proof: Let < — <i ?= A, r = r{t) — > £ xin)n~‘ = Xo(s), then 


( 50 ) 


log 1 / 3 (<r + ui) \du ^ A log I ^(<^ + ui) \ dti) , 
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and by (40), (43), 

(51) J‘ I p{<r + ui) \du< I AO{r^). 

Suppose first t < 2ti and set 

f, (^y~* * 


Since 






r(ii) 

13 1 x(n) f 

n—1 

'71 

< 

771 , 

^r(u) 

/ + 0(1) 
/o 

m(l — 2cr) 

i^T 

we obtain 






A"-//" ^ A' 

■7‘ 

•^<1 

(sT 

1 Xo(o' + 07*) 1* du < 

m{\ - 2c) ^ 

+ 0(1)) 




+ A-‘of Z (*«)" 

ijy 


where t' = max ^ ^ = ^'(O- Moreover 


r-*©" 


dll = 


0(<''^) 


log 


and 


23 (A:n)' Vlog ^ ^ r ^ 23 (A:n) ' + 23 (kny 


n 


-<k< n 


= 0(1) 23 + 0(1 ) 23 « log n = 0(<*‘ ' log <). 


Hence 


Ji^ < /'i _L_ _L 


(1 + 0 ( 1 )) + A"‘0(^* log 0 = 


ip{m) 


mil -- 2<t) 


(1+0(1)), 


m(l — 2 ( 7 -) 

and the assertion follows from (50), (51). 

Consider now the remaining case t ^ 2ii . We set log \ / log 2 = /?, [h] + 1 

W 

= ho and apply (49) for the ho intervals Vk ^ u ^ Uk^i , Uk = ti2^o (k = 
0, • • • ,ho— 1); the assertion follows by summation over k. 

Theorem 7; Ift^ log 1 = 0(1 — ti), then lim inf A(ti , i)/(t — U) ^ mlireipim). 
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Proof: Apply Lemmata 11, 15 with ao = <j = 


1 ^ 

2 


( 


m 


) 


; then 


we>p{ni) 
' 2m ' 




(loge + 0 ( 1 ) = ^ 2 


( l . o . d . 

We denote i)y B{ti , /2 , e) tli(‘ mimlxM* of z('ros of L{s) in th(» rt'ctangle li < 
< < /2 , I - e < <T < ^ + € (c > 0, 0 < /i < LO. 

Theorem 8: If log t — oil — h) and e — o (log log ^/log t)y then 


lim inf B{ti , t, e)/{t — ti)t‘ ^ m / \Tre(p{m} . 

t — *00 

Proof: Lot B*{ti , (2 , t) he the number ot zeros of L(s) with o’ ^ | b < 
t <t2, and i)ut B(li ,<,«) = ^*(b J, t) = H*, (b , t) = A . We have 


(52) J{ ^ A 
and 

(53) B + 2B* = A log ^ ,li, + 0(log /) > 2 “^^ log 2 '^'^ + 0(log t). 
On the oth(*r liand, by (45), 


i 1^(1 + ^01 = I + ^Oli = 2 i ^(^ + ti)\y 


i>y (Pj), 


[ log I L(i + I > 27reB* + 0(log 0- 

Jii 

A])plyiiig (17), (48) and Lemma 15, we obtain 

,(! - ,).4 > 2.,B. - ^log2 - ^(l„g + „(1)), 

where (ti ^ a < i and A = t — ti. Set Aire ^ = rj and choose 


then 


2 ip (7 n ) 

i.i 




l!y (52), (53), 


2jrA B > max 


\2^(m) 


mi 


e^\l+o(l))y log”;; - r^ry 


Putting 


rjo = e log 


mt 

2 'Ke 


nuC 

2e^(m) ^ 


+ A-‘0(log <). 
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we infer that 


, int _i . , mt _] mC 


eJ' > 


= (s'J 


(I + 0(1)) = fil + 0(1)) 


whence 


q.c.cl. 


2irA~^B > 


mf 

2e(p{m) 


(1 + 0 ( 1 )); 


Part ii: Epsteix zeta-fu actions 

6. Modular forms and Dirichlet series 


(»7 ^ Vo), 
(V > Vo)f 


Let 4>(;:) be a modular form of weight g, with the multiplier system 
V = v{a, by c, d) for a subgroup A of the modular group \\ of finite index; this 
means 


(54) (C2 + d)-"^ (| J 
for all substitutions in A, and 

(55) (.^2 + d)-"^ ± = £ a„ / v" ' (3 { s ) > 0) 

for all su])stitutions in T, where the coefficients Oo , ai , • • • depend upon a, b, 
c, d and is a uniquely determined positive integer. The modular form ^(z) is 
called a cusp-form, if Oo = 0 for all modular substitutions. 

With any modular form 4>(e) we may associate a Dirichlet series S(s) in the 
following way: We consider the expansion (55) in the case of the identical 
substitution, 

00 2 IT in 

(56) ^(2) = 2 One 

n«»0 

and define 

00 

(57) <h(s)^Eann-. 

n—l 


Lemma Ki: Let ^{z) he a modular ciisp^fortn of weight.Qy and let all its multipliers 
have the absolute value 1; then ^(s) is an entire function and <^(s) = ^ log t 
0(1 + 

Proof: It is known that ak = o(a:^), hence (57) converges at least in the half- 
plane cr > - + 1. Let t > 2f a = r'(s)<i>(s) = ^(s); then 
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( 58 ) 


Jq 


dr. 


If y denotes the imaginary part of 2 , then | <l>( 2 )| is invariant under the sub- 
stitutions of A, by (54), and vanishes in the parabolic frontier-points of a funda- 
mental domain of A, by (55), whence 


|4>(2)| < CiQlJ ' 

TT 2r 

Now ^ sin 7 V > consecjiiently 

L L 


(59) 


|4>(a(r)| < Ci 9 


( 0 - 


On the other hand, by (50) and the corresponding formula (55) for the substitu- 
tion z — > —2 \ we obtain, since 3 1— a ’r M = r ^ sin ^ 

t rt 

4 irr Ax 

(60) |<l>(ar) I < C 20 C (r ^ t)y |^(D;r) ! < C 2 ir~^e (r ^ T^). 

We use (59), for ^ r ^ t, and (00). It follows that <p({i) is regular in the 
whole s-plane, by (58), and that 


a ri 0 pi 

f 0 -^ c dr J 

= o(r' + Kt~^ + log t + (') 

Since j r(s) = 0(<1 '), the assertion is proved. 


0 rt r®® ^Arr \ 

c dr + I / - J ^ ) 


f\ogtO{\ +r^^). 


7. Application of the analytic theory of quadratic forms 

Let 3 be an integral positive symmetric matrix with k rows and denote by 
a{n) the number of integral solutions j of y'3y = /?, where n is any integer. It 

^ irtrir k 

is known that/( 2 ; 3 ) = f{z) = ^ a(?i)e’^*'" is a modular form of weight - whose 

n-o 2 

multipliers are roots of unity depending upon the genus 7 of 3 ; moreover, if 
also 3i belongs to 7 , then the difference /( 2 ; 3) — f{z; 3i) is a cusp-form. The 

00 

corresponding Dirichlet series /(«) = 23 (x(n)rr’' = ^*(. 5 ; 3) are Epstein zeta- 

n-l 

functions. On account of Lemma 10, f(s; 3) — f(s; 3i) = ^Mog^o(l + 

/, whenever 3 , 3 i are in the same genus. 

Let © 1 , • • • , ©A denote representatives of all different classes of 7 and define 


Fiz-,y) = F{z) = 


■^/( 2 ;@i) / 1 

H E(®{) / h £(®«) ’ 


f'is) = Z(s; 7), 
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where £(S) denotes the number of units of 0 . Since 


we infer 
Theorem 9: 


r(s; S) = Z(s; 7) + log i 0(1 + 


The matrix 0 is called even, if a(n) = 0 for all odd integers n. Let D be the 
determinant of @ and define, for any pair of coprime integers a, b and 6 > 0, 

if ab 0 is even, and H = 0 otherwise. 


Theorem 10: 7/1 < <r <2’” 


Z(s; 7) = T 




k ( IT i 


r/fc\ I 


'KO Kt)}’ 


where a, b run over all pairs of positive coprime integers, 

xi 

Proof: Put e^ r(s)Z(s; 7) == g(s); then 


g{s) = r z^-\F{z) - 1) , 
Jo 




where the integration is extended over the positive imaginary axis z = iy. 
It is known that 


( 61 ) F{z) - 1 = /*'' E (bz - a) ^ 

where a, b run over all pairs of coprime integers with 6 > 0, and that I H 


(fc < 4) , 


Since the sum * niax 

a,b 

( 61 ) with z = iy, we obtain 




“/ is a dominant series for the expansion 


g^s) = Z H (?) r z’-\bz - a) Uz 


+ f \-\F(z) - l)dz (<^>^). 


(62) 
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for any F > 0. The last term in (62) is an entire function of s. Now 

12 [ + a^) *dy <12 f ( f + a) *dy)db 

a,b Jo a^O Jq \Jo / 

(63) “'‘® 


for O' > 1 ; therefore the infinite series in (62) converges uniformly for 1 < o-i ^ 
O’ ^ 0-2 and an 3^ fixed F > 0. This proves that (62) holds good for o- > 1. As- 
k k 

Slime 1 < O’ < - — 1 and use (63) with Y , - — o- instead of F, <t; it follows, for 

A 2 

F = 1, that 

23 [ ^dy 

a,b Jo 

a^O 


< 2f 





(6* + 1) ^db, 


and conse(iuently the series in (62) converges also uniformlj^ with respect to F. 
Performing the passage to the limit F — > oc , we obtain 


a,b 


ff(s) = e^ f z’~\bz -a) Uz 


+ " (■/) C (‘ < “ < 5 - 0 ' 


where a, h run over all })airs of positive coprime integers. Since 


e 



z* \bz — a) 



k 

+ a) ^dz = a 



the assertion follows. 

Henceforth we assume D = 1 . If A: is not divisible by 8, then there exists 
exactly one genus, the genus yk of the unit matrix . If k is divisible hy 8, then 
there exist exactl^’^ two genera, namely yk and a genus 7* of even matrices. 
Theorem 11: 


z(8; 7?) 



2"*r(s)f 



Proof: It follows from the known values of the Gaussian sums that 
; 7 *^ =1. By Theorem 10, 
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Z(s; yt) = 27r* 


g-) 




and the assertion follows from the functional ecjuation of f (s). 
Theorem 12: 


(64) Z(s; yk) = 2jr’ 


^(s) = 2* ®<cos^ (2s — k) 22 Xb(a)a ‘b * 
I 4 0,6 

&BI 1 (mod 4 ) 




+ cos ^ (2s + k) E X 6 (a)a’ 

4 «.6 i 

6^1 3 (mod 4 ) 


denoting the Legendre- Jacohi symbol. 


Proof: We have II 


{b ’ '’'O ’ 


if ab is odd, 


2'! . /(¥)■ 


xW 


{a even, b odd), 


Define 


" ( a) " ( t ) - '■ '•'* " it) ® '< " ^ ”™“>' 

ne 


( 25 -A-) /a\ . -t-(A- 2 «) 


then, by Theorem 10 and (06), 


Z(s; 7ifc) = V 


On the other hand, by (65), 

k k . /6-.l\* 




9(«) + Q 


a-’))- 


- 2-5 £ xJ(o)(<.T"-‘’ + xS(-l)eT<-“>) = 


2^(s); 


q.e.d. 
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If k is even, then (64) may be expressed in a different way, analogous to 
Theorem 11. Obviously 


A- (6-1) A 


^(s) = 2* * cos j ( 2 s - A) E (-1) ' a (k even), 

*4 a, 6 


whence 


f(.s) = 2* 2 cos V (2s - k 
4 


t)fQ - s)r(s)(i - 2"*)/.i-Q)(i - 2“^) 


(fc = 0 (mod 4)), 


^(s) = 2‘ cos I (2s - A) f Q - s) L-,(s) j (A ^ 2 (mod 4)), 

00 

with L_ 4 (s) == 2 (‘-l)'‘(2n + 1)“*. Bv (64) and the functional equations of 

n-O 

f(s), L_ 4 (s), we obtain 


Z(S; 7A;) = 


2/^2 


r(i;)fQ)(l-2"5) 

1 _ 2-* + (-l)i (2^-^* - 2-*)} f(.s)r(s + 1 - I) 


(A = 0), 


Z(s; 7 a) 


'KCmi) 

L_4(s)f(s + 1 - + (-l)V^2‘~f(s)L_4(s + 1 


(A ^ 2). 


For odd values of k, the corresponding formula is more complicated. Let d 
be a discriminant, i.e. an integer such that either d = 1 (mod 4) and d not di- 
visible by any scpiarc 5*^ 1, or d ^ 8, 12 (mod 4) and - not divisible bj" any 

4 

stpiare 9 ^ 1, and define Ld{s) = S ( - ) n~^\ then it follows from Theorem 12 and 

n-i \n/ 


the functional equation of Ld{s) that 

^■hd|)z(s;7t)/f(2s) 


- ...Sa., + ‘ - 0A'(* + §)(' - (O’"'''*) 
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+ COS T 2'''* .-.Sai) ^ ^ 1 - 0(l - (02*"')/^'.* (s + 0 

+ cos T a-o£i4> (s + 1 (« + 1) > I) > 


where the summation extends over all discriminants d. This formula is of some 
interest, because it connects the L -series with the theory of the E]pstein zeta- 
functions, but we do not need it for our further purpose and omit the detailed 
proof. 

k 

8. The zeros of f (s; ®) in the strip 1 < <7 < - — 1. 

* k 

Theorem 13: Let 3 he in the genus jk and 0 < € < - — 1 ; then the number of 

4 

zeros of f(s; 0) in the strip l + 1 — e is finite. 

A 

Proof: By Theorems 9 and 11, we have 


t{s; 0) = Z(s; ^ ^ 0\i “ + ^ / j 

= Z(s; 7?)11 + log t 0(01 (1 + * ^ ^ I - 1 - *). 

♦ A: k 

and Z(s; 7 ^) has exactly 7—2 zeros in the strip 1 ^ cr ^ — 1, namely s = 

4 Z 

3, 5, • • • , 2 ““ 

The!orem 14: Let 0 be in the genus jk and k ^ 12; then all zeros of ^(s; 0) in 
k k 

the strip 2 ^ o- ^ — 2 are simple and lie on a = , with at most a finite number 


of exceptions, and the interval 0 < u < t contains exactly - log 2 + 0(1) zeros of 

TT 


(1 + wi;®). 


Proof: By Theorems 9, 12, 

^ (I " *) 

f(s:0) = 

(67) r (I) 


^(s) + 'If 




+ log / 0(1 + < <r < ^ — 1^ , 


r(|-s) w 
f(s; ®) = f e * 
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+ p (I - s) + log <0(< ‘)| ^2 ^ ^ I - 2 ^, 


where 


rik k f k Jfc'N 

p(s)=e~2‘"M E - i’‘ E X6(a)a*"6-k 

I a,b a,b j 

bail (mod 4) 6ai3 (mod 4) 


Put e ® 2^ p(s) = 1 + /?, then 


(69) 1 + I ft I g Z a' ^ (f “ •") f ~ 2-')/f (l - 2 9 ; 


and consequently 


p(s) + P 


a-) 


2 “e « (1 + fti) 


2-*e » (1 + ft,) 


(a = 2) 


ft, I < -1 + 




1-2-9 


KIO 


- 2-9 


a-) 


f(2)(l - 2-*) 


-2-^) 


< — (1 q. 2“’) — (1 + 2~‘) = - 

- f(6)(l - 2-0) ^ ^ u f ^ ^ 


(k S 12). 


!!7(s)-(s-|) 


Let V * 3) j — 8^ = < 7 W;by (68), (70), (71), the function 

( ]\ 

s — - y log 2 is regular and bounded on <t = - ^ for sufficiently large 

values of t, and the same holds for log g{s) + s log 2 on <r = 2. Analogous to 
Lemma 13, it is easily proved, by (68), that the variation of log g{s) on the seg- 

k 

ment s = o* + is bounded, if <t runs from 2 to - — 2. Let B(t}) be the number 

A 

k 

of zeros of f ( 5 ; ®) in the rectangle 0<<<#i,2go'g- — 2; then 27rf B{ti) 

dU 

is the variation of log g(s) on the contour, whence 


Bit) = -log2 + 0(1) 

IT 


(72) 


ik ^ 12). 
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On the other hand, by the functional equation of f (s; 0), we have 




^2 




(' = !)■ 


where h(s) is regular on cr = -- and, by (67), 

4 


1-1 


^(s) = io(s) + log <0(< *) 


{k > 4). 


By (69), 


le * 2* p(s) - l| g -1 + 


< -1 + f’(2)/f(4)(l + 2-’) - 1 (4 > 8); 


hence 


log h(s) = ti log 2 + 0(1) ^ 0 - = A; > 8^ . 


Let i4(<i) denote the number of different zeros of odd order of f(s; 0) in the 

• /c 

interval 0 < ^ < on the line s = - + ti. By Lemma 12, 

4 

24(0 >- log 2 + 0(1) ik>8), 

TT 

and the assertion follows from (72). 
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ON CONTINUOUS PATH-SURFACES OF ZERO AREA 
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Introduction 

0.1. If a curve (7, in terms of Cartesian coordinates a;i , X2 , X3 , is given by 
equations of the form 

(1) X.* = Xi{t), z = 1, 2, 3, t' ^ 

then the points (ti , X 2 , Xs), obtained by means of these equations, form a certain 
point-set E. However, the length of the curve cannot be deduced from a mere 
knowledge of E. P'or example, we may assign E as a straight segment which is 
described, for suitable choice of the equations (1), several times in cither direction 
while t varies from V to Hence it is clear that the length of a path-curve, 
that is a curve determined by equations of the form (1), is determined by the 
manner in which the point-set E is described, rather than by the point-set E 
itself. The purpose of the term path-curve is precisely to call attention to this 
fact. 

0.2. Similar considerations apply to surfaces. A continuous path-surface S 
is determined, in terms of Cartesian coordinates Xi , X 2 , X 3 , by equations of the 
form 

(2) S: Xi = x,(P), z = 1, 2, 3, P e U, 

where Xi(P), ^’2(P), XsiP) are continuous functions of the point P on the surface 
U of the unit sphere. The term path-surface has been proposed by C. B. Mor- 
rey (see Morrey fl] in the Bibliography at the end of this paper). In the litera- 
ture on the area of surfaces, the range of definition of the coordinate functions 
is usually taken as a plane Jordan region, rather than the surface U of the unit 
sphere. The discussion is quite analogous in either case, but it is more con- 
venient for our present purposes to work on the unit sphere. It will be also 
convenient to use vector notation. Instead of (2), wo shall write 

(3) 1: = |(P), P e U, 

where | stands for the vector with components Xi , X 2 , X 3 . 

0.3. Suppose there exists a triangulation T of (/, comprised of (curvilinear) 
triangles Ai , A2 , • • • , Am , such that each Ay is carried, by means of (3), in a bi- 
unique way into a plane rectilinear triangle Ay in (xi , X 2 , .T3) space. In this 
case, we shall call S a polyhedral path-surface, and we shall designate by E{S) the 
area of S in the elementary sense, that is, the sum of the areas of the triangles Ay . 

0.4. It will be convenient to consider also another type of polyhedral surfaces, 
to be termed simply polyhedra, in contradistinction to the polyhedral path- 
surfaces defined in 0.3. Let again T be a triangulation of U, comprised of the 
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(curvilinear) triangles , 62 , • • * , . With each vertex V of the triangula- 

tion T let there be associated a point V' in (xi , X 2 , Xs) space. With each triangle 
5y of T we associate the rectilinear triangle sj , in (xi , X 2 , Xs) space, whose 
vertices are the three points V' which were associated with the three vertices V 
of Sj . The triangles Sj constitute then a polyhedron ^ and the sum of the areas 
of 61 , 52 , * • • , 5n is the area E(^) of The usefulness of these definitions 
will become apparent in the sequel. It should be observed that we do not 
require that the correspondence between the vertices V and V' be bi-unique. 
As a consequence, some or all of the triangles 5y may reduce to straight segments 
or even to single points. If this happens for a certain triangle 5y , then its area 
is taken as equal to zero. 

0.5. The definition of the Lebesgue area A(S) of the continuous path-surface 
(3) may now be stated in the following two forms which are easily shown to be 
equivalent. Let 

Sn : ? = UP), P e f/, 

be a sequence of polyhedral path-surfaces such that 

UP) x(P) 


uniformly on U, Then 

(4) A(S) = gr. 1. b. 11m E(Sn),^ 

where the greatest lower bound is taken with respect to all sequences Sn with 
the properties just stated. The reader interested in learning about recent 
literatpre on the Lebesgue area A(S), may consult llado [2]. 

0.6. Given a continuous path-surface S as in (3), and a polyhedron "ip, let us 
introduce a quantity d{S, 'ip ), which will in a sense measure the deviation of "ip 
from S, as follows. According to 0.4, "iP arises from a triangulation T of [/, 
comprised of certain curvilinear triangles 5i , So , • • • , 5n . For each vertex V of 
T, we have a corresponding vertex F' of On the other hand, to each vertex 
F of T there corresponds a point F by means of (3). We define d(S, as the 
maximum distance between the points F' and F for all vertices F of T, plus 
the maximum diameter of the triangles 5i , 52 , • * ' , 5n of T, We have then the 
formula, easily recognized as equivalent to (4), 

A(S) = gr. 1. b. Lini 

where the greatest lower bound is taken with respect to all sequences of poly- 
hedra such that d(S, ^n) — > 0. 

0.7. It is obvious that a continuous path-curve has zero length if and only 
if it reduces to a single point. The analogous question for continuous path- 
surfaces, to be referred to for brevity as the characterization problem, is of con- 
siderable complexity, and also of considerable importance as an apparently 
indispensable step in approaching various unsolved fundamental problems in 
the theory of the area of surfaces. The characterization problem has been 
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studied extensively by Gcocze (see Geocze) [1], [2], [3], [4]), His main contribu- 
tions are described in sections 3.16, 2.9, 2.14, 1.21, 3.5 of this paper. The recent 
work of Morrey on generalized conformal maps of surfaces (Morrey [1]) implies 
several interesting results concerning our topic. For example, the theorems in 2.8 
and 2.13 could be also deduced from the general results of Morrey. Since his work 
depends to a large extent upon conformal mapping and Lebesgue theory, it is 
interesting to observe that our mt^thods are essentially topological, except for 
some very elementary details. The principal contributions of the present paper, 
as far as new results are concerned, are contained in the main theorem in 2.12 
and in the fundamental lemma in 2.1. 

0.8. As far as the general plan of approach is concerned, the present study is 
based upon the work of Geocze (see bibliography). However, our results are 
more comprehensive, and our statements and methods are far less involved. 
We shall make extensive use of two fundamental topological conceptions which 
were not available to Gcocze: first, the conception of tfie topological index, or 
order, of a point with respect to a plane closed continuous path-curve, and second, 
the conception of a cyclic element of a Peano space. The application of the 
latter to our problem was suggested by the work of Morrey who was the first to 
apply the structure theory of Peano spaces (see Kuratowski-Whyburn [1], also 
for further references) in the theory of the area of surfaces (see Morrey [1]). 
While the topological index has been a standard tool in the theory of the area 
for many years, various useful modifications were suggested to the author l^y 
the work of Eilenberg on the topology of the plane (Eilenberg [1]). 

0.9. For the convenience of the reader, we collect here some of the most 
frequently used symbols and terms, to avoid excessive cross-references. 

Symbols. U, 0.2; E{S), 0.3; E{^), 0.4; AiS), 0.5, 0.6; diS, 0.6; 2, 1.1; 

cu, 1.20. 

Terms. Continuous path-surface, 0.2; polyhedral path-surface, 0.3; poly- 
hedron, 0.4; non-degenerate vector-function, 1.3; single-valued continuous 
argument, 1.5; condition (Arg), 1.6; indicator continuum, 1.7; indicator curve, 
1.8; associated Peano space, 1.16; dendrite, 1.19. 

In the preceding list, each item is followed by the number of the section where 
that item is explained. 

Chapter I. Preliminaries 

1.1. In the sequel, only metric spaces will be needed. We shall use 22 to 
designate a Peano space, that is a space which is compact, connected and locally 
connected. 

1.2. Let Xi(P), X 2 (P), a: 3 (P) be three continuous real-valued functions, where 
the point P varies on a Peano space 2. We shall designate by y(P) the con- 
tinuous vector-function with components Xi(P), .r 2 (P), Xi{P), and we shall write 

a:(P)= (xi(P),X2(P),X3(P)), PeS. 

1.3. The continuous vector-function %{P) is non-degenerate on 2 if it is not 
constant on any continuum containing more than one point. 
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1.4. We shall associate with the continuous vector-function f(P) three con- 
tinuous complex-valued functions as follows: 

MP) = X2iP) + ixsiP), 
h{P) = Xz{P) + ixi{P\ 

MP) = Xi{P) + iX2(P), 

1.6. Let /(P) be a continuous complex-valued function on the Peano-space 
S. Let (7 be a continuum on 2, such that /(P) 5 *^ 0 on C. If there exists on 
C a single-valued, continuous, real-valued function <p{P) such that 

f{P) = |/(P) I (cos <p{P) + 2 sin ^(P)), P 6 C, 

then <p{P) will be called a single-valued continuous argument for/(P) on C, The 
following facts are well known. 

1) If ^(P), ^(P) are two single-valued continuous arguments for/(P) on C, 
then on C the difference ^(P) — ^(P) is equal to a constant of the form 2^^, k 
an integer. 

2) If <p{P) is a single-valued continuous argument for/(P) on C, and if k is 
an integer, then ^(P) + 2kTr is also a single-valued continuous argument for 
/(P) on ( 7 . 

3) If C is an arc (topological image of the interval 0 ^ ^ ^ 1), and if/(P) 9 ^ 0 
on C, then /(P) possesses a single- valued continuous argument on C. 

1.6. Let /(P) be a complex-valued continuous function on a Peano space 2, 
and let C be a continuum on 2. We shall say that /(P) satisfies condition (Arg) 
on C, if for every choice of the complex constant f, such that /(P) f on C, 
the function /(P) — f possesses a single-valued continuous argument on C. 
Here and in the secpiel, the term complex is used to mean complex or real, as 
usual. 

1.7. Let ^:(P) be a continuous vector-function on a Peano space 2. A con- 
tinuum C on 2 will be called an indicator continuum for i{P)^ if at least one of 
the associated functions /i(P),/ 2 (P),/ 3 (P), defined in 1.4, fails to satisfy condi- 
tion (Arg) on C. 

1.8. If an indicator continuum is a simple closed curve (topological image of 
the perimeter of the unit circle), then C will be called an indicator curve for f (P). 

1.9. The definition of an indicator curve may be re-stated in the following 
equivalent form. Let C be a simple closed curve on 2. Let us assign a positive 
direction on C. The equation 


j^iCP), P,C • 

defines then a closed continuous path-curve C' in {xi , X 2 , Xs) space. Let us intro- 
duce the complex variables 

f 1 = ^2 + ix3 , f 2 = Xa + ixi , f3 = + ix 2 . 
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If we project C' orthogonally upon the f i , f 2 , {*3 planes respectively, we obtain 
three plane closed continuous path-curves Ci , C2 , C3 , which are represented 
by the equations (cf. 1.4) 

C[: fi=/i(P), P€C, 

C2: f2=/2(P), PcC, 

Ci: fs=/3(P), PeC. 

Let f i be a point of the plane f,- . Then the topological index (or order) of f? 
with respect to C, is defined as follows. If is on €[ , then the index is zero. 
If f? is not on C\ , then the continuously varying argument of the function 
/t(P) — f i changes by an amount 2n7r, n an integer, while P describes C in the 
positive sense. The integer n is then the index of with respect to C'i (if we 
reverse the positive direction on C, then the index changes merely its sign). 
The index, with respect to Ci , is thus a function defined for all points of the 
plane f,* . Let us designate it by Ait(i't). This function really depends also upon 
^(P) and C, but it is unnecessary for our purposes to use more complicated 
notations. 

Clearly then, the simple closed curve C is an indicator curve for y(P), in the 
sense of 1.8, if and onl}^ if at least one of the index-functions Mi(fi), ^2(^2), 
is not identically equal to zero. 

1.10. Lemma. On a Peano space S, let there he given a continuous complex- 
valued function f{P), Suppose there exists a single-valued continuous argument 
for f{P) on every simple closed curve on which f{P) 9^ 0. Then there also exists 
a single-valued continuous argument for f(P) on every doynain {connected, open set) 
on which f(P) 9^ 0. 

Proof. Let D be any domain on which f{P) 9 ^ 0. In D we pick a point 
Pq , and an argument (fo of the complex number /(Po). We shall keep Po and 
(po fixed. Let Pi be any point of D different from Po , and let y be any arc that 
joins Po and Pi in D. On 7 we have a single-valued continuous argument 
<p{P; 7) of /(P), such that v?(Po ; 7) = <po (cf. 1.5). Clearly, our lemma is proved 
if we can show that 


(5) <p(Pi;y') = ^(Pi;7'') 

for any two arcs 7'; 7" which join Po and Pi in D. 

To prove (5), we denote by E the set of all common points of 7' and 7". Then 
P is a closed subset of 7' which contains (at least) the points Po and Pi . We 
consider the function 


^(p) = 


^( P; y”) - <P(P ; tO 

2jr 


P « E. 


Then ipiP) is well-defined and continuous on E, and it assumes only integral 
values on E. Indeed, for every point P eE, ^(P; y") and ^(P; y') are arguments 
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of the same complex number, namely, of f(P). Hence, yp(P) is an integer. We 
have 

HPo) = 0 . 

Let us assume now, in contradiction with (5), that 

^(Pi) ^ 0 . 

Let us designate by Eq , Ei the subsets of E on which ^(P) = 0, rp(P) 0 re- 
spectively. From the properties of described above, it follows that E ^ , Ei 
are two non-vacuous closed sets on 7 ' without common points. It follows that 
we have a sub-arc yo of 7 ', bounded by two (distinct) points Qo , Qi , such that 

(6) Qo € Eo y Qi € El , P* 7 o = Qo + Qi . 

These same two points Qo , Qi arc the endpoints of a sub-arc of 7 ", and from 

( 6 ) it follows that 

(7) 7o-7o = Qo + 0i . 

Hence 70 and yo form a simple closed curve Co on which /(P) 0, since Co Cl Z>. 

By assumption, we have a single-valued continuous argument (p{P) for /(P) 
on Co . We have then (cf. 1.5) 

ip{P) — (p{P\y') = constant on 70 , 

<p{P) — <p{P; 7 ") = constant on y^. 

Hence 

^{Q^) — ^(Qo f y') = ^(Qi) — ^(Qi ; y')f 
^(Qo) - ^(Qo ; 7 ") = - ^{Qi ; 7 "). . ' 

Subtraction yields 

HQo) = HQi)^ 

This is a contradiction, since Qo c Po , Qi « Pi . 

1.11. Lemma. On a Peano space S, lei there he given a continuous complex- 
valued function f(P). Suppose there exists a single-valued continuous argument 
forf(P) on every simple closed curve on which f(P) 9 ^ 0. Then there also exists a 
single-valued continuous argument for f(P) on every continuum on which f(P) 5 ^ 0. 

Proof. Let P be any continuum on which f(P) 9 ^ 0. Since S is locally 
connected and since /(P) is continuous, there exists, for every point Q c P, a 
connected open set D{Q), containing Q, on which /(P) 9 ^ 0. Let D denote the 
sum of all the sets D{Q) which are associated in this manner with the points 
Q of P. Then D is a domain, and /(P) 9 ^ 0 on Z>. By 1.10, we have a single- 
valued continuous argument for /(P) on D and hence also on P, since P C. Z). 

1.12. Lemma. Let i{P) be a continuous vector function on a Peano space 2). 
If there exists an indicator continuum for i{P) on S, then there also exists an 
indicator curve for y(P) on 2 . 
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This lemma is a direct consequence of 1.11. 

1.13. Let y(P) be a continuous vector-function on a Peano space S. Then S 
is the sum of continua, without common points, on each of which y(P) is con- 
stant, and each of which is maximal with respect to this property. Let K 
designate the class of these continua. Then, in the terminology of R. L. Moore, 
K is an upper semi-continuous collection of continua, filling up 2. A compre- 
hensive theory of such collections is contained in Moore [1], to which the reader 
is referred for proofs of the facts listed below. Each point P of 2 is on precisely 
one continuum T eK. Let us write T{P) = T for the transformation which 
carries each point P of 2 into that continuum T eK which contains P. The 
class K can be topologizod in such a way that this transformation T{P) = F 
becomes continuous. K is then again a Peano space. For greater clarity, we 
shall use 2* to denote the space that is obtained in this manner from K, and we 
shall use P* to refer to a generic point of 2*. 

1.14. The transformation defined in 1.13, may now be written in the form 

T{P) = P*, P € 2, P* c 2*. 

T{P) is single-valued and continuous on 2. The inverse transformation r“^(P*) 
need not be single-valued on 2*, but for every point P* of 2* the inverse set 
7^-1 (p+) jy continuum, namely one of the continua T € K. The following state- 
ments arc consequences of the preceding statements (sec Moore [1]). 

a) If P* is a continuum on 2*, then is a continuum on 2. 

b) If P* is a domain (connected open set) on 2*, then is a domain 

on 2. 

c) If F* is a closed set on 2*, then the set 2* — P* has the same number of 
comf)onents as the set 2 — • T~^{F*). In fact, the components of 2 — T~\F*) 
are simply the inverse sets of the components of 2* — P*. 

1.15. By means of the transformation T{P) = P*, the continuous vector- 
function x{P) is carried into a continuous vector-function y*(P*) in the following 
sense. Given P* € 2*, lot us put 

(8) - i:*(P*) = j(P), P 6 P-^(P*). 

Since j(P) is constant on T~^{P*)y the relation (8) defines a single-valued and 
obviously continuous vector function on 2*. In a similar manner, the com- 
ponents Xi{P) of j(P), as well as the associated functions /,(P) defined in 1.4, 
are transformed by T into single-valued continuous functions on 2* which we 
shall denote by x*(P*)j ft{P*) respectively. In a general way, if g(P) is any 
continuous function on 2, such that g(P) is constant on each continuum F € K, 
then the formula 

^♦(P*) = g(Ph P € T-\P*) 

transforms g{P) into a single-valued continuous function g*(P*) on 2*. 

I.IG. We shall call 2* the associated Peano space and the functions J*(P*), 
x*(P*)yft(P*)y g*(P*) the associated functions y with respect to j:(P). 
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1.17. Lemma. Let %{P) be a continuous vector function on a Peano space S. 
L€tf*(P*) be a continuous complex-valued function on the associated Peano space 
2 *, and let C* be a continuum on 2 *, such that f*(P*) fails to satisfy condition 
(Arg) on C*. Then the function 

f(P) = f*(T(P)) 

fails to satisfy condition (Arg) on the continuum C = 

Proof. Obviously f{P) is a single-valued continuous function on 2, while 
C = T'^iC*) is a continuum by 1.14. Assume now, in contradiction to the 
lemma, that f{P) satisfies condition (Arg) on ( 7 . Let then f be any complex 
constant such that 

(9) r(^*) - f 0 on C*. 

We have then also 

f{P) ~ f 5“^ 0 on C. 

By assumption, we have therefore a single-valued continuous argument ^(P) 
for/(P) — f on C. We assert that the formula 

^*(P*) = ^(P), P , P“'(P*), P* € C*, 

defines a single-valued continuous argument for/*(P*) on C*. Clearly, we only 
have to show that 


^(P') = ^(P") 

for any two points P', P" such that 

P' € T~\P^), P" € P~'(P*), P* € C*. . 

Now T~^{P*) is a continuum T comprised in (\ such that/(P) is constant on F. 
Hence, ^(P) is defined and continuous on r"‘^(P*). Furthermore, for each 
P € T~^{P*), ip{P) is an argument of the same complex number /(P) = 
f*(T(P)) = f*(P*). Hence the set of values of «^(P) on P“^(P*) is denumerable. 
As T~^(P*) is a continuum and <p{P) is continuous on T~^{P*), it follows that 
^(P) is constant on T~\P*). Hence (p(P') = ^(P") for P', P" € 5r~^(P*), 
P* € C*. Since f was arbitrary, except for the condition (9), we reached a 
contradiction to the assumption that f*(P*) fails to satisfy condition (Arg) 
on C*, and the lemma is proved. 

1.18. Lemma. Let i{P) be a continuous vector-function on a Peano space 2. 
Let y*(P*) be the associated vector-function on the associated Peano space 2*. 
If there exists an indicator continuum for y*(P*) on 2*, then there also exists an 
indicator continuum for y(P) on 2. 

Proof. If C* is an indicator continuum for i*{P*) on 2*, then C = 
is an indicator continuum for y(P) on 2, as a direct consequence of 1.17. 

1.19. A Peano space is a dendrite if it possesses no proper cyclic element. 
The following lemma is an easy consequence of the general theorem concerning 
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the structure of a Peano space in terms of cyclic chains (see Kuratowski- Why- 
burn [1]). Hence the details of the proof will be left to the reader. 

Lemma. Suppose the Peano space S is a dendrite. Then for every 6 > 0 
there exists on 2 a finite system of points Qi , Q 2 , * * * , Qn with the following 
properties, 

1) For k == 1,2, • • • y n, the set X — Qk has precisely two components, 

2) Each component of the set X — (Qi + • • • + Q„) has a diameter less than 8, 
1.20. If g(P) is a real or complex-valued function on a Peano space 2, and E 

is any subset of 2, then o)(g(P); E) will denote the oscillation of g{P) on E, 
That is 


co(ff(P); E) = l.u.b. I g(P") - gin I , P', P"tE. 

Similarly, if y(P) is a continuous vector-function on 2, its oscillation on E is 
given by 

a,(r(P); E) = l.u.b. I y(P'0 - j(P') I , P', P" 6 P, 

where | y(P") — y(P') | designates the length of the vector j(P") — j(P')- 
1.21. The following elementary lemma, due to Gcocze, is very important both 
in his work and in ours. 

Lemma, Given a continuous path-surface as in (3), srippose that for every 
€ > 0 there exists on If a finite system of simple closed curves Ci , C 2 , • • • , Cm with 
the following properties. (0 No two of these curves intersect each other, (ii) 
On each of the regions into which U is divided hy this system of curves y the. oscillation 
of %{P) is less than c. Then ^l(iS) = 0. 

Proof. From (i) it follows that the curves C j determine on U exactly m + 1 
regions which we denote, in any order, by Pi , P 2 , * * * , Pm+i. From (ii) it 
follows that the oscillation of y(P) on each of the curves Cj is also ^ e. Let us 
now select on each one of the curves Cy a point Py , and in each one of the regions 
Rk an interior point Qk . We have then 

(10) I y(P) - j(Py) I ^ € for P € Cy , j = 1, 2, • • • , 7n, 

(11) I y(Q) - ic(Qk) I ^ € for Q eRk, = 1, 2, • • • , m + 1. 

Let us now take a triangulation T of C, such that a) the maximum diameter of 
the triangles of T is less than c, b) each one of the curves Cy is a sum of sides of 
triangles of T, and c) no triangle of T has vertices on two different curves Cy . 
Such a triangulation T obviously exists. We now proceed to define a corre- 
sponding polyhedron ^ (see 0.4) as follows. Let F be a vertex of T, We 
assign the point F' as follows. If F is an interior point of a region P* , then 
V' = Tc(Qk)- If F is on a curve Cy , then F' = j(Py). In view of (10), (11) and 
condition a), it follows that the resulting polyhedron ^ satisfies the condition 

(12) d(S, S 26. 

Further, since each triangle of T has either two vertices on the same curve Cy , 
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or else has at least two vertices interior to the same region , it follows that 
(13) - 0. 

Thus, for every c > 0, we have a polyhedron ^ satisfying (12) and (13). By 
0.6 it follows that A(>S) = 0. 

1.22. Lemma. Given a continuous 'path-surface S as in (3), suppose that 
there exists an indicator curve for i{P) on U, Then ^4 (>8) > 0. 

This lemma is well known, except for the terminology used here. See for 
example Rad6 [1]; the proof given there for Jordan surfaces applies, after obvious 
modifications, to a general continuous path-surface. In verifying the lemma, 
the term indicator curve should be used in the ecpiivalent sense described in 1 .9. 

Chapter II. The Main Results 

2.1. The fundamental lemma. Let be a Peano space, such that for every 
totally disconnected closed set A on II, the set II — A is connected. Let the con- 
tinuous vector-function i{P) he non-degenerate on H. Then there exists an indicator 
curve for |(P) on 2). 

Proof. In view of 1.12, it is sufficient to prove that there exists an indicator 
continuum for y(P) on 2. Since y(P) is non-degenerate, one of its components, 
say Xi{P), is not constant on 2. Let mi , Mi be the minimum and the maximum 
of Xi{P) on 2 respectively. We have then mi < Mi , and there exist two points 
0, 0* on 2 such that 

Xi{0) = Ml , Xi{0*) = Ml . 


Put 


k ^ , 

and consider on 2 the set 

E = E[xi{P) < f]. 

p 

That is, E consists of those points P of 2 for which Xi{P) < f. Then P is a non- 
vacuous open set, and we have 

O^E, 0*€i: - E 

where E designates the closure of E. I..et D be the component of E which con- 
tains O. Then D is a domain containing O, The frontier «‘/(D) of D is a closed 
set which separates 0 and 0*. Hence, by our assumption concerning the 
space 2, 7(D) is not totally disconnected. Hence 7(D) has some component Co 
which is a continuum not reducing to a single point. Since %(P) is non-de- 
generate by assumption, and since .Ti(P) = f on Co , at least one of X 2 (P), xz(P), 
say X 2 (P), is not constant on Co . Since Co is compact, we have therefore on Co 
two points Qo , Qo such that 

X2(Qo) = W2 , a:2(Qo ) = M 2 , 
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where m2 , M2 designate the minimum and the maximum respectively of X2(P) 
on Co . Note that 


m2 < M2 y 

since X2{P) is not constant on Co . 

Since 2 is locally connected and y(P) is continuous, we have two continua 
Ko , kq , containing Qo , Q* as interior points respectively, and so small in diameter 
that 


w(xi(P), /Co), a)(xi(P), K'o) < 

0)(X2(P), /Co), 0}(X2(P), K?) < . 

As Qo , Qo are points of the frontier ‘f(D) of D, there exist points Ao , A? such 
that 

Ao€Ko‘Dy Ao€/Co*Z). 

Let 7 be an arc that joins Ao and A* in D. As 7 is a closed subset of D and 
Xi(P) < ^ on D, we have a number (0 such that 

Xi(P) ^ fo < f for P ey. 


Let US put 


f 0 + ? , . iW2 + m2 
= + * 2 


2.2. We shall use the function (cf. 1 . 4 ) 

fsCP) = Xi(P) + tX 2 (P) 
to show presently that the set 

r = Co + /Co + /Co +7 


is an indicator continuum for ^(P) on 2. This will be achieved by establishing 
the following facts. 

a) r is a continuum. 

b) MP) - fa 5*^ 0 on T. 

c) /aCP) — fa does not possess a single-valued continuous argument on T. 

2 . 3 . Now (a) in 2.2 is obvious, since each one of the sets Co , /co , /c* , 7 is a 
continuum, and 

CoKo 7 ^ 0, Koy 7 ^ 0, 7/c3' ^ 0, kqCq 7 ^ 0. 

2 . 4 . Next we show that 


5W(/a(P) ~ fa) > 0 on Co , 


(14) 

(15) 


S(fz(P) - fa) < 0 on /CO , 
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(16) 

- f») > 0 on , 

(17) 

- f») < 0 on y. 

In these inequalities, dt and 3^ denote real part and imaginary part respectively, 
as usual. To verify these relations, observe that we have on Co 


9e(/»(p)-r») = €-^2 

On kq we have 


3(/8(P) 

- fa) - XiiP) - 


^ Xj(Qo) + “(xa(P); (to) — - 

. , Mi — trh Mi + Tth m — Mi . ^ 

J < 0. 

On K* we have 


3(/3(P) 

- f.) - a(P) - 


6 a(Q;)-»WP);. , 

. Mi — rrii Mi + nii Mi — nn . ^ 

>0. 

On 7 we have 

dUMPj - fa) = x,(P) - 


^ ^ ^ J < 0. 

2.5. Condition (b) in 2,2 is an immediate consequence of (14), (15), (16), 
(17) in 2.4. 

2.6. I-et us note the following inequalities. 

(18) 

- fs) > 0, 

(19) 

3(/3(Qo) - fa) < 0, . 

(20) 

m»(Qt) - fa) > 0, 

(21) 

3(/»(Q.*) - f») > 0, 

(18) and (20) follow directly from (14), while (19), (21) follow from (15) and (16) 
respectively. 
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2.7. Assume now that MP) — fo possesses a single-valued continuous argu- 
ment (p(P) on r, in contradiction to our assertion (c) in 2.2. By (18), (19) we 
can assume then that 

(22) -^<v>«?o)<0. 

Consider now <p{P) on the continuum Co . We assert that 

—•TT < (p(P) < TT on Co . 

Otherwise, by virtue of its continuity and in view of (22), (p(P) would have to 
assume at some point of Co one of the values —x, tt, which is however impossible 
by (14). In particular it follows that 

(23) — TT < (p(Qo) < TT, 

In view of (20), (21) it follows from (23) that 

(24) 0 <^(Qo) <~. 

Consider now <p(P) on the continuum Ko + y + k* . We assert that 
— 27r < (p(P) <0 on /fo 4" 7 “b ^0 • 

Otherwise, by virtue of its continuity and in view of (22), (p(P) would have to 
assume on ko + 7 4- /^o one of the values 0, — 2 t, which is however impossible 
by (15), (16), (17). In particular, it follows that 

(25) -2w < <p(Qt) < 0. 

Since (24) and (25) obviously contradict each other, the assertion (c) in 2.2 is 
established, and the proof of the fundamental lemma in 2.1 is complete. 

2.8. Theorem (cf. 0.7). Let S he a continuous path-surface given as in (3). 
If i{P) is non-degenerate on f/, then A (6') > 0. 

Proof. It is well known that U is not disconnected by any one of its totally 
disconnected closed subsets. Hence, by 2.1, there exists an indicator curve for 
l{P) on V , By 1.22 it follow^s that A{S) > 0. 

2.9. Theorem (of Gcocze). If the representation (3) defines a bi-unique corre- 
spondence between the points P of U and the points (xi , ^2 , X 3 ) of S, then A {S) > 0. 
Briefly: the Ijebesgue area of a simple continuous path-surface is always positive. 

This theorem is of course a special case of 2.8. 

2.10. Lemma. Let S be a continuous path-surface given as in (3). Suppose 
there exists no indicator curve for i{P) on U. Then the associated Peano space 2* 
reduces to a dendrite. 

Proof. By a well-known theorem of R. L. Moore [2], 2* is a cactoid. That 
is, either 2* is a dendrite, or else every proper cyclic element of 2* is homeo- 
morphic to the surface of the unit sphere. Consider now the associated vector- 
function defined in 1.16. By 1.12, there exists no indicator continuum 
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for |(P) on U, By 1.18, it follows that there exists no indicator continuum for 
l*(P*) on D*. Since |*(P*) is non-degenerate on 2*, and since by the theorem 
of R. L. Moore, referred to above, no proper cyclic element of 2* is disconnected 
by any one of its closed totally disconnected subsets, it follows from the funda- 
mental lemma in 2.1, applied to an hypothetical proper cyclic element of 2*, 
that 2’*' cannot have proper cyclic elements, and therefore reduces to a dendrite, 
as asserted. 

2.11. Lemma. Given a continuous path-surface S as in (3), suppose that the 
associated Pcano space 2* reduces to a dendrite. Then for every € > 0 there 
exists on U a finite system of simple closed curves Pi , C 2 , • • • , Pm with the 
following properties, (i) No two of the curves Pi , P 2 , • • * , Pm intersect each 
other, (ii) On each component of the set C7 ~ (Pi + P 2 + * * * + Pm) the 
oscillation of y(P) is less than €. 

Proof. Consider again the associated vector-function j*(P*) on 2*. By 
1.19, for every 5 > 0 we have on 2* a finite system of points Pf , P? , • • • , P* 
with the following properties, (i) For each k, the set 2* — P^ has precisely 
two components, (ii) Each component of the set 2* — (Pf + P* + • • • 4- Pn) 

has a diameter less than 3. Since j*(P*) is uniformly continuous on 2*, we can 

choose 3 so small that the oscillation of f*(P*) on each component of the set 
2* — (Pf + P 2 + • • • + Pn) is less than €. Let Pi , r 2 , • • • , Pn be the 
continua which correspond to Pf , P 2 , • • • , P* on U, Then (cf. 1.14) for 
each k the set U — Tk has precisely two components, and on each component of 
the set C/ — (Pi + • • • + Pn) the oscillation of %{P) is less than 6. By well- 
known theorems on the topology of the sphere (see for example Newman [1]), 
the proof can now be completed as follows. The set P — (Pi + • • • + Pn) 

has precisely n + 1 components, each of which is a domain (connected open set). 

Let 7>i , 1 ) 2 , • • • , Pn+i be these domains, in any order. Consider one of these 
domains Dk . There exists in Dk a sequence of Jordan regions Ri ^ j — i , 2, • • • , 
each bounded by a finite number of simple closed curves, such that (i) Rk C 
and (ii) for every point P e Dk there exists a jo such that P eRl for j > jo . For 
fixed large j, U is then the sum of 2ri + 1 Jordan regions, without common inte- 
rior points, namely of the (n + 1) regions PJ , • • , Pn , Pn+i and of n further 
doubly connected Jordan regions rj , • • , rt , each of which contains precisely 
one of the continua Pi , • • • , Pn in its interior. These latter regions rj , • • • , rn 
are doubly connected as a consequence of the fact that for each k the set P — P^ 
has precisely two components. Each rl is bounded by two simple closed curves 
which are parts of the boundaries of two different regions Rl . The oscillation 
of y(P) on Pi is less than €, since Pi ClDk , On the other hand, if Ek is any open 
set containing P* , we shall have rl C: Ek for j sufficiently large. Since f (P) is 
constant on Pit , the open set Ek can be so chosen that the oscillation of y(P) 
on Ek is less than e. Hence, if j is sufficiently large, the system consisting of the 
boundary curves of all the regions Rl , Rl y • * • , Pii+i will possess the properties 
required in the lemma. 

2.12. The main theorem. Given a continuous path-surface S as in (3), the 
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Lehesgue area A (S) of S is equal to zero if and only if there exists no indicator curve 
for %{P) on U, 

Proof. The condition is necessary by 1.22. To prove the sufficiency, 
assume that there exists no indicator curve for y(P) on U. By 2.10, the asso- 
ciated Peano space reduces then to a dendrite. By 2.11, it follows that the 
assumptions of the lemma in 1.21 arc satisfied, and hence A(<S) = 0. 

2.13. Theorem (cf. 0.7). The Lehesgue area ^4(^8) of a continuous path-- 
surface S, given as in (3), is equal to zero if and only if the associated Peano space 
2* reduces to a dendrite. 

Proof. The necessity follows directly from 1.22 and 2.10, while the .suffi- 
ciency follows from 2.11 and 1.21. 

2.14. Theorem (of Geocze). The Lehesgue area A{S) of a continuous path- 

surface Sj given as in (3), is equal to zero if and only if for every e > 0 there exists 
on U a finite system of simple closed curves , • * • , with the following 

properties, (i) No two of these curves intersect each other, {ii) The oscillation of 
X(P) is less than e on each component of the set U — (f \ + f 2 + • • * + Pm)- 

l^ROOF. The necessity follows from 2.13 and 2.11, while the sufficiency fol- 
lows from 1.21. 


Chapter III. Miscellaneous Remarks 

3.1. Given a continuous path-surface S as in (3), let us denote by [*8] tfie set 
of points (xi , X 2 , Xz) which correspond to the points P of U by means of (3). 
We already observed that the area A(S) of S is not determined by the point- 
set [S], but rather by the manner in which [S] is described by virtue of (3). This 
remark will be illustrated presently by examples, due essentially to Geocze. 

3.2. Let us denote by Mo the half-circle on U which passes through the 
points (0, 0, ~ 1), (1, 0, 0), (0, 0, 1). Let yo(P) be any continuous vector- 
function defined on Mo . If P is a point of U not on Mo , then let us denote by 
7r(P) the small circle on f/ whic^h passes through P and is contained in a plane 
parallel to the (xj , X 2 ) plane. Let the vector-function y(P) be defined on U 
as follows. 

y(P) = fo(P) on Mo , 
j(P) = constant on 7r(P). 

Then y(P) is clearly continuous on U. Consider now the continuous path- 
surface S determined by this particular vector-function ^(P). We assert that 
.A(S) = 0. Indeed, let T be any triangulation of U, such that each triangle of 
T has a side which is a sub-arc of a great circle passing through the points 
(0, 0, 1) and (0, 0, —1). For each vertex V of P, let us assign the point jr(F) 
as the point 7' of 0.4. We obtain in this manner a polyhedron such that 

d{S, is equal to the maximum diameter of the triangles of P, and such that 
= 0. By 0.6, it follows that A(S) = 0. This was to be expected, since 
the path-surface S under consideration may be thought of as i-educing, in a 
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way, to the continuous path-curve r given by 

(26) r: a: = ?o(P), PeM,, 

Let us designate by [F] the set of those points (xi , X 2 , xz) which correspond to 
the points P of Mo by means of (26). Clearly then [F] = [a 8]. On the other 
hand, it is well known that by proper choice of joCP) the point-set [F] and hence 
also the ix)int-set [S] can be made to coincide wdth any desired compact, con- 
nected and locally connected point-set in (xi , X 2 , X 3 ) space. 

3.3. In particular, we can make [18] coincide with the cube —1 ^ :r, g 1, 
i = 1, 2, 3. We obtain then the continuous path-surface /8 of Geocze [3] which 
fills a cube and has zero area. 

3.4. Next, let us choose [^8] as a point-set U' homeomorphic to f/, the surface 
of the unit sphere. The construction described in 3.2 yields then a continuous 
path-surface S such that [a 8] = and ^1(*8) = 0. On the other hand, we have 
by assumption a continuous vector-function |(P) on U such that f (Pi) 9 ^ ?(P2) 
for Pi 9 ^ P 2 , and such that for the continuous path-surface 

S: r = f(P), PeU 

we have [S] = (/'. By 2.9 we have then yl(S) > 0. Thus we have two con- 
tinuous path-surfaces 

<27) S: j = ac(P), P 6 C/, 

(28) B: j = f(P), PeU, 

with the following properties, (i) f<S] = fS] = [/', where IP is homeomorphic 
to I (ii) For each point (xi , X 2 , ^3) on f/', we have precisely one point PeU 
which ‘is carried into (.ri , Xa , Xn) by (28) and we have at least one point P e U 
which is carried into (xi , .To , .I3) by (27). (iii) Finally, eontrarily to what one 
may have expected under such circumstances, we have..l(i8) < A(S), since 
A(S) - 0, A(S) > 0. 

3.5. In a more picturescpie way, we can describe this situation as follows. 
Let IP be a topological image of the surface U of the unit sphere. Then the 
area of a continuous path-surface S, given as in (3), is certainly positive if S 
covers U' just once. On the other hand, if S is reciuired to cover all of U\ but 
is permitted to cover parts of U' several times, then the area of S may be equal 
to zero. Of course, there is nothing really paradoxical about this, but such a 
situation is an illustration of the fundamental differences between the theory of 
the length of curves and the theory of the area of surfaces. 

3.6. We pass on to remarks concerning certain interesting aspects of our 
main theorem in 2.12. A closed continuous path-curve F, in (xi , X 2 , Xs) space, 
is determined by an equation 

(29) » F: ? = |(P), PeC, 

where C is a simple closed curve and j(P) is a continuous vector-function on C. 
It is assumed that a positive direction is assigned on C. Let p be any plane. 
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Let P' be the point {xi , X 2 , xz) which corresponds to the point P of C by means 
of (29), and let Pp be the orthogonal projection of P' upon the plane p. Let 
finally lp{P) be the vector that joins the jx)int (0, 0, 0) to the point Pp . Then 
we shall designate by Vp the closed continuous path-curve 

iv: ? = /"er/. . 

We shall call Fp the orthogonal projection of F upon the? plane p. Let Qp be a 
variable point in the plane p. We define then the index-function p{Qp , Fp) 
as follows. If Qp is on Fp , then m(Qp , Fp) = 0. Otherwise, m(0p , Fp) is equal 
to the topological index of Qp with respect to Fp . For conciseness, we shall use 
the subscripts 1, 2, 3 to refer to the coordinate planes (^ 2 , j:.*?), (**^ 3 , -^i), (-ri , Xz) 
respectively. Then the index-functions , F,), ^ = 1,2, 3, are identical with 
the index-functions of 1.9. 

3.7. Consider now a continuous path-surface 

(30) .S: j = y(P), P e f/. 

If C is any simple closed curve on C/, then there corresponds to C, by means of 

(30) , a closed continuous path-curve 

(31) F: ? = ?(P), PeC. 

Suppose now that there exists no indicator curve for ]c(P) on U . By our main 
theorem in 2.12, T(aS) = 0. Since ^4 (a 8) is invariabh^ under changes of the 
C'artesian coordinate system, it follows (cf. 1.22, 1.9, 3.0) that m(Qp , Fp) = 0 
for every choice* of the plain* p. Hence we hav e the 

Theorem. If for every closed continuous path-curve J’’ on a continuous path- 
surface S, given as in (30) ajid (31) respectively, the three index-functions 
i = 1, 2, 3, are identically equal to zero, then the index-function y{Qp , Fp) is also 
identically equal to zero for every choice of the plane p. 

3.8. One may be tempted to strengthen the preceding statement as follows: 
If for a closed continuous path-curve F, given as in (29), the three index-func- 
tions y,{Qi , F,), t = 1, 2, 3, arc identically equal to zero, then the index-function 
m(Qp , Fp) is also identically equal to zero, for every choice of the plane p. This 
statement is however false. A first counter-example* has been suggested to the 
writer by J. v. Neumann. Subseepiently, W. Scott, a student of the writer, 
found an extremely simple construction for examples serving various further 
purposes also. 

3.9. In conclusion, we shall give a brief description of the condition used by 
Geocze in his characterization of continuous path-surfaces of zero area. Geocze 
assumes that the vector-function y(P) which determines the surface is defined 
on the unit square. Hence, his continuous path-surface is given by an equation 

(32) S: jr == i{u, v), (u, v) eso, 

where 

(33) So • 


0 ^ w g 1, 


0 S t; ^ 1. 
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In stating the definitions of Geoczo, we shall use present-day terminology if 
possible; otherwise, we shall use literal translations of the terms invented by 
Geocze. All point-sets occurring in 3.10 to 3.15 are in the (w, v) plane unless 
stated otherwise. 

3.10. A chain consists of a finite number of straight segments placed end to 
end. These segments are permitted to intersect each other. 

3.11. We recall that a domain D is a connected open set. The frontier *S{D) 
of D satisfies the relation — D-D, where D is the closure of D. 

3.12. If D is a simply connected domain, then 1 will denote the set of those 
points of ff(D) which are accessible from within D by some chain. The points 
of 1 can be cyclicly ordered. 

3.13. A domain D is simple if the following conditions hold, (i) D is bounded, 
(ii) Let denote the unbounded component of the complement of Z>. Then 

Geocze notes that a simple domain is also simply connected. 

3.14. A. four-sided domain is a figure consisting of a simple domain (see 3.13) 

and of four point-sets ai , Qf2 , as , «4 , called the sides, satisfying the following 
conditions, (i) ai , a2 , , «4 are subsets of the set I defined in 3.12. (ii) 

aias = 0, = 0, where the bars denote closure, (iii) ai + a2 + + «4 = /. 

(iv) If Pi , P2 , Pa , P4 are any four points such that P» e «» , f = 1 , 2 , 3, 4, then 
the cyclic order of these points, on the set /, is Pi , P2 , Pa , P4 . 

3.15. Ciiven the continuous path-surface (32), the symbol (^, 4^, Xi , X 2 , X 3 , X 4 ) 
will be meaningful if the following conditions are satisfied, (i) ^ and ^ are two 
different ones of the components .ri(w, r), .r 2 (t^, v), xz{Uy v)y of the vector-function 

v) appearing in (32). (ii) Xi , X 2 , X 3 , X 4 are real numbers such that X 3 > Xi , 
X 4 > X 2 . (iii) There exists in the unit square So a four-sided domain, with sides 
«i , «2 ^ « 3 , a 4 , such that = Xj on ai , 4> = X 3 on as, 4^ = X 2 on aa , 4^ = X 4 on ^4 . 
Such a four-sided domain will then be denoted by the symbol (4>, Xi , Xj , 
X 3 , X 4 ). 

3.16. Theorem op Geocze (see Geocze [4]). The Lebesgue area A(S) of the 
continuous path-surface S, given by (32), is equal to zero if and only if there exists 
no four-sided domain (4>, 4^, Xi , X 2 , X 3 , X 4 ). 

3.17. It is easy to see that the existence of a domain (4>, 4^, Xi , X 2 , X 3 , X 4 ) 
implies the existence of an indicator curve in our sense (see 1.8, 1.9; in the 
definitions given there, IJ should of course be replaced now by So). But the 
present writer was unable to derive a proof of reasonable directness and sim- 
plicity for the converse statement and hence for the equivalence of the Geocze 
condition (see 3.15) with our condition (see 2.12). 

The Ohio Statp: University 
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AUTOMORPfflSM RINGS OF PRIMARY ABELIAN OPERATOR GROUPS' 

By Rbinhold Baer 
(Revision received March 7, 1942) 

The representation of a ring as the ring of all the automorphisms of a primary 
abelian operator group expresses significant inner properties of this ring, since 
there exists essentially at most one such representation of a given ring. Thus 
it is the object of this investigation to expose invariant qualities of these auto- 
morphism rings. They are found to be pecularities of their ideal theory (Chap- 
ter III); and from these we select a complete set of postulates for the class of all 
the automorphism rings of primary abelian operator groups (Sections 12 and 
13); thus proving incidentally that the structure of these rings is completely 
determined by their ideal theory (Section 14). 

The properties of the ideals in these rings reflect so completely the structure 
of the underlying operator group that we are able to prove— provided the ^^rank^^ 
of this group is at least three — the essential identity of the group of automor- 
phisms of the ring and of the group of projectivities ( = biunivoque and monotone 
increasing transformations) of the system of admissible subgroups of the under- 
lying operator group (Chapter II). 

Two [extreme] special cases may serve as an illustration for these' theorems. 
Every projective^ geometry of finite dimension not less than three may be n^pre- 
sented as the set of admissible subgroups of a suitable primary abelian operator 
group; and our characterization of the automorphisms of the automophism ring 
specializes in this case to the (well known) theorem that each automorphism of 
the automorphism ring (= ring of square matrices with coefficients from a suit- 
able (not necessarily commutative) field) is induced by a so-called semi-linear 
transformation. 

If secondly G is an ordinary primary abelian group with the property that the 
least common multiple of the orders of the elements in G is a prime power p”' 
and that G contains at least three independent elements of maximum order, then 
our theorem states that every automorphism of the automorphism ring is an 
inner auomorphism. 

Chapter I: The Relations of a Group to its Automorphism Ring 

1. The Admissible Subgroups 

In this section we collect a number of definitions and facts concerning primary 
abelian operator groups which will be needed in the future.^ 

^ Presented to the American Math. Soc. September, 1941. 

* Proofs and details may be found in Baer (4). For references cp. the Bibliography at 
the end of the paper. 
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lA. Cycles, The element c in the partially ordered set D is termed a cycle 
of order n = n{c), if exactly n + 1 elements in D are parts of c, and if the parts 
of c form an ordered set; if c is a cycle of order n, then it is possil)le to write 
down the system of all its parts in the following fashion: 0 = < 

. . • < < c' < = c. 

All the partially ordered sets considered will be complete lattices satisfying 
the modular (Dedekind\s) law. The smallest element containing a certain set 
of elements will be termed its join and the greatest element contained in all the 
elements of some set will be called its meet or cross-cut. The following fact'^ is 
of great importance: 

Tf the element « in the modular lattice D is the join of cycles whose orders do 
not exceed n, and if c is a subcyclc of s, then the order of c does not exceed n. 

The subset S of the complete modular lattice D is said to be indepenclenty if the 
meet of tin* element s in S and of the join of the other elements in S is 0 for ex^ery 
element « in S. We shall usually impose the further restriction that the elements 
in an independent s(*t should all be different from 0. 


IB, Rings of Subgroups, Suppose that G is an abelian group and that the 
composition of its elements is written as addition. Then a system I) of sub- 
groups of G shall be termed a ring of subgroups, if it contains 0 and G, and if it 
contains the cross-cuts and sums^ of all the subsets of D. It is well known that 
every ring of subgroups of G is a complete modular lattice; and it is obvious that 
a group G may contain sets of subgroups which are coTni)lete modular lattices, 
but not lings of subgroups. 


1C. Operator Groups. Suppose that G is an abelian group and that li is a ring 
which contains an identity element 1. We say that G is an operator group over 
E, or that G admits the elements in E as operators, if thtne e^xists to every ele- 
ment g in G and to every element c in E an element ge in G such that (g' zfc gf")c = 
g'e zt gf'V, f/(c' rt: c") = ge' zb ge", g{e/e") = {ge')e" = ge'e", gl = g for g, g\ g" 


in G, 


e, e , c 


in E. A subset of G is an E-adtnissible subgroup if, and only if. 


N = S 4“ S and N = SE. If x is any element in G, then xE is the E-admissible 


subgroup generated by x. 

The set of all the Fj - admissible subgroups in G is denoted by D{G;E), Clearly 
D{G;E) is a ring of subgroups of G, The set S of elements in G is said to be 
independent, if the elements in S generate different subgroups which are all 
different from 0, and if the subgroups generated by the elements in S form an 
independent set of elements in D{G;E), 


ID. Primary Rings, The ring E is said to be a primary ring, if it contains an 
identity element 1, and if there exists in 1? a two-sided ideal P = P{E) such that 


* Baer (4), Theorem 1.2.1. 

* Cross-cut signifies the set-theoretical cross-cut of the subgroups whereas sum is the 
group-theoretical sum of the subgroups. 
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P"* •• = 0 for some (smallest) positive m = m{E) and such that every right- and 
every left-ideal in P is a power of P. Then there exist elements p in E such that 
P = pE = Ep and such elements p we term primes in E, If p is a prime in P, 
then every ideal in E has the form P* = p*P = Ep\ An element in E does not 
belong to P if, and only if, it possesses an inverse in E, We note finally that th(? 
four properties: P == 0, p = 0, m = 1, and ^^E is a field” are equivalent.’' 

IE. Primary Abelian Operator Groups, If the abelian group G admits the.* 

elements in the primary ring E as operators, then G is said to be a primary 
abelian operator group (over E), If :r is an element in the primary abelian 
operator group G over P, then xE is a cycle in D{G]E) and every cycle in D(G]E) 
has this form. The order n(x) of the element x is defined as the order n{xE) of 
the cycle xE in D(G;E). The order of the element x in G does not exceed n if, 
and only if, xP“ = 0. Mapping the clement e in P upon the element xe in xE 
constitutes an isomorphism of P/P”^""^ upon xE which maps ideals upon ad- 
missible subgroups. If Z is a cycle in D(G;E), and if 0 ^ t ^ then ZP* 

is the uniquely determined subcycle of order n(Z) — i of Z.^ 

Every admissible subgroup of the primary abelian operator group G is a 
direct sum of cycles (= is the sum of an independent set of cycles = possesses 
a basis). If U and V are subgroups in D(G;E), and if U g F, then the follow- 
ing condition is necessary and sufficient for U to be a direct summand of G: 
if the subcycle Z 0 of f/ is contained in a subcycle of order n of F, then there 
exists a cycle of order n between Z and U,^ 

IF. Criterion for Primarity^ Suppose that the ring E contains an identity 
element 1 , that P is a cycle*^ of order m in the partially ordered set of all the 
right-ideals in P, that the abelian group G admits the elements in P as operators, 
and that^^ D{G]E) contains at least two independent cycles of order m. Tlu^n 
P is primary if, and only if, the following property is satisfied by D{G]E ) : 

If U and F are P-admissiblc subgroups oi G, if If ^ F, and if there exist at 
most two different subcycles of order 1 of V/U (in D{G/U;E)), then (and only 
then) is V/U a cycle in P(G/f/;P). 

IG. Projectivities are biunivoque and monotone increasing maps of one par- 
tially ordered set upon another partially ordered set. If (? is a primary abelian 


* Baer (4), (i) to (v) of Section II. 2, p. 304. 

® Baer (r), Theorem II.2.1. 

•• Baer (4), Theorem A. of Section II. 2, p. 310. 

’ The most important special case of this theorem is the fact that every subcycle of maxi- 
mum order is a direct summand; cp. Baer (4), Theorem 1.3.6, II.2.4 and the remarks on 

p. 310. 

* Baer (4), Theorem II. 2.4. 

® This hypothesis is readily seen to imply that every right-ideal in P is a two-sided ideal. 
This hypothesis is only needed to show the sufficiency of the condition. 
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operator group over E, if D(G]E) contains at least three independent cycles of 
order m(E), and if v? is a projectivity of D(G;E) upon D{(j'\E') for G'an abelian 
group admitting the elements in the ring E' as operators, then there exists" 
an isomorphism 77 of f7 upon G' and an isomorphism 77 of E upon E^ such that 
aS”' = for aS in D{G;E) and {ge)^ = for g in G and c in E, 

2. The Annulets 

Suppose that the ring E contains an identity element 1 , and that the af)elian 
group G admits the elements in E as operators. Then the transformation 
shall be termed an automorphism of G (more accurately: an E-aufomorphism), 
if it is a single-valued function of the elements in G with values in G satisfying 
{u zb vY = dz {uvY = Yc for u, v in G and r in E. Defining addition and 
multiplication of automorphisms in the usual fashion it is readily seen that the 
automorphisms of G form a nng:‘“ the automorphism ring A = A(G) = A( 6 \ E) 
of the group G over E. 

It is the main object of this section to exhibit a class of left-idc‘als and a class 
of right-ideals in A which (*ach reflect faithfully all the propertu^s of the set 
1){G]E) of the /i/-adniissil)l(‘ subgroups of G. 

If 2 is any substd- of A, then the left-annulet A determined by consists of 
all th(' automorphisms ^ in A satisfying = 0; and th(' right-annulet PCS) 
consists of all the aiitomoi’phisms x in A such that 2x = 0. If T is a subsc't of 
f/, then the left-annulet A(7')<^l<dermined b^^ T consists of all the automorphisms 
of G which map G into part of T; and the right-annulet P(7’) det('rniined by T 
consists of all those automorphisms of G which map T upon 0 .^’* Wo observe 
that left-annulets are left-ideals in A and that right-annuh'ts are right-ideals in 
A. The left- and right-annukd determined by the sanu' A'-admissible subgroup 
T of G are connected by tin* following fundamental nflation:" 

A(T)P(r) = 0. 

If N(^) is the set of all the elements in G which are mapped upon 0 by all the 
automorphisms in the subset 22 of A, then it is readily seen that is an 

^'-admissible subgroup of G; the set G", howevei-, of all the elements g"" for g in 
G and a in 2 need not b(' a subgroup. 

Theorem 2.1^’’: P(2) = P(fj") atid A(2) = A(.V( 2 )) for every subset 2 of A. 

Proof: The automorphism f of G belongs to P( 2 ) if, and only if, 2^ == 0; 
and this is the case if, and only if, 0 = G"^ = i.e. if, and only if, ^ is in 

P(G^“); and this proves the first equality. Likewise f belongs to A( 2 ) if, and 

Baer (4), Theorem 1 1. 3.1. 

Cp. Baer (1), Fitting (1), Shoda (1). 

“ The definitions of P(r) and A{T) are due to Shoda (1). 

The fundamental importance of this relation has been discovered by Shiffman (1) who 
based his discussion of the fully characteristic subgroups of primary abelian groups on the 
consideration of pairs of two-sided ideals defined by this relation. 

This is the generalization of a theorem proved by Shiffman (1) for two-sided ideals S. 
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only if, fS = 0; or equivalent: if, and only if, = 0; and this happens if, and 
only if, Gf g iV(S) showing the validity of the second equality. 

Theorem 2.2:^® If G is a primary abelian operator group over the {primary) 
ring E, and if S is an E-admissihle subgroup of G, then 

(1) = S = N{P{S)) and 

(2) A(S) = A(?(S)), P(S) = P(A(S)). 

Proof: It is an immediate consequence of the definition of A{S) that g S, 
To prove the desired equality we consider an element v of maximum order in G, 
There exists by IE an E-admissible subgroup F of G such that G is the direct 
sum of V and of the cycle vE, If s is any element in ^S, then there exists one 
and only one automorphism <p of G which maps V upon 0 and v upon s, since 
n(s) ^ n(v), and since sE and E/P'‘^'‘\ vE and are isomorphic. Clearly 

ip belongs to A{S). Hence s is an element in so that S = 

It follows from the definition of P(-S) that S is mapped upon 0 by P(4S) and 
that therefore S ^ A^(P(>S)). To prove the desired e(iuality let t be any element 
in G not in <S, and W a greatest 7?-admissiblc subgroup of G which contains S, 
but not /. Every P-admissible subgroup of G which contains W as a proper 
subgroup contains therefore the element t so that the element TP + t generat(»s 
the only subcycle of order 1 of G/IP. Applying the fundamental property 
mentioned under IF we deduce that G/W is a cycle whose order certainly does 
not exceed the maximum order of the elements in G. Thus there exists in G 
an element h of order n(G/\V) ; and there exists one and only one P-automorphism 
7 of G which maps IP upon 0 and some generating coset of G/\V upon h. 
Clearly y belongs to P{S), since ^ IP ; and t does not Indong to N{V{S)), 
since T is, exactly as TP + /, of order 1. This completes the proof of (1). 

From (1) and Theorem 2.1 we deduce that P(A(>S)) = P(G‘^^‘''^) = P(aS) and 
that A(P(aS)) = A(iV(P(AS))) = A^S). 

It is an immediate consecpience of Theorem 2.1 and Theorem 2.2, that we 
need not distinguish between the annulets determined by subsets of G and the 
annulets which originate from subsets of A. 

If we define as dualities the biunivoque and monotone decreasing maps of one 
partially ordered set upon another partially ordered set, then we may restate 
the results obtained in this section in the form of the following fundamental 
theorem : 

If G is a primary abelian operator group over the {primary) ring E, then a pro- 
jectivity of D{G;E) upon the partially ordered set of all the left’annulets in A{G;E) 
is defined by mapping the E-admissible subgroups S of G upon the left-annulet 
A(aS); and a duality of D{G\E) upon the partially ordered set of all the right-annxdets 
in A{G;E) is defined by mapping the E-admissible subgroup S of G upon the 
right-annulet P(aS). 

Remark: If G is an abelian group which admits as operators the elements in 

This is the generalization of a theorem proved by Shiffman (1) for the special case of 
fully characteristic subgroups S. 
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the ring E, if the ring E meets all the reciuiremonts for primary rings (ID) with 
the exception of the postulate that a power of P he 0 though every element in G 
is annihilated by some power of P, then at least one of th(» following three* cf)n- 
ditions is satisfied by the /i'-admissiblc subgroups of G: 

(A) The orders of the cycles in D(G\E), arc bounded. 

(B) There exists an P-admissible direct summand of G which contains one 
and only one subcycle of order n, for every positive integer n. 

(C) To every positive integer n there exists a direct summand of G which is a 
cycle in D{G)E) whose order exceeds n. 

If (A) is satisfied by D(G]E), then all the results of this section are obviously 
still valid. If (B) is satisfied, then one may show by an argument similar to 
the one we used in the proof of Theorem 2.2 that S = A(P(aS)) for every S in 
D(G;E), though S need not tHpial and if (C) is satisfied by D(G;E), then 

S = though S and N(P{S)) may be different. 

C^HArTUR IT: The Automorphisms of the Automorphism Ring 

3. Projectivities of the Group and Automorphisms of the Ring 

The main obj(*ct of this section is the proof of the theorem^' that 

The group of projecHviiies of the partially ordered set D(G;E) of all the E-ad- 
missible subgroups of the primary abelian operator group G over the primary ring E 
and the group of all the automorphisms of the ring X(G;E) are essentially the same, 
provided there exist at least three independent cycles of onler^^ m{E) in ]){G;E). 

In order to construct the isomorphism linking th(\se two groups to each other 
we have to consider the D-automorphisms of G: these are biunivoque corres])ond- 
ences bc^tween the elements in G which prestu x e addition and which map E- 
admissible subgroups upon A-admissible subgroups; the Z>-automorphisms are 
therefore proper automorphisms of G which induce projectivities of D(G;E) 
upon itself. If D(G]E) contains at least two indepi'iident cycles of order m{E), 
then a n(Hfessaiy and sufficient condition^*^ for tin* proper automorphism of G 
to be a D-automorphism is the existence of an automorphism (p of the ring E 
such that (gcY — for g m G and e in E. It is readily deduced from this 
criterion that is an A-automorphism of G, whenevc'i* ip is a 7)-automorphism 
and 7 an A-automorphism of G, This shows that ('ach Z)-automorphism ip 
induces a projectivity: of D{G;E) and an automorphism y — > 7 <p of 

A(G;E), if there exist at least two independent cycles of order m(E) in D(G;E) 
and we shall have attained our object as soon as we have shown that the corre- 
lation thus established between projectivities of D{G;E) and automorphisms of 
A(G;E) is actually an isomorphism between the two groups, provided there 
exist at least three independent cycles of order m{E) in D{G;E). 

If G is an abelian group, then an endomorphism of G is a single-valued function 

The implications of this theorem as well as some of the relations to known theorems 
are discussed in section 4 . 

For the definition of m(E) cf. ID. 

This may be derived easily from Baer (4), Theorem II.2.2. or Theorem II.3.1. 
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of the elements in G which maps elements in G upon elements in G and which 
preserves addition. 

Theorem 3.1: If G is a 'primary abelian operator group over the {primary) 
ring if D{G;E) contains at least two independent^^ cycles of order m{E)j and if 
ip is an endomorphism of Gy then each of the following properties of (p implies all 
the others: 

(1) There exists an element e in E such that = ge for every g, 

(2) >8^^ g S for every E-admissible subgroup S of G. 

(3) ipa = aip for every E -automorphism a of G. 

Proof: It is obvious that (2) and (3) are both consequences of (1). Suppose 
now that (3) is satisfied by ip and that the ^-admissible subgroup S of G is a 
direct summand of G. Then there exists an A-automorphism 7 of G which 
maps G upon S and which leaves invariant every element in If s is any 
element in *8, then = s^'^ = s'^'^ is an element in S so that both (3) and (2) 
imply the following condition: 

(2') g Sfor every E-admissible direct summand S of G. 

Suppose now that (2') is satisfied by <p. If b is an element of maximum order 
in G, then it follows from IE that the cycle bE of order 7yi{E) is a direct sum- 
mand of G; and hence there exists one (and only onc') element e{b) in E such 
that b'^ = beQ.)), If V and 6" are two independent elements of maximum order, 
then }/ + b" is an element of maximum order; and it follows from J/e{l/) + 
y'e{b") = ir -h f/'^ = (b' + b'T = (6' + + //') thatK^>') = e{t/ + //') = 

e{b"). By hypothesis there exist two independent elements v and w of maximum 
order in G. If b is any element of maximum order in G, then b is independent 
of at least one^^ of the elements v and w; and we deduee from th(» fact just derived 
that elb) = e{v) = e{w) = e for every element b of maximum order in G. If 
gf 7^ 0 is any element in G, then g is independent^^ of at least one of the elements 
V and w. Ji g and v are independent, then e + is an element of maximum 
order .so that ve + + 9''^ = O’ + g)"^ = {v + g)e = ve + ge or g’^ — ge 

for every g. Thus (1) is a con.sequence of (2'), completing the proof of the 
equivalence of (1), (2) and (3). 

Corollary 3.2: Suppose that G is a primary abelian operator group over the 
{primary) ring E and that D{G'yE) contains at least two independent cycles of order 
m{E). 

(a) Two D-aiUomorphisms of G induce the same projectivity in D{G;E) if, and 
only ify they induce the same automorphism in the ring A{G;E), 

(b) Mapping the projectivity induced by the D-automorphism tp in D{G; E) upon 
the automorphism induced by ^ in \{G;E) constitutes an isomorphism of a grou'p ^ 
of projcctivities of D upon a group^^ of automorphisms of A. 

It is readily seen that this hypothesis cannot be omitted. 

” Since cycles different from 0 contain one and only one cycle of order 1, i.e. contain one 
and only one smallest admissible subgroup different from 0. 

” Since gE is a cycle in D(G;E). 

Which may or may not be the whole group. 
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The statement (a) is easily deduced from the equivalence of the properties 
(2) and (3) of Theorem 3.1 ; and the statement (b) is an immediate conse(iuenee 
of (a). 

Lemma 3.3: If G is a 'primary ahdian operator group over the {primary) ring 
Ey if D{G;E) contains two independent cycles of order m{E)y and if the auto- 
rnorphism ip of the ring A{G;E) leaves all the left-annulets in A invariant ^ then 

= 1. 

Proof: It is an immediate consequence of Theor(*m 2.2 that lea\^es all the 
right-annulets in A invariant; and that the i?-automorphism a of G mai)s there- 
fore the element g upon 0 if, and only if, maps g upon 0; and a maps G upon 
the A-admissible subgroup *S of G if, and only if, maps (r upon S. 

There (‘xists, l)v IE, a basis B of G. To every element h in B and to every 
element g in G with n{g) g n{h) there exists one and only one iJ-automorf)hism 
of G which maps h upon g and which maps upon 0 all the other elements 
in B, Then it follows from the remarks in the preceding paragraph of the 
proof that a{h, g)'^^ maps th(‘ element b upon a generator of gE hence upon an 
element ge{by g) for eQ), g) in E, but not in“^ P, and maps all the other elements 
in B upon 0. 

F'rorn a{b, h) = a{by /;)“ we infer a(/>, b)'^ = a(6, and, by l.D, c(/^ b) = 
c{by bf or e{by b) = 1 mod i.e. a(6, b) - «(/>, b)'^. 

If b and g are independent elements, then we infer from a{b, b + g) = a(/>, b) + 
a(/j, g) that 6c(6, /> + gf) + ge{by b + g) ^ {b + g)e{b, b + g) = = 

^^aib,b)<f>+aU,o)'^ =/;-(_ ge{b^ g) and that therefore c(6, b + g) ^ \ mod and 

(‘{by b + g) = e{by g) mod Hence e{b, g) ^ I mod and a{by g)'^^ = 

a {by g). 

To ev(M*y (*l(Mn(Uit b in B th(*re (‘xists an element vj in G which is ind(‘])endent 
of b and lias the same order as b. If r is any element in then b and g = br + w 
as well as b and w are ind('pendent. Hence we may deduci' from the result of 
the preceding paragraph that a{b, brf' = «(/>, br)'^ + a(6, w) — a{by tv) = 

a{by 6r)'^ + a{by w)"^ — a{by w) = a{by br + ic)'" — a{by w) = a{by br + w) — 
a{by ^v) = a(/>, br). 

To evc'ry element g in G whose order does not excetxl 7i{b) there exists an 
element r in E and an element w in G whose order do(‘s not exceed n{b) and 
which is either 0 or independent of b such that g = br + w. Hence a(/>, gY — 

a{by br + 7v)'^ = a(6, bi')*^ + a{by wY — «(?>, hr) + a{by w) — a{by g). 

If d is any J?-automorphism of G, then 8 — a{by b^) maps the basis element 
b upon 0. It follows therefore from a result stated in the first paragraph of 
this proof that 8'^ — a{by //) = 8"^ — a(6, = (5 — a{by maps b upon 0; 

and this shows that both 8 and 8^^ map the basis clement b upon 6'"; and this 
implies the etiuality of 8 and 5^, since they are both A'-automorphisms of G. 
This completes the proof of the fact that = 1 . 

Theorem 3.4: If Gi is, for i = 1, 2, a primary abelian operator group over the 

For the definition of the ideal P in P, cp, ID. 
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{primary) ring Ei , if Di = D{Gi ; Ei) contains at least three independent cycles 
of order m{Ei), then there exists to every isomorphism <p of the ring Ai = A(Gi ]Ei) 
upon the ring A 2 = A (^72 'jE^) an isomorphism rj of Gi upon G 2 and an isomorphism 
rj of El upon Eo such that {gcY = g'^e'^for g in Gi and e in Ei and such that ol^ — 
for every a. in Ai . 

Remark: A special case of this theorem is the fact that a ring A is the ring 
of ^-automorphisms of (\ssentially at most oik' operator group G meeting our 
re(iuirements.‘^ 

Proof: It is a consequence of Theorem 2.2 that mapping the left-annulet A 
in Ai upon A'"'’ constitutes a projectivity of th(' partially ordered set of all the 
left-anmdets in Ai upon the partially ordered set of all the left-annulets in Ao . 
If is an Ei-admissihle subgroup of Gi , then is by Theorem 2.2, 

an £' 2 -admissible subgroup of Gi) and it follows from the theorems of sc'ction 2 
that is a projectivity of Di upon D 2 . There exists by the tlu^orem'^*^ in IG 
an isomorphism ri of Gi upon (/o and an isomorphism rj of E] upon E 2 such that 
for g in Gi , e in Ei and aS’' — S'"'* for S in Di ; and w(‘ deduce from 
Theorem 2.2 that 

v'‘'A{S)rt = A(aS’') = A(aS^*) = A( 6^2 = A(aS)^ for aS in Di . 

Applying Lemma 3.3 wo find now that = r)~^arj for a in Ai , since the two 
isomorphisms under consideration effect the same projectivity in the partially 
ordered set of the left-annulets in Ai . 

C'orollary 3.5: If G is a primary abelian operator group over the primary 
ring E, and if D{G;E) contains at least three independent cycles of order m{E)y 
then every automorphism of A{G;E) and every projectivity of D{G;E) upon itself 
is induced by a D-automorphism of G, 

This is an immediate consequence of Theorem 3.4 and of the Th(H>rem in 
IG. The existemee of the desired isomorphism of the group of projectivities of 
D and the group of automorphisms of A is now assured by Corollaries 3.2 and 
3.5. This com})letes the proof of the theorem enunciated at the beginning of 
this section. 

Since the left-ideals of the ring //„ of all the n by n matrices with integral 
coefficients form a projection of the .system of subgroups of a direct .sum of n 
infinite cyclic groups, and since every projection of this latter system upon itself 
may be induced by an i.somorphisra of the underlying group, one may prove 
by a method .similar to, though much cruder than the one u.scd in our proof of 
Theorem 3.4 that every automorphism of the ring Iln is an inner automorphism, 

Cp. Asano (1), Satz 12, p. 245. 

It has been pointed out (Baer (2)) that this theorem would not be true without the 
hypothesis of the existence of three independent cycles of maximum order. In the proof 
of Lemma 3.8 we made use of the existence of at least two independent cycles of maximum 
order. Whether or not either of these hypotheses is needed in order that every auto- 
morphism of A(G;E) is induced by a -automorphism of 0, is still an open question. 

Baer (2), Theorem 13.1, p. 39. 
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4. Endomorphisms of the Group and Automorphisms of the Ring 

If G is an abelian group, then wc denote by H = H(fr) the ring of all the endo- 
morphisms of G. If the group G admits the elements in the ring E as operators, 
then the ring A(G;E) of the A^-automorphisms of G is a subring of H(G0; and if 
e is any element in E, then an endomorphism of G is defined by mapping the 
element p in G upon ge. If the ring E is primary, and if D{G;E) contains cycles 
of order m(E), then Ge = 0 implies c = 0, since fe = 0 implies, by IE, c = 0 
for t an element of order m{E)\ and hence we may identify the elements in E 
with the endomorphisms they induce in G so that E may be considered another 
subring of II. If E is a primary ring, and if D{G\E) contains at least two inde- 
pendent cycles of order m{E), then it follows from Theort'm 3.1 that the subrings 
E and A of II are each the centralizer of the other one in H.'^ This implies in 
particular that an element in 11 which possesses an inverse* in II transforms E 
into itself if, and only if, it transforms A into itself; and this fact may be stated 
as follows: the subrings A and E of 11 have the same normalizing group N in II. 

Theorem 4.1 : If G is a primary abelian operator group over the {primary) ring 
E, and if D(G;E) contains at least three independent cycles of order m{E)y then 
the normalizing group N of E and A in H consists exactly of the D-automorphisms 
of G and all the automorphisms of E and of A are induced by eleynenls in N. 

Proof: It has been pointed out at the beginning of section 3, that the />-auto- 
morphisms of G transform the ring A into itself, i.e. they belong to N. If 
conversely d belongs to N, then there exists an inverse endomorphism to the 
endomorphism d so that d is a jiroper automorphism of G; and it is a con- 
secpience of Corollary 3.5 that theie exists a D-automorphism p of G satisfying: 
p'^ap = for every a in A. Hence it follows fiom Theorem 3.1 that 

dp^^ belongs to E and induces the identical projectivity in D{G;E). Thus p 

and dp~^ are -D-automorphisms of G and consequently every d in N is a D-auto- 
morphism. It is a consequence of Corollary 3.5 that every automorphism of A 
is induced by D-automorphisms of G; and it is well known^^ that e\'ery auto- 
morphism of E is induced by a D-automorphism of G. Hence every auto- 
morphism of the rings E and A is induced by elements in N. 

Lemma 4.2: Suppose that U and I" are subrings of the ring IT, that U is the 
centralizer of V and V the centralizer of U in IT, ajtd that the element r in W pos- 
sesses an inverse in W, Then r induces in V an inner automorphism of V if, and 
only if, it induces in U an inner automorphism of U, 

Proof: If r induces in U an inner automorphism of U, then there exists an 
element s in D which possesses an inverse in U and which satisfies s~^us = r~^ur 
for every u in U, The element t = rs~^ belongs to the centralizer of U so that 
t is an element in V which possesses an inverse in V, Since s belongs to the 
centralizer U of V, we find that = r'Vr for every v in V, i.e. r induces in V 
an inner automorphism of V. 

** This implies in particular the equality of the centrum of A(G;E) and of the centrum 
of the ring E, a fact that has already been noted by K. Asano (1), Satz 7, p. 242. 

This is an immediate consequence of the existence of a basis of G; cp. IE. 
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Theorem 4.3: Suppose that G is a primary abelian operator group over the 
{primary) ring E, and that D{G;E) contains at least three independent cycles of 
order m{E), Then every automorphism of the ring \{G]E) is an inner automor- 
phism of A i/, and only if, every automorphism of the ring E is an inner automor- 
phism of E, 

This is an immediate coiisoqueiicc of Theorem 1.1 and Lemma 4.3, and of the 
fact that E and A arc each the centralizer of the other in II. 

We mention two interesting special cases: 

1. If 6r is an ordinary primary abelian group the orders of whose elements are 
bounded and which contains at least three independent elements of maximum 
order, then every automorphism of the ring A of automorphisms of G is an 
inner automorphism of A. 

For E is the ring of integers modulo a power of a prime. 

2. If R is a finite or infinite cardinal number not h'ss than 3, and if A is the ring 
of all the row-finite, n by n matrices with coefficients from the field of real 
numbers (or the field of (piaternions or some other field all of whose automor- 
phisms are inner), then every automorphism of A is an inner automorphism. 

For we may choose for G the group of rank n over the field of coefficients. 

Every inner automorphism of a ring is a center automorphism^^’ of this ring; 
and it is a well known theorem^^ that all ctmter automorphisms of a finite simple 
algebra arc inner automorphisms. Finite simple' algebras are known'^"’ to be 
rings of square matrices with coefficients from a fielel which is finite over its 
center; and thus they are automorphism rings eif primary abelian operator 
groups. The following example shows that automorphism rings of primary 
abelian operator groups may possess center automorphisms which are* not inner 
automorphisms in spite of firiiteness hypotheses. 

It is a conseeiuence eif Lemma 4.2 that it suffice's to construct a primary ring E 
which is finite over its center ojid which possesses outer center automorphisms. 

Denote by F a commutative field whose characte*ristic is not 2 and by Q the 
field F{x) of all the ratiemal functions in an indeterminate x with coefficients in 
F. There exists one and only eine automorphism ip of Q which maps x upon 
— and which leaves invariant all the ele*ments in F. If q is an element 

not 0 in Q, then is readily verified to be an element different from x and x~^ . 

Denote by E the set of all the ordered pairs (a, h) of elements in Q subject to 
the following rules: (a, h) = (c, d) if, and only if , a = c and b = d] (a, b) zh (c, d) 
= (a =fc c, 6 zt d), (a, b){c, d) = (oc, 6c^ + ad). It is easily seen that E is a 
ring with identity 1 = (1, 0), that the element (a, b) in E possesses an inverse 
in E if, and only if, a 9 ^ {); and that the only ideal (right- or left-) in E which is 
different from 0 and E is the two-sided ideal P consisting of all the elements 
(0, b). Thus E is a primary ring whose center consists exactly of the elements 
(a, 0) for a in F{x^), showing that the rank of E over its center is exactly 4. An 

i.e. an automorphism which leaves invariant every element in the center of this ring. 

** Brauer (1), Skolem (1). 

” Cp. e.g. Albert (1), Theorem 9, p. 39. 
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automorphism ^ of ^ is defined by (a, = (a, hx) and this automorphism is a 

center automorphism, since (a, 0) = (a, 0)'^. If (r, s) for r 0 were to induce 
the automorphism ^ in E, then (0, r) = (r, s)(0, 1) = (0,l)'^(r, 6*) = (0, x)(r, s) = 
(0, or a; == and the impossibility of this equation has been pointed 

out before. Thus E meets all the requirements. 

Chapter III: Ideal-Theoretical Properties of the Annulets 

6. Finite Sums of Cycles and Finite Cross-cuts of Anti-cycles 

An element .s in the partially ordered set S is termed an anli-cycle of index n 
in S, if the elements in S which contain s form a cycle of order n. The E-ad- 
missible subgroup V of the primary abelian operator group G over the (primary) 
ring E is, by the Fundamental Theorem of section 2, a cycle (an anticycle) in 
D{G]E) if, and only if, A(F) is a cycle (an anti-cycle) in the partially ordered set 
of all the left-annulets in k{G\E) \ and this is the ease if, and only if, P(F) is an 
anti-cycle (a cycle) in the i^artially ordered set of all the right-annulets in 
A(G;E).^^ 

Lemma 5.1 : 7/ (7 is a 'primary abelian operator group over the {primary) ring E^ 
if Z is a eycle and S an anti-cycle in D{G)E), then every E-automorphism of Z is 
induced by an E-automorphism of G] and every E-automorphism of G/S is induced 
by an E-automorphism of G which maps S into part of S. 

Proof: If Z = zE, and if <p is an TiJ-automorphLsm of Z, then = ze for some e 
in E and <p is completely determined by e. There exists by IE a basis B oi G 
and hence there exist elements d{b) in E almost all of which are 0 such that 
2 = in « bd{b). There exist elements e{b) in E satisfying d{b)e = e{b) d{b)y 
since E is a primary ring and its left-ideals are right-ideals. There exists finally 
one and only one A-automorpliism y of G which maps b upon be{b) ; and y induces 
ip in Z, since y maps z upon ze. 

The basis B (contains at least one element, say which generates G modulo 
since otherwise all the cosets S + b for b in B would be contained in {(t/S)P 
(by IE) so that B would be part of GP < G, an impossibility. Since the ele- 
ments in the cycle wE represent all the cosets of G/ there exists to every ele- 
ment b{ 9 ^w) in B an clement r{b) in E such that b — wrQ)) is in S. If p is a prime 
in E (ID) and if n is the order of the cycle G/S, then wp^ is an element in S. 
The ^-admissible subgroup S* generated by wp"' and the elements b — wr{b) is 
part of S\ and G/S* is a cycle whose order does not exceed n, since every coset 
in G/S* is represented by an element in the cycle wE, and since wP"' g S*. 
Consequently S = S*. 

If JF = #S + and if <t is an A-automorphism of G/S, then IF*" = We for e in 
E] and a is completely determined by e. There exist elements c(5) in E such that 
cr(fc) = r{b)c{b), since E is a primary ring and its right-ideals are left-ideals; and 

33 If S is an anti -cycle in D{G;E), z an element in G, but not in 5 + GP, then G « 5 + 
zE where zE is a cycle in D(G;E) and the index of S in D(G;E) does not exceed the order 
of zE. 
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there exists one and only one ^^-automorphism t of G which maps w upon we and 
h 9 ^ winB upon 6c(6). Since (b — wrQ))y = hcQ)) — wer(b) = (6 — w(b))c(b), 
it follows that r maps the elements h — wrQ)), which generate S upon 
elements in S so that ^ >S. The B-automorphism r maps consequently 
every coset of G/S into part of a well-determined coset of G/S and r maps in 
particular the generating coset W into part of \Vc. Thus we have shown that 
<T is induced by r in G/S, 

Lemma 5.2: If G is a primary abelian operator group over the {primary) ring E, 
and if G is a cycle of order n in D{G;E), then A{G;E) ami E/P"" are anti-isomorphic 
rings. 

Proof: There exists an element g in G such that G = gE, If is aiij^ £-auto- 
morphism of G, then g"^ = go where P"" + e is uniquely determined by g and <p 
and where g and e determine v? completely. If ?? is another £'-automorphism of 
Gy o' = 9^y l^hen = {ge)^ = gfV = gdc] and now it is obvious how to complete 
the proof of our statement. 

If G is a primary abelian operator group over the (primary) ring E, and if 
G/S for S an ^-admissible subgroup is the sum of a finite number of cycles in 
D{G/S;E)y then it follows from IE that G/S is the direct sum of a finite number 
of cycles and therefore #S is the cross-cut of a finite number of anti-cycles. From 
this fact one deduces easily the equivalence of the following three properties of 
the i^-admissible subgroup S of 0: (1) G/S is the sum of a finite number of cycles 
in D(G;E), (2) S is the cross-cut of a finite numb(*r of anti-cycles in D(G;E), 

(3) P(/S) is the sum of a finite number of cycles in the partially oi’dered set of all 
the right-annulets in A{G;E). 

Lea|MA 5.3: If G is a primary abelian operator group over the (primary) ring E, 
if the E-admissihle subgroup S of G is the sum of a finite number of cycles in D{G;E), 
and, if the E-admissible subgroup T of G is the cross-cut of a finite number of anti- 
cycles in D{G;E)y then S is part of an E-admissible direct summami of G which is 
the s^um of a finite number of cycles; and. T contains an E-admissihle direct summand 
of G which is the cross-cut of a finite number of anti-eyclcs in D{G;E), 

Proof: Our statement concerning S is an almost obvious consequence of 
the fact that there exists a basis of G (IE). Denote by W the set of all the 
E-admissible subgroups H of G which are direct summands of G and which are 
cross-cuts of a finite number of anti-cycles in G, There exists a subgroup K in 
W such that (T + K)/T is as small as po.ssible, since the minimum condition is 
satisfied by the E-admissible subgroups of G/T, If K were not part of T, then 
T < T + K and there would exist an E-admissible subgroup V between T and 
T + K such that (T + K)/V is a cycle of order 1. ‘ Since K is not part of F, 
there exists in K an element u of least order which is not in V, Clearly uP g 
V and V + uE = T + E. There exists by IE a basis B of K and there exists 
in B Si finite number of elements bi , • • • ,hj such that u is in biE, De- 

note by E' the set of those elements in B which are different from all the bi and 
which arc contained in F; and by B" the set of the elements in B which arc 
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different from the and which are not in V, If 6 is in fi", then there exists an 
element e{b) in E such that 6* = 6 — ue(b) is in V. Since b is in T + K, but 
not in F, it follows that n(ue(b)) ^ n{u) ^ n{b). Since u is independent of the 
set of elements in B' and J3", it follows that a basis B* of K is formed by the 
elements bi , the elements in B' and the elements 6* ior h in It is readily 
verified that the i5J-admissible subgroup U of G which is generated by the ele- 
ments in B* different from hi belongs to IF, though T II ^ V < T + K, a 
contradiction which proves our conUmtion. 

6. The Finite Automorphisms 

If ip is an E-automorphism of the abelian group G over the primary ring E, 
then G'^ and G/N(<p) are isomoi phic groups over the operator ring E; thus G"^ is 
the sum of a finite number of cycles if, and only if, N((p) is the cross-cut of a 
finite number of anti-cycles. The E-automorphism (p of G is termed finite, if 
(7^ is the sum of a finite numbc'r of cycles and N{(p) the cross-cut of a finite nuni- 
l^er of anti-cycl(^s. 

Lemma 0.1 : If G is a 'primary abelian operator group over the {primary) ring E, 
and if (p is a finite E~automorphism of G, then there exist E -admissible subgroups 
U and V of G with the following properties: 

(i) G is the direct sum of U and V. 

(ii) U is the sum of a finite number of cycles in D{G;E). 

(iii) G^ ^ U and V ^ N{<p). 

Proof: There exist by lAmima 5.3 E-admissible subgroups A and B of G such 
that G is the direct sum of A and B, A is the sum of a finite number of cycles in 
D{G;E) and B ^ N{(p), Denote by C the cross-cut of B and A + (7^. Then 
r is an E-admissible subgroup of B and C is thi* sum of a finite number of cycles 
in D{B]E). Hence there exist by Lemma 5.3 E-atlmissible subgroups V and W 
of B such that B is the direct sum of V and IF, IF is the sum of a finite number of 
cycles in D{G;E) and C ^ IF. Then G is the direct sum of U = A + IF and 
F, U is the sum of a finite number of cycles and G'^ ^ V ^ iV(v?). 

We denote by 4> = (G;E) the set of all the finite E-automorphisms of G. 

Lemma 0.2: If G is a primary abelian operator group over the {primary) ring E, 
then^ {G;E) is a two-sided, idempotent ideal in the ring A(t7;E); and both the sum 
of all the left-annulets A(Z) for cyclic Z and the sum of all the right-annulets V{H) 
for anti-cyclic H are equal to ^ {G;E), 

Proof: If <p and y are finite E-automorphisms, and if p is an E-automorphism 
of G, then we infer from ^ + (7^ and G^'^ ^ G^' that ^ is a left-ideal 

in A. Since G^^ is a linear map of G^, both subgroups are generated by a finite 
number of elements, showing that $ is a two-sided ideal in A. If is a finite 
E-automorphism of G, then there exist by Lemma 0.1 E-admissible subgroups 
U and F of G meeting the requirements G) to (m)of Lemma 0.1. If € is the 
E-automorphism of G which maps F upon 0 and leaves invariant every element 
in U, then e is an idempotent such that ep (pe = <p and € is finite; and hence 

is idempotent. It is a consequence of IE that G/N{ip) is the direct sum of a 
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finite number of cycles Zi , • • • , Z* . There exists one and only one i?-auto- 
morphism ipi of G which induces ^ in Z,* and which maps the Z, lov j ^ i upon 0. 
Clearly v? = v^i + * • • + <pifc , is a cycle and an anti-cycle; and this 

completes the proof. 

We note several consequences of this Lemma 6.2: 

1. The identity-automorphism of G is finite if, and only if, G itself is the sum of 
a finite number of cycles in D(G;E); and ^ is a (right- or left-) annulet if, and 
only if, $ = A. 

2. Every right- (left-) ideal in the subring ^ of A is a right- (left-) ideal in the 
ring A. 

3. If /S and T are A-admissible subgroups of C, then each of the following equali- 
ties may be easily seen to imply the others: 

s = T, p(s) n^ = p(T) n ^>, A(S) n ^ = a(t) n 4>. 

Comparing 2. and 3. we note that the ideal theory in the rings $ and A is 
different, provided these rings are different; but that the theory of annulets is 
essentially the same in both rings. 

It is known^^ that the jB-automorphisms of G may be approximated by means 
of finite ^-automorphisms. It is the object of the following remarks to describe 
this approximation in terms which involve properties of the ring A only. With 
this in mind we denote by il = U(G;E) the set of all the right-annulets I in A which 
are cross-cuts of a finite number of anti-cycles in the partially ordered set of the right- 
annulets in A; and it will be convenient to term il-f unction any single-valued 
function </>(!) of the right-annulets in 12 with the following properties: 

<p{l) is a cosct of A/I; and I g I' implies ip{l) ^ v^(I')- 

If is any JB-automorphism of G, then I + for I in 12 is the typical example 
of such an 12-function. 

Theorem 6.3: Suppose that G is a primary abelian operator group over the 
{primary) ring E, 

(a) The right-annulet I is in 12 z/, and only if, A(I) ^ 4>. 

(b) To every I in A and ^ in A there exists a finite E-automorphisrn r of G such that 
ip = p mod I. 

(c) 7^0 every Q-function ip{l) there exists one and only one E-automorphism ip of 
G such that </?(!) = I + ip for every I in 12. 

It seems desirable to find an expression of the closure property (c) of the 
ring A which does not involve the elements of A, but which refers to the annulets 
only. 

Proof: If S is an iJ-admissiblc subgroup of G, B a basis of S and C a basis of G, 
then the (cardinal) number of the elements in B whose order is at least n docs 
not exceed the (cardinal) number of the elements in‘C whose order is at least n. 
Hence there exists an JB-automorphism ip of G such that G^ = S] and conse- 
quently A(I) g 4> if, and only if, G^^*^ is the sum of a finite number of cycles in 
D{G;E), It is a consequence of Theorems 2.1 and 2.2 that = A^(I); and 


Baer (1). 
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that N{1) is the sum of a finite number of cycles in D(G;E) if, and only if, I = 
'P(N(l)) is the cross-cut of a finite number of anti-cycles in the partially ordered 
set of the right-annulets in A. It is a consequence of Lemma 5.3 that G is the 
direct sum of i^-admissible subgroups U and V such that N{1) ^ U and such 
that U is the sum of a finib^ number of cycles in D(G;E). Then there exists to 
every ^^-automorphism of G one and only one /iJ-automorphism 7 of G which 
coincides with ip on U and which maps V upon 0 . It is clear that 7 is a finite 
^/-automorphism satisfying v? = 7 mod 1. 

We note that P(x) is, for every a: in G, a right-annulet in the class il, since 
A(P(x)) == A{xE) ^ U ip and 7 are any two ^^/-automorphisms of G satisfy- 
ing I + ^ = I + 7 for every I in il, then (p — y = 0 as an element in the cross- 
cut 0 of all the P(a:) for x in G. If finally <p{l) is an 12-function, then all the ele- 
ments in the coset <^(P(a:)) have the same value on the clement x in G. If a: is 
in G and e in E, then xeE ^ xE implies P(a:) = V(xE) ^ ?(xeE) = P(a:c) so 
that (xey = ^ jf ^ y elements in G, then 

(p(V(xE + yE)) is part of <^(P(aO), <^(P(2/)) and (^(P(a- dz y)) so that {x d= yY = 
(a: =b z=z ±: y'^. Thus p is an A'-automophism 

of G. If I is in 12 and x in W(I), then I = P(A^(I)) ^ P(a') and hence <^( 1 ) ^ 

p(P(x)); and this implies that x"^ = for x in N(I) or <^( 1 ) = I + p. 

7 . Sums of Annulets 

It is easily seen that the cross-cut of any set of right- (left-)annulcts is a right- 
(left-)annulct. Thus there exists to every set of right- (left-)annulets a smallest 
right-(left-) annulet, the join of the annulets in the set. But in general this 
join will be different from the sum of the annulets in the set. 

Theorem 7 . 1 : Suppose that G is a primary abelian operator group over the 
{primary) ring E, and that Pi is a right-annulet, Ai a left-annulet in \{D;E). 

(a) If Ai n A2 = 0, then \\ + A2 is a left-annulet. 

(b) If Pi n P2 == 0, then Pi + P2 i^ u right-annulet. 

(c) If Pi = P(Ai), Ai = A(Pi) and Pi fl P2 = 0 = Ai (1 A2 , then Pi + Po = A = 

Ai + A2 . 

Proof: It is an immediate consequence of the Fundamental Theorem of 
se^ction 2 that the cross-cut of = G'^* and S2 = G^^ is G‘^^ ^ = 0, and that 

the smallest left-annulet which contains both Ai and A2 is A(*Si + >S2). If v? is 
any element in A (Si + S2) and g any clement in G, then g'^ is an element in the 
direct sum Si + S2 . Hence there exist uniquely determined elements g\ and 
<72 in S\ and S2 respectively such that g'^ = g\ g^ ^ The transformation pi 
which maps g upon gi is readily seen to be an A’-automorphism in Ai = \{Si ) ; and 
p = pi -jr p2 • Hence Ai + A2 = A(iSi + S2). 

If Ti = AT (Pi), then it is an immediate consequence of the Fundamental 
Theorem of section 2 that Ti + T2 = ^(Pi H P 2 ) = G and that P(ri fl T2) is the 
smallest right-annulet which contains both Pi and P2 . Since G/(ri 0 T2) is the 
direct sum of Ti/{Ti fl T2) and T2/{Ti fl T2)^ there exists to every A-automor- 
phism p in P(ri fl T2) one and only one A-automorphism pi which maps 7 \ upon 
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0 and which coincides with ^ on Ti^i/{Ti fl T^)- Clearly ^ ^ and <pi is 

in Vi = P(Ti). Hence Pi + P 2 = V(Ti fl Ta). 

If the hypotheses of (c) are satisfied by A,* , Pj , then it follows from what has 
already been shown that Si = = A/^(P,), that G is the direct sum of Si and 

So, Ai + A 2 = A(G) = A = P(0) = Pi + P 2 . 

If G is an abelian operator group over the ring E, if S is an £/-admissible sub- 
group of G, and if \p is a single-valued additive function of the elements in S 
with values in G satisfying {scY = for s in S and e in E, then tp is a linear 
transformation of S mto G. 

Lemma 7.2: If the primary abelian operator group G over the {primary) ring E 
is the direct sum of cycles of equal order m in D{G;E)^ if S is an E-admissible sub- 
group of G, and if tp is a linear transformation of S into G, then ip is induced in S 
by an E-automorphism of G, 

Proof: If p is a prime in E (of. IG), then every element in G has the form 
gp' ior g an element of order m in G. Hence there exists a basis B of G and 
integers h{b) for b in B such that the ^'-admissible subgroup S of G is generated^^ 
by the elements bp^^^\ 8ince n({bp^^^^)'^) ^ n(bp^^^^) = m — h{b), there exist 
elements // in G such that There exists one and only one 

/?-automorphism ^ of G which maps every b in B upon the corresponding b\ 
since n(l/) S n{b) — m] an^d ^ clearly induces <p in S, 

Theorem 7.3: The following three properties of the primary abelian operator 
group G over the {primary) ring E imply each other: 

(a) G is the direct sum of cycles of equal order m in D{G;E). 

(b) The sum of any two right-annulets in A(G;J5J) is a right-annulet. 

(c) The sum of any two left-annulets in A{G;E) is a left-annulet. 

Proof: Suppose that condition (a) is satisfied by G. It is a consequence of 
the Fundamental Theorem in section 2 that any two right annulets in A have 
the form P(>S), V{T) whc're S and T are /iJ-admissiblc suligroups of G, and that 
P(iS n T) is the smallest right-annulet containing both V{S) and V{T). If 
i; is an A-automorphism in P(>.S fl 7^), then there exists a linear transformation 
^ of S ■+■ T into G which coincides with v on S and which maps T upon 0, since 
S + 7" is modulo S H T the direct sum of and 1\ and since {S fl TY = 0. 
There exists by r.emma 7.2 an A-automorphism w of G which induces yf/in S + T. 
Thus w belongs to P(r) and u — w belongs to P(aS); and hence v belongs to P(>S) + 
P(T); i.e. (a) implies (b). 

It is a consequence of the F undamental Theorem of section 2 that any pair 
of left-annulets in A may be represented in the form A(*S), A(r) where S and T 
are ^'-admissible subgroups of G, and that A{S + T) is the smallest left-annulet 
containing both A{S) and A(7"). If ip is an ^-automorphism in A{S + T), B 
a basis of G, then 6^ is an element in S + T and there exist therefore elements 
s{b)y t{b) in S and T respectively such that b"^ = s{b) + t{b). Since b is by 

** Note that the elements which arc different from 0 form a basis of S. The 

existence of a basis of S is assured by IE and such a basis would be the starting point for 
the construction of 
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(a) an element of maximum order m in G, there exist uniquely determined E- 
automorphisms ri and k such that 6’ = b* = t(b). Clearly (p rj + k and 77 
is in A(>S), k in A(7’) so that (c) is a consequence of (a). 

If condition (a) is not satisfied by the group fj, then G is the direct sum of 
E-admissible subgroups U, V, W where W may be 0 and where U and V are 
cycles in D(G; E) such that 0 < n{U) < n(F) = the maximum-order of the 
cycles in £>((?; E). There exist elements ii and v of order 1 in U and V respec- 
tively. The cycles uE and {u + v)E are of order 1 and their cross-cut is 0. 
Thus A is the smallest right-annulet containing both P(t/) and P(?i + v). If 
the identical automorphism 1 were in P(ii) + P(2^ + v), then there would exist 
E-automorphisms ri, k such that = 0, {u + vY = 0 and rj + k = 1 ; and this 
would imply: u = = u,0 = {u + vY == u + or uE = (vEY ^ 

which is impossible, since ^ ^ q Consequently (b) implies 

(a). If y = wE, then (u + w)E is a cycle of order n{y) whose cross-cut with 
V is exactly VP. Automorphisms in A(y) and A((u + w)E) map elements of 
an order not exceeding n(y) — 1 upon elements in FP; and every automorphism 
in A(F) + \{{u + w)E) maps therefore the elements of an order not exceeding 
n(F) — 1 upon elements in F7^. But there exist E-automorphisms which map 
U upon uEy W upon 0 and leave invariant every element in F. Such an auto- 
morphism would be in A(F + (u + \v)E) = A(F + uE), but not in 
A(F) + A{(ii + w)E), since it maps an element in F of an order less than n(V) 
upon the element u not in FP; and hence (a) is a conseciucnce of (c). 

Corollary 7.4: If the primary abelian operator group G over the {primary) 
ring E i^ the direct sum of cycles of equal order m in D{G\ E), then 

(i) ipA = P(A(v?)) and A(p = A((?'^)/or every E-automorphism ip of G; 

(ii) every right- {left-)annulet is a principal right-{left-)ideal in A{G; E) ; 

(iii) every right- {left-)ideal in A which is generated by a finite number of elements^^' 
is a principal right-{left-)ideal in A. 

Proof: If 7 is in P(iV(^)), then N{ip) ^ A' (7). To every element x in TP 
there exists one and only one coset of G/N{ip) which is mapped upon x by 
(p. Thus N{y) + is a singh^, well determined coset of G/N{y) and = 
{N{y) + is a uniquely deteimined element in fP. This transformation rj 

is readily seen to be a linear transformation of fP into G; and hence it follows 
from Lemma 7.2 that rj is induced in (7^ by an E-automorphism k of C. If x 
is any element in G, then = (AT (7) + x^ = x^ or ipK = y and this 

proves <^A == P(A^(^)). 

If p is an automorphism in A(fP), then G^ ^ fP and the set T of all the ele- 
ments in G which are mapped by (p upon elements in G^ is an E-admissible sub- 
group such that N(ip) g P, = G^. If Y is any coset of G/N{p), then F'* 
is a well determined element in G^ = and there exists one and only one coset 
y<r _ T/N{(p) which is mapped by upon the element Y^. It is readily 

seen that a is an isomorphism of the group G/N{p) over E upon the group T/N (fp) 
over E. There exists a basis B of G. If 6 is an element in P, then denote by 6* 

Has a finite basis in the customary te^minolog>^ 
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some element in (iV(p) + bf so that (N{p) + by = N{<p) + b* for every b in B, 
Since all the elements 6 in B are of the maximum-order m in G, there exists one 
and only one ^-automorphism t of G which maps b upon 6* for every b in B, 
Then 6"^ = b*^ = (NM + b*y = (N(p) + bf^ = (N(p) + by = 6^ or = p 
and this i)rovcs A(p = A(G^). 

It is a consequence of the Fundamental Theorem of section 2 that every right- 
(left-)annulet in A has the form P(S) (A(<Sf)) for S an jEJ-admissiblc subgroup of 
G; and it is readily verified that there exist to every ^'-admissible subgroup S of G 
^-automorphisms ip, y such that S = N(ip) and S = Now (ii) is a conse- 
quence of (i). The assertion (iii) finally is an immediate consequence of (i), 
(ii) and Theorem 7.3. 

Theorem 7. *5: The following five properties of the primary abelian operator 
group G over the (primary) ring E are equivalent: 

(1 ) G is the direct sum of a finite number of cycles of equal order 

(2) Sums^^ of right-annulets in A(G; E) are right-annulets. 

(3) Every right-ideal in A is a right-annulet. 

(4) Sums^^ of left-annulets in A are left-annxdels. 

(5) Every left-ideal in A is a left-annulet 

Proof: It is obvious that (3) implies (2) and that (5) implies (4). If (2) 
or (4) is satisfied by G, then G is, by Theorem 7.3, the direct sum of cycles of 
equal order; and the ideal 4>(G; E) of the finite /i^-aiitomorphisms of G is by 
Lemma G.2 equal to A so that in particular the identity is a finite automorphism. 
But this is the case if, and only if, G is the direct sum of a finite number of 
cycles, proving that (1) is a consequence of (2) as well as of (4). 

If condition (1) is satisfied by the group G, then the maximum and the mini- 
mum condition are both satisfied by the ^-admissible subgroups of G. Hence 
it follows from the Fundamental Theorem of section 2 that the maximum condi- 
tion is satisfied by thc' right-annulets and by the left-annulets in A(G; E). 
Furthermore it follows from Corollary 7.4 that annulets are principal ide^als and 
that the sums of a finite number of principal ideals are annulets. Applying the 
maximum condition for the annulets it is readily deduced that every ideal is a 
principal ideal and therefore an annulet; and this shows that (3) and (5) are 
consequences of (1). 


8, Products of Annulets 

If T and ^ are right-(left-)ideals in the ring A, then their product is the 
smallest right-(left-)ideal in A which contains all the products for u in T and 
^ in Annulets are ideals. Thus the product qf two right- (left-)annulets 
is a well-detennined right- (left-) ideal, though it need not be an annulet. 

For further characterizations of this class of groups, see Theorem 8.3 below and Asano 
(1), Satz 8, p. 243. 

** Both finite and infinite sums. 

Rings with the properties (3) and (5) have been termed quasi-Frobeniusean by Naka- 
yama (1). 
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Theorem 8.1: Suppose that G is a primary abelian operator group over the 
{primary) ring E, and that S and T are anti-cycles in D{G; E). 

(a) If either S is an anti-cycle of maximum index in D{G; E) or T is a direct 
summand of G and n(G/T) ^ n{G/S), then V{S)V{T) = V{S + 

(b) If both S and T are direct summands of G, but n{G/S) < n{G/T), then 
V{S)V{T) is not a right-annulet in A{G; E), 

Proof: If a and r are ^-automorphisms in V{S) and P(7') respectively, then 
S ^ N(<t) ^ Niar), ^ G^ and G"^ is a cycle in D{G; E) whose order is at 
most n{G/T). Hence n{(r) ^ n(G^) ^ n{G/T) so that is part of 

N{(tt), since G/N{(tt) is a cycle of order niG"^). The product ar is therefore 
an element in P(aS + i.e. 

P(>S)P(T) ^ P(aS + 

Since S and T are anti-cycles in D{G; P), there exist elements w such that 
G = S + vE = T + ivE. Clearly n{G/S) ^ n{v), n{G/T) ^ n{w). If one 
of the hypotheses of (a) is satisfied by S and T, then it is possible to select the 
element w in such a way that n{w) S n{G/S), since G is the sum of T and of a 
cycle of order n{G/T)^ if T is a direct summand of G and since the maximum 
index of the anti-cycles in D{G] E) is just the maximum order of the cycles in 
D{G; E), Consequently there exists an P-automorphism a in P(aS') which maps 
V upon w. If V? is an P-automorphism in V{S + then = 0 and 

^ n{G/T)\ and we note that <p is completely determined amonp; the auto- 
morphisms in P(aS) by the image of c. There exists one and only one P'-auto- 
morphism r in P(7') which maps w upon r'""; and it is readily verified that v? = <rr, 
proving (a). 

If both aS and T are direct summands of C, then we may assume that the 
elements v and w selected above are of order n{G/S) and n{G/T) respectively. 
Denote by e the P-automorpbism in V(S) which leaves invariant the element v. 
If n{G/S) < n{G/T), and if <t and r are automorphisms in P(aS) and V{T) re- 
spectively, then C*" is a cycle in D{G‘, P) whose order n{G^) is at most n{G/S) < 
n{G/T) so that T + C"' g T + GP. Consequently ir g {T + GPy ^ GP 
though G* % GP. Since P(aS) is the smallest right-annulet containing P(aS)P(P), 
we have thus shown that P(aS)P(7') is not a right-annulet. 

Theorem 8.2: Suppose (hat G is a primary abelian operator group over the 
{primary) ring P, and that S and 7' are cycles in D{G; E). 

(a) If either T is a cycle of maximum order in D{G; E) or S is a direct sum- 
mand of G and n{S) g n{T), then A(6’)A(5r) = 

(b) If both S and T are direct summands of G, but n{T) < n{S)y then \{S)A{T) 
is not a left-annulet in A{G\ E). 

Proof: If a and r are P-automorphisms in A{S) and A{T) respectively, then 
Gy is a subcycle of S and is therefore a subcycle of T whose order does not 
exceed n{S) so that ^ rppnm-nis) 

A{S)A{T) ^ A{TP^^^^'-^^^^). 

We may assume that S 9 ^ 0. There exists a greatest P-admissible subgroup 
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Z oiG whose cross-cut with S is 0. If Z* is an £^-admissible subgroup such that 
Z < Z*, then Z* contains the Uniquely determined subcycle of S; 

and hence it follows from IF that Z is an anti-cycle in D(G; E). If F is an anti- 
cycle in D(G; E) whose cross-cut with S is 0 and whose index is as small as 
possible, and if one of the hypotheses of (a) is satisfied by S and T, 
then n{G/V) ^ n(7’). There exists an ^-automorphism t oiG such that = 0 
and G'^ is the subeycle of order n{G/V) of T] and r clearly belongs 

to A(r). Suppose now that belongs to Then G’’ is a sub- 

cyclc of T whose order does not exceed n{S), and G/N{(p) is therefore a cycle of 
an order not exceeding n{S) and is generated by some coset C. Since a coset 
of G/V whose order does not exceed n(*S) contains one and only one element in 
there exists one and only one element v in S which is mapped by r upon C'^. 
There exists furthermore an ^^-automorphism a in A(*S) which maps N{ip) upon 
0 and C upon v] and it is readily verified that ip = ar, proving (a). 

If n(7') < n(S), and if is a direct summand of G, then it is readily verified 
that A(T) is the smallest left-annulet which contains A(S)A(T'). If T is a direct 
summand of G, then there exists an ^^-automorphism w of G which maps G 
upon T and which leaves invariant every elemcmt in This automorphism 
o) is in A(T), but it cannot be in A(>S)A(T). For if a is in A{S) and r in \{T), 
then 7^ is a subcycle of S w^hose order does not exceed n{T) < n{S) so that 
^ SP ^ GPy and hence g TP, though T" = T\ and this completes the 
proof. 

Theorem 8.3: If G is a primary abelian operator group over the {primary) ring 
E, then each of the following properties implies the others: 

(a) G is the direct sum of a finite number of cycles of equal order in 1){G] E). 

(b) The product of any two right-annulets in A(G; E) is a right-annulet. 

(c) The product of any two lefi-annulets in A(G; E) is a leftrannulet. 

Proof: That (a) implies both (b) and (c), is an immediate consequence of 
Theorem 7.5. If (b) or (c) is satisfied by G, then w^e deduce from Theorems 
8.1, (b) and 8.2, (b) that G is the direct sum of cycles of equal order in D{G; E), 
since G is, by IE, a direct sum of cycles in D{G; E). If Z is any cycle of maxi- 
mum-order in D{G] E)y then Z is a direct summand of G and there exists to 
every element fif in G an P-automorphism of G which maps Z upon the cycle gE. 
Hence it follows from Lemma 0.2 that A(Z)A(G) = A(Z)A = the ideal of all 
the finite automorphisms. Thus (c) implies that 1 is a finite P-automorphism, 
showing that (a) is a consequence of (c). If F is an anti-cycle of maximum- 
index in D{G\ E), then F is a direct summand of G and every anti-cycle in 
D{G; E) may be mapped upon F by an P-automorphism of G. Hence we infer 
from Lemma 6.2 that P(0)P(F) = AP(F) == 4>. Consequently 1 is a finite 
P-automorphism, if (b) is satisfied by G; and (a) is therefore an implication of (b). 

9. Cross-cuts of Right- and Left-Annulets 

Right- and left-annulets in A are ideals in A; and they are therefore subrings 
of A. The cross-cut^® of a right-annulet and a left-annulet in A is an ideal in 

The cross-cut of the sets S' and S" shall always be denoted by S' fl • 
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both these subrings of A. It is the object of this section to investigate the ideal 
theory obtained this way. 

Theorem 9.1 : Suppose that G is a primary abelian operator group over the 
{primary) ring E, and that H is an anti-cycle of index n {Sin D{G; E). 

(a) If H is a direct summand of G, then every left-ideal I in the ring P(//) is the 
cross-cut of P(//) and of a left-ideal in A(G; E), 

(b) If I is the cross-cut of P(//) and of some left-ideal in A(G; E), then there 
exists one and only one E-admissihle subgroup S of G such that the orders of the 
elements in S do not exceed n and such that I — V{H) H A(<S). 

(c) If the orders of the elements in the E-admissible subgroups Sv of G do not exceed 
n, then'Z, (P(//) fl A{S,)) = P(//) PI A(E. 

I^roof: If // is a din^ct summand of G, then there exists an (idempotent) 
Ti'-automorphism rj of G which maps II upon 0 and every eos(*t C of G/II upon 
an element in C, If I* is the smallest left-ideal in A containing I, then every 
element in I* is the sum of elements v?x foi* in A and x in I. If p is an clement 
in P(//), then p = r;p; and thus it follows that the sum of elements <px, if in 
P(//), is e( 4 ual to the sum of elements (i7<p)x- Since 7;<p is in P(//), and since I 
is a left-ideal in the ring P(//), it follows that every {'n^)x belongs to I and that 
therefore^^ I = I* fl P(//). 

Tf I is the cross-cut of V{H) and of some left-ideal in A, then I is in particular 
the cross-cut of P(//) and I*, the smallest left-ideal in A containing I. Since 
e\'ery element in I induces a linear transformation of the cycle G/H of order n 
upon some subcycle of G, it follows that the orders of the elements in S = G^ 
do not exc('ed n. If C is some coset which generates the cycle G//f, then S 
consists of all the elements C^e for x in I and e in E, It is a consequence of 
Lemma 5.1 that there exists an A'-automorphism <p of G which maps // into part 
of II and the coset C into part of Ce. Since = C^e, and since <px is in I* 
and maps II upon 0, it follows that <px is in I and that S consists exactly of all 
the elements G‘ for t in T. Thus S is an ^/-admissible subgroup of G the orders 
of whose elements do not exceed n. If k is an element in P(//) fl X{S), then there 
exists an element f in I such that — C, since S consists of all the C‘ for t 
in I. But this implies clearly f = k so that I = ^(H) nA(AS). Suppose now 
that T is an ^/-admissible subgroui) of G the orders of whose elements do not 
exceed n and which satisfies: I = P(^) fl A(7’). If t is an element in T, then 
n{tE) = n{t) ^ n = n(G/II); and it is a consequence of IE that there exists an 
^/-automorphism y of G which maps II upon 0 and C upon t {y clearly belongs 
to I). Hence T = S. 

Tf the orders of the elements in the ^/-admissible subgroups Sv of G do not 
exceed n, then the orders of the elements in the ^/-admissible subgroup 
S = Sv do not exceed n (by lA). Clearly (P(/r) fl A(St,)) ^ 
P(//) n A(aS). If (p is an element in V(H) f)A{S), then for C a generating 
coset of G/H is an element in S so that + • • • + Sk where s,- is an ele- 


The hypothesis that H is an anti -cycle in D(0\E) has not been used in this part of the 
proof. 
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merit in . There exists an ^-automorphism ipi in V{H)CW{Svi) which 
maps C upon s, . Clearly v? = + • * * , proving the desired equality (c). 

Theorem 9.2: Suppose that G is a primary abelian operator group over the 
{primary) ring E, that Z is a cycle of order n ^ 0 in D{G; J?), and that I is a 
right-ideal in the subring A(Z) of A{G;E). 

(a) If Z is a direct summand of G, then I is the cross-cut of h{Z) and of a right- 
ideal in 

(b) There exists at most one E-admissible subgroup S of G such that the orders 
of the elements in G/S do not exceed n arid such that I = A{Z) fl P(aS). 

(c) If I is the cross-cut of A{Z) and of a right-ideal in A, and if G/A^(I) is a sum 
of a finite number of cycles^ then the orders of the elements in 6r/A’(I) do not exceed 
nandl = A{Z) fl P(A^(I)). 

Proof: If Z is a direct summand of G, then there exists an (idem potent) 
A'-aiitomorphism f of (? which maps G upon Z and which leaves invariant all 
the elements in Z. The smallest right-ideal in A which contains I is I* = I A, 
and every element in I* is the sum of products x<p for x in I and (p in A. If a> 
is an clement in A(Z), then w = wf ; and every element in I* fl A(Z) is therefore 
the sum of products x(<^f) for x in I and in A. Since every is in A(Z), and 
since I is a right-ideal in A(Z), it follows that every x<^f is in I, i.e. I = A(Z) fl I*. 

The statement (b) is an immediate consecpience of the following lemma, 
(b*) If S is an iS-admissible subgroup of G, if the orders of the elements in 
G/S do not exceed n, then S = N(A(Z) (1 ?{S)). 

It is clear that S ^ N{A{Z) (1 V{S)). To prove the opposite inequality 
consider a basis B of G/S, Since the orders of the elements in B do not exceed 
w, there exists to every element b in B an £-automorphism ip{b) of G in V{S) 
which maps the coset b of G/S upon an eleiiKUit of order n(6) in Z and which 
maps all the other elements in B upon 0. If .c is an elenient not 0 in G/*S, 
then X = in B be{b) where the e{b) are elements in E almost all of which are 
0. There exists at least one element in B, v, such that ve{v) 0; and it is 
clear that is different from 0. This completes the proof of {b*) (and (6)). 

If y is any automorphism in A(Z), then G/N{y) is a cycle of an order not 
exceeding n and consequently GP” ^ N{y), If I is any subset of A(Z), then 
iV(I) is the cross-cut of all the N{y) for 7 in I so that GP'" ^ A'(I) ; and the orders 
the of elements in G/N{1) do not exceed n. 

If I is the cross-cut of A(Z) and of some right-ideal in A, then I = A(Z) fl I* 
where I* = I A is the smallest right-ideal in A which contains I. It is clear that 
A^(I) = A'(I*) and that I ^ A(Z) fl P(Ar(I)). We consider the set Q of all the 
pairs (t/, V) with the following properties: 

(i) U and V are P-admissible subgroups of G/A'(I) and G/N{1) is the direct sum 
of U and V, 

(ii) To every automorphism s in A(Z) fl P(W(I)) there exists an automorphism 
s* in I which maps V upon 0 and which coincides with s on U, 


For the proof of (a) we need not assume that Z is a cycle in D{G\E). 
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This set Q is not vacuous, since the pair (0, G/N(X)) meets the requirements 
(i), (ii). To prove (c) we assume that G/N{\) is the sum of a finite number of 
cycles. Thus the maximum condition is satisfied by the j^-admissible sub- 
groups of G/N(X) and hence there exists a pair ((/*, V*) in Q whose first membcn- 
[7* is as big as possible To prove (c) we need only show that F* = 0. If F* 
were not 0, then F* would contain a subcycle W of maximum order in F*. 
To every element, not 0, in TF there exists an automorphism in I which maps 
this element upon an element, not 0, in Z (as follows from the definition of A^(I) 
and from the fact that I ^ Thus there exists an automorphism 5 in 1 

which maps the cycle of order 1 upon the cycle of order 1; 

and it is readily seen that a ryde of order n(W). Since 

(U*, F*) belongs to Q, there exists an automori)hism 8* in I which coincides 
with 8 in U* and which maps F* upon 0. The automorphism « = 5 — 6* 
belongs to I (since I is an ideal), maps U* upon 0 and IF upon Denote 

by F** the set of elements in F* which are mapped upon 0 by c, and put f/** = 
U* + TF. Since € maps F* upon a cycle of order n(TF), and since TF is a sub- 
cycle of maximum order of F*, it follows that G/N{1) is the direct sum of 
the /iJ-admissiT)le subgroups U** and F**. If ip is any automorphism in 
A(-Z) n P(A^(I)), then there exists — by (ii) — an automorphism ip* in I which 
coincides with <p on U* and which maps F* upon 0. Since (p maps IF upon part 
of there exists an A-automorphism p of such that 

p and ep (‘oincide on W, There exists by T.emma 5.1 an A-automorj)hism a 
of G which induces p in and €<r is clearly an automorphism in I = 

I* n A(Z). The automorphism <p** = <p* -f €(t belongs to I, maps F** upon 0 
and coincides with p on (/**. Thus we have shown that th(' pair (f/**, F**) be- 
longs to the set Q in spite of the fact that (/* < f/**, a contradiction which 
completes the proof. 

(^OROLLAUY 9.3: Suppose (hat G is a primary abelian operator group over the 
(primary) ring E, and that Z is a cycle of order a ( 5 *^ 0 ) ifi D(G; E). 

(a) G/GP"' is the sum of a finite number of cycles if, and only if, A(Z) 0 1 = 
A(Z) n P(iV(A(Z) n I)) for every right-ideal I in A(G] E). 

(b) If S and T are E-admissible subgroups of G such that the orders of the elements 
in G/S and in G/T do not exceed n, then (A(Z) 0 V(S)) -f- (A(Z) 0 P(7^)) = 
A(Z)nP(.Sn T). 

Proof: (tP" ^ N(A(Z) 0 I), since Z is a cycle of order n. If G/GP'" is the 
sum of a finite number of cycles, then G/N(A(Z) 0 1) is the sum of a finite num- 
ber of cycles; and A(Z) 01= A(Z) 0 y(N(A(Z) 0 I)) for right-ideals 1 in A 
is a consequence of Theorem 9.2, (c). Suppose now that this identity holds 
for every right-ideal I in A. It is a consequence of IE that G/GP” is the direct 
sum of cycles Zv of positive order not exceeding n. The set I of all the P-aiito- 
morphisms which map GP'* and almost all the Z„ upon 0 is readily seen to be a 
right-ideal in A; and the cross-cut iOa(Z) consists exactly of those P-auto- 
morphisms of G which map G into part of Z and which map GP” and almost 
all the Zv upon 0. Since n(Zv) ^ n = n(Z), it follows that A^(I) = GP'* = 
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N{K(Z) n I). Hence there exists an automorphism w in P(iV'(A(Z) fl I)) which 
maps GP"" upon 0 and [every] Zv upon Since w belongs to A(Z), 

it follows from the validity of the identity in (a), that w belongs to I so that the 
automorphism w which maps none of the Zv upon 0 maps almost all the Zv upon 

0. Hence there exists only a finite number of Zv ; and this completes the proof 
of (a). 

To prove (b) wo need only show that every automorphism ^ 
in A(Z) n P(S n 7’) belongs to (A(Z) fl P(S)) + (A(Z) fl P(T)). Since the orders 
of the elements in G/S and G/T do not exceed n, it follows that GP"' is part of 
S and of T, and that therefore the orders of the elements in G/{S fl T) do not 
exceed n. Hence an ^-automorphism y of G may be constructed which maps 
S upon 0 and coincides with <p on T and which maps G into part of Z. Then 
T is in A(Z) fl P(*S) and <p — t is in A(Z) fl P(T); and this completes the proof 
of (b). 

Remark: In sections 6 to 8 we obtained fairly similar results for right- and 
for left-annulets, though we had to use different methods in proving these facts. 
In this section 9 even the results turned out to l)e different (cf. in particular 
Corollary 9.3, (a) and Theorem 9.1, (c)). The following argument will give 
some explanation of this difference in behaviour between right- and left-annulets. 

1. If Z is a cycle of order n 5^ 0 in D(G; /?), E a primary ring, then (rP” is 
mapped upon 0 by all the automorphisms in A(Z); and the automorphisms in 
A(Z) map G/GP^ into the cycle Z. Thus the automorphisms in A(Z) behave 
just like the characters of G/GP^ with values in Z; and A(Z) is essentially the 
character group of G/GP'' (in Z).^^ If S is an P-admissible subgroup of G which 
contains f?P”, then A(Z) fl P(^') consists just of those characters of G/GP^ which 
map S upon 0. This corr(\spondence between the subgroups in D{G/GP''] E) 
and right-ideals in the ring A(Z) is a duality of D{G] E) upon a certain system of 
right-ideals in the ring A(Z). 

2. If H is an anti-cycle of index n 9 ^ 0 in D{G\ E), C a generating co.sct of the 

cycle G/H, and Gn the subgroup of all the elements in G whose order does not 
exceed n, then there exists to every element x in Gn one and only one P-auto- 
morphism <p = (p(x) in ?(H) such that x = and hence . Mapping 

X upon (p(x) constitutes an isomorphism of Gn upon P(//); and P(ff)nA(AS) 
is just the image of the P-admissible subgroup a.S of G under this isomorphism. 
Thus Gn and P(//) are essentially the same. 

3. If the group G is the sum of a finite number of cycles, then it is wellknown^* 
that G and its character group are very .similar and their respective systems of 
subgroups are duals. Without this hypothesis this duality breaks down^^ and 
can only be reconstructed by resort to topological fneans.^® Since these do not 


Cp. Lewis (1). 

Cp. e.g. Baer (4), II, 4 and liCwis (1). 

It has been shown that this finiteness-hypothesis is (under certain circumstances) 
actually necessary for the existence of a dual; cp. Baer (3). 

Pontrjagin (1), Ch. V. 
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enter into our considerations, G and its character group will in general be rather 
dissimilar; and thus right- and left-annulets will behave differently. 

Chapter IV: Characterization of Automorphism Rings 

In Chapter III we have derived a number of properties which are satified by 
the annulets in the automorphism rings of primary abelian operator groups. 
It is the object of this present Chaphu* IV to prove that the automorphism rings 
of primary abelian operator groups are th(‘ only rings with these properties. 

10. Idempotents 

We consider a ring K which shall always be assumed to contain an identity 
element 1. If aS is any subset of /C, then we define as the right (resp. l(‘ft)- 
annulet R{S) (resp. L(aS)) determined by S the set of all the elements x in K 
which satisfy: sx — 0 (resj). xs = 0) for every s in S. The right (resp. left)- 
annulets are right (resp. left)-ideals; cross-cuts of right (resp. left)-annnlets 
are right (resp. left)-annulets; S ^ T implies R{T) ^ R{S) (resp. L{T) g 
L{S))\Sim\R{L{R{S))) = R{S) (resp. L{R{L{S))) = L{S)), 

If U and V are subsets of /v, then their sum T' + V consists of all the sums 
u + V for u in U and v in V, If U and V are ideals whose cross-cut is 0, then 
U + V is the direct sum of U and V, and C is a direct summand of + F. 
An element g in K is an idempohmt if <7 == g\ In tin* following we collect certain 
well known^^ connections between the concepts: annulet, direct summand of the 
ring K and idempotc'nt, whi(*h will f)rove useful in the future; but it should b(' 
kept in mind that these remarks refer only to an important subclass of the set of 
annulets. 

Lemma 10.1: The ring K is the (Hrvd sum of the right (resp. left)-ideals (■ ami 
V if, and only if, (here exist idempotents u and e such that 1 = u + v, uv — vu = 0 
and U = uK, V == vK (resp. 11 = Ku, V = Ke). 

Lemm.\ 10.2: If the idempotents u and v in the ring K satisfy: I = u + v and 
uv = vu = 0, then R{u) = R{Ku) = vK, R{v) = R{Kv) = uK {resp. L{u) = 
L{uK) = Kv, L{v) = L{vK) = Ku), 

Lemma 10.3: The right {resp, left)-idcal U is a direcA summand of K if, and 
only if, there exists an idempotent u such that U = uK {resp. U = Ku). 

Lemma 10.4: If u is an idempotent and S a subset of the ring K which contains 
uS and for Su, then uS — S H uK ami j or Su = aS ft Ku, 

We note in particular the following important consequence of Lemmas lO.l 
and 10.2: If K is the direct sum of the right (resp. left)-ideals U and V, then 
U and V arc right (resp. left)-annulcts whose cross-cut is 0; and K is the direct 
sum of L{U) and L{V) (resp. R{U) and R{V)) so that L{U) PI L{V) = 0 (resp. 
R{U) n R{V) = 0). 

11. Groups Contained in the Ring K 

If J is a right-ideal in the ring K, then J is a subring of K and in particular J 
Cp. e.g. von Neumann (1), Ch. II, p. 7/8. 
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is an additive abelian group. Every cross-cut of J and of a left-ideal in 7?^ is a 
subgroup of this abelian group J and the set of all these subgroups shall be denoted 
by D{J). 

If X is any element in K satisfying xJ ^ J, then xS ^ S for every subgroup S 
of the group J which is contained in D(«/); the elment x induces in J an endo- 
morphism (cf. section 4) which may be termed D{J)-admissihle^ since it maps 
every subgroup in D{J) into itself. The system of all the endomorphisms of J 
which are obtained by left-multiplication by elements in K shall be denoted by 
E{J), The elements x in K which satisfy: xJ ^ J form a subring L*(J) of K 
which clearly contains L(J); and one verifies readily that mapping the element 
X in L*(J) upon the endomorphism in E(J) which x induces in J constitutes an 
anti-isomorphism of L*(J)/L(J) upon E(J). 

If X is any element in K, then Jx ^ J, since J is a right-ideal in K and the 
element x induces therefore in this fashion an endomorphism in the group J . 
If e is any endomorphism in E(J), then e maps every element y in J upon an 
element ye in J; and there exists by the definition of E(J) an element / in L*{J) 
such that fy = ye for every y in ./. If x is any element in K, y an clement in J, 
e an element in E{J) and / an element in L*{J) inducing e in then {yc)x = 
{fy)x = f{yx) = {yx)e so that x induces in J an E{J)-automorphism which we 
denote by y^ , The system of these E{J)-automorphisms of J shall be denoted 
by A{J)\ and it is clearly isomorphic to K/R{J) (this is not important, since 
in all our applications R{J) will be 0). 

liEMMA 11.1: If the right-ideal J in K is generated by some idempotent j, i,e. 
if J = jKy then every endomorphism in E(J) is induced by one and only one 
element in the ring jKj (with identity element j) and in this fashion an anti-iso- 
morphism of the ring jKj upon the ring E(J) is defined] and D(J) is exactly the 
system D(J; E(J)) of all the E(J)-admissihle subgroups of J as well as the system 
of all the left-ideals in the ring J. 

Proof: An element y belongs to the right-ideal J = j7v, for / an idempotent, 
if, and only if, y = jy. If e is any element in E(J), then there exists an element 
/ in L*(J) such that ye = fy for every y in J. Since y and ye are elements in 
./, we have y = jy and ye = j(ye); and thus it follows that ye = j(ye) = j(fy) = 
(jf)d = (jf)(jy) = (jfj)y- It is obvious that /AT/ g T*(J) and that jfj induces 
the null-element of E(J) if, and only if, jfj — 0. 

The cross-cut of J and of a left-ideal in K is a left-ideal in the ring J. From 
what we have shown just now it follows that every left-ideal in the ring J is an 
/^(J)-admissible subgroup of the abelian group J. If finally S is an E(J)- 
admissible subgroup of the abelian group /, then S = jS, since S ^ jK = ,/, 
and S = SE(J). Consequently we may deduce from Lemma 10.4 that the 
cross-cut of the left-ideal KS and of J is exactly KS f) J = jKS — jKjS == 
SE(J) = and this completes the proof of our lemma. 

12. The Postulates 

In this section we are going to enumerate a number of properties of rings; we 
shall show that the automorphism rings of primary abelian operator groups 
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meet these requirements and we shall discuss a few of the interrelations between 
these postulates. In the next section we shall prove that the automorphism 
rings of primary abelian operator groups are the only rings satisfying th(\se 
conditions. 

If K is a ring (containing an identity ehmumt 1), them we shall denote by 
RA{K) (resp. LA{K)) the partially ordered set of all the right {resp. left)-antiulets 
in K. Both RA(K) and LA{K) contain the (s(M-theor(‘tical) cross-cuts of all 
their subsets; and thus they contain with any subset a smallest annulet con- 
taining all the annulets in the given set: the join of the annulets in the set. We 
note that these joins of annulets ikhhI not b(^ their ideal-theoretical sums. The 
mappings: // upon L{M) and J upon R{J) constitute r(‘ci{)rocal dualities of 
RA{K) upon LA{K) and of LA{K) upon RA{K). 

T. If Hi = R{Ji) and = L{Hi),^and if Ih PI //s = 0 = ./i PI J 2 , then H, + II. == 
K = . 

Jt is a cons(Hpi(aic(‘ of Theorem 7.1, (c) that this postulate J is satisfied by the 
automorphism rings A of primary abedian operator groups. 

II. If II is a cycle, of order n 9 ^ 0 in RA (/v), then 

(a) D{H) is a ring^*^ of subgroups of the additive abelian group // ; and 

(b) to every S in D{H) there exists one and only one S* in LA (/v) such that S = 
H PI iS* arul such that the orders of the subeycles of N* in LA (A ) do not exceed n. 
It is a conse(iuence of Theon'in 9.1, (c), (b) that this postulate II is satisfied 
by the automoi phism rings of primary abelian operator groups. 

III. If II is a cyete of maximum order m in RA (A'), if J is a cycle of order n{^ m) 
in !jA{K), if K is the direct sum of J and some left-annulet in and if V is a 
right-ideal in K such that T P) ./ ^ //, then there exists a right-annulet W in K 
such that IT PI J = V' n J. 

That III is satisfied by the automorphism rings A(f/; E) of primary abelian opera- 
tor groups G over (primary) rings E, may be seen as follows: It is a consequence 
of the Fundamental ''Pheorem of section 2 that H is a cycle of maximum order 
m in /A4(A) if, and only if, II = V{S) for S an anti-cycl(» of maximum index m 
in D{G; E); and that I is a cyclic direct summand of A in LA (A) if, and only if, 
I = A(7') for T a cydic direct summand of G in D{G; E). If 'I' is a right-ideal 
in A such that ^ H I ^ 11, then .V(H) ^ iV(^ Pi I). Since S = N{V{S)) = 
iV(Il), it follows that Nljlf Hi) is an anti-cycle in D{(j] E)\ and that therefore 
by Theorem 9.2, (c) we have ^ PI I = A(7') fl ?(.¥(>!' PI I)) = P(iV(^ PI I)) PI I, as 
was to bo shown. 

IV. i. There exists an integer m such that both RA(K) and LA (K) contain at least i 
independent cycles of order m and such that neither contains cycles of an order 
exceeding m. 

This condition IV, i shall only be used for i — 1,2, 3. We note that condition 
IV, 1 states only the following fact: The orders of the cycles in RA{K) and in 
LA(K) are bounded and the maximum order of the cycles in RA{K) is the same 
as the maximum order of the cycles in LA{K). It is a consequence of IE and 


In the sense of IB. 
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•of the Fundamental Theorem of section 2 that postulate IV, 1 is satisfied by the 
automorphism rings of primary abelian operator groups. It should be noticed 
that III would be vacuous, if IV, 1 were not true. 

Theorem 12.1 : (1) i/ II, (b) atid IV, 1 are satisfied by the ring K, and if G is a 
cycle of maximum order m in RA(K), then a projection of LA{K) upon D(G) is 
effected by mapping the left-annulet J upon J fl fi'. 

(2) If II and IV, 1 are satisfied by the ring K, then RA (/v) a7id LA(K) are com- 
plete modular lattices. 

Proof; Every element in D{G) has the form (by definition of D{G)): (? fl F 
for V a left-ideal in K. Since m is the maximum order of the cycles in LA{K), 
there exists to every left-ideal V in K one and only one left-annulet F* such that 
G n F = G n F*; and thi.s proves (1). (2) is an immediate consccpience of (1), 

since rings of subgroups of abelian groups are complete modular lattices, and 
since RA(K) and LA(K) are duals of each other 

V. The following conditions are satisfied by the partially ordered set LA (K). 

(a) The modular (Dedekind* s) law. 

(b) If S is a not vacuous set of cycles in LA (K), if S contains every cycle in LA (K) 
which is part of the join of a finite number of cycles in >S, then there exists one and 
only one left-annulet Ls in K such that the cycles in S and only these arc part of Ls . 

(c) If U and V are left-anmdets in /v , if It ^ F, and if there exist at most two dif- 
ferent left-annulets between V and F which are modulo^'^ V cycles of order 1, 
Ihen V is a cycle modulo U. 

It is a conse(iuenee of IE, IF and the Fundamental Theorem of section 2 
that this postulate is satisfied by the automorphism rings of primary abelian 
operator groups. 

It Jias already been shown (Theorem 12.1, (2)) that \ , (a) may be deduced 
from TI and IV, 1. It is easily deduced from V, (b) that eveCy left-annidet in K 
is the join of cycles^ in LA(IQ; and it follows from Theorem 12.1, (1) that F, (b) 
is a consequence of II, IV, 1 and this last condition. 

The part of IV, 1 which states that the maximum order of the cycles is the 
same in RA(K) and in LA(K) may be derived from F, since LA(K) and RA(K) 
are duals of each other, and since it may be shown^^ that K is in RA(K) and in 
LA(K) the direct sum of a cycle of maximum order and of an anti-cycle of 
maximum index. 

Theorem 12.2: If /, II, (b), IV, 1 and V are satisfied by the ring K, and if G 
is a cycle of maximum order m in RA(K), then G = jK for some idempotent 
j in K, and D(G) is a ring of subgroups of G. 

Proof: It is known^^ that there exists because of V an element H in RA(K) 
satisfying: K is the join and 0 the cross-cut of G and H. This implies that 0 
is the cross-cut of L(G) and L(H); and hence it follows from I that K is the 

U is mpdulo V a cycle of order n, if V is part of U, and if U is a cycle of order n in the 
partially ordered set of the elements between U and V. 

Though it need not be the join of a finite number of cycles. 

Baer (4), Theorem 1.3.6 and 1.5.1. 
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direct sum of G and //. Now we deduce from Lemma 10. 1 that G = jK for j n 
an idempotcnt in K ; and we deduce from L(*mma 1 1 .1 that D{G) is just the ring 
of all th(» J5/((7)-admissil)l(' subgroups of the abelian group G. 

VI. If X and Y are cycles in ItA{K)^ and if X is a cycle of maximum order in 
RA{K), then^^ XY = 

It is a conse(iueiiee of Theorem 8.1, (a) that VI is satisfied by the auto- 
morphism rings of primary abelian operator groups. 

The last postulate which we require will b(‘ vacuous, if K is the join of a finite 
number of cycles in RA(K). To enunciate postulate* VII two conc(*pts an* 
needed: We d(*note by W = \V(K) the class of all the right-annulets in K which 
are cross-cuts of a finite number of anti-cycles in RA(K); and wc* term \V -function 
any single-valued function /(,/) of the right-annulets J in the class W with the 
following properties: 

/(*/) is a coset of K/J) and J ^ // implies f{J) ^ /(//). 

We note that 0 is in tlu^ class W if, and only if, 0 is the cross-cut of a finite 
number of anti-cycles in RA(/\); and this is i*(iuival(‘nt to saying that K is the 
join of a finite number of cycles in RA (A"). 

VH. To every \V-f unction f(J) there exists one and only one element f in K such 
that f(J) = J + f for ( very J in W. 

It is a conse(iU(*nc(* of Tli(*orem 0.3 that the postulate VI I is satisfied I)y the 
automorphism rings of primary abelian operator groups. 

It may be m(*ntioned that the unkpieness of the (*l(*m(*iit / in K o(*curring in 
VII may lie derived from the other postulates. 

13. Completeness of the System of Postulates 

In this sc^ction wc* arc* going to prove the following Existence Theorem: 

The postulates I to /V, 2, and V to VII are satisfied by the ring K containing 
an identity element 1 if, and only if, there exists a primary abelian operator group 
G over a {primary) ring E such that D(G]E) contains at least two independent 
cycles of maximum order and such that K is isomorphic to the ring k{G\E) of all 
the E-automorphisms of G. 

It has been shown in section 12 that the postulates I to III, IV, 1, V to VII 
are satisfied by the automorphism rings of primary abelian operator groups; 
and that IV, 2 is satisfied whenever D(G;E) contains at. least two independent 
cycles of maximum order, is an immediate consecpience of the Fundamental 
Theorem of section 2. 

If IV, 1 is satisfitnl by the ring K, then there exists a cycle G of maximum 
order m in the set RA(K) of all the right-annulets in K, We are going to prove 
that 

G is a primary abelian operator group over the {primary) ring E{G), that 
D{G]E{G)) contains at least two independent cycles of the maximum order m and 

For these notations cp. lA and section 8. 
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that K is (essentially) the ring of all the E(G)-automorphisms of the abelian group 
Gy provided /, //, b, ///, IV y 2, V to VII are satisfied by the ring K. 

The proof of this theorem will be effected in several steps; and wo shall make 
a note at each of these lemmas which of the hypotheses we actually applied in 
its proof. 

13.1. [G = jK for some idempofent j in /v;] Z)(fr) is the ring of all the left-ideals 
in the ring G and D(G) = D(G]K(G)) \ every endomorphism in E(G) is induced by 
left-multiplication of G by one and only one element in the ring jKj; the rings 
jKj and G/(L(G) fl G) are isomorphic and, the rings E(G) and jKj are anli-iso- 
morphic, (I; II, b; IV, 1; V.) 

This statement is an immediate' conseepience of Theorem 12.2 and of Lemma 

11 . 1 . 

G is a cycle of order m in RA (K) and hence it contains one and only one sub- 
cycle of order m — i in RA(K) for 0 S i S m, 

13.2. is a two-sided ideal in the subring G of K (VI). 

Proof: G^’^ is a right-annulet and therefore a right-ideal in K. Since G is 
a cycle of maximum order m in RA{K)y it follows from \T that GG^*^ = G^*‘ 
so that G^*^ is a left-ideal in the ring G. 

13.3. is the sum of all the cycUs of an order not exceeding i in D(G) (I; 
II,b;IV, 1; V; VI). 

Proof: Since is a cycle of order i in RA(K)y and since G^'" belongs 

to /)(G^'”“*^), there exists one and only one left-annulet L in K which contains 
and which contains only cycles in LA(K) of an order not exceeding L 
If C is any cycle in L/l(A')whose order does not exceed then the orders of the 
subcycles of the join of L and C in LA(K) do not exceed i (by lA). Hence C 
is part of L, since is part of the join of L and C. C^learly L is the smallest 

left-aiinulet containing and it is a consequence of V, b that L is tlu' join 

of all the cycles in LA (K) whose orders do not exceed i. 

It is a consequence of 13.2 and 13.1 that belongs to /)(G). Hence 

there exists by II, b one and only one left-annulet L* such that = G 0 L*. 

Since L is the smallest left-annulet containing G^"‘ this implies L = L*. 
It is a consequence of II, b that a projectivity of LA(K) upon D(G) is obtained 
by mapping every left-annulet in K upon its cross-cut with G. Hence we may 
deduce from 13.1 that = G H L is the sum of all the cycles in D(G) of an 

order not exceeding i. 

13.4. E(G) is a cycle of order m in the partially ordered set of all the right-ideals'"^ 
in the ring E(G) (I; II, b; IV, 1 ; V). 

Proof: It is a consequence of 13.1 that the rings G/(L(G) fl G) and E(G) 
are anti-isomorphic; and hence it suffices to prove that G is a cycle of order m 
in the partially ordered set of left-ideals in G which contain L(G) fl G. If J 
is such a left-ideal in G, then it follows from 13.1 that J belongs to D(G) \ and 
thus w'e may deduce from II, c that there exists one and only one left-annulet L 


” This implies that every right -ideal in E{G) is a two-sided ideal. 
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satisfying J = (? fl L. It is a consequence of II, b and of L{G) D fr ^ L ft G, 
that Ij{G) ^ L; and this implies R{L) ^ R(L(G)) = G, since G is a right-annulet. 
But the G^’^ for 0 ^ ^ g m are the only right-annulets contained in G so that 
R(L) = G^'\ L = L(G^^^) and J = L{G^'^) fl G for some i, G is therefore a 
cycle of an order not exceeding m in the partially ordered set of left-ideals in 
G which contain L(G) fl G. The order is exactly m, since G^'^ G^^^ for 0 ^ < 

j ^ m, since therefore all the L{G^'^) are different, and since consequently the 
inequality of the G fl Tj{G^'^) for 0 g g m may be deduced from II, b. 

13.5. E{G) is a 'primary ring (with m(E(G)) — m) (I;Il,b; IV,2;V). 

Proof: E{G) contains an identity element 1 and G is an abelian operator 
group over the ring E(G). It is a consequence of 13.1 that D(G) = D(G]E(G))\ 
and it follows from IV, 2 that D(G]E(G)) contains at least two indep('ndent 
cycles of maximum order m. We infer from 13.4 and c that the criterion 
IF may be applied on the ring E{G) and E(G) is shown to be a primary ring with 
7n(E(G)) =: m. 

We recall that .4(G) is the set of all th(' ZJ(G)-automorphisms of the ai)elian 
group G which are induced by right-multiplication of G by elements in /v; and 
that A(G) and K/R(G) are isomorphic rings. 

13.6. R(G) = 0 so that A(G) and K are essentially the same (11, b; I\', 1). 
IhiooF: There exists by II, b one and only one left-annulet containing G. 

But G is part of both K and Ij(R(G)) so that K — L(R(G)) or 0 = R(K) = /2(G). 

13.7. If the abelian group G is the direct sum of the subgroup i' in D(G) and of 
the cycle Z = zE(G) in D{G)y and if the order of the element t in G does not exceed 
n(Z), then there exists one (and only one) E (G)-automorphism in A (G) which maps 
U upon 0 and z upon t (I; II, b; III; IV, 2; V ; VI). 

We note that it is a consequence of 13.1 that the cycles in D(G) are of the form 
gE(G) for g in G, and that it is a consequence of 13.5 that G (as well as the sub- 
groups in D(G)) arc primary abelian operator groups over the (primary) ring 

E (G). 

Proof: There exists by If, b to every S in D(G) one and only one left-annulet 
S* in K such that S =‘ G 0 aS*, since G is a cycle of maximum order m in RA (K), 
and since m is by IV, 1 the maximum order of the cycles in LA(K). It is a con- 
sequence of 13.1 that a projectivity of D(G) upon LA(K) is effected by mapping 
8 upon aS*. 

U is a primary abelian operator group over the (primary) ring E(G), Hence 
it follows from IE that U is the direct sum of cycles Z^ in D(G)] and there exist 
uniquely determined elements c, Cv in Z and respectively almost all of which 
are 0, whose sum is t and whose orders do not exceed n(t) ^ n(Z). 

K is the direct sum of Z* and G*, since 0 is the cross-cut and K the join of Z* 
and [/* in LA(K), since therefore 0 is the cross-cut of /2(Z*) and R(U*)j and 
since we may apply I. We infer from Lemma 10.1 the existence of idempotents 
c and/ such that 1 = c + /, c/ = /e = 0, Z* = /vc, U* = Kf and R(U*) = c/v. 
Likewise we prove the existence of idempotents e^ such that Z^ = Ke^, . 
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Since G Is a cycle of maximum order in RA{K), since Z* is a cycle in LA{K)^ 
since K is the direct sum of Z* and of some left-annulet in /v , and since zK fl Z* = 
e/v n ifc = zKe ^ G (by Lemma 10.4 and the right-ideal property of 6"), it follows 
from III that there exists a right-annulet T in K such that zKr = 7' D Z*. 
Since the cross-cut of right-annulets is a right-annulet, and since G is a cycle 
in RA{K)^ we deduce that T C\ G — G'^" for 0 ^ ^ m; and we infer from 

zKc ^ G that (1 Z* = T PI G fl Z* = 2 rA> fl G = zKe. Since 2 belongs 
to Z, it belongs to Z* = Ke so that z = ze belongs to zKe, It is a consetiuence 
of 13.1 and 13.2 that G^'^ belongs to D{G) and thus G^'^ contains with z the sub- 
group Z = zE(G) in Z>(G), i.e. 

Z ^ G^*^ n Z* = zKe ^ G n Z* = Z or Z = zKc. 

Since the element c belongs to Z, and since ^ = zc, there ('xists an element c' 
such that c = zvc^e. 

Since is an anti-cycle of order n(Z) in L.l(A'), it follows that R(U'*) = cK 
is a cycle of order fi(Z) in RA(K); and it follows from VI that Gc/v = 
(remembering that G is a cycle of maximum order m in RA{K)), It is a cons(‘- 
quence of Lemma 10.3 and of 13.3 that GeKc,. — G( K fl Kc,, — fl Z* = 

G(m-n) n G n Z* == n Z. = Z, where = n{Z) and where Z„ is th(' 

unique^" determined subcycle of Z,. in D{G) whose order is the minimum of 
n{Z) and n(Z„). Since the order of the element Cv in Z„ does not exc(‘ed a/.(Z), 
and sinc(‘ Z = zKe, it follows that c,, is an element in Z„ = GcKcr = (G fl /vc)c/\ e„ 
= (G n Z*)cKe„ = ZeKe^ = zKcKcr ; and hence' there exist ('lenient s /„ , rj 
such that Cv = zeCvCCvCv , since z = ze . Since almost all the c,, are null, wo may 
assume that almost all the elements cc„ccyc,. are null; and hence we may form the 
eU'rfient b = ee'e + . Clearly eh = b so that Ub U^b = Kfeb = 0; 

and zb ~ zee'e + y].,zec'uecje„ = c + ^vC,, = f. Thus we have shown that right- 
multiplication of G by the ''element b induces an A(G)-automorphism in ^4(G) 
which maps II upon 0 and z upon f. 

13.8. Every finiie^^ E{G)-aulomor'phism of the abelian group G is contained in 
A{G) (I;II,b;III;IV,2; V;VI). 

Proof: If is a finite A(G)-automorphism of G, N{ip) the set of all the elev 
ments in G that are mapped upon 0 by v^, then there exists by Lemma fi.l a 
finite number of cycles ZiE{G) — Z, in Z>(G) and a subgroup V in D{G) such 
that G is the direct sum of V and the Zj and such that V ^ N{<p), since G is by 
13.5 a primary abelian operator group over the (primary) ring E{G), and since' 
D(G) = D{G]E{G)) by 13.1. Since n{z^i) g n,(Z,), there exists by 13.7 an A(G)- 
automorphism in A (G) which maps V + Z^ upon 0 and Zi upon z"- . It is 
readily seen that (p = J and consequently if belongs to A (O), since A (G) is a 

ring of automorphisms. 

13.9. Every E {Gy automorphism of the abelian group G is contained in A{G) 
(I; II, b; III; IV, 2; V; VI; VII). 


For definition and properties of finite automorphisms, cp. section 6 . 
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Proof: If J is a right-annulet, then J = R{L{J)) ^ R{L{J) fl G) and 
L{J) 0(7^ L{R{L{J) n G)). It is a consequence of IT, h that L{J) is the 
onl}^ left-annulet in K whose cross-cut with G is just G fl L{J) and thus we 
deduce from the last inequality that L(./) g L{R{L{J) fl G)), Hence 
R{L{J) n G) = R{L{R{L{J) fl G))) g R(L(J)) = J g R^W) fl G) and thus 
we have shown that every right-annulet J in K satisfies: 

J = R{L{J) n G). 

To apply postulate VII we have to consider the class W of all the right- 
annulets in K which are cross-cuts of a finite number of anticycles in RA{K), 
Clearly the right-annulet J belongs to the class W if, and only if, L{J) is the 
join of a finite number of cycles in LA{K) \ and it is a consequence of 13.1 and 
II, b that the latter property is equivalent to the condition: L{J) fl G is the 
sum of a finite number of cycles in D{G). 

If ip is an £'-automorphism of G, J s, right-annulet in the class IF, then we 
denote by f(J) the set of all the elements in K which induce by right-multipli- 
cation in G an automorphism $ in .4(G), satisfying: f mod V{L(J) fl G), 
i.e. f(J) consists of all the elements x in K which satisfy: yx = ?/^ for every 
element y in L(J) fl G. 

If J is in the class IF, then L(J) fl G is the sum of a finite number of cycles in 
D(G) = D(G;E(G)) and the right-annulet V{L{J) fl G) in the automorphism 
ring A{G\E{G)) of the primary abelian operator group G over the (primary) 
ring E{G) (cf. 13.5) is the cross-cut of a finite number of anti-cycles in the par- 
tially ordered set of all the right-annulats in k{G]E{G)), as may be inferred 
from the fundamental theorem of section 2. Hence it follows from Theorem 
0.3, (b) that there exists a finite ^(G)-automorphism p of G satisfying: p ^ <p 
mod V(L(J) n G); and this shows l)y 13.8 that/(,/) is not empty. 

If the right-annulet H belongs to the class IF, and ii H S •/, then L{J) fl G ^ 
L{H) n G. If furthermore x is an element in L{J) fl G, // an element in/(J) 
and z an element inf(H), then it follows that xy = — xz\ and this shows that 

y — z belongs to R{L{J) (1 G) = J. Now it is readily seen that/(J) is a coset 
of K modulo and that H S J implies /(//) ^ /(«/), i.e. /(./) is a IF-function. 
Hence there exists by VII one and only one element / in K such that/(./) = J + / 
for every J in the class IF. 

If g is any element in G, then there exists by II, b one and only one left-annulet 
Lg such that gE(G) = Ly H G. Clearly Jg = R(Ly) belongs to the class IF, 
since L(Jo) = L{R{Lg)) = Ly is a cycle in LA{K). Since g belongs to L{Jg) fl G, 
and since / belongs to /(Jg), it follows that gf = g"^] and this shows that tp belongs 
to A(G). 

It is a consequence of 13.5 that G is a primary abelian operator group over the 
(primary) ring E(G) (with m{E(G)) = rw); it is a consequence of 13.1 that 
D(G;E(G)) = D{G) contains at least two independent cycles of maximum 
order m = m{E{G))\ it is a consequence of 13.6 that K and A{G) are essentially 
the same; and it is a consequence of 13.9 that .A (G) is exactly the ring of all the 
£'(G)-automorphisms of G; and this completes the proof of our theorem. 
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14. Rings with the same Ideal Theory 

The rings K and X* are said to have the same ideal theory, if there exists a 
transformation / which maps in a biunivoque fashion the set of right-ideals in 
K upon the set of right-ideals in K*, the set of left-ideals in K upon the set of 
left-ideals in X*, the set of cross-cuts of right- and left-ideals in K upon the set 
of cross-cuts of right- and left-ideals in K* and which satisfies the following rules: 

(1) If 72 is a right-ideal in K and L a left-ideal in K, then {R 0 LY = fl L^; 
and {LRY = I/R^, 

(2) If S and T arc both right-ideals or both left-ideals in K, then {STY = S'^T'^\ 
and S is part of T if, and only if, S'^ is part of 

Theorem: Suppose that G is a primary abelian operator group over the {pri- 
mary) ring E, that D{G;E) contains at least three independent cycles of maximum 
order m{E), and that the ring K contains an identity clement 1 and satisfies postu- 
late VII of section 12. Then the automorphism ring A{G;E) and the ring K have 
the same ideal theory if, and only if, they are isomorphic. 

Proof: Isomorphic rings clearly have the same ideal theory. Thus let us 
suppose that the rings A{G]E) and K have the same ideal theory. It is a conse- 
quence of the Existence Theorem of section 13 that the postulates I ; II, b; III; 
IV, 3; V; VI are satisfied by the automorphism ring A{G;E)] and consequently 
the postulates I; IT, b; III; IV, 3; V; VI; VH are satisfied by the ring K. Thus 
w’e infer from the Existence Theorem of section 13 the existence of a i)rimary 
abelian operator group G* over the (primary) ring E* such that m{E*) is the. 
maximum order of the cycles in D {G* ;E*) and such that the rings K and A {G* ; E*) 
are isomorphic. It is a consequence of the Fundamental Theorem of section 2 
that there exists a projectivity of D{G;E) upon the partially ordered set 
LA{A{G;E)) of the left-annulets in A{G;E) and that there exists a projectivity 
of LA{A{G*;E*)) upon D{G*;E*); and there exists a projectivity of LA{A{G\E)) 
upon LA{A{G*\E*)), since A{G\E) and A{G*;E*) have the same ideal theory. 
Thus there exists a pmjectivity of D{G;E) upon D{G*;E*); and it follows from 
IG that there exists an isomorphism rj of G upon G* and an isomorphism rj of E 
upon E* such that {ge)^ = for g in G and e in E. Such an isomorphism rj 
clearly induces an isomorphism of A{G;E) upon the ring A{G*;E*) isomorphic 
to K, and this completes the proof. 

University of Illinois 
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THEOREMS ON LINEAR COMBINATORIAL TOPOLOGY AND 
GENERAL MEASURE 

By R. Rado 

(Received November 9, 1942) 

1. Introduction 

1.1 Consider a cube whose vertices are ai , 02 , • • • , as . Give to every one 
of its 12 edges some arbitrary orientation, denoting by ak — ► ai the fact that 
Qk and ai are joined by an edge and that, in our orientation, an is its first and ai 
its second endpoint. We may, for instance, agree to write ak ai whenever 
ak is nearer to Oi than ai . 

Associate with every vertex an an integer /(a„) ^ 0. We shall be concerned 
with certain transformations T which operate on such functions / and which 
may be described as having the effect of ‘pushing a unit along some edge ak —> a^’’. 
More accurately, the transformation transforms/ into /i where 

fi{ak) = f{ak) - 1 

/i(aO = f{ai) + 1 

/i(ctn) = /(an) (n fc, 0. 

Fpnk.aiA applicable to / provided /(ait) > 0. 

The object of this paper is to investigate, under similar but far more general 
circumstances, whether it is possible to transform by means of a finite number 
of suitable 7-transformations, a given function /(an) into a given function 
g{an)- We shall also consider two classes of more specialized' ^-transformations 
namely 

(i) those (denoted by T') for which fi(ak) ^ g(ak) 

(ii) those (denoted by T") for which /i (a/) ^ /(a*). 

Special cases of the general problem have been treated before (see 1.4). 

1.2 Let 21 = , an, , • • • , UnJ^ be a non-empty set of vertices which has 

the following property: whenever ak ai < 21 then ak < 21. We call such sets 
of vertices sections. If we adopt, for instance, the convention about ak — > a/ 
mentioned in 1.1, and if ai 02 , ai — > as then {ai , 02 , as} is a section. A 
moment^s consideration shows that, for every section 21, the function /i of 1.1 
satisfies 

Mdni) + + • • • + /i(an,) ^ /(anj + • • • + f(an^). 

^ Brackets { } are only employed to denote sets consisting of the elements specified be- 
tween them. Relations X < 0 C 0' mean that X is element of the set 0 which, in turn, 
is subset of the set 0'. Sums, differences and products of sets have the meaning usually 
assigned to them in the theory of point sets. 
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Hence a necessary condition for the possibility of transforming, by means of 
suitable T-transformations, / into g is that, for every section ?(, 

(1) H /(fln) S 52 ff(an). 

Our main result states that, under more general circumstances which are ex- 
plained in 1.3, these conditions are also sufficient, 

1.3 I shall briefly indicate the kind of generalization to be made. Instead 
of the system of edges of a cube we shall consider, in the language of combina- 
torial topology, an arbitrary orientated one-dimcnsional complex or, using a 
different terminology, an arbitrary finite oriented graph The functional 
values /(x) attached to the ^ ^points’’ x of F, will not be non-negative integers 
but certain sets, subsets of a given abstract set S, The effect of a transformation 
r"*’*'"* upon / will be the removal of a subset A from the set /(a) and the addition 
of the same set A to the set/(6). Here, as before, a 6 is an edge of F. Instead 
of postulating that after a number of suitable ^-transformations / is changed 
into g we only require that / is transformed into a function / which is equi- 
measurable to the given function g, a term I am going to explain now. 

The sets/(a;), g(x) belong to a system of sets A, • • • for which, according to 
the definitions^ in 1 , p. 62-64, a monotonic, additive and distributive measure 
I yl I is defined. The relevant definitions and facts are set out in section 2 of 
this note. All commonly employed types of measure are instances of this 
general measure definition. The system of s(*ts/(.r) and the system of sets g(x) 
are called equimeasurable if, from the point of view of the measim* in question, 
they are indistinguishable, i.e.: Whenever A is a set obtained from the sets 
f{x) by repeated applications of the processes of addition, subtraction and 
multiplication, and B is the set obtained by the same processes applied to the 
corresponding sets g{x) then always \A\ = | ^ |. The simple problem of 1.1 
is a special case of this more general problem. For suppose that /(an), g(an) 
are non-negative integers. Let /'(an), g'{an) be sets containing exactly /(an) 
and g{an) elements respectively, and suppose that for m n the sets /'(an,), 
/'(ttn) as well as the sets g^Um), g'idn) have no element in common. As measure 
I A I we employ the number of elements of A, Then the generalized problem 
for the functions /', g' coincides with the special problem for /, g. 

Returning to the general case, it will be obvious from fundamental properties 
of the measure that a necessary condition for the possibility of transforming 
fix) in the described way into a function /(a:) which is equimeasurable with gix) 
is, that the measure of the set 

Zm 


* The main result of this note has been extended to the case of an arbitrary infinite 
graph. It is hoped that this case will be dealt with in a later paper. 

* Numbers in heavy type refer to the bibliography at the end. 
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is not less than the measure of 

S 9ix). 

Here SI is any section of F. It will be proved that these conditions are also 
sufficient, provided the given functions /(a:), g{x) are such that sets /(a:) belonging 
to different points x have no element in common, and a similar condition holds 
for g. The case of arbitrary functions /, g will also be settled. It will be re- 
duced to the special case just described, by familiar methods belonging to 
Boolean Algebra which have already been used in 1, p. 79 section 2. 

1 .4 Theorem 5 below contains as special case the main result of 1 (Theorem 
I, p. 66). A simple instance where Theorem 4 may be employed is the proof 
of Muirhead’s theorem on inequalities between symmetrical polynomials (2, 
p. 44 ff., in particular p. 46, (2). Also p. 63). Hero the graph is 

dl — > (l2 — > * * • — ^ dn f 

and the functional values /(a,,) are non-negative numbers. 

In a concluding section it is shown that the axioms imposed upon the measure 
are, in fact, necessary for the validity of our theorems. Furthermore, it is 
proved that, in the case of any graph and real numbers as functional values of 
/ and g, the conditions (1) are, apart from certain trivial exceptions, independent 
from each other. 


2. Definitions 

2,1 Let r be a finite orientated graph, i.e. a finite, non-empty set of objects 
called points, here always denoted by the letters a, b, c, x, y (and a' etc.), together 
with a relation valid between certain ordered pairs of distinct points. 

d defines an ‘^edge” of F.^ The truth of a 6 does not exclude the truth 
of 6 a, nor does necessarily every point x occur in some relation a — ^ a: or 
X -^b. Indeed, F may consist of points only, without any edges joining them. 
As already mentioned, x x does not hold for any x. 

Gothic capitals ?I, 93, S, ® denote sets of points of F. In particular ® is the 
set of all points, 

® = E {»}. 

X 

Unless the contrary is stated, the letter ?( (and Jl' etc.) is used exclusively to 
denote sets which possess a certain characteristic property and which we call 
sections of F. A section is, by definition, a set ?l which is such that whenever 

d-^h <% * 

(hen d < 9L 

For instance @ is a section, and so is the empty set 0. 

^ Other terms found in the literature are: node, knot, vertex for point, and branch for 
edge. 



LINEAR TOPOLOGY AND MEASURE 


231 


2.2 Let S be an abstract aggregate, fixed throughout. The letters Ay By (J 
denote subsets of S. A measure \ A \ is defined in By in the sense of 1 , 02. 
This means that certain subsets of B arc termed measurable sets. From 
now onwards Ay By C always denote measurable sets. We suppose that for 
every A, B the sets A + B] AB; A — AB are measurable. The system of all 
measurable sets is divided into non-overlapping classes, and the class to which 
A belongs is denoted by | A | and is called ^The measure of A” The system 
of all measures | A | is ordered by means of a transitive relation Given 

any A, B exactly one of the three relations 

\A\<\B\; \A\ = \B\- \A\>\B\ 

holds. \ A \ ^ I 5 I denot(is the logical sum of the first two of these relations. 
The measure is supposed to have the following properties. 

Property {M)\ it is monotonic y i.e. A CZ B implies | /I | g | /^ |. 

Property (A): it is additive y i.e. 

Ml I = I «1 I; M2 I = I B, I; A1A2 = B,B2 = 0 ^ 
imply I Ai + A2 1 = Mi + 7^2 |. 

Property (D): it is distributive , i.e. 

M I ^ Ml + ^^2|; b,B2 = 0 

imply the existence of sets Ai , d 2 satisfying 

+ A 2 Cl A ; A 1 A 2 = 0; 

In particular it follows from (D) (put /L = 0) that 

Ml ^ 

imi)lics the existence of Ai C A such that 

M» I = I |. 

For convenience of reference let us call this property of the measure Property 
(C) (the measure is continuous). 

In fact, {D) is not used explicitly in this paper, everywhere the special case 
(C) is sufficient. The only occasion where (/)) is needed is the proof of Lemma 
1, and this proof is not given here since Lemma 1 is taken from 1 . (D) is, 

however, necessary for Theorem 2 to be true as will be shown in 8.1. 

The set A is said to be of jiriite measure (notation: |A| < oo)ifA'cA; 
M' I = I A I imply \ A — A^ \ = Q. 

Instances where this theory of measure applies are: 

(i) S is any abstract aggregate, measurable for all subsets of By and we write 
I A I < M I if, and only if, the power of A, as defined in the theory of aggre- 

® By 0 we denote, without risking any confusion, the number zero as well as the empty 
set and the measure of the empty set. 
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gates, is less than the power of B, Here sets of finite measure in our sense are 
all finite subsets of S, 

(ii) aS is a euclidean space, its measurable subsets are all Lebesgue-measurable 
sets in aS, and ( ^4 | < j 5 ( signifies that the Lebesgue measure of A is less than 
that of JS. Here sets of finite measure in our sense are those of finite Lebesgue 
measure. 

(iii) A more sophisticated example; aS is the set of all real numbers, its measur- 
able subsets are all sets A of the form 


A 


E 

i »— 1 


[a. , jS.) 


where [a, jS) is the set of all t satisfying a ^ t < /S, i.e. all sets consisting of a 
finite number of intervals which are closed on the left and open on the right. 
Define a number r(A) as follows. If A contains no integer then let h(A) be the 


(necessarily finite) number of numbers in A which are of the form k + j where 
k and Z are integers, Z > 1. Then put 


r{A) = 


- M4)_ - 

h{A) + i 


If A contains exactly m(> 0) integers then put 


r{A) = m. 


Define a measure by writing \ A \ < | | if, and only if r{A) < r{B), It is 

easily verified that (il/), (A), {D) hold. Sets of finite measure are those which 
contain no integers. If for instance 

A = [0,4); B = [4J,5); C = [5,0) 

then 

0<|i5|<|C| = |^ + C|<M| = |A+^|<|A+C| 

= \ A+ B + C\) Afi = A(7 = fiC = 0. 

2.3 Lct/(x), g{x) be functions which are defined for every point x, and whose 
functional values are measurable subsets of aS. Throughout this note g will be 
kept fixed. It is supposed to satisfy 

(2) I g{x) I < 00 for all x. 

g is called decreasing if a — > 5 implies | gia) | ^ | gQ)) |. fix) is quite arbitrary. 
It will be subjected to certain transformations Tr Choose any edge a 6 and 
any set A dfix). Then denotes a transformation which transforms fix) 
into 


(3) 

defined by: 




fi 


Mo) - f(.o) - A; = fib) + A; Mx) = fix) for x a, h. 
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If, in addition, |/i(a) | ^ \g{o) | then (3) is called a T'-transformation, If 
|/i(6) ( g I /(g) I we call (3) a T*' -transformation, A function / is called a 
T-transform of / if / can be obtained from / by applying a finite number of 
suitable transformations Analogous meanings are attached to the 

terms T^-transformy -transform, 

I'inally, we introduce the abbreviation 

(/, ») = E /w.® 

3. Statement of the theorems 

3.1 Common hypotheses for theorems 1-4 are (2) and 

(4) f(x)f(y) = g(x)g(y) = 0 for x 9 ^ y. 

Theorem 1. Given f(x) and g(x) necessary and sufficient for f to have a 
l^'-transform f satisfying 

(5) I }{x) I ^ I g{x) I for all x, 

is that 

(6) I (/, 31) I ^ I {g, 31) I for all 21. 

Theorem 2. Given f(x) arul g(x)y necessary and sufficient for f to have a T'- 
transform f satisfying 

(7) I J{x) I = I g{:x) I for all x, 

is thatf in addition to (6), 

(8) I (/, 3t) I = I (7, 30 |. 

Theorem 3. Given f(x) and g(x)y and supposing that g{x) is decreasing, neces- 
sary and sufficient for f to have a T'^-transform f satisfying (5) is that (6) should 
be true. 

Theorem 4. Given f{x) and g{x), and supposing that g{x) is decreasing, neces- 
sary and sufficient for f to have a ' -transform f satisfying (7) is that (6) and (8) 
should be true, 

3.2 Before passing to the general case in which (4) is not necessarily satisfied 
we want to introduce some more notations. A relation 

a — > b 

means, by definition, that there are points Xo , xi , • • • , Xn such that 
a = Xi —>•••—> a:n = b. 

Here n ^ 0. In particular, a > a holds for every a, and 

a — b c 

implies a c. 


‘ Empty sums have the value 0. 
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Let [33]^ denote the smallest section of T which contains 35, i.e. 

[»] = n a = E [x]. 

«ca 

We have, for instance, 

(9) 31' = m = Z [{:c}] 
for every ?l'. 

If !© 7*^ 0 we denote by F(^) the set consisting of those elements of S which 
belong to every sotf(x) when a: -< S, and to none of the remaining sets/(a:), i.e. 

(10) F(S) = n m n (s - /(y)).* 

x-<9 y not in 9 

Put F(0) = 0. Similarly F(®), (7(3J) etc. arc defined in terms of /(j:), < 7(0;) etc. 
Obviously® 

F(«i)/^(« 2) = 0 for «2. 

Every set which is obtained from the sets f(x) by the processes of addition, 
subtraction and multiplication, is a sum of certain sets F(^), This, in con- 
junction with property (A), clearly shows that /(a;) and g(x) are equimeaaurable 
(see 1.2) ifj and only if^ 

(11) I i^X®) I = I f?(®) I for every 93. 

Let \l/(x) be a notation for any function which associates with every point x 
a point ipix) in such a way that 

\l/(x) — > X for all X. 

\p 9 (x) is a notation for those among the ^(a:) which satisfy, in addition, 

^ MX 2 ) 

whenever Xi , X 2 are distinct elements of 93, e.g. ^©(j’) = x is such a function. 
If, in particular, 93 = 0 or 93 consists of one single clement then every function 
\(/(x) Ls at the same time a function ^©(x). 

Now put, for 93 5*^ 0, 

(12) F*m = (z n f(Mx))) n (s - m) 

x-^9 y not in 9 

and ^♦(O) = 0. 

F*, G* etc. are defined in terms of /, g etc. as F* was defined in terms of /. 

In theorems 5 and 6 f(x) and g(x) are arbitrary functions, not necessarily 
satisfying (4). But (2) is true throughout. 


^ Square brackets will only be used in this special sense. 

•* 2/ < © is the negation of 2/ < ©, empty products have the value S. 
* A formal proof is given in Footnote 
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Theorem 6. Given f(x) and g(x)y necessary and sufficient for f to have a T- 
transform f satisfying 

(13) I Pm I ^ I Gm I for all « 

is that 

(14) Zf’*(58.) ^ i,G*m 

K-1 «-l 

for every k > 0 and every selection of k sets . 

Theorem 6. Given f{x) and g{x), necessary and sufficient for f to have a T- 
transform f which is equimeasurable to g, i,e. which satisfies 

(15) I Pm I = I Gm I for all S3 

is that (8) and (14) should he true. 

Evidently (15) and (7) are equivalent statements if (4) holds. 

3.3 Tiet us consider some special cases of theorems 5 and 6. The necessary 
verifications are easily made and are left to the reader. 

(i) ® = {1, 2, • • • , n, n + 1}. The edges of T are 

v n + 1 (1 ^ p ^ n). 

If S C {1, 2, • • • , n} then 

F*m = Fm> 

+ {n + 11) = (11 m){ E /(y)). 

y not in S 

Now suppose that, in particular, 

/(n + 1) = Ea*-); gin + 1) = E «'(»'), 

I'—l r'—l 

while 

/(I), ••• ,/(«), ff(l), • • • , ff(w) 

are 2n arbitrary sets the giv) (1 ^ r g n), however, of finite measure*®. Then 
the only effect of a transformation T upon the function f(x) is the removal of 
some set A from one of the setsf(v) (I ^ p ^ n), and vice versa, every such 
removal is effected by a transformation T, Furthermore, for every 
Sc {1, • • • , n}, we have 

F^m = 0 , 

f*(« + {n + Ij) = n fix) iif « 0), 

F*i{n + 1]) =/(n + 1), 

*« By Lemma 1 below, j(l) + ■ • • + gin) is of finite measure. 
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and analogous equations with g instead of /. Hence Theorem 6 reduces to the 
main result of 1 (Theorem I) which states: 

Oivm 2n sets Ai , • • • , -4n , Bi , •••, Bn ^ of which the B, are of finite measure^ 
it is possible to select subsets A, Cl A, in such a way that the system Ax ^ ^ An 

is equimeasurable to the system J5i , • • • , Bn , provided the following (necessary and 
sufficient) condition holds: For every set A obtained from the A ^ by any applications 
of the processes of addition and multiplication, and for the set B obtained by applying 
the same processes to the corresponding sets B , , we have | vl | ^ | B | . 

(ii) ® = {1, 2, • • • , n}. The edges of F are 

1 — > 2 — > 3 — ► • • • — > n — > 1, 

If A; > 0; 1 vi < V 2 < * • * < Vk n then 

^*({•'1, •••,«'*}) = Z /(x.)/(X2) • • • /(X*). 

Hence the result: Given sets , * • • , , Bi , • • • , Bn (| B^ | < co) it is possi- 

ble, by removing suitable subsets from some Afn and adding them to the corresponding 
set ^4^+1 (i4n+i = Ax) to change Ai , • • • , An into a system equimeasurable to 
Bi , • • • , Bn provided the following (necessary and sufficient) conditions hold : 

I Al + -42 + * * * + -4n I = I Bl + • • • + Bn 1 
^ I Ai 42 + Ai-Aa + * • ‘ + An~.\An I ^ I B 1 B 2 + * • * + Bn-xBn | 


\AxA2 ••• Anl ^ IB1B2 ••• Bn|. 


The ftth relation (16) involves all 



products of k sets A^ and By respectively. 


In fact, (16) is the solubility-condition for any graph with n points which 
satisfies x > y for every x, y, 

(iii) r is arbitrary, / and g satisfy (4). Then 


F({a}) = fifl), 

/'’*(|a}) = Z m = (/, [|a)]), 


f’(33) = F*{^) = 0 

If ® contains more than one element, (14) becomes 


Z(/. [{a«ll) ^ Z (?,[{«.}]) 


where A: > 0 and the a« are arbitrary. By (9) this is the same as 

I (/, 21) I ^ a) I 


a “ Z [{a.}] 


K-1 


where 
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is any arbitrary section. Hence Theorem 5 reduces to Theorem 1 if we weaken 
the latter's assertion by writing T for T'. 

4. Preliminary remarks on theorems 1-4 

4.1 Property (4) of the measure shows that, whenever . 

Mk I = I s, i (1 ^ p ^3), 

= 0 (1 ^ fj, < V ^3) 

we have 

\ Ai -jr A 2 \ = I Bi + ^2 I, 

I + ^2 + -43 1 = I (^1 + A 2 ) + 43 1 = I (Bi + B 2 ) + iBs I = I -^1 + ^2 + -B 3 1. 

Similarly for sums of more than three terms. 

All facts on sets of finite measure which we shall have to use are contained in 
Lemma 1 . (i) 7 / | 4 | ^ | 5 | < 00 then | 4 | < 00 . 

(ii) If \ A \ < oo;|B| < 00 , then | 4 + -B | < 00 . 

(i) is Lemma 5, (ii) is Lemma 7 of !• 

4.2 Lemma 2. If n ^ 2, 

(17) I 4, I S I B, I (1 ^ p 

4,*4„ = BftBy = 0 (1 ^ <i V ^ n) 

then 

(18) I 4i + • • * + 4n I ^ I Bi + * • • + Bn |. 

If \ Ap\ < 00 for all Vj and if there is equality in (18) then there is equality in (17) 
for every v. 

Proof. liy (17) and (C) there are sets B„ CZ By such that 

M. I = I B: I {I S p ^n). 

Then, by (4), in the form 4.1, and (4/), 

(19) E vi, = E /?; g Bi + E ^ T.B, , 

11 2 1 

and therefore (18). If | .4, | < « for all v, and if there is equality in (18) then, 
by (19) and Lemma 1, 

E s: C + E B', 

1 2 

f\B', = Bi + E g E B, = E A. < 00 , 

1 2 11 

I Bi - B; 1 = 0, 

I 1 = I b; I = I B( + 0 I = I Bi' + (Bi - B[) 

= I B, I . 


Q>y (il)) 



238 


H. RADO 


Therefore 


I I = I B, I 

and the lemma is proved. 

4.3 If a fe, and if ?l is any section the 

either ‘ a, 6 -< 81 

or a < ?(; 6 < 81 

or a,b< 81. 

For the remaining possibility 

a < 81; b < n 

is excluded by the definition of sections. Now let 

= fi . 


(1 ^ g n), 


Then it follows that 


Cfi , 31) = 


(/, 31 ) - A 
(/, 30 


otherwise. 


Hence every T-transform / of / satisfies 

(J, ?0 C (/, ?0. 

If, in addition, (6) holds then, by {M) and Lemma 2, 

I a, 30 1 ^ I (/, 30 1 ^ I ia, 30 1 . 

Therefore (6) is a necessary condition in theorems 1-4. 

Clearly, the same function / satisfies 

Q, 30 = if, 31). 

If, moreover, (7) is satisfied then 

(20) I (/, 30 I = I if, 30 1 = I ig, 30 I , 

i.e. (8). We have thus shown that (6) and (8) are necessary conditions in 
theorems 2 and 4. 

4.4 Theorems 2 and 4 are easily deduced from theorems 1 and 3 respectively. 
For suppose that (6) and (8) are satisfied, and that, (in the case of Theorem 
4) g{x) is decreasing. Then by Theorem 1 (or Theorem 3) there is a T'-trans- 
form (or a ^''-transform) / of / for which (5) holds. Then, once more, (20) 
follows, and (7) is a consequence of Lemma 2. Here we must observe that it 
follows from (2), (20) and Lemma 1 that | }{x) | < «? , 

To sum up, all we have to show in order to complete the proofs of theorems 
1-4 is that (6) is sufficient for the existence of a T'-transform and, in case g is 
decreasing, of a ^''-transform / satisfying (5). 
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6. Proof of theorems 1 and 2 

5.1 Throughout this section (2) and (4) are supposed to hold. We introduce 
some further definitions and notations. A relation 

(21) a s 6 

is, by definition, equivalent to 

a » b — » a, 

and a ^ 6 is the negation of (21). An edge a —> b is called singular if a = 6, 
and regular if a ^ 6. Singular edges are those which occur in closed cycles 


Xi X2 Xz Xn Xi , 

Let p(r) denote the number of regular edges of F. (21) defines an equivalence 
relation and hence a subdivision of 31 into mutually exclusive classes. The class 
to which any point Xo belongs is denoted by 

= H {a:}. 

XmXo 

Finally, put 

p{xo , r) = 1 , 

X’-*-*Xo 

<iU, a;. , r) = 1, 

j/(»)|^|/(*o)| 

s(/, r) = E p(a;, r)g(/, a:, r). 


p counts the number of “ancestors” of x. while q describes the position of | /(x.) ( 
relative to all measures |/(x) | . 

5.2 Lemma 3. //m ^ 1 ; | yli | ^ | Si | , 

(22) \A^ + A\> \B,\ (A ^ 


then there is A' CZ A and fio (1 ^ Mo ^ m) snch that 


I S I I (1 g M g 

1 = I I (m = M.) 


This is Lemma 2 of 1. Its a.s.sertion remains, of course, valid if in (22) we 
allow instead of 

Lemma 4. Let 


a^ ^ 5. , 

Oo < ?lo ; bo < ?f. . 

Suppose r' is the graph which is obtained from T by removing the edge a. — » 6„ , 
i.e. 


(i) r = SI; 
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(ii) X y is (rue in T' if, and only if,x—^y is true in T and (x, y) ^ (Oo , hf). 
Let 21' he a section of F' Q)ut not necessarily a section of F). Then 2lo + 21' and 
2lo2l' are sections of F. 

Proof. In the following proof the symbol is only used to denote edges 
of F. The characteristic property of 21' is: Whenever 

a-^h < 21'; (a, h) (a^ , bo) 

then 


a < 21'. 

1) If 2Io + 21' would not be a section of F then there would exist points a, b 
such that 


a 6 < 2to + 21'; a < 210 + 21'. 

Then we would conclude that 

a < 210 ; 6 < 2to ; b < 21'; a 9 ^ Oo ; a< 21' 

which is a contradiction. 

2) If 2lo2l' would not be a section of F then there would exist points a, h such 
that 


a h < 2Ur; a < 2lo2l'. 

Then we would conclude that 

6 < 2 ( 0 ; a < 210 ; a< 21'; b^K; b< 21' 
which is a contradiction. 

6.3 ‘Lemma 6. Notations and hypotheses as in Lemma 4; In addition we 
suppose that (6) hx)lds and that 

I a, 2t.) I == I (g, %) I . 

Then 

(23) I (/, W) I ^ I (g, ?I') I 

for all sections 31' of r'. 

Proof, 

31' = 3fo3r' + ((31. + 31') - 31.), 

(24) (f, 81') = (f, 81.31') + (f, (8f. + 8i;) - 31.). 

By Lemma 4 and (6), 

(26) I (f, 81.31') I ^ 1 (fir, 8r.3l') | , 

(26) |(/, SI. + 3t') I ^ I (fir, 81. + 81') I . 
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If we assume that 

(27) I (f, (a. + w) - a.) I < I (g, (a. + ao - a.) | 

we obtain a contradiction. For then, by (2) and Lemma 1, 

I a, (tio + ao - a.) I < «, 

I Cf, a.) I = 1 07, a.) I < CO, 

and hence, by Lemma 2, 

I (/, a„ + ao I = I (/, (a, + ao - ao + (/, ao | 

< I (g, (a. + ao - ao + (», ao | = i (g, a, + ao I 

which contradicts (26). Hence (27) is not true, i.e. 

(28) I (f, (a. + ao - a.) I ^ I (g, (a. + ao - a.) | . 

(23) follows from (24), (25), (28) and Lemma 2. 

6.4 Lemma 6. Let = St(xo); 

(29) I a ^0 I ^ I (g, ^0 I . 

Then there exists a T'-transform J of f satisfying 

I /(») I ^ 1 g{x) ( (x < ®0, 

}{x) = /(x) (x < ifO- 

Proof. Define an operator Oi as follows. Oi is applicable to every func- 
tion fix) which satisfies (29) and, in addition, 

(30) I /(xi) I < 1 g(xi) I 

for at least one xi < • We may assume that Oi is applicable to the given 

function /. Choose one point Xi < If, which satisfies (30).“ Then there is 
Xj ■< such that 

\f(x2) I > I gixi) I . 

For if we assume that 

I f{x) I ^ I g(x) I for every x < Sfo 

then Lemma 2, in connection with (30), would lead to a contradiction against 
(29). It now follows from the definition of that there exists a chain of edges 

X2 “ ao a^ ^ • » • — > ^ 

“ We shall often have to define operations which necessitate a uniformly bounded num- 
ber of selections of elements from sets whose elements are points or edges of sections. We 
make these operations definite by numbering, once for all, the points, edges and sections of 
r and choosing every time the first one. Selections made in virtue of (D) cannot in general 
be made definite. 
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Then n > 0. By definition of ifo we have *1 — ♦ *2 and therefore 

o, < (0 ^ K g n). 

There is a largest index Vo satisfying 

,0 ^ Vo < n; |/(oO| > |jr(oJ|, 
and then a, smallest index vi satisfying 

Vo < VI ^ It; \f.ia,i)\ ^ \gia,^)\ . 


Then 


f > I I (v - Vo) 

I fM I 1 = I ffM I (>'«<»'< vi) 

1 <U( 0 |-)I (v = Vi). 

(i) If Vo + 1 < I'l then there exists, by (C), a set Ao C f(a,J such that 
|/(aj -^1 = U(oJ|. ■ 

Then 




is a T -transform of /, 

l/i(0 1 = I «/(«».) I . 

|/i(a,.+i) I = |/(a,.+i) + I S l/K+i) I . 

In the last relation equality is impossible. For if 

l/(a.,+i) + I = |/(a..+i) I = I g{ayo+i) I <. ^ 

then, in view of 

^./(o..+i) e/(o,,)/(a,,+i) = 0, 
we would conclude that | ^. | = 0 and therefore 

l(7(aj| = l/(aO - 4.1 = |/(a.J| 
which is a contradiction. Hence 

f> I g(ay) I (t> = Vo +1) 

1 / 1 ( 0 .) I j = I cCo.) I (»'<, + 1 < I- < I'l) 

l< I ff(o,) I {v = Vi), 

(ii) If -|- 2 < then we treat /i , i.. -H 1 in the same way as /, Vo were 
treated in (i), etc. After vi — Vo — 1 such T'-transformations (no transforma- 
tion at all if v, -|- 1 = vi) we arrive at a T'-transform f of / which satisfies 

|/'(a„_i) I > |flr(o„-i) I , 
l/'(a.,) I < I «r(o„) I , 

\r{x) I = |/(x) I 


for X a,,, a,,_j , 0 ,, . 
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Also, 

I /'(«►,) I = I gia^o) I if v„ + I < Vi. 

There is a set A' C /'(a,,_i) satisfying 

- ^'-1 = 

Then 

is a T'-transformation. We put, by definition, 

Oif = r 

Then 

I /"(a,) I = I gM I 


rix) = fix) 

In particular, there are more points x satisfying 


(Vo ^ V < Vl), 


\rix)\ = uwi 

than points x satisfying 

\m I = I gix) I . 

For every x of the second kind is also of the first kind, and 

\f"M I = I g(ayj I ; I /(«►„) I > I gia.o) I • 

Therefore Oi can only be applied to / a bounded niimb(»r of times in succession, 
and the result of the last possible application is a ^'-transform f of f which 
has the required properties. 

5.5 Lemma 7. Let .ifo = Suppose that 

(31) I f(x) I k I g(x) I (x < Sto). 

Then there is a T'-lransform f of f satisfying 

!/(*) I = I gix) I ix < - |t»|), 

Jix) = fix) (j; < 

Proof. Define an operator O2 as follows. O2 is applicable to every / which 
satisfies (31) and, in addition, 

\fixi) i > I gixi) I 

for at least one point Xi < Slo — {a:.}. We may assume that 0% is applicable 
to the given function /. Choose one of the above-mentioned points Xi . Then 
there is a chain 


Xo 


9 


Xi = ao ai ->•••—> an = 
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where n > 0 and all a, are in . There is a set Ao C /(a#) such that 

|/(o.) - .4. I = I p(oo) I . 

Then 

I /(a,) + Aol > I g(a,) | . 

For otherwise we would have 


I ff(ai) I g I /(at) I g I /(a,) + ^<, | ^ | g(at) | < » , 
Mo I = 0, 


I («o) I = I /(Oo) - I = I /(«<.) I 

which, in fact, is not true. Put 

rpao,ai tAo^ ^ 

This is a T'-transformation. fi satisfies 

l/i(a<.)l = l9(a«)l, 
l/i(ai)l = l/(ai) + A^\ > |{/(o,)|, 
/i(a;) = f(x) 


(x 5*^ tto , ai). 


Now treat /i , ai in the same way as/, ao were treated, etc. until, after n such 
r'-transforaiations, we obtain a function fn satisfying 


i/»w I 


I = I 9(^) I 

1 > 1 9(x ) 1 


(tC “ Ct. y at j ’ * * > Un — l) 

(x = On), 


fn(x) = f(x) 


(x 9^ Oo, • • • , 0 „). 


Put 


Ozf = frt. 

The number of points x for which 

l/«(x) 1 = I g(x) I 

is greater than or equal to the number for which 

I fix) I = 1 g(x) I . 

For every x of the second kind is also of the first kind, and 

I /»(«<.) I = I giao) I ; I /(o.) I > I gia„) \ . 

Clearly then, in order that the number of points of the second kind be equal 
to the number of the first kind, it is necessary that | /(a.) | = | g(an) | , and this 
can be true only prior to the first application of Oi . 

Hence Ot can only be applied to / a bounded number of times, and after the 
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last possible application a function / is obtained which has the required proper- 
ties. 

5.6 We now come to the proof of Theorem 1. We assume that (2), (4) and 
(6) hold, and we have to show the existence of a 7''-transform / of / which satis- 
fies (5). 

Case 1. Suppose that p(r) = 0. Then we define an operator (h as follows. 
Oa is applicable to every / which satisfies (6) and, moreover, 

I f(xo) I < I g(x„) I . 

for at least one point Xo . We may assume that O3 is applicable to the given 
function /. Choose one such point Xo . The set 

is a section of l\ For if x 2/ -< then, in view of p{V) == 0, we have 

y ^ x; X < • 

(6) implies (29). Hence there exists, by Lemma 6, a ?''-transform /' off which 
satisfies 


Put 


\r(x)\ 


I ^ I 9(^) 1 
I = I f(^) I 


{x < $ 0 ) 

(X < to). 


0^ = 

Since the number of points x satisfying 

I/'(X)| ^ \g(x)\ 

exceeds the number of points x satisfying 

I /(a:) I S I g{x) I 

it follows that O3 can only be applied a bounded number of times to the given 
function /, and after the last possible application we obtain a function / which 
satisfies (5). 

Case 2. Suppose that p(r) > 0, We use induction with respect to p(r). 
Choose a regular edge a —> 6 for which p(a) reaches its smallest possible value 
in r. Then 

is a section. For if there would be any points x, y satisfying 

x^y < a; < 0 


then 


y) p{x) < p{y) = p(a) 
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which is impossible. Once more, because of (6), (29) is true, and therefore 
there exists a T'-transfonn /' of / satisfying 

l/'W I S U(a:) I (x ■< to), 

(32) m = fix) ix < «.). 

Now Lemma 7 shows the existence of a 7"'-transform/" of/' which satisfies 


\rix)\ = |g(x) 

fix) = fix) 


(x < ^0 — {a)), 
(x < i?„). 


(35) |/"(a)| ^ |(7(a)|. 

For let us suppose that 

(36) |/"(a) I < U(a) I < oo. 

Then Lemma 2, applied to (33), (36), would lead to 

(37) I if", .to) |< I (!7, .to) I 
while, on the other hand, by (32) and (34), 

1 if", to) I = I if", 31) - if", 31 - to) 1 = I if, 31) - (/, 31 - to) I = I (/, to) 1 . 

This, together with (29), contradicts (37). Therefore (35). Any .section ?l 
which contains at least one point of .to contains the whole .set .to . For if 

X < 3l.to ; y < .to 


y—*—*x -<31; y < 31. 

Therefore, for every 31, 

(f", 31) = if, 31), 

(37a) I if", 81) I = I (/, 31) I S I (fl-, 31) | . 

By (35) and (C), we can choose a set A C f"ia) such that 

(38) |/"(o) - A1 = |g(o)|. 


Denote by 


31i , 312 , • • • , 31, 


all sections which have the property that 


o -< 31, ; b < %. 
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i?o is one of the sections . For if b were in .f« then we would have a = b 
which contradicts the fact that o — > 6 is a regular edge. Let 


3(i = flo 


Put 


(/", ?1m) = A, ; (g, %) = 5, (1 ^ M ^ m). 

Then, by (33) and (38), 

M, = A I = I (/", ,^0 - {al) + (S"(a) - A) \ = \[g, .tl„ - (o)) + g{a) \ 

= I ig, .1?.) I = I 5, |. 

Also, from (37a), 

I (A, - A) 4- A I = i A, I ^ i fij (1 g M ^ »n). 

Hence, by Lemma 3, with A„ — A instead of , there exists a .sot A ' C A and 
an index aio(1 ^ Ho ^ m) such that 


(39) 

(40) 
Then 


\(A, - A) + A' 

rpa,b,A-^A* jn _ jNf 


^ I I (1 g /i ^ w) 

i, = I I (M = ilo). 


is a T'-transformation. For 

I /"(a) - (A - A') I ^ I /"(a) - A 1 = | g{a) |. 

Also, by (39), 

I W", ?t.) I S I ((7, a.) I (1 S M S m). 

If 31 is a section which does not occur among the sections 31,. then 

either o, 6 ■< 31 
or a,b< 31. 

In both cases 

?0 = (/", ?I). 

Hence for every section 81 

I 81) I ^ I (g, 81) |. 

In particular, by (40), 

I (/'", 21..) I = I A,:- (A - A') 1 = I fi.. I = I (g, 81,.) |. 
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Therefore Lemma 5 is applicable, with 

2lo ~ ~ fl, bo ^ b. 

Using the notation of Lemma 5 we conclude that 

I I S I ((7, ?l') I 

for every section 21' of F'. Now 

p(r') = p(r) ^ 1. 

For if x — > 1 / is a singular edge of F then there exists a closed cycle of edges of F: 

(41) X = Xo y = xi X 2 Xn = X, 

It follows that every edge x^-i x^{l g ^ n) is a singular edge of F, and as 
a 6 is a regular edge of F we have 

(x,_i , x^) 9^ (a, b) {I ^ V ^ n). 

Hence, by definition of F', the relations (41) hold in F' as well as in F, and 'con- 
sequently x — > 1 / is a singular edge of F'. 

If, on the other hand, x — ^ i/ is a singular edge of F' then some cycle of the 
form (41) exists in F' and hence, a fortiori, in F. In other words, F and F' have 
the same system of singular edges. Therefore, remembering that a 6 is true 
in F but not true in F', we find p(F') = p(F) — 1. 

Now, according to our induction hypothesis, there is a T'-transform / of 
which satisfies (5). / is a Z"-transform with respect to F' and therefore, a 
fortiori, with respect to F. This completes the proof of Theorem 1 and, as we 
have seen, also of Theorem 2, 

6. Proof of theorems 3 and 4 

6.1 In this section we suppose that (2) and (4) hold. 

L£MM.\ 8. luet x' = a;". Then there are T" -transforms of f which 

satisfy I g \f{x') | g |/®(x") |, 

f^\x) = f\x) = fix) ix ^ X'), 

= lf(4>''\x))l (l^Xg2; x^x') 

where, for each <l>^’'\x) effects a permutation of the points x of §:ix'). 

Proof. 1) Since x" a:' there is a chain 

x" = a;. — » xi — > • • • — > x„ = a:' 

where n ^ 0. Then 

X, s x' (0 ^ F g n). 

Let m be the smallest index which satisfies 

0 g TO ^ n; |/(x») I g |/(x') |. 
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If m = 0 then |/(x") | ^ |/(a:') |, and hence we may put/“(x) = f(x). 
suppose that w > 0. Then 

I fM I > I fix') I ^ I /(xm) I (0 ^ p < m). 

By (C) there is a set j4„_i c; fixm-i) such that 

I /(•*'«— l) Am— I I = \fiXm) |i 

|/(x„) + Am-l I = I (/(Xm-i) — ^m-l) + Am-1 |. 

Therefore 

^ 

is a ^''-transformation, and 

I = \f{x^) I g |/(X') |. 

Now treat 0:^-1 ,/i in the same way as x^n ,/, etc., until, after m such T" 
formations, f is transformed into a function /m which satisfies 

. I _ n/(a^»)i (^ = 0) 

||/(x._,)| i0<p^m), 

fmix) = fix) (x 7^ XoyXi, • • • , X„). 

Hence we may put 

/”(*) = fmix). 

2) Since x' — » — > x" there is a chain 

x' - Vo yi Vk - x" 

where k ^ 0. Let I be the largest index satisfying 

0^1 ^k; \fiyi)\^\fix')\. 

U I = k then 

|/(x'') I ^ |/(x') I, 

and we may put/“'(x) = /(x). Now suppose that I < k. Then 

1/(2/.) I < I/(.t')I ^ \fiyd\ il<y^ k). 

Hence there is a set Sj C fiyi) such that 

1/(2//) -B,\ = |/(j/h0 I, 

+ B,\ = \f(y,) I, 

and 

rpVl, Vl + l,Bij _ 

is a ^''-transformation, 

\fiiyi+i) I = 1/(2//) I ^ \fix') |. 


Now 


trans- 
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Now treat yi^i , f[ in the same way as etc., until, after k -- I such T"- 

transformations, / is transformed into a function fk-i satisfying 




ll/(2/«) I («' = k), 

fLi(x) = fix) ix 9 ^ yi, yi^i 


, Vk). 


Thus we may put 


f'^\x) = f'k-lix). 


0.2 Lemma 9. Suppose that g(x) is decreasing, Sto = ii(xo), 

(42) I (/, &o)\^\ (g. .to) |. 

Then there exists a T” -transform J off satisfying 

I Kx) I S I gix) I (x < to) 

fix) = fix) (x < to). 

Proof. If x -< then x Xo x and hence 
I g(x) I S I g(xo) I S I g(x) |, 

(43) I gix) I = U(xo) 1 (a; < .fo). 

Define an operator O 4 as follows. O4 is applicable to every / which satisfies (42) 
and 


(44) I fix') I < I gix') I 

for at least one x' < .to. We may a.s.sume that O 4 is applicable to the given 
function/. Choose one such x'. Then there exists x" < Sto — {.r'| such that 

(45) \f(x")\ > \g(xo)l 
For if 


(46) \fix) I g I gixo) I (a: C to - {a;'}) 

were true then, by Lemma 2 and (43), (44), (46) we obtain a contradiction 
against (42). Choose a point x" < S!o (x'j which satisfies (45). Then 
there is a chain 


X" = Uo Ul , 

where n > 0 and all belong to I^-et Vo be the largest index for which 
0 ^ Vo < n; |/(oO I > |g(a;o) |. 

Let I'l be the smallest index for which 

Vo < vi g n; 1/(0,,) I 9 ^ I gixo) |. 
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Then 


l/(o.)l 


= I sM I (i-o < I' < vi) 

, < I qM I (»' = pi). 

In case we should have p, + 1 < ki choose a set C f(a,„) satisfying 

|/(a,J - I = I g(xo) |. 

Then, by (A), 

|/(a„+0 + 4.1 = |/(a,J |. 

Hence 




0+1*^ 


7 = /i 


is a r"-transformation. We have 


l/i(a,)| = 


1 1 9(.Xo) I 

ll/K) I 


= Po) 

(v = Vo + 1) 


fi(x) = f(x) (x 7^ a,, , a,,+i). 


In case Vo + 2 < vi , apply to/i , j><, + 1 the same process as to /, v. , etc., until, 
after r = ri — v. + 1 such transformations, we obtain a r"-transform fr of / 
which satisfies 


I " - ” - 

ll g(^o) I (Vo ^ V < Vi — 1), 

/r(x) = fix) (x 7^ a,, , a,,+i , • • • , a,,_i). 

We put/. = /, and then the result holds also for r = 0. Let 
n»'i— 1 ” Rri ~ fr ~ f • 


Then 


a,b<^o‘, a — » 6; 

|f(a)l > |g(a;<.)l: |/'(6)l < 

By (C) there is a set 4 C /'(®) such that 

I /'(a) - 4 I = I gixo) |. 

Case 1. Suppose that \f'ib) + 4 | g !/'(«) I- Then 

rpa,b,Ajf _ 

is a T^-transformation, and |/"(«)l = I ?(*«) I- 1“ this case put, by definition, 
Oif = /". 
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Case 2. Suppose that |/'(6) + ^ | > |/'(a) |. Then 

!/'(&) I < U(*.)| < l/'(a)|< |/'(6) + ^|. 

Hence an application of Lemma 3, with 

m = 1; Ai = f'(b); Bi = g(Xo) 

shows the existence of a set A' C ^ satisfying 

|/'(6) + I = I gM |. 

Then 

\m + A' \< \r(a) I, 

and therefore 

rpa,h^Af^t _ y// 

is a ^''-transformation. We have 

\r(b)\ = 

Again define O4/ by putting 


04/ = r . 

In either case the number of points x for which 

\f"(x) I = I g(x,) I 

exceeds the number of points x for which 

\f(x) I = I g{xo) |. 

Therefore O4 can only be applied to /a bounded number of times, and after the 
last possible application we obtain a function /of the required type. 

6.3 We now prove Theorem 3. Suppose that g is decreasing and that/ satis- 
fies (6), in addition to (2) and (4). We have to show the existen/;e of a T"- 
transform / of / for which (5) is true. 

Case 1. Suppose that 

(47, { l/WISI/<WI 

[whenever a b ^ a, 

(47) is, for instance, satisfied if p(r) = O. 

We define an operator Os as follows. Os is applicable to every / satisfying 
(6) and (47) which is, moreover, such that 

\f(.Xo) I < I gixo) I 


(48) 
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for at least one point Xo . We may assume that Os is applicable to the given 
function /. Choose one such Xo . Then 


= St(Xo) 

is a section. For otherwise there would exist points Xi , X 2 , such that 


Then 


Xi X2 ^ Xo Xi , 


So = l{xo]] - 

is a non-empty section. For, first of all, . Also, if 

x-^y < 

then 

(49) X y Xo y, x Xo , 

But x = Xo is impossible. For this would imply 


>— ►Xo— 


which would already contradict (49). Hence 
(50) X — ► Xo ^ X, 

i.c., X •< 2lo . Therefore 2Io is a section. 

Every point x of ?lo satisfies (50). Therefore, by (47), (48) and the fact that 
g is decreasing, 

I /(a:) I g I /(a:,) | < 1 gi(x„) | ^ | g{x) | (x < ?!„). 

Now Lemma 2 shows that 


I (/, ?to) \<\{g. 3L) I 

which contradicts (6). This contradiction was deduced from the assumption 
that ifo was no section. Therefore is, in fact, a section and, in consequence, 
satisfies (42). 

By Lemma 9 we can find a r"-transform /' of/ which is such that 
l/'(a;) I ^ I^(a:) I (x < Ro) 

/'(*) = fix) (x < ^o). 

Define Os by putting 

Osf = 


There are more points x for which 


l/'(x) I ^ I g(x) I 


than points x for which 


I /(a:) I ^ I g(x) |. 
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Hence Os can only be applied to / a bounded number of times, and after the last 
possible application we obtain a function / with the required properties. 
Case 2. Suppose that there are points a, b for which 

(51) CL > > h (ly 

(52) !/(a)| > 1/(6) |. 

In this case the proof is based on the following principle. By means of a certain 
process the problem presented by /, F will be reduced to an analogous problem 
/*, r*, and we shall have either 

(i) r* = F; sir, r*) > s(fy F) 
or 

(ii) p(r*) < p(F). 

If such reduction process has been established then the given problem can be 
reduced to one falling under case one, i.e. where (47) holds. For if this were 

not so the reduction process could be applied infinitely often and would lead 

to a sequence of pairs/'*^ F^”^ which is such that, for every n = 1,2, • • • , either 

(i) = F^"^; s(/^”'*’^\ > s(/^”\ F^”^) 

or 

(ii) p(F^"^^') < p(F<"^). 

In particular, p(F^”'^^^ ^ p(F^”^) for all n. Since «(/, F) does not exceed a con- 
stant (7(F) independent of / — e.g. (7(F) = where N is the number of points 
of F — it follows that only a finite number of consecutive integers n can satisfy 
(i). Therefore p(F^”^) — oo as n oo, which is absurd. - 

In fact, in case (ii) is^ obtained from F^"^ by removing one edge, and 

hence it follows that the number of possible applications of the reduction process 
is less than a constant dependent only on F. 

In order to define the reduction process we start by noting that, according to 
(51), there exists a chain 

a ~ cio ^ Ux ^ • « . — — > dfii 6. 

Then m > 0 since otherwise a = 6 which contradicts (51). Let 

Ml , P2 , • • • , M* 

be those indices p for which 

1 ^ p g m; Op_i , 

and let 

1 ^ Ml < M2 < • • * < ^ 
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Then A: > 0 since otherwise (51) would again be violated. Put 

1 “ ~ Vx (1 ^ K ^ A/), 

y, = a; Xk+i = b. 

Then 

yo = xi-*yi = Xi-^y2^ = Xk-*yk = Xk+i , 

X, ^ 2/, (1 ^ K ^ k). 

Not all inequalities 

\f{yo) I g |/(2/i) I ^ 1/(^2) I ^ • S |/(2/*-i) I g |/(xi+i) I 

are true. For this would contradict (52). Hence either there is a number Ko 
satisfying 

(53) l^K.<k- |/(y..-.)| > |/(j/J| 

or we have 

(54) 1/(2/*-.) I > 1/(5) I . 

In case (53) we put 

a' = 2/.0-1 : a" = X.. ; h' = b" = . 

In case (54) we put 

a' = j/*_i ; a" = x* ; 6' = xt+i ; b” = y* . 

Then in either case 

o' = a" 6" = 6'; a" ^ b", 

l/(aO I > 1/(6') I . 

Apply to /(x) Lemma 8, with x' = a'; x" = a”. We obtain a ^''-transform 
/i of / which satisfies 

|/,(o") I S I /(a') I , 

(55) |/i(x) I = |/(^"^(x)) I for X s o' 

(66) /i(x) = /(x) /or X a' 

where ^**’(x) is a permutation of the points of .R(o'). Now apply Lemma 8 to 
/i(x), with x' = 6'; x" = 6". We obtain a ^''-transform /2 of /i which satisfies 

1 / 2 ( 6 ") I ^ |/.( 6 ') I , 
l/ 2 (x) I = |/i( 0 ‘“(x)) I for X = b\ 
ft(x) = /.(x) for X b' 

where ^**’(x) is a permutation of the points of ^{b'). 
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Let 8[ be any section. If o' -< 21 then ®(o') C 8( and hence, by (56), 
(Ju 2t) = Oi, ®) - (/-i, ® - SI) = (/, ®) - (/, @ - 21) = U, SI). 
On the other hand, if o' -< %. then 2li?(o') = 0 and, by (56), 

(57) (/, ,21) = iS, 21). 

Thus (57) holds for every 21. In the same way it follows that 

(A , 81) = (/i , 21) foraU<&. 

Therefore 


(58) i (A , SI) I = I (/, 20 I S I ((/, 21) I 
for all 21. Furthermore, 

I A(^) I = I I for all X 

where 

{X ^ o') 

<i>(x) = W^\x) (x ^ b') 

[ x (x a', b'). 

On making use of the various properties of our points and functions we see that 

(59) 1/2(0") I = 1/1(0") I S 1/(0') I > 1/(5') I = |/,(6') I ^ 1/2(6") I . . 
Therefore, by (C), we can choose a set .4 C /2(o") such that 

1/2(0") - A\ = 1/2(6") 1 . 


Then, by (.4), 


1/2(6") + ^ I = 1/2(0") I . 


Hence' 

- r"-‘"'72 = A 

is a 3'"-transformation. 

Case (i). Assume that 


I (A , so I I (g, SO I for all 21. 

We have 


lA(a")| = 1/2(6")!; |/s(6")i = 1/2(0")!, 

Mx) = Mx) (x ^ o", 6"). 

For the sake of simplicity we write p(x), q(f, £), 8(f) instead of p(x, F), q(f, Sc, F), 
«(/, F) respectively. 

From (56), (55) and the definition of q(f, £) it is obvious that 

q(fi , x) = q(f, x) (x ^ o'). 


Also, 


p(x) = p(y) 
3(/i,«) = q(S,4>'^\£)) 


for x'^y, 
far aJlS: ^ a'. 
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Therefore 

s(/i) = 13 p(*)3(/i . «) + 13 p(«)g(/i , x) 

2ffita* £ma' 

= E P(x)q(f, x)+ Z -/>'"(*)) = «(/). 

2ma' 

Similarly, using b', 0^“ instead of a', 0**’, we see that 

s(A) = sCfi). 

Thus 

(60) sC/i) = «(/). 

Furthermore, 

gift , x) = g(ft ,x) for X a", b", 

p(a") < p(b") 

and, by (59), 

g(fB , o") = g(fi , b") < q(f 2 , a") = g(/, , b"). 

Hence 

S(fs) - S(f2) 

“ P(a")q(f3 , ffl") + p(6")9(/s , 6") - p(a")9(/2 , a") - p{b")q{h,b") 

= (p(6'0 - p{a")){q(f 2 , a") - g(/i , 6")) > 0, 
and finally, by (60), 

s(Sz , r) > s(/, r). 

This is case (i) of the reduction process mentioned on p. 34, with 

r =/3. 

Case (ii). Suppose there exists a section ?(j for which 

1 (/* , 21,) 1 < I (ff, 21.) I . 

Then 


a" < 

?li; 

b" < 21, 

As in the proof of Theorem 1, let 



2li 

.a*, 

• • • , 21,. 

be all sections for which 



a" < 

a,; 

5" < 21, 


Put 


(A , 21,) = A, ; ia, 21,) = B, (1 g g m). 

Ml - ^ I = I (/* , 2ii) - ^ I = I (/» , 2ii) I < I (», a.) I = -Bi , 

\{A^ — A)+A\ = \A„\'^\B^\ (1 g M ^ m) (by (68)). 


Then 
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Therefore, by Lemma 3, there is a set A* (Z. A and an index ai® (1 ^ jUo ^ w) 
such that 


\{A,^A) + A'\ 


^ \BA 

= I5,l 


Then 


(1 ^ M ^ w) 

(m = Mo). 


ya-.5-.A-Ay^ =/, 

is a ^''-transformation, and we have 

f S |(g, 81^) I (1 ^ A* ^ m) 

If 81 is a section which does not occur among the 21;. then 
either a", b" <21 or a”, b" < 21, 
and hence in any case 

(/4 , 30 = (A , 31). 

Therefore 

I (A , 31) I ^ 1 (jA, 21) I for all 2t, 

I (fi , 30) I = 1 0;, sr.) I 

when 

2lo = 21,, . 

Now apply Lemma 5, with 

= a"; ho = 6". 

Then, in the notations of Lemma 5, 

\(fi,n')\^\(g, W) I 

for every section 31' of T', and we have 

p(r') = p(r) - 1 . 

This is case (ii) of the reduction process, with 

r* = r'; r = /4 . 

Theorems 3 and 4 are proved. 

7. Proof of theorems 6 and 6 

7.1 We now consider the case of two arbitrary functions /(x), g(x)y not neces- 
sarily satisfying (4). But (2) is required. It will be shown that the trans- 
formation problem of Theorem 5 is identical with that of Theorem 1 j if the latter 
is applied to the functions F(®), 17(33) (defined on p. 10) and a certain graph 
r*. The condition (14) is, in fact, identical with (6), applied to F, G, F*. 

7.2 It is obvious from the definition of F(33) that 

(61) F(33i)F(832) - 0 


t/83i 332 . 
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To prove this formally we may assume that there is a point Xo such that Xo < Si ; 
Xo < S 2 . Then by (10) 

F(Si)/^(S2) C /(x.)(>S - /(x.)) - 0. 

Denote by F* a graph whose ^'points’’ are all sets S Cl ®. The edges of F* 
will be defined later. The symbol — > refers to F. Edges of F* will be denoted 
by the symbol More generally, the addition of a star * to any of our sym- 
bols indicates that this symbol refers to F*. 

Suppose that 

a -^6; AC /(a), 

We want to investigate the relation between the functions F(S) and jPi(S). 
We have, by the distributive law of multiplication, 

A = AS{a) n (/(a:) + (S - /(a;))) = E AF(6). 

{a} a<(S 

Hence, in view of (61), the transformation is equivalent to the succession 

of transformations 

* yTOt6,ilF(®) 

where S ranges over all sets which contain the point a. It is therefore sufficient 
for our purpose to assume that 

0 9^ Ad F(e) 

where S is some fixed set and 


a < S. 


Consider any set S satisfying 

a,b < 

Put 

(62) B = n fi^) n (s- /(x)). 

x-<» V-<«+|<l.H 

Then 

F,(®) = BiS - (fia) - A))(S - (f(b) + ^)) 

(63) = B((S - f(a)) + A)(S - /(6))(S - A) = F(S3)(S - A) = F(®). 
The last equation follows from 

AF(i8) C F(e)F(S8) 

and (61). Similarly, 

Fi(3S +{«))= B(f(a) - A)(S - (/(b) + A)) 

= Bf(a)(S - AKS - m) = F(S8 + {o})(S - A) 
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(F(S + {o}) - ^ when » + {a} = 6 
[F(93 + {o}) otherwise. 

+ {b}) = B(f(b) + A)(S - (f(a) - A)) = BfibXS - f(a)) + AB 

(f’(« + {6}) + A when A (ZB 
[f(® + {6}) otherwise. 

+ {a, b]) = B(f(a) - A)(f(b) + A) = Bf(a)(S - A)f(b) 

[F(« + {a, 61) - A when » + {o, 6} = S 
[F(S+{o, 6}) otherwise. 


(64) 


( 66 ) 


= /^(SB + {6}) + AB = 


(66) =;■(»+ {a,6j)(B- A) = 


I assert that A C B if, and only if, 

(67) 93 + {6} - (6 - |a)) + (61. 

First we notice that A C B if, and only if, F(G) C B. Now it follows from 
(62) and the distributive law of multiplication that 

B = BiSia) + (S - m))m + {S- Sib))) 

= F(«) + F(93 + (al) + F(93 + {6}) + F(93 + {a,6)). 

Hence A C B is equivalent to 

(68) 6 = 93 + S' where S' = {o} or {o, 6) 

Since a ■< S, (68) is the same as 


93 C S - {o} C a + {6} 
which, in turn, is equivalent to (67). 

If we examine the equations (63)-(66), bearing in mind that A C B is equiva- 
lent to (67), we find that they can be summarised as follows. 


Fx(a,) 


>(«,) - A 
- Fi^i) + A 

Fm 


if^i = S 

= (S - {o}) -f- {6| 
otherwise. 


Hence the appropriate definition of edges in r* — the graph whose “points” 
are all sets a of points of r — is 


(69) S Js, (S - {oD -t- {6} 

where a, 5, S satisfy 


a —*b', o ■< S 

and are otherwise arbitrary. For if these are the edges of F*, and we actually 
adopt this definition, then every T-transformation applied to/(a:) and the graph 
F has an effect upon the function F(a) which is the same as that of a succession 
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of r-transformations applied to F(S5) and the graph T*. Vice versa, our analy- 
sis shows that every ^-transformation applied to F(8) and T* is equivalent, in 
its effect upon/(a:), to a T-transformation applied tof{x) and F. 

The following diagrams serve to illustrate the connection between F and F*. 
Points of F* which are denoted by ob, abc etc. should really be called {a, 6}, 
{a, b, c}, etc. The point of F* called 0 corresponds to the set S3 = 0. It is 
always an isolated point of F*. 


a 



•0 
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Even very simple graphs T give rise to quite complicated and interesting graphs 
r*. In example 3) a few edges, e.g. abed A bed have been omitted in F*, but the 
validity of relations 35 S is not affected by these changes. Therefore the 
sections of the reproduced graph F* are the same as those of the true graph F*. 
Hence the meaning of condition (6) and thus the existence or non-existence of 
any T-transform mentioned in our theorems is not affected. 

7.3 In order to complete the proof of theorems 5 and 6, all we have to do is to 
find the sections of F* and to verify that (14) is the same as (6) if the latter is 
applied to F* instead of F. We have to note here that 

(/, ®) = z Fm = (F, 

and that therefore (8) serves for both the problem on F and that on F*. 

The definition (69) can be expressed as follows. Let Xo be an arbitrary point 
of F, and <l>oiXo) a point such that 

Xo <l>o(Xo). 

Put 


<l>o(x) = X 


for X ^ Xo 


Then, if < So , we have 

Therefore, for any S, 

More generally, let 0(x) be defined for all x and denote a. point of Ffor which 


93. Z {<^.(3:)}. 


93-^ E {Mx)]. 

x<e 


(70) X — (f>{x) for all x. 

Then every S satisfies 

*<®o 

and in this way we obtain all relations 25 (5. 

7.4 We now want to determine all sections of F* which can be written in the 
form [{23}]*, i.e. which arc “generated^’ by a single point 23 of F*. By (9) any 
arbitrary section of F* is a sum of such special sections. We are given a set 23, 
and we have to find all sets S for which 

(71) 6 

In what follows the set 23 is fixed. Let xf/^ix) be a function of the type defined 
on p. 11. Let S be any set satisfying 

(72) E CSC [«]. 
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I am going to show now that sets S which satisfy (72) for some and no 

other sets, have the property (71). 

1) Assume that (72) is true for a certain function yp^ix) and a set S. Then 
we define a function ^(a:) as follows. 


0(a:) = X 

«(^«(2/) = y 

Finally, if x belongs to the set 

G - Z {My)\ 

V<« 

then, by (72), 


Hence, by definition of [93], 


a: < m. 


X > X* 


for X < ^ 
for y < S. 


for at least one x' of 93. Choose one such x' and put 

</>(x) = x'. 


It follows from the properties of that the conditions imposed upon 0 do not 
contradict each other and that 0 satisfies (70). Furthermore, 

Z = S. 


Therefore (71) follows. 

2) Let us now suppose that a set iS satisfies (71). Then, by definition of 
there exists a function 0(x) with property (70) for which 

(73) Z = »- 

i<6 

Hence, given any point y of 58, there is at least one x of S satisfying <!>(£) = y. 
Choose one such x and put 

4>(y) = X. 


Then 


Hy) < G; H'l'iy)) = y- 


Clearly, 


Hyi) ^ Hyt) 


if yi ^ Vi 
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when y, yi , are in iB. This means that ^{y) is one of those functions which 
may be denoted by ^e(y). Also, in view of (70), (73), every ® of (S belongs to 
[95]. Hence (72) holds. 

7.5 Put 


A = (F, [{93)r)^ 

From a remark made at the beginning of 7.4 it is obvious that our proof will be 
completed if we have established that, for every 93 ^ 0, A is equal to F*(93) 
as defined by (12), For then (14) will be identical with (6), the latter applied 
to F, G, r*. 

We have, in fact. 


(74) 


A = E n<s) = E E 


where , for every fixed , ranges over all sets S which satisfy (72). Put 


E {iA«(a;)} = 93* 


Then, for every fixed , 


E F((^,) = E ( n n (-S - m) 

5^ 1 / not in 6^ 

= E(n/(a:))( n /(*))( n n is-m)) 


(75) 








tf not in [e] 


= (n/(^))( n is-m) E ( n n is-fm 

V not in® »^C5C[«1 

= iiif(.Mx))){ n (s-f(x)))s. 

x-<© V not in [©] 

The sum in (75) has the value S in view of the distributive law. If we substitute 
in (74) we find that 

A = E (n fiMxM n (<S - Ay))) = F*(93). 

^93 x<<0 ynotin[Ql 


8. Necessity and independence of the hypotheses of the theorems 

8.1 Let Vo be the graph with = {a, 6, c} whose edges are a b; a c. 
Assume that a measure | A | is defined in S but that none of the prop)ertie8 
(Af), (A), (C), (D) are known to hold. Suppose that the following version of 
Theorem 2 holds. 

Assumption a. Given any functions f{x), g{x)y for x < , and supposing that 

Ax)Ay) = g{x)g{y) = 0 for X 9^ y 

Then a necessary and sufficient condition for f to have a T-transform f satisfying 
(76) i;(x)| = |ff(x)| 


for all X 
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is that 

(77) I (/, 3t) I ^ I (g, ?l) I for all 21 of r. 

and 

(78) I (/, @.) I = I (g, ®o) I . 

We are going to prove now that, under these circumstances, the measure has the 
properties (Af), (^1), (C), (Z>) and, moreover, that S contains only sets of finite 
measure. Thus all our assumptions concerning the measure are necessary for 
the truth of Theorem 2. The slight discrepancy due to the fact that here both, 
f{x) and g{x)^ are of finite measure while in Theorem 2 only | g{x) | < *», can 
be removed. 

The non-empty sections of To are 

|o), {a, 6}, {a, c}, \a,b,c]. 

For simplicity a symbol 



stands for the definition of a function f(x), namely for 


f(a) = A; m = B; /(c) = C. 

1) Let A C B. Put 

/O, 0\ /B-A, 0\ 

""V A )■ 

Then = g. Therefore, by a, 

I I = l/(a) +/(c) I S I g(a) + fir(c) | = M | . 

Hence property (M) holds. 

2) Let 


Put 

Ml, aA 

Ml, M 

/ = 

( L 

; ? = ( )• 


V 0 / 

\ 0 / 

Then 

Jia.i.y _ y. 

l/(a:) 1 = 1 g(x) 1 

Hence, by a, 



\Ax + At\ 

= 1 (f, @o) 1 



for aU X. 
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Therefore (A) holds. 

3) Let 

I A I ^ I I ; A- 5i - AB, = B, . 

Put 


/B*, 0\ (A,, 0\ 

“I X P B, )■ 


Then (77) and (78) are satisfied. Hence, by a, there exist sets C, D satisfying 

CD = 0; C + DdA 
which are such that (76) holds when 


/ 


_/ Bi + C, D\ 
“ \a - (C + D)) ■ 


Then 


A ~ (C + Z))| = |/(a)| = \g(a)\ = | | . 


This establishes (C). 

4) Let 


I A I ^ I + ^2 1 ; ^1^2 = 0. 

By (C) there is A' C A such that | A' | = | + JS 2 1 . 

Put 


/ = 




Then, using (M), we deduce (77), (78). Hence, by a, there exist sets Ai, A 2 
satisfying 


A 1 A 2 = Oj Ai “I" A 2 Cl A^ 


which are such that (76) holds for 


/ = 



Ai, A 2 \ 

— (.^i + Ai)/ 


Then 


Mxl = \m\ = |g(b)| = |5xl ; -\Ai\ = \Bi\. 

Therefore (D) holds. 

5) Let 

A'CZA; \A'\^ \A\. 
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Put 




Then (77) and (78) hold. There are sets i?, C with 

BC = 0; B + C d A', 


which are such that (76) is true for 

/(A - A') + B, C\ 

\ A' ^ (B +C) / 

Therefore, by (ilf ), 

IA-A'I^I(A^A') + BI = lf(b) I = I g(b) I = 0. 

This result shows that all sets are of finite measure. 

8.2 Let r be an arbitrary finite graph. We shall now investigate the inde- 
pendence of the inequalities (6) in the case when the values of /(x), g(x) are real 
non-negative numbei’s. Strictly speaking, we take as aS the set of all real num- 
bers, call measurcablc all subsets A of S which consist of a finite number of 
intervals ot^ ^ i < (where < /3„), and we write | ..4 | < | A' | if, and only if, 

E (/3. - «.) < Z (&'> - «»)• 


It is obvious that in tlu^ case of non-overlapping sets f{x) and g{x) all operations 
with the sets correspond to analogous operations with their measures, and vice 
versa. Hence we may, for the rest of this paper, consider /(a:), g{x) as functions 
defined for all points x of T and having as functional values real, non-negative 
numbers. Put 

fix) - g{x) = h{x). 

Then (6) corresponds to 


(79) {K ?I) ^ 0 for all ?{. 

We want to study the interdependencies between the various inecjualities (79). 
Let 


be all sections of F, 

(80) 21''*^ = {xl'‘\ x^/\ (1 ^ ^ m) 


where, for every points 


xi'‘\ 


M 


are different from each other. The sections 21^^^ are also supposed to be dif- 
ferent from each other. (79) is the same as 

(81) 


Hxn + h(xi^^) + • • • + A(x;r;) ^ o 




(1 g /X g m). 
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Here the symbols h(x) denote independent variables which can take any real 
values. 

8.3 Define a relation 


a ^ b 

as having the following meaning. There exists an ordered system 

Xoy Xiy ••• yXn 

of points satisfying Xo — a; Xn b which has the property that, for 
every v{l g v ^ n), at least one of the relations 

Xp^i -> X, ; Xy, — ► x^i 

holds. In particular, x x for every x. 

A set ^8 is called connected if 

a b whenever a, b < 

Obviously, every set 8 can be represented as sum 

8i + 82 + • • • + 8. 

of connected sets 8« which have mutually no points in common, and this repre- 
sentation is, apart from the order, unique. If 8 is a section then every 8* 
is a section. Also 

«>i 

It is therefore evident that, in (81), we need only retain those inequalities which 
correspond to connected sections Our next theorem asserts that the re- 

maining inequalities are, in fact, independent from each other. Let 

be those non-empty sections which are connected. Then I ^ r ^ m. 
Theorem 7. The inequalities 

(82) Qi, SO (1 g P ^ r) 

are independent from each other, and every inequality (79) is a consequence of (82). 
Proof. Put, for 1 ^ p ^ r, 

,, fl (a; < a''") 

Then (82) can be written in the form 

(83) = Z X^'\x)h{x) S 0 


(1 ^ P ^ r). 
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The numbers h{x) are to be considered as independent real variables. Let us 
assume that the inequalities (83) are not independent from each other. Then 
r > 1. We can number the 31^^^ in such a way that the inequality 

^ 0 

is a consequence of the system 

^0 (1 < P g r). 

According to a theorem which follows most naturally from the theory of convex 
sets of points (For an elementary proof see 3 , Satz 3. A very similar theorem 
is proved in 4 ), this can only be true if is a linear combination of • • • , 
with non-negative coefficients i.e. if there exists an identity in the variables 
h{x) which is of the form 

z x''\x)h{x) = x'^\x)h{x) 

X p«2 X 

where 

Ki , • ■ • , Kr ^ 0, const. 

Then 

(84) x“’(^) = Z A%x‘'’(x) for all X. 

a-2 

is not empty. Let Xi < ?l'*\ From 

1 = = t, K,x'^\x,) 

p-2 

and 

(85) K,x^^\xi) SO (1 < P ^ r) 


follows that at least one of the numbers (85) is positive. Hence we may assume 
that 

(86) K 2 > 0; x"’(a:i) = 1. 

If a: < then, by (84), 

x"’(x) ^ > 0, 

x“’(a:) = 1; * < 

Hence C Because of there exists a point 

xs < - a®. 
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Since 

xi , X* < 

and is connected we can find a chain 

(87) xi = Oo ; <11 ; • • • ; o/ = xj 

which is such that, for every X satisfying 1 g X g Z, at least one of the relations 


®x-i ; Ox — ♦ flx-i 

is true. Furthermore, o„ , oi , • • • , a/ are in In view of 

ao < 31®; at < 31® 

there is at least one index Xo xsatixsfying 

1 ^ x„ g Z; OX.-1 < 31®; Ox„ 31®. 

Remembering that 31^*’ is a section we conclude that ax„ —* ax„_i is impossible, 
and that therefore, according to the property of the system (87), a\^^i a\^ . 

Then, using again the definition of sections, we find that 

f= 0(p = l) 

X®(ox,_i)-x''‘(«xj|= l(p = 2) 

0 (2 < p g r). 


Finally, by (84), 

0 = x^^^(ax«-i) - ± /Vp(x^^^(ax„.0 - x'^\aO) ^ K, 

. P-2 

which contradicts (80). 

In conclusion I ^should like to add that it is possible, by means of the xsame 
theorem on linear inequalities used above, to prove the special case of Theorem 
1 where T is replaced by T and the measure is that defined in 7.2. 


The University 
Sheffield 
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1. Introduction 

Let Vn be a Riemannian n-space with fundamental tensor^ h j, k, I = 
1, • • • , n).® As usual we denote by a comma the covariant differentiation with 
respect to Qij , and by R\jk and Ri, the Riemann and Ricci tensors for Qij , 
respectively. The scalar curvature^ a and the tensor La are defined by 


( 1 . 1 ) 


a 


R 

n{n — 1) ’ 


( 1 . 2 ) 

where R = g^^Rij . F« is called an Einstein space, a conformal- Euclidean space, ^ 
or a space of constant curvature^ and is denoted by , or Sn , respectively, 

if Vn satisfies the respective condition:® 


(1.3) En(n > 2) Rij = -(n — l)agij, 


(1.4) Cn(n > 2) 


Rlik = 


(LiiiSi] + gmLi]) 


for n > 3, 


[Li[j,k] =0 for n = 3, 

(1.5) Sn{n ^ 2) i?',* = -agtySli . 

In (1.3) and in (1.5) for n > 2 the scalar curvature a is automatically constant, 
while in (1.5) for n = 2, a is assumed to be constant. For n = 3, (1.4)i is 


^ This paper was written while the author was a Chinese Ying-Keng Scholarship Student 
visiting Massachusetts Institute of Technology. The author wishes to thank Prof. D. J. 
Struik for the conversations they had from time to time during the preparation of the 
manuscript. 

* Fundamental tensors are always supposed to be non-singular, though not necessarily 
definite. All functions appearing in this paper are real and are assumed to have differen- 
tiability properties adequate to the part they play in the discussion. 

® An index has the same range throughout this paper. An index which appears twice 
in an expression, once as superscript and once as subscript, is to be summed over the ap- 
propriate range. A numerical index at the upper right-hand corner means an exponential 
except in the case of the coordinates x®, or x". 

* Here we follow Schouten’s definition; Eisenhart calls R the scalar curvature. 

® I.e. a Vn which can be mapped conformally on a Euclidean space. In this paper when- 
ever we speak of a Cn , it is understood that n > 2. For the theory of a , sec, e.g., Eisen- 
hart 5, 89-92; Schouten-Struik 11, 199-205, as listed at the end of this paper. 

* We write, e.g., Lijdk — L,*3/ - . 
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identically satisfied; for n > 3, (1.4)2 is a consequence of (1.4)i , From (1.3), 
(1.4) and (1.5), it follows at once that an Sn(n > 2) is an En and a Cn ; and a 
Vn which is an En and a Cn must be an Sn . 

The present paper is the result of an attempt to generalize a theorem given 
in a previous paper of mine (Wong 14 , Th. 4.2'). Briefly stated, the theorem is: 
A one-parameter family of En which are conformal lo one another can in general 
he imbedded in an En-^i as totally umbilical hyper surf aces, A hypersurface in a 
Riemannian space is called totally umbilical if its first and second fundamental 
tensors differ by a scalar factor; in particular, ic is called totally geodesic if its 
second fundamental tensor is identically zero. 

In Part I of this paper we first establish a generalization of the above theorem. 
Then a necessary and sufficient condition is obtained for a Vn to be imbedable 
in an j&n+i as a member of ^ totally umbilical hypersurfaces. The condition 
is that Vn have constant scalar curvature and that there exist scalar functions 
p of a certain nature satisfying the differential equation 

(1.6) P.o- + ^ gis . 

^(p) is a known polynomial in p, and the sign indicates that the tensor on its 
left is equal to the tensor on its right multiplied by a scalar. The determination 
of the imbedding J?n+i , if it exists, depends solely on the solutions of (l.C). An 
application of a classical theorem on a system of linear differential equation 
reduces the compatibility of (1.0) to that of a system of polynomial equations. 

A desire to determine all the Cn imbedable in an -E'n+i as a member of 
totally umbilical hypersurfaces leads to the work of Part II, which contains a 
detailed study of (1.6) for the case of a Cn . For an En or a Fo , equation (1 .0) 
reduces to p,ij ga , which has been studied by Brinkmann (2), Fialkow (8), 
Yano ( 13 ), and Wong ( 14 , §2). Here it is proved that a Cn , Hot an , for which 
equation (1.6) admits a solution is characterized by its tensor L,y having one of 
two particular forms. Canonical forms for the fundamental tensors of such 
Cn are obtained. 

I. Totally Umbilical Hypersurfaces in an i?n+i 

2. Family of a totally umbilical Fn in an En^i 

Given in a Fm (w = n + 1 > 2) a one-parameter family of hypersurfaces 
Fn , whose (first) fundamental tensors are of rank n, then a coordinate system 
exists in which the equation of Fn is x”" = const, and the fundamental tensor 
— 1, • • • , m) is such that = 0(i = 1, • • • , n) (Eisenhart 6 , 144 
and 5). It is known (Eisenhart 6 , 182) that in this coordinate system, Fn are 
totally umbilical in Fm if and only if *gij is of the form *gij = p“Viy » where 
p = p(x") and gij = gaix^), and that^ dn»p = 0 or 0 according as Fn are totally 
geodesic or not. 


^ We write 6* 


a 
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Let the fundamental tensor of Vm be 



The fundamental tensors of Vn are evidently order that they may 

be isometric to a given set of fundamental tensors with 'x"* 

as parameter, it is necessary and sufficient that there exists a transformation of 
the form 

= x^('x'\ x^ = xYx^), 

identifying these two sets of fundamental tensors. In the coordinates 'x“, 
the fundamental tensor of Vm is of the form (2.1) with p, Qij , *gmm replaced by 
'p, 'Oa y '*gmm , rcspcctively. 

The above observations furnish us a way to discuss the imbedability of. a 
one-parameter family of conformal Vn in an En+i as totally umbilical hyper- 
surfaces. In fact, we may suppose the tensors p'Vu (2.1) given, and deter- 
mine the condition in which *gmm may be found so that the tensor (2.1) repre- 
sents® an En^i . The result is the following 

Theorem 2.1. A one-parameter family of Vn with fundamental tensors 
*gij(x^y and parameter x^ can be imbedded in an En-i-i cis totally umbilical 
hyper surfaces^ which are not totally geodesic, if and. only if the following conditions 
are satisfied: 

(1) *Pij of the form [p(x*', x”')r'^gij(x^), where dmP 9^ 0; 

(2) Eaxh Vn has constant scalar curvature] 

(3) When it is assumed^ that p(x^, xD = 1 for some value xr of x”*, the tensor 



differs from gij by a scalar factor. 

If n = 2, the tensor in (3) can be replaced by p,ij ;if n > 2, it can be replaced by 

n— 1 

PM + ^ X- Rii and by - p""*^ Ra , 

n — z 


where is the Ricci tensor of *gij , 


® By this we mean that *ga0 is the fundamental tensor of an En+i . 

® This assumption is not a restriction; for, if is any fixed value of 








p(x* x^) 

and Xo)]~^gii(x^) can be used in place of p(xS x«), ^,,(x*), respectively. 

P\X* , Xq ) 

From this it fpllows that any tensor of the family p“V*y niay be made to play the part of 
0ii • 
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Let a onc’^parameter family of Vn with fundamental tensors satisfy 

conditions (1), (2) and (3), and let the scalar curvatures of Vn be a{x'**). Then if 
c is any constant not identically equal to aix"*"), there exists one and only one En-^-i 
whose scalar curvature is c and in which Vn can be imbedded as totally umbilical 
hyper surf aces; the components of the fundaincntal tensor of the o/re 


^Qini — 0 , 


*9ii P Qij > 


_ (3m log Pf 
a(x”) — c ' 


Proof. The components of the Ricci tensor *Ra» of the fundamental tensor 
(2.1) are (Wong 14 , (3.6)) 


f *Rim (m - 2){dip„ + pm<ri), 


( 2 . 2 ) 


I *R.v = 'Rii + 0).„„ + (”» - 2)P* 

*Rmm = (m- 



where tr is defined by ea-^ = = l/*gmm ,e = ±1 ; p„, = 3m log p, <ri = 3< log a; 

'Rij is the Ricci tensor of *g,y = p Vu' > the semi-colon followed by the 
indices i and j or m denotes covariant differentiation with respect to or 
*^mm , respectively/^ The condition for to represent an Em is 

(2.3) ^Ra0 = -(m — l)c *ga3 , 


where c is the constant scalar curvature of Em • 

We now suppose that d„p 9 ^ 0, i.e. that the totally umbilical h^^persurfaces 
x'^ = const, are not totally geodesic in Em . From (2.3) and (2.2)i we have 

^ipm H” Pm^i ~ 0, 


which gives on integration 

(2.4) erpm = zix”") ^ 0, 

where zix"^) is some function of x^ alone. If we transvect (2.2)2 and (2.2)3 
with and respectively and subtract the results, we find, on making 
use of (2.3) and (2.4), 

(2.5) ^ 

Since by definition the left-hand member is the scalar curvature of *p,y , this 
equation shows that for each value of x”" the fundamental tensor *gij' has constant 
scalar curvature, which we denote by a{x^). We observe that since z{x"^) 9 ^ 0, 
a{x”') cannot be identically equal to c. 


In this operation, the in *gij and the x* in *gmm , respectively, are considered as 
parameters. The covariant derivative with respect to is formed with the Christoffel 
symbol of the second kind 'Tmm for *gnm . 



HYPERSURPACES IN EINSTEIN SPACE 


Now equations (2.4) and (2.5) can be solved for ea giving 

(2 6) ea~^ = P) 

a{x”*) — c a{x^) — c ‘ 

Therefore the first part of our theorem will be proved if we can show that in 
consequence of (2.4) and (2.5), equations (2.2) and (2.3) are equivalent to con- 
dition (3) of the theorem. 

Because of (2.3), equation (2.2)2 is of the form 

(2.7) (i) + i '7?,, = r , 

V/;t7 o- 

where r is a certain scalar. The integrability condition of this equation is 

~ I '^" 0 * ~ '^" 0 ; ^ ’ 

where ^R\jk is the Riemann tensor of *gr,y . When we transvect this with 
and then make use of the well-known identity (Eisenhart 6, 82, (26.4)) 


, where '/? = V^'/?,y, 


we find 


But *gij is of constant scalar curvature a(x'”) and '72 = — n(n — l)a(j:”‘). 


integration. 


J- + 'R (-) = (n - l)r;, . 

1<T \<^/lk 

b scalar curvature a(x'”) and 'R 
Therefore the above equation becomes —na{x'') ( - ) = 

\(7/,k 

r a{x^) , ^ 

r = ~ n - ^ + w{x ) , 


T;jk , which gives, on 


r a{x^ 

= ~ n - 

cr 


+ w{x") 


where is some function of a:”* alone. With this value for r, equation (2.7) 

can now be written more precisely as 

(2.8) Q , + ; 'Rii = -[n + «»(x”’)] *gii . 

When this expre-ssion for is .sub.stituted in (2.2)* , the latter becomes, 

because of (2.3) and (2.5), 


(2.9) 


+ c — o(x”*) = aw{x”'). 
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Now if 'I’mm is the Christoffel symbol of the second kind for *gmm , then 


by (2.4).“ 
( 2 . 10 ) 



= dm 

= log log v«) 


Pm 

P 


dm log 


0-pm 



z(x”*) ^ 


Substituting this in (2.9) and using (2.4) and (2.5), we have 


w(x'^) = — e2'(a:”*) = — 


a^x^) 

2z(x*^) 


a'(x^) 

2(rpm 


Therefore (2.8) becomes 


( 2 . 11 ) 



+ ~ 'Rii = 

O' 


1 

<T 



2pm _ 


■ 


It is easily seen from the way (2.5) was derived from (2.2)2 and (2.2)3 , that 
on account of (2.4) and (2.5), equations (2.2) and (2.3) are equivalent to (2.11). 
We now suppose, without loss of generality, that Qij is a tensor of the family 
so that^^ 


( 2 . 12 ) 


p(x\ xT) = 1 


for some value x7 of We wish to write (2.11) in terms of p and gr,y . Con- 
necting the covariant derivatives, Ricci tensors, and scalar curvatures related 
to the fundamental tensors *gij = p^Vo’ Qa 1^1^^ following formulas 
(Eisenhart 6, 89-90): 



(2.13) \'Rii ^ Rii - {n -2)^'^ 

P 


+ OnQ 


**0).*'’'**” 

n I 


a(x”) 


w*\ 2 I « hk hk 

a{Xo)p + - pg PM — g p,hp,k , 
n 


where as usual the comma denotes covariant derivative with respect to gij . 
We can now readily verify that on substitution from (2.13) and making use of 
(2.4), equation (2.11) becomes 


(2.14) 


“ {dmP),ij (V' 
P 


1 ) P.ii + Pm Rii 
P 




dfn(pM) 


np 


{n 1) dfnp hk / 

— r g PM — 

p 


n 



A prime (on the right) always means differentiation. 
See footnote 9. 
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Since (d^p),,y = dm(p,ij)y the above equation gives an identity when transvected 
by and therefore is equivalent to 


- am(p.«) - (n - 1) -t"/ p,.v + - gti , 

P P 

i.e. 



E<iuation (2.15) proves condition (3) of our theorem. 

Suppose n > 2. Integrating (2.15) with respect to x”, we have 


(2.16) 


P.ii 

P'‘~‘ 


(n 


Rij 


+ 


Qij 9 


where Tij is an integration tensor independent of a:'". Now in consequence of 
(2.12), we have 


— 0, 

as follows from the very definition of partial differentiation. Therefore if we 
put x”" == in (2.16), the result is 


n 


-^2 + 


Qii • 


Using this expression for in (2.16), we have 


(2.17) 


I H t 

P.« + 


Rii 


Qij ] 


which is equivalent to (2.15). Equation (2.15) is also equivalent to 

(2.18) 'Rii - p^-^Rii ga , 

as follows by elimination of p,ij from (2.13)2 and (2.17). 

Finally, if n = 2, the equation Rij gtj is satisfied, and therefore (2.15) 
becomes 

^■(7) 

If we integrate this with respect to x”* and treat the result as we did (2.16), we 
can show that (2.15) is equivalent to 

i 

(2.19) p.a ~ ga . 

Equations (2.17), (2.18) and (2.19) complete the proof of our theorem. 

We end this section by obtaining a direct consequence of Theorem 2.1. Let 
n > 2. If Rij = — (n — l)a{xo)gij, then (2.18) demands that 'Ra = 
— (n — l)a{x’”)*gij . Also, if p is a function of x™ alone so that 'Rij = 
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equation (2.18) becomes = — (n — . Hence if we remember 

that any tensor of the family may be made to play the part of Qij , we have 

Theorem 2.2. Let an En+\{n > 2) admit a one-parameter family of totally 
umbilicaly hut not totally geodesic^ hypersurfaces Vn . Then the Vn are all En , 
if one of them is an En or if every F„ is trivially conformal^^ to another. Conversely y 
let c be a constant and [p(x^, a,s parameter be the fundamental 

tensors of conformal En(n > 2) whose scalar curvatures are not all equal to c. 
Then if dmp 9^ 0, there exists a unique En+i of scalar curvature c in which the given 
En can be imbedded as totally umbilical hyper surf aces. 

The latter part of this theorem has been mentioned at the beginning of this 
paper. 


3.1 An imbedding problem 

Suppose that for a Vn the equation 

(3 1) |p..7 + 

P.i7 9ii for n = 2 

admits a solution for p. We now prove that if the scalar curvature of is 
constant, then that of p'^ga is also constant. This result combined with 
Theorem 2.1 gives the following 

Theorem 3.1. A necessary and sufficient condition for a F« with fundamental 
tensor gij to be imbedable in an En+i as a member of oo^ totally umbilicaly but not 
totally geodesic, hyper surf aces is that Vn constant scalar curvature and equation 
(3.1) admits a one-parameter family of solutions p(x^y x^) which is such that 
p{x^y*x7) = 1 for some value .r^ of the parameter x"^. If a Vn satisfies this condition 
and p is any one-parameter family of solutions of (3.1) of the above-mentioned na- 
ture, then p~^gij are fundamental tensors of a family of Vn which can be imbedded 
in an En-^-i as totally umbilical hyper surfaces. 

Proof. Suppose that the scalar curvature a = —{R/n{n — 1)) of Fn is 
constant. Consider first the case n > 2. We write (3.1 )i as 

(3.F)l p,»y “I" <t>Eij “ y 


where ^ is an unknown scalar and 


(3.2) 


</> = 


n— 1 


P 


— P 


n — 2 ‘ 


The integrability condition of (3.1')i is 

RijkP.l + fl>'Ri[iP,k] + 4>RilJ,k] = 9i[^.k] ' 


Two Vn are said to be trivially conformal to each other, if their fundamental tensors 
(in the same coordinates) differ by a constant scalar factor. 
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Transvection of this with gives, because ~ ~ ^ (Eisenhart 

6, 82, (26.4)), 

(3.3) RIp,i = 

Using (3.1')i , (3.2) and (3.3), wc have 

(g^^p,hp,k),{ == ^g^^p,hP,ki 

= 2[(p^).i + n(uj>'pp,i]. 

Let us then substitute for </>' from (3.2) and integrate; tiiis gives 

(3.4) t,,,., + -”?e’ - A - const. 


Now the scalar curvature 'a of p Vo is (cf- (2-13)) 

'a == ap + fnpg p,hk — g p,hp,k , 

and it is readily shown that on account of (3.r)i . (3.2) and (3.4), the right-hand 
member of the above equation is equal to A. Hence the scalar curvature of 
p"Vo is constant, and our theorem for the case a > 2 is proved. 

Equation (3.1 )j for the ca.se « = 2 can be treated in like manner. Indeed, we 
have in this case 

P.%] = Hh' > ~ » 

Rhk = —agiik, 4' = -(ap + 

where J? is a constant. The first two of these equations correspond to (3.1 ')i 
and (3.3) respectively; the third holds becau.se n = 2; and the last follows at 
once from the second and third equations. We can then easily verify that 

, = _(ap^ -f 2Bp -t- .4), A = const., 

and hence that -4 is the scalar curvature of p"V<y • Our theorem is thus com- 
pletely proved. 


3.2. Continuation 


The question naturally arises: Given a F„ with constant .scalar curvature, 
how can we know whether or not it is imbedable in an E„+i as a member of » 
totally umbilical hypersurfaces? The answer given in Theorem 3.1 is not 
explicit enough, but may be so reduced that it depends only on the compatibility 

of a system of polynomial equations. 

Consider first the general case n > 2. It is readily seen from (3.1 )i , (o.2) 
and (3.3) that equation (3.1 )i is equivalent to the following system of linear 
differential equations in the w -f- 2 unknown functions p, 6i ’• 

Oi,j -f- ^{p)Rii = 't'Ou I 

yb ,. = L-H-^ — na(t>'Bi , 

’ n — 1 

P,i • 
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We now apply a classical theorem (Eisenhart 6, 1-4) on a system of linear dif- 
ferential equations to (3.5). The integrability conditions of (3.5)i , (3.5)2 , 

(3.5) 3 are respectively 

+ <t>Ri\iM = , 

(3.6) = (1 4*^)^iR\i,n + (1 — <i>*)^i,[iR^i\ ~ 4>^^^iR\ip,j] = 0, 

[ = 0- 

Equation (3.6)3 is satisfied on account of (3.5)i . On substitution from (3.5), 
equations (3.6)i and (3.6)2 become 

^ ^ I Q^uRU + <t>'^i[j ^k] + - — -j giljRk] + 

+ <t>Ri[j\k] = 0 , 

(1 - <l>')eiRUn - 4>"eidkR{i6]^ = 0. 

It is easily verified that (3.7)2 is identical with (3.7)i transvected by 6\ This 
was also to be expected, because (3.3) was obtained from the integrability con- 
dition of (3.1 ')i • Hence the integrability condition of (3.5) reduces to (3.7)i , 
which we write as 

(F)i (^ijk + Bijic4)')di + Cijk^ = 0, 

where 

^ijk “ Rijk 1 9i{iRk] > 

n — 1 

B\jk = Riu^k] H 7 yiijRk] + nagiii^k ] , 

n — 1 ^ 

Ctjk “ Rilifk] 

are tensors constructed from gij . 

It is not diflficiilt to show that (F)i is identically satisfied if and only if Vn is 
an Sn . If {F)i is not identically satisfied, we differentiate it covariantly with 
respect to gij and substitute for di,j , and p,i from (3.5). The re.sult is 

<f>"Bijk6i0h + [Aijk,h + {B\jk,h + Cijjfil)il>^]Bi 

{F)2 

+ {A\jk + Bijk4>'){^<l>Rih + i^Qih) + Cijk,h<l> = 0. 

Because of (F)i , this cannot be identically satisfied without (F)i first being 
identically satisfied. Differentiating (F)2 covariantly and then substituting 
for 6 i,j , and p,, from (3.5), we get a set of equations (F)3 . Proceeding in this 
way we obtain a sequence of sets (F)i , (F)2 , etc. of equations, to which a classical 
theorem oti mixed systems of total differential equations (Eisenhart 6, 3) can 
be directly applied. We observe that the equations (F)i , (F)2 , etc. in our 
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case are all polynomial equations and that the 3 '^ can be constructed as soon as 
the fundamental tensor gij of F« is given. 

Hence combining the preceding results with Theorem 3.1 we have the necessity 
of the conditions in the following 

Theorem 3.2. In order that a Vn{n > 2) may be imbedded in an En+\ as a 
member of totally umbilical, but not totally geodesic, hyper surf aces, it is neces- 
sary and sufficient that the following conditions are satisfied : 

(1) ^ positive integer N exists such that the equations of the sets 
{F)i , {F )2 , • • • , {F)s admit a one-parameter family of solutions p(x^, .t"”), 
rpix^, x*^), di(x^, x"") of the nature that p(.r^, x'f) = 1 for some value x^f of the param- 
eter x*^; 

(2) The equations of the set {F)s^\ are satisfied because of the equations of the 

sets {F),, (F) 2 , , (F)^. 

To prove the sufficiency of the conditions we need only show that a Vn satis- 
fying them must be of constant scalar curvature. But the latter fact is easih' 
proved; for, if we tiansvect (F)i with g'\ the result is = 0, showing that 

R is constant. 

A F 2 with constant scalar curvature is an S 2 . For an Sn equation (3.1) 
becomes 


(3.9) p,ij ^ gij . 

If we use the Riemann form of the fundamental form of Sn (Eisenhart 6, 85) 

. _ Cl {dx^ + -> + {dx^ 


(3.10) 


(J^j dx" dx' 


1 + [^l(x^)^ -j_ . . . en(.T^)^] 


((?,• = ±1), 


where a is the (constant) scalar curvature of Sn , then the general solution of 
(3.9) is readil}^ seen to be 


(3.11) 


^ _ Ao[ei{x ) + 

l+~let(xr + 


+ Cn(.r”)^] + + An+i 


+ enix^] 


where the A’s are arbitrary constants Evidentl}", b^^ suitable choice of the A’s 
as functions of a parameter x”*, a one-parameter family of solutions p(x^', x*^) 
can be found (and in infinitely many ways) such that p(x^, xT) = 1 for some value 
x^ of x"”. Hence the condition of Theorem 3.1 is satisfied. Now it is seen from 
(3.10) and (3.11) that in this case every tensor of the fami^v p~^gij is the funda- 
mental tensor of an Sn . And since it is known (Wong 14 , Th. 9.3) that an 
En+i which admits as totally umbilical hypersurfaces is an Sn+i , we have 
Theorem 3.3. An Sn can always be imbedded (and. in infinitely many ways) 
in an Sn-^-i as a member of 00 ^ totally umbilical hyper surf cu^es. 


4. Totally geodesic hypersurfaces in an £n+i 

We now consider the case excluded from the preceding discussions. As 
follows from what we said at the beginning of §2, the condition for a Fn with 
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fundamental tensor to be imbedable in an (m = n + 1) as a member of 
00 ^ totally geodesic hypersurfaces is equivalent to the condition for the existance 
of a non-zero scalar p(x“) such that the fundamental tensor *gafi with components 

(4.1) *gim = 0, *gij = gaix*), *g„„ = ep*, (e = ±1), 
represents an Em . By definition, represents an Em if and only if 

(4.2) ^ ’-nc *ga$ , c = const. 

Now the components of the Ricci tensor of arc 

(4.3) = *Rii ^ Rii + 

p p 

Therefore (4.2) becomes, on account of (4.1), 

(4.4) P.ij “b pRij ~ ^^Pgij y Q P,ij ~ TlCp, 

Transvecting (4.4)i with g^^ and comparing the result with (4.4)2 , we find 

(4.5) R = g^%j = -n(n - l)c. 

This shows that the scalar curvature a of Vn is equal to the (constant) scalar 
curvature c of Em • Hence from (4.4)i we have the following theorem comple- 
mentary to Theorem 3.1 of the preceding section: 

Theouem 4.1. A necessary and sufficient condition for a F„ with fundamental 
tensor g^ to he imbedable in an En^i as a member of oo ^ totally geodesic hypersurfaces 
is that the scalar curvature a of Vn is constant and the equation 

(4.6) P,ij “f” pRij ~ aapgij 

admits a non-zero solution for p. If a Vn satisfies this condition^ then corresporuling 
to each non-zero solution p of (4.6) there are two and only two such imbedding 
En-\-i , and the components of their fundamental tensors *gad are given by (4.1). 

Equation (4.6) is eciuivalent to the following system of linear differential 
equations in the n + 1 unknown functions p and Si : 

(4.7) ^i,j pRij ~ napgij , p,j = Si , 

for which the sets (G)i , (G)2 , etc. of equations corresponding to (F)i , (F)2 , 
etc. of §3.2 are 

(Gi) (Aijk + Biyk)Si + CtjkP = 0 , 

((? 2 ) {Aijk,h + Bijk,h + Cijk8h)9i — [{Aijk + B\jk)(Rih + nagih) — Cijk,h]p = 0 , 

etc., 

where the tensors A^ B and C are as defined in (3.8). Since the equations in 
(G)i , (G )2 , etc. are all linear homogeneous in p and Si , we have from Theorem 4.1 
the following theorem corresponding to Theorem 3.2: 
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Theorem 4.2. In order that a Vn may he imbedded in an En+i cts a member of 
00 ^ totally geodesic hypersurfaces ^ it is necessary and sufficient that the following 
conditions are satisfied: 

(1) positive integer N exists such that the sets of equations 
{G)i , ((7)2 , • • • , {G)s dre compatible and the equations of the sets ((?)Ar+i are satis- 
fied because of the former sets; 

(2) The sets (G)i , (G )2 , * * • , (GJ/f have at most n independent equations. 

For an Sn , equations (4.7) become 

(4.8) 6i,j = a,pgij , p,,* = 6% j 

which are completely intcgrable. Hence by the remark just above Theorem 
3.3, we have 

Theorem 4.3. An Sn can always be imbedded {and in infinitely many ways) 
in an as a member of oo^ totally geodesic hyper surf aces. 

The case of an Sn is closed by Theorems 3.3 and 4.3, and will therefore be 
excluded from our future discussions. 

5. Totally umbilical hypersurfaces in an En+i which are Cn 

Equations (3.1) and (4.6) which appear in Theorems 3.1 and 4.1 are all particu- 
lar cases of equation (0.1) of the next section, where the latter equation will be 
studied in detail for the case of a Cn , i.c. a conformal-Euclidean F„ . In light 
of what we shall obtain, the following theorems are immediate consequences of 
Theorems 3,1 and 4.1: 

Theorem 5.1. If an En-\-i{n > 2) admits a family of totally umbilical hyper- 
surfaces which are Cn but not Sn , then the tensor Lij of each of these hypersurfaces 
is of the form (6.3) or (6.4). Conversely, a Cn of constant scalar curvature with 
tensor of the form (6.3) or (6.4) can be imbedded in infinitely many En+i as a 
member of oo^ totally umbilical hypersurfaces or totally geodesic hyper surf aces. 
The determination of all these fi'n+i i^ based either on a simple integration or on the 
solution of a linear differential equation of the second order. (Cf. Ths. 6.1, 7. 1-7.3) 
Theorem 5.2. A Cn can be imbedded in an En-\-\ as a member of totally 
umbilical hypersurfaces or totally geodesic hyper surf aces, if and only if it is an Sn 
or if n > 2 and its fundamental form can be reduced to the form (8.8'), (8.9') or 
(8.27). (Cf. Ths. 8.1, 8.2.) 

II. Some Conformal-Euclidean Spaces Cn 

6.1. A differential equation 

For the rest of this paper we confine ourselves to the case of a Cn(R > 2), and 
study in detail the equation 

(6.1) + ^Lij = (jugij , 

where is the tensor (1.2), w is an unspecified scalar, and 0 = 0(p) is a given 
function of p such that 0' — 1/(w — • 2). 
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The supposition 5*^ — l/(n — 2) is significant, because for any Cn the equa- 
tion 

(6.2) p,ij - ^ ^ Lii = a)gf,7 , A = const. 

n — z 

always has a solution. Indeed, if Qij represents a Cn , a scalar <r exists such 
that the tensor cT^gn represents a Euclidean space. Consequently <r satisfies the 
equation 

2) r - + (n - 1) = 0, 

<T L (T O’ J 

the left-hand member being the Ricci tensor of <r~V*7 written in terms of gp 
(cf. (2.13)2). From this it follows that p = cr — -4 is a solution of (6.2). 

We now proceed to prove the following 

Theorem 6.1. For a Cn , which is not an Sn , equation (6.1) has a solution for 
p, if and only if the tensor L,y of Cn is of the form}^ 

(6.3) Lij = ^Cp)p,ip,j f^ip^gij 9 QijPtiPtJ ^ 


or 


(6.4) Lij = fl(p)p,ip,j, g'^P.iPj = 0, 

where i\{p) 9 ^ 0, f(p) 9^ 0; in the latter case L == = 0, o) = 0. Let a Cn 

satisfy either of these conditions. Then a function X = X(p) exists such that 


(6.5) 


- _ x- - . 

P.tj — Ap,t p,/ “T -Z Qii j 
1 


or 


P,ii — ^P,iP,3 y 


according as we have (6.3) or (6.4); and the solution of (6.1) is identical with the 
solution p = p(/5) of the linear differential equation 


( 6 . 6 ) 


p" + Xp' + = 0. 


Proof. For a Cn , equations (1.4) hold. The integrability condition of 
(6.1) is 

F\jkP,i 4>^Li[jp^h] <)>Li[j,k\ = gi[j^M , 


which, on account of (1.4), becomes 


P,l) + <t>^Li[jP,k\ = gi[j<^.k\ y 


i.e. 

(6.7) (^' + “72) ~ ~ 


That Vn be a C„ satisfying (6.3) is, incidentally, the condition for a V„ (n > 2), not an 
Sn , to be a suhprojective space in the sense of Kagan. Cf. Schouten-Struik 11, 215-225. 
and also the literatures quoted there. 
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Transvection of this with gives 

(6.8) (1 — <l>')LkP,i — {n — l)o},k = — (^' + ^ 2^ Lp,k . 

Transvecting (6.7) again with g^*p,h , we find 

<l>'p,iL[jp,k] + <^,[3PM = 0 , 

which is equivalent to 

(6.9) <t>^LkP,i + 03, k = otp,k y ct = scalar. 

Since 0' — l/(n — 2), equations (6.8) and (6.9) can be solved for LkP,i 

and 03, k , giving 

( 6 . 10 ) LkPa = ^p,k y 03,k = yp,k , 

where and 7 are some scalars. Equation (6.10)2 shows that w = 03 (p) and 
7 = cj'. Consequently, as a result of (6.10), the integrability condition (6.7) 
becomes 

( 6 . 11 ) ^</)' + ^““2) — 2^ ~ QiljP>k] = 0 , 

which can be written in the form 

(6.12) Lij= vp,ip,j + • 

We shall now proceed to prove that rj and f are both f unctions of p alone. 

On account of (6.12) we have 

(6.13) L == + nf, 

(6.14) [2 + (^ - 2)<^']r = (n - 2W - ^Vy 
where 

(6.15) 

Equation (6.13) is the result of transvecting (6.12) with g^\ To prove (6.14), 
we use (6.12) in (6.8) and obtain 

(1 ■” </>')(f^ + f) — (^ — l)w' = “ 

which gives (6.14) on substitution of L from (6.13). 

Because of (6.12), equation (6.1) becomes 

(6.16) p,ij = —<l>vP,iP.j + (« - 4>i)gi3- 
Thus, by differentiating (6.15) we have 

i,k = 2g*^p,ipjk 


= — 2 ( 0^17 + — 03)p,k . 
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From this it follows that f = f(p) and 

(6.17) — « = —W- 
Using (6.12) in (1.4)2 , we have 

Qili^k] + ^P.t[*P.il + p,*p,[p7,ifc] = 0. 

On substitution from (6.16), this becomes 

(6.18) Qm^.k] — ^(w <t>^)giijP,k] + = 0. 

At this stage, we have to consider separately the two cases ^ 5*^ 0 and { = 0. 

6.2. The case { 5^ 0 

Since 0 and w are functions of p, it follows either from (6.14) or from (6.17) 
that J* is of the form 

(6.19) f = m(p) + v(p)rj, 

where p and v are some functions of p, and v 9 ^ 0 because f 0. Using this 
value of f in (6.18), the latter becomes 

(vgi[j + P.tP.[y)»7.]fc] + W + v'v — ’7(w — 0f)]sft[iP.fci = 0. 

Since v 9 ^ 0, this equation can be written 

(6.20) (vgi[j + p,ip,i3)(v,k] — rp.fcj) = 0, 

where 

(6.21) = p' + v'tj — rj{o} — 0f). 

From (6.20) it follows that either 

( 6 . 22 ) rj,k — Tp,k = 0 , 

or vgij + p.vp.y = €{ri,i — Tp^i){rj,j — rp,y), € = a scalar. 

But the latter case cannot happen; otherwise gij would be of rank ^ 2. There- 
fore (6.22) is true, and rj is a function of p alone. Then it follows from (6.13) 
and (6.14) that f and L are also functions of p alone, as was to be proved. 

Since r is now equal to r;', we have from (6.21) and (6.19) that 

(6.23) r = - </>f). 

If t; = 0, it follows from (6.12) and (1.4) that Cn is an Sn . And from (6.14), 
(6.17), (6.23) and { 0, we can easily show that iff = 0, then 77 = 0 and con- 

sequently Cn is an Sn . 

We have now proved the necessity of condition (6.3) for the case f 0. 
That this same condition is also sufficient can be proved as follows. 

Let a Cn be given satisfying (6.3). Then Cn cannot be an Sn . Using (6.3) 
in (1.4)2 , which is true for any Cn , we find 

VP,iikP,j] + f'giUP^k] = 0 . 
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Because 5*^ 0, this can be written 

f' 

(6.24) p,ii = \p,ip,i + ga , X = a scalar. 

Differentiating (6.15) and making use of (6.24), we have 

l,k == 2g'^p,ip,jk = (%p^p,k + ^ == 2 p.* . 

Since f 5*^ 0, it follows from this that | and X are functions of p alone and 

(6.25) I = 2 + Q . 

If Cn , which is not an Sn , permits a solution of (6.1) such that ^ = g'^p,iP,i 0, 
equations (6.12) and (6.16) with 0, f 5*^ 0 must hold. Comparison of (6.3)i 
with (6.12) tells us that p.* and p,, have the same direction, which is a principal 
direction of L.y . Hence p = p(p), the exact form of which will presently be 
determined. • 

When p = p(p) is used in (6.3)i and (6.24), the result is 

(6.26) Lii = ffp'^p.ipj + fgijy 

(6.27) p'p.tj = (Xp'^ — p")p.tP.y + ^ ga • 


Comparing these with (6.12) and (6.16) respectively, we find 


= ^p'\ 


, - P - = = - I'll. 

’ ^ ^<f>V CO — 


From these it follows, by elimination of rj and f , that 


(6.28) 

(6.29) 


0 = 




■ j. f' (p" - + 'yy' 

w = ?</> + - - = — 

^P 


np'" 


Equation (6.28) is a relation between p and p, while (6.29) gives the value of the 
unspecified scalar co. These equations must be satisfied if Cn permits a solution p 
of (6.1) such that { 0. Now because of (6.28) and (6.29), equation (6.1) can 

be written 

1lp'^p,ij + (p'' “ [(P^^ ^P^ )f “b ? P^ • 


But it will be noticed that this equation is identical with the result of eliminating 
p.iP.y from (6.26) and (6.27) Hence, equation (6.1) is a consequence of (6.28), 
and we may conclude that for a Cn satisfying (6.3), the solution of (6.1) is identi- 
cal with the inverted solution p = p(p) of (6.28). But it is readily verified that 
written with p as dependent variable, (6.28) becomes (6.6). Hence our theorem 
for the case f 5^ 0 is proved. 
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6.3. The case ( = 0 

In the preceding discussion the supposition { 5^ 0 was first introduced after 
equation (6.18). Therefore this equation and the results preceding it also hold 
for the present case. 

From (6.13), (6.14) and (6.17) we have, by putting { = 0, 

(6.30) L = nf , [2 + (n - 2)<#>']f = (n - 2)w' w = . 

Since 4> and co are known to be functions of p alone, it follows from the above 
equations that f and L are also functions of p alone. As a consequence of this 
and (6.30), equation (6.18) now becomes 

(b.31) — P.i-^.[y)p,*i = 0, 

i.e. 

(6.31 ) f Qij = "t" <XiP,j = P,jV,i “t“ ^jP,i y 

where a, is a certain vector. The last eq|^ation shows that 

di = rj.i + fip,i y = a scalar, 

and therefore (6.31') becomes 

^'g<} = P.iVj + PjV.i + Pp.iPj . 

From this it follows that 

(6.32) f' = 0; 

otherwise would be of rank ^ 2. Consequently, (6.31) reduces to >7,tyP,A:] = 0, 
whiijh shows that rj ^ function of p alone. 

Moreover, on account of (6.32), we have from (6.30) that 

(6.33) ' L = r = c.; = 0. 

Therefore, equations (6.12) and (6.1) become 

(6.34) Lij = v(p)p.iP.jy 

(6.35) p.»y = -'<t>yiP,iPj y 

where t? 5*^ 0; otherwise Cn would be an Sn . 

Equation (6.34) proves the necessity of condition (6.4) for the case { = 0. 
That this condition is also sufficient will now be proved by an argument similar 
to that for the case f 0. l^et there be given a Cn whose tensor L*y is of the 
form (6.4). Using (6.4) in (1.4)2 , we deduce, as in (6.24), 

(6.36) p.iy = Xp.iP.y, . X = a scalar. 

The integrability condition of this is 

(6.37) RijkP,l = X,[ifcp,y]p,i + Xp,t[*j5,yj . 
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Now in consequence of $ = 0, (6.4) and (1.4)i , the left-hand member vanishes, 
while at the same time, the last term is zero because of (6.36). Hence (6.37) 
becomes = 0, showing that X is a function of p alone 

Now by comparison of (6.34) and (6.4), it follows that p = p(p). When this 
is substituted in (6.4) and (6.36), the result is 

(6-38) Lij= p'p,ij= (Xp'^— p")p,ip,j- 


Comparing these with (6.34) and (6.35), we have 


and hence 




p' = 


- p" 

—•h 


(6.39) 


<!> = -- 


Xp'' 


Ijp'* 


which is identical with (6.28) and is therefore equivalent to (6.6). Equation 
(6.39), or (6.6), must be satisfied if the Cn in question permits a solution p of 

(6.1) such that { = 0. But on the other hand, if (6.39) is satisfied, equation 

(6.1) , which is now p,ij + 4>Lij = 0 by (6.33), is a consequence of (6.38). There- 
fore we may conclude that for a On satisfying (6.4), the solution of (6.1) is identi- 
cal with the solution p = p(p) of equation (6.6). Hence Theorem 6.1 is com- 
pletely established. 


7. Applications 

In §8 canonical forms for the fundamental tensors of the Cn considered in the 
preceding section will be obtained. But in the meantime, we apply the preceding 
results to a Cn(a) which permits a solution of equation (3.1) or (4.6). For con- 
venience we denote by Cn(a) a (7„ of constant curvature a. We first show that 
Theorem 7.1. For a Cn whose tensor La is of the form (6.3) or (6.4), equation 

(3.1)i admits infinitely many one-parameter family of solutions p(x^, .r”*) S 2 ich that 
p{x^, Xa) = 1 for some value of the parameter x^. 

Proof. By Theorem 6.1, in the case under consideration the solution of 

(3.1) i is identical with the solution p = p(p) of 

(7.1) p" + Xp' + — 5 ^ — p) = 0, 

n — J 

where X is a certain function of p. According to the existence theorem, the 
solution of (7.1) can be written as 

P - (P). + (pO.(p - Po) + W'Up - Pof + ^ {p"'Up - po)’ + • • • 

where p® is some value of p; (p)« and (p')« are arbitrary constants; and (p")o , 
(p"0o » etc. are determined from (7.1). If we take (p)® = 1 and (p')® = 0, then 
it is readily seen that (p")® , (p'"). » etc. are all zero, and eonsequently the 
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corresponding solution is p = 1. Hence, if fix”") and h(x”') are any two func- 
tions of x”*, the one-parameter family of solutions p{x^, x"^) of (7.1) corresponding 
to (p)o = fix'*") — f(x7) + 1 and (p')o = h(x”*) — hix"^) is such that p(a;*, Xo) = 1. 
Thus our theorem is proved. 

As a direct consequence of Theorem 6.1, we have that^^ 

Theorem 7.2. For a Cn(a), ^lot an Sn , equation (4.6), t.e. 

(7.2) p,ij + pLij = — inappiy, 

admits a solution satisfying g'^p,ip,j = 0, if and only if the tensor La of Cn(a) is 
of the form (6.4). 

Also by Theorem 6.1, if, for a Cn(a)y not an Sn , equation (7.2) admits a solu- 
tion satisfying g'^p,ip,} 7 ^ 0, then the tensor Z/*y of Cn(o) must be of the form 

(6.3) . This condition is also sufficient; indeed, we shall now prove 
Theorem 7.3. For a Cn(a), not an Sn , equation (7.2) admits a solution satis- 
fying g^^p,xp,j 9 ^ 0, if and only if the tensor Lij of Cn((i) is of the form (6.3). If 
Cn(a) satisfies this condition, the solution of (7.2) is 

(7.3) p = A exp. dpj , A = const., 

where the prime denotes differentiation with respect to p. 

To prove this theorem we need the formula 

f' 

(7.4) x' ““ Xx + f + ina = 0, where X = ^ , 

and X = X(p) is the function appearing in (6.5), namely, 

(7.5) ^ p,tj = Xp.ip.y + x(7o- 

Equation (7.4) can be verified as follows. The integrability condition of 

(7.5) is 

Ii\jkP,l = Xp,i[AP,yi + gi[jXM . 

In consequence of (1.4)i , (6.3) and (7.6), the two members of the above equa- 
tion reduce to 

_L_ (/->»[; P.A;] + gmlAlPa) = “ (1^ + 2f)p,[, p.fc] 

n — z n — 25 

= -(f + , 

+ x'gHiPM = {x' — ^X)9iliPM , 

respectivelJ^ Equality of these two expressions gives (7.4). 

We may now prove our theorem. From the argument below (6.29) it follows 
that for a Cn(o) satisfying (6.3), equation (7.2) is equivalent to the two equa- 


** Equation (7.2), for the case of a Ca(0), has been discussed by Chou ( 3 , 4 ), 
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tions obtained by putting 0 = p, w = in (6.29) and (6.6). These two 

equations are 

(7.6) -p' = , 

X 

(7.7) p" + Xp' + i)p = 0. 

Differentiating (7.6) and making use of (7.4) we have 

— jr»" = hna)p^ f'p _ (f + h'^a)px^ 

X X x' ~ 

_ (f 4* \na)^ p (f + ^na)p\ (f + 2 ^)*P 

— — _ ^ fjp ^ ^ 

X X X 

= Xp' + f}p. 

Therefore, (7.7) is a consequence of (7.6), and hence the solution of (7.2) exists, 
being given by (7.6). Our theorem is thus proved. 


8.1. Canonical form for the fundamental forms of some Cn 

l.et us now return to the general case and proceed to construct in certain 
privileged coordinates the fundamental forms of the Cn studied in §6. Con- 
sider first the case f 5^ 0. If we put 0 = 0 in (6.17), we have w = Jf'. Thus it 
follows from Theorem 6.1 for <(> = 0 that the tensor Lij of a Cn is of the form 
(6.3), if and only if the equation 

(8.1) P.o- = WOij 

admits a solution p. Following Brinkmann (2, 123-4), we can prove that in 
any Vn for which equation (8.1) admits a solution p, a coordinate system exists 
in which x'" = p and the fundamental form of Vn has the form 

(8.2) ^ hbeix"^) dx^ rfx® + — > fe, c, d = 1, • * • , n — 1, 

where hbeix"^) is independent of p. Conversely, for a Vn with fundamental form 

(8.2) , where f is any function of p, p satisfies (8.1). 

We first suppose that 0. Put z~^ = cf > 0, where c = ±1, and let e be 
absorbed in heix"^). Then the form (8.2) becomes 


(8.3) 


z ^ 




hbc(x*^) dx^ dx® + 



where we have written Z = Z{z) = ez • Now the condition for (8.3) 

to represent a Cn is that the form hbc dx" dx*" represents an Sn -\ . In fact, (8.3) 
is conformal to the separable form 


'pt; dx' dx^ = hbc{x^) dx^ dx® + 


Z ’ 


(8.4) 
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and it was shown by Ficken (9, 897) that the condition for (8.4) to represent a 
Cn is equivalent to the condition for hhe dx^ dx*" to represent an Sn^i • 

We now calculate the scalar curvature of (8.3). It is known that the scalar 
curvatures C and 'C of (8.3) and (8.4) are connected by (cf. 2.13)) 

c = 'Cz^ + -z'g'^z/ii - , 

n 

where the solidus denotes covariant differentiation with respect to (8.4). But 
z/h = 0, zin = 1, and, if 'Fnn is a component of the Christofifel symbol of the 
second kind for (8.4), 

'g%ii = = Z(-'r:n) = 

Therefore we have 

(8.5) C = 'Cz^ + i sZ' - Z. 

n 

To express 'C in terms of the scalar curvature B of hbc , we note that the non- 

ih) 

vanishing components of the Ricci tensor of (8.4) are 'Rhc == Rbe , where the 
superindex (h) indicates that the tensor is refered to he . Therefore it follows 
that n'C = (n — 2)R. Using this in (8.5) we have 

(8.6) nC = (^ - 2)Bz^ + zZ' - nZ == (n - 2)Bz^ + 

If he represents an Sn^i , B = const, and (8.6) shows that C = C{z). Then, 
by integrating (8.6) we have 

(8.7) ^ Z = Az” + + nz" J dz, 

where A is a constant. 

We now suppose that J' = 0. Then since by hypothesis { = const. 9 ^ 0, 
an obvious transformation would reduce the fundamental form (8.2) to the 
form 

hbc(x^) dx^ dx^ + e {dz)^^ c = ztl. 

Like (8.3), this represents a Cn(C) if and only if he represents an Sn-i(R); and 
then n(7 = (n — 2)B = const. 

Summing up the preceding results and using the Riemann form for the fun- 
damental form of an Sn-i , we have 

Theorem 8.1. A Vn is a Cn whose tensor Lij is of thsform (6.3) if and only if* 
its fundamental form can be reduced to either of the following forms: 

Ea (dzf 

2* [1 + f Ea e.(x“)* * z^^^Az" + + nz’' J dz 


( 8 . 8 ) 
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(8.9) 


'L<^ea(dx‘f 

[l + I Z« * 


+ e«(d2)*, 


where a = 1, • • • , n — 1 ; each e is ztl; A and B are constants; and C = C(z). 

n ' ~ 2 

The scalar curvature of Cn is C for (8.8) and is — — B for (8.9). 

n 

In particular, when C = const., we have 

Corollary 8.1. A F„ is a C„ whose tensor La is of the form (6.3) and whose 
scalar curvature C is constant, if and only if its fundamental form can be reduced 
to either of the following forms: 


(8.80 


(8.90 


Z. eaidx''f 


2’’ ^ Z« ea(a:“)*J 

Za eaidX^T 


+ 


(dzf 


^ 4(n“-' 2) 


z^(Az^ + Bz^ — C) 
+ e„(dz)\ 


We remark that in (8.8) or (8.80, if the constant A is not zero, it may he supposed 
tohc zkl. In fact, if we put z = a'z, a = const., (8.3) and (8.7) become 

A6,(a:0 dx‘ + , 


'Z = Aa” 'z” + Ba^ 'i + n 'z" I C 'z"‘"+” d'z. 


Now if 7*^ 0, a can be so chosen that Aa"" = it 1. But since the scalar curva- 
ture of {oT^hhc) is equal to a times that of hbc , this transformation from z to 
'2 does not affect the property of hbc being the fundamental tensor of an Sn-^\{B). 
Hence our assertion is proved. 


8.2. Continuation 

We now consider the case { = 0. By Theorem 6.1, the tensor L<y of a Cn(0) 
is of the form (6.4) if and only if the equations 

(8.10) P.o- = 0, f = = 0 

admit a solution for p. Then p is a function of p and we have 

( 8 . 11 ) Lij = rjip)p,iP,}, V ^ 0, 

Brinkmann (2, 131-2) proved that in consequence of (8.10) a coordinate 
system y, z (p, q, r, s = 1, • • • , n — 2) exists in which p = z and the funda- 
mental form of Cn(0) has the form 

(8.12) Qij dx* dx^ = fpg dx^ dx** + 2mp dx^dz + m{dzf + 2 dy dz, 
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where the functions /p, , nip and m are independent of y. For (8.12), the non- 
vanishing components of rj, are 
(/) 

r r -pr pf pr pn— 1 pn— 1 pn— 1 pn— I 

va — ^ va i an 1 A nn * ^ oo 9 A nn » A pn — 1 i A pp , 


where the superindex (f) indicates that the quantities are referred to the form 
fpg dx^ dx^y z being considered as a parameter. From these it follows that 


(8.13) 


(/) 




On the other hand, since Cn(0) is conformal-Euclidean, we have from (1.4)i 
and (8.11) that 

(8.14) Hjjjk = Z(z,iZ,(j‘Sk] + 

where z/ = g^'z,i , and Z is defined by r}(p) = (n — 2)Z(z). But 

(8.15) 2.P = = 0, 2.n = 1; 2.^ = 2.” = 0, 2.”“' = 1. 

(/) 

Therefore the components Epgr of Rijk are zero. Thus (8.13) gives Rpgr = 0, 
and consequently, for each value of 2 the form fpg dx^ in (8.12) represents a 
Euclidean F„_ 2 . Hence by means of a suitable transformation of the form 


V = ^x\x\ 2 ), 'y = 2 /, '2 = 2 , 

the fundamental form (8.12) can be reduced to (after dropping the dash) 

(8.16) Qijdx* dx^ = ^ ep{dx^f + 2mp dx^ dz + m{dzf + 2dy dzy = ±1, 


where, as in (8.12), the functions nip and m are independent of y. 
For this fundamental form we have 


r * p« p« 

pq A qn—l A nn— 1 ^ PQ 


^ pn 


— 0, r pn — 2 ^«^[p^«] > 


and whence Rpgn ^[(jprnjp — dgl np — '^Cadg(d[pi?ia]). But Rp^ 

should be zero by (8.14) and (8.15). Therefore we have 


(8.17) ^[pnis] — Ppa{z) — P ap(z)y 

where Pp${z) are some functions of z alone. 

It is easily seen that if Y{x\ z) is a function of x^ and 2 , and Qr{z) are func- 
tions of 2 satisfying the equations 

(8.18) HerQfQ^r = 

r 

or their equivalent 

(8.180 ZepQ?Q' = 

P 

then the following change of coordinates 

(8.19) 'x" = e?(^)a:^ 'y = y + Yix\ z), 'z = 2 
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will preserve the form of (8.16). Now for (8.16) the contravariant components 
g'’ of Qij are 


( 8 . 20 ) 


g”” = 0 , 


_nn— 1 1 nn ^ 

g =1, g - 0; 


Therefore if we denote by ^ and 'nip the corresponding values to g'"” ^ and 
nip in this new coordinate system (8.19), we have 


-e, 'm, = y- = ^ (Qrx') ( 2 , + 7) 


( 8 . 21 ) 


dx’ 


= Z erQf ^ - Z erm.Q' + (Qf)V. 

r OX r 


We shall now prove that the functions Y and Qr may be so chosen that 'nip = 0. 
Making use of the conjugate system Q% of Qr defined by 

(8.22) Q^Ql = , 

it follows from (8.21) that the condition 'nip = 0 is equivalent to 

SV - 

+ egQKQrYx'' = 0, (q not summed). 

But we have from (8.18) and (8.22) that ppQp = therefore the above equa- 
tions can be written 


(8.23) = m, - E^.Q?(Q?)'x^ 

Now let us consider the variable 2 in F as a parameter. Then the integrability 
condition of (8.23) is 

d[rniq] = ^pQ[q{Qr]y y 

P 

which becomes, by (8.17), 

(8.24) Z e^QfMr = Pr, . 

P 

If we write n = n — 2, then (8.24) are |w(?I — 1) equations, which, together 
with the §n(n + 1) equations (8.18), form a system of if equations for the ff 
unknowns Qr • That this system of equations is compatible we shall prove 
later. For the moment, we assume that a set of values Qr have been found 
satisfying (8.18) and (8.24). Then, equations (8.23) can be solved for F. 
Hence the functions Qr and F in (8.19) can be so determined that 'nip = 0, 
as was to be proved. In other words, there exists a coordinate system in which 
the fundamental form of Cn(0) has the form 

(8.25) gijdx" dx' = X) ^pidx^f + ni{dzf + 2 dy dz, 

p 
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Now we have to determine m so that (8.14) is satisfied. For (8.26) the non- 
vanishing components of rj, and R\ik are^® 


r nn — 


Fn n — §dnWl-, 


t;V = idptn; 

Rnnr ~ Rpqn “ ^dgOpIfl* 

On the other hand, we have from (8.14) and (8.15) that the only non-vanishing 
components of R\jk are 


Rnnr = Zd^ , 


Rl7l = Zgp 


Comparison of these two different expressions for the components of Rijk shows 
that 

d^ptn = HZffpq = ^ZCpSpq , 

which gives, since m is independent of yy 

( 8 . 26 ) m = Z'E epix’-f + ZpX^ + , 


where the Z’s are some functions of z alone. 

We can prove, by direct computations, that the fundamental form (8.25) 
with the value (8.26) for m is actually the fundamental form of a Cn(0) whose 
tensor L,y is of the form (6.4). Indeed, for this fundamental form the only 
non- vanishing components of Rjjk and Rij are 

Knr = ZS'r , = Zffp, ; = (n - 2)Z. 

From these it follows that L = R = 0, La = Ra , and consequently, we can 
easily verify that conditions (1.4) are satisfied. 

Hence we may state the following 

Theorem 8.2. A Vn is a (7n(0) whose tensor Lij is of the form (6.4) if and only 
if its fundamental form can he reduced to the form 

(8.27) . E ep{dx^f + 2 dy dz [ZY. ^^.(x’’)' + + ^n-i](d2)’', 

P P 


Cp — it 1 , j) — 1, 2, 

where the Z^s are some functions of z alone. 

To complete the proof of this theorem, we now show, as was asserted, that 
equations (8.18) and (8.24) can actually be solved for Qr . From the equiva- 
lent (8.18') of (8.18) we have 

(8.28) (E epQ?Ql)' = E e.viQ^nQ^,) + E epQfiQ^,)' = 0. 

P P P 

Hence (8.24) can be written 

2 E epiQ^m^Y = Pr,. . 

P 

Transvecting these by Ql , we find 

26»(QJ)' = PrqQl (s not summed), 
that is, (Qiy = ^CtQlPrq = he,, (s not summed). 


16 

R:rn 


Strictly speaking, there are two more non-vanishing components of R\ik , namely, 
(- -Rtnr) and Rl7q (« -Rlqn). 
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Therefore, on account of (8.18), equations (8.24) are equivalent to 
(8.29) (o;)' = 

These are a system of = (n — 2)^ ordinary linear differential equations in 
the f? unknowns QJ and one independent variable z. They have a unique solu- 
tion for any set of initial values {QVjo at 2 = . We can easily prove that 

when {Q])o are suitably chosen, the solution Ql satisfies (8.18). Indeed, since 
(Qj)o can always be found satisfying (8.18), we need only show that the expres- 
sion (8.28) is satisfied because of (8.29). Now 

(E epQfQf)' = E E e.QfP«) + E Cp(0?)(iE e.QfP,.) 

P pa pa 

^ ^q^qa^aPra “1“ ^ €-i^ra^'aPq^ 

a a 

~ \{Prq “t" Pqr)y 

which is zero by (8.17). Hence our assertion is proved. 
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EUCLroEAN APPLICATIONS OF THE PROJECTIVE DIFFERENTIAL 
GEOMETRY OF THE fix-CORRESPONDENT 

By P. O. Bell and W. C. Foreman 
(Received July 3, 1942) 

Introduction 

Let C\ denote an arbitrary curve on a surface S in ordinary projective space. 
P. O. Bell has recently presented the following construction for the line which 
he calls the R\-correspondent^ of the tangent to C\ at a point x: Let X denote a 
point of C\ distinct from Xj let C/\ denote, respectively, the points of inter- 
section of the asymptotic w*- and w^-curves passing through x with the asymp- 
totic and w^-curves passing through Jf, and let W denote the point of inter- 
section of the tangent plane to S at x with the line joining the points U^, 

The R\-correspondent of the tangent to C\ at x is the limit of the line joining x and 
W as X approaches x along Cx . He has proved, moreover, the following three 
theorems: 

(i) A curve Cx is a curve of Darboux if and only if at each of its points the Rx- 
correspondent of the tangent to Cx coincides wdth this tangent; 

(ii) A curve Cx is a curve of Segre if and only if at each of its points the 
tangent to Cx and its /2x-correspondent are conjugate tangents of S; 

(iii) A curve Cx is a curve of Segre if and only if for a general point x of Cx 
the limit of W as X tends to x along Cx is a point Wo distinct from x. The point 
Wo is the intersection of the directrix of the first kind of Wilezynski with the 
tangent at x to the corresponding curve Cx of Darboux. 

The correspondent whose definition results from that of the 7?x-correspondent 
upon ’the removal of the restriction that the asymptotic net be parametric will 
hereafter be called the /ix-correspondent. This paper is concerned largely with 
the study of this correspondent and of a dual correspondent which will be called 
the /2x -correspondent. In chapter I the study is from the point of view of 
projective dififerential geometr 3 ^ The determination of the Rx- correspondent 
for a general parametric net leads naturally to projective definitions of a number 
of interesting nets as well as of a rectilinear congnience covariantly determined 
with respect to the parametric net. Among the nets thus determined are the 
i?x-net, the principal-associate net of the parametric net and the associate con- 
jugate net of the parametric net. In Chapter II euclidean geometric charac- 
terizations of the Rx- and Rx -correspondents are first obtained. These charac- 
terizations form the basis for the formulation of dual theories in euclidean 
differential geometry of nets. A unique parametric net is discovered which is 
such that every associated i?x-net is orthogonal. This net consists of curves 

‘ P. O. Bell, Bull. Am. Math. Soc. 47, 1941, pp. 509-511. For a detailed study of the 
/?x -correspondent and of associated /ix-derived curves for the case in which the as 3 >'mptotic 
curves are parametric see Trans. Am. Math. Soc. 46. 
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whose normal curvatures at a point are equal to the mean of the principal normal 
curvatures at the point. We call these curves the lines of mean curvature of S. 
The dual of this net is the unique conjugate parametric net which is such that 
every associated /?x-net is conjugate. This net is the mean conjugate net and 
consists of those curves of S whose radii of normal curvature at a point x are 
equal to the mean of the principal radii of normal curvature at the point. Finally 
euclidean characterizations are obtained for the curves of Segre and the curves 
of Darboux and simple new determinations are given for the lines of curvature. 

I. Projective Differential (ieometry 


1. The /fx-correspondent 

Let the homogeneous coordinates of a general point x of an analytic surface 
S and of a corresponding point z not in the tangent plane to S at x be functions 
x' and 2 * (^ = 1, 2, 3, 4), of two independent variables u^. The pairs of func- 
tions (Xy z) are solutions of a system of differential e(|uations of the form^ 


( 1 . 1 ) 


d^X 

dufdu^ 



+ aijX + dijZy 


dz 

dv} 



+ CiX + eiZy 


(iyjy fc = 1, 2), 


whose coefficients are functions of which satisfy certain integrability con- 
ditions. The usual summation convention of tensor analysis is employed 
throughout this paper. 

The asymptotic curves are the integral curves of the differential equation 

( 1 . 2 ) dijdu^du’ = 0 . 


An arbitrary one parameter family F\ of curves is defined by the curvilinear 
equation 

( 1 . 3 ) du^ — Xdu^ = 0 , 


where X is an arbitrary function of u, u. Let Tx denote the curve of the family 
which passes through the point x. The curvilinear coordinates of a general 
point on a curve of S may be represented by the functions u = u\t), {i = 1,2), 
of a parameter t, Tf this curve passes through x it will be the curve C\ if for a 
general value of t 


(1.4) 


dll /du^ 
dt / dt ' 


Let us determine the direction of the /2x-correspondent as defined in the 
Introduction for a general non-asymptotic parametric net. The curvilinear 
coordinates of the point X are given by ii{t + M), ii{t + A<). The pioints 


* Cf. E. P. Lane, Projective Differential Geometry of Curves and Surfaces (hereafter re- 
ferred to as P. D. G.), University of Chicago Press, 1932, p. 183, equations (35). 
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and are therefore given by {u^{i + A/), w*) and (w\ + AO). The 

general homogeneous coordinates of the points f7* are consequently functions of 
ty and may be represented by the development 

-a l 2 _t\ 




dx du* 
dt 


( 1 . 5 ) + 


+ 


’ / d^x fdu'Y dx . 2 ,^ 

/fl*x / du*Y . _ d^a: dxC (fu' , dx .3 . 

\^‘ \ltj c»m‘’ dt di? M Wr’ 

/ Y , ,, d’x / 1 
dM**V 


dt di? du' 


diiV d\i' 


dt ) dt^ 


wherein/} , == 1,2), represent functions of which for our purposes do 

not require explicit determination, and where i is not summed. 

By differentiating equations (1.1) we find that the coefficient of z in the ex- 
pression for is ~fv + diiCi + dijUi), The coefficient of z in the expression 


dw** dtt* 


for the homogeneous coordinates of the point C/’ is, therefore d 


{Mf/2 + 


“'(■s'-y 


ddii 


(duW 
'\dt) 


/6 + • • • , wherein w,- = ^’ + d«e< + d,y(/, ) + : 

ou* 

The point W has homogeneous coordinates which may be obtained by forming 
a linear combination of those of and f/^ which contains no z term. Such a 
combination is 


Expanding this, we obtain the expression 


( 1 . 0 ) 


+ terms of order (Atf 


for the homogeneous coordinates of the point W. Therefore, if the parametric 
curves are not asymptotic curves, the direction of the j?x-correspondent of the 
tangent to C\ at x is defined by 

( 1 . 7 ) du^du^ = -dii/dn\. 

Let Cw denote the curve described by the point IF* as At varies. The expres- 
sion (1.6) for the coordinates of W shows that if the parametric net is not the 
asymptotic net and the curve C\ is not an integral curve of the equation 

(1.8) dxi{du^f - d^{duy = 0 


» P. O. Bell, loc. cit. 
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then the R\-correspondent of the tangent to C\ at x is tangent at x to the corresponding 
curve C wt that is to say, the point x is the limit of W as At tends to zero. 

If C\ is an integral curve of (1.8), the limit of W as At tends to zero is a point 
Wo , distinct from x, whose homogeneous coordinates are given by 


(dic\\U dx (duWdu^dx\ 


wherein ^ 22 ^^ ^ (1.9) explicitly for the directions 

X = ±(^ 11 /^ 22 )*, we obtain, except for unessential factors 
log {dndn)^ + ei + x 

‘ dll / 


( 1 . 10 ) 


dx 

au‘ 




du^ 




These two points Wq determine a line which will he called the w-line associated with 
the parametric net at x. 

For the parametric asymptotic net since du = = 0 and dn 9 ^ 0, the direc- 

tions of the /?x-corrcspondent of the tangent to C\ at x is determined by the terms 
of order {Aif in (1 .6). This direction, which is defined by 

(1.11) du^jdu^ = - (A)/(2^)X^ 

has been studied on previous occasions’^ from a projective standpoint. 

For an arbitrarily selected parametric net there exists in correspondence with 
any one parameter family of curves F\ of xS a family of curves F\ characterized 
by the property that at a general point x of xS the tangent to the curve C\ through 
X is the /2x-correspondent of the tangent to at x. The family F\ , thus defined 
in association with a family F\ and a given parametric net, will be called the 
family of R\-derived curves. If the parametric net is not the asymptotic net, 
equation (1.7), with allowed to vary, defines the family of /?x-derived 

curves. If, however, the asymptotic net is parametric, equation (1.11) defines 
the family of /fx-derived curves. The net which consists of the family Fx and 
the family of /?x-derived curves will be called the Rx-net. 


2. Associate nets of a parametric net 

The correspondence defined by (1.7), between the direction of the tangent 
to Cx at X and its /2x-correspondent is an involution. At a point x of S, the 
double elements of this involution are the solutions of the equation 

( 2 . 1 ) dii{du*f = 0 . 

The net of integral curves of this equation will be called the principal associate 
net of the parametric net. Since the directions at x of the curves of this net are 
double elements of the involution (1.7), we have immediately 
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Theorem (2.1) At a general point x of S the tangents of the principal associate 
net of the parametric net are harmonic conjugates with respect to the tangent at x to 
an arbitrary curve C\ through x and the R\-correspondent of this tangent. 

If rfi 2 = 0, the integral curves of (2.1) are the asymptotic curves of S. Hence 
we have 

Theorem (2.2) The asymptotic net is the principal associate net of an arbitrary 
conjugate parametric net. 

The unique conjugate net whose tangents at a general point x separate har- 
monically the tangents at x to the parametric curves is called the associate con- 
jugate net of the parametric net. The differential equation of this net is equation 
(1.8). Hence we have 

Theorem (2.3) The associate conjugate net of a parametric net consists of 
those curves^ a general one C\ of which has the property that, the limit of the point 
W as X tends toward x along C\ is a point Wo distinct from x. The two points Wo 
which correspond to the two curves of the net which pass through x determine the 
w-line of the parametric net at x. 

The necessary and sufficient condition that the tangent to (\ at x and its 
/2x-correspondent be conjugate tangents is that the harmonic invariant of the 
two forms 

dijdu'du^ and dn\(du^Y + (d 22 X^ — dn)diidu^ — d>n{du^f 
vanish; that is 

{ 2 . 2 ) di^id^^ — dll) — 0 . 

If di 2 = 0, equation (2.2) is satisfied independently of X. Hence we have that 

Theorem (2.4) Every Rx-net derived in association with an arbitrary conju- 
gate parametric net is a conjugate net. 

The equation d 22 X^ — dn = 0 is not only the equation for the directions at x 
of the curves of the’ associate conjugate net of the parametric net, but it is 
the necessary and sufficient condition that the tangents at x of the flx-net sepa- 
rate harmonically the tangents to the parametric net. Hence we have 

Theorem (2.5) Corresponding to a non-asymptotic parametric net there is a 
unique R\-net whose tangents at a general point x separate harmonically the tan- 
gents to the parametric curves at the point. This R\-net is the associate conjugate 
net of the parametric net. 

If C\ is an asymptotic curve of S it is clear from equation (1.2) that the 
direction of the other asymptotic curve at a general point x of C\ is given by 

~ i-'v • We have, therefore 
du^ a« X 

Theorem (2.6) The tangents at x to the parametric curves of S separate har- 
monically the Rx-correspondent of the tangent at x to an asymptotic curve Cx and the 
tangent to the other asymptotic curve at x. 

The harmonic conjugate of the tangent at x to an arbitrary curve Cx of S 
with respect to the tangents at x to the curves of any selected parametric net 
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may be geometrically characterized in the following simple manner. Let x 
and X denote two points on a curve C\ of 5, and let and denote the 
points of intersection of the parametric and w^-curves passing through x 
with the parametric and w^-curves passing through X. The limit of the line 
joining and as X approaches x along C\ is the harmonic conjugate of the 
tangent to C\ at x with respect to the tangents at x to the parametric curves of S. 

The validity of the above construction may be proved as follows. The 
curvilinear coordinates of the points and U‘^ are u^, u and vl, if, respectively, 
wherein if(t) = u^(t + At), if{t) = u^{t + At), The coordinates if of 
may be defined in terms of those of by the relations f{t) — if {t — At), 

if(t) = rf{t + At). Except for terms of order {Atf these coordinates are 


if 


A < 2 I du • , 

-a “ + n 


Hence, the direction of the limit of the line joining 


df 


f/\ as At tends to zero is given by ~ = 


“ = -X 

/ dt 


In view of the 


du^ 

du^ dt 

cross ratio equation (0, <», X, — X) = — 1 the proof is complete. 

As an important special case of the above construction we have 
Theorem (2.7) If the asymptotic net is parametric, the limit of the line joining 
U^, if as X tends to x along C\ is the conjugate of the tangent to (\ at x. 


II. Applications to Euclidean Differential Geometry 


3. Euclidean duality 

In this section the groundwork will be laid for the development of dual 
theories in euclidean differential geometry of surfaces. The necessary geo- 
metric characterizations will be made to secure a purely geometric basis for 
these theories. 

Let X denote a vector from the origin to a point on the surface whose coordi- 
nates are x\u^, ii), (i = 1, 2, 3). The homogeneous coordinates x^, x^, x^, 1 
are specialized projective coordinates which can be obtained by selecting the 
three cartesian coordinate planes and the plane at infinity as the faces of the 
tetrahedron of reference, and by choosing the unit point so that the coordinates 
x\ (t = 1, 2, 3), are measured with respect to equal units on the three orthog- 
onal axes. Let z\ (i = 1, 2, 3), denote the direction cosines of the normal to 
S at X and let z denote the point whose coordinates are z\ (i = 1, 2, 3, 4) wherein 
2 * = 0. The pairs of functions (x, z) are solutions of a system of differential 
equations of the form (1.1), wherein 

aij = Ci = 6i = 0 , (i, J = 1,2), 

(3.1) (/i) = 

bi = (girdik - gkkdij)/g, 

wherein (i, j, fc, r = 1, 2), with r ^ i,k ^ j, in which gij and are the coeffi- 
cients of the first and second fundamental forms, respectively, { are the Chris- 
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toffel symbols of the sedond kind for the first fundamental form of the surface, 
and g denotes the determinant of the quantities . 

Two fundamental limits which will be called the first and second ratios of a 
curve C\ at a point x will now be introduced. Let {y — xf denote the square of 
the length of the vector from x to y. The quantity 

(3.2) p = lim {If - xf/{U^ - xf 

will be called the first ratio of Cx at x. Let ( 2 / — x | z) denote the scalar product 
of the unit normal z and the vector from x to y. The quantity 

(3.3) <r = lim (f7" ~ x I z)/{U' - x\z) 

X~*x 


will be called the second ratio of Cx at x. 

The first ratio of Cx at x is, clearly, given by 

(3.4) p = gr22XV^ii 

whenever the parametric net is not the minimal net. 

If the minimal net is parametric, the differential equations of the surface 
take the form 


(3.6) 



&‘x , 


(i, j = 1, 2), i 5 ^ J. 


Makiqg use of these equations together with the expansions (1.5) (i = 1, 2), 
we obtain 


+ z(du (Mf/2 +•••), (i, J = 1, 2), i ^ j. 

Forming the scalar squares of the right member of (3.6) and simplifying, by 
making use of the relations 


(3.7) 


(•-‘■2). (Sis.) 


({/• _ A<y /l2 + • • • , (t = I, 2), 

wherein ^ ^ = X. Consequently, if the minimal net is parametric 

at / at 

(3.8) ' p - (d«)V/(du)*. 
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If the parametric net is not the asymptotic net, it is clear that the second 
ratio of C\ at x is given by 

(3.9) cr = . 


If the asymptotic net is parametric, the coefficients of the differential equa- 
tions of S have the form (1.1) with dn = ^22 = 0 and du ^ 0. In the presence 
of these conditions the principal parts of the coefficients of z in the expansions 


(1.5) for t = 1, 2 are seen to be {A} dn 



6 and { 2 ^} dn 



respectively. Therefore, if the asymptotic net is parametric, the second ratio of 
C\ at X is given by 


(3.10) 


{2^2} 


XV{ 


11] 


The net N\ derived from a family F\ by the relation 

(3.11) p(u\ = l/p(u\ u^), 


wherein p and p are the first ratios of the curves C\ and C\ , respectively, con- 
sists of the integral curves of the differential equation 

(3.12) (du^/duy = 


The directions at x of the curves of N\ which pass through x, clearly separate har- 
monically the directions at x of the parametric curves. These directions are 

(3.13) dvi/dvf = —gwlgn^, du^fdu^ = gn/g22h. 


It is clear that if the parametric net is orthogonal, these are the directions of the 
tangents of S which bisect the angle formed by the tangents at x of the parametric 
curves. The first equation of (3.13) can be obtained from equation (1.7) by 
replacing dn and d 22 by gn and P 22 , respectively. The tangent whose direction 
is defined by this equation will be called the Rx -correspondent of the tangent to 
Cx at X. 

Analogously, the net Nxi derived from the family Fx by the relation 

(3.14) o’i(u\ u^) = 1/<t(w\ u^), 

wherein <ri and <r are the second ratios of the curves Cx^ , and Cx , respectively, 
consists of the integral curves of the differential equation 


(3.15) 


(du^/duy = (dn/dnkf. 


The directions at x of the curves of Nxi which pass through x separate harmonically 
the directions at x of the parametric curves. These directions are given by 

(3.16) du^ldu^ = — dii/d22X, du^fdu^ = dn/d^. 

The first of these is the direction of the /?x-correspondent of the tangent to Cx 

at X. 
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Dual theories will be formulated in which the Rx and J?x -correspondents play 
fundamental roles. One of these theories may be obtained from the other by 
making use of the substitution 


(3.17) 



In these theories the geometric entities of the following pairs are the duals of 
each other: the as 3 anptotic net and the minimal net, an arbitrary conjugate net 
and a corresponding orthogonal net, the normal curvature for a direction at a 
point and the radius of normal curvature for the direction, the /?x- and the 
/2x-correspondents of the tangent to Cx at x. 

We present a simple euclidean geometric characterization for each of the Rx - 
and /ifx-correspondents of a tangent to Cx at x. These characterizations are 
suggested by the forms of the two equations 


du/du = —g\\/g 22 \ and du^/du = —dii/d 22 ^^ 


Describe along the it^-curve through x, the arcs xl'\ and xUl of lengths equal 
to that of the arc xU^, and let xC?\ denote the one of these arcs described in 
the sense of the arc xU^, Describe along the ii^-curvo through x, in the sense 
of the arc xU^, the arc xUl of length equal to that of the arc xU\ The 
curve through Ui intersects the u^-curves through U\ and in the points 
which we denote by JCi and X, respectively. As tends to x along Cx the 
points X and Xi tend to x along curves whose directions at .r are given by the 
first and second equations of (3.13), respectively. This the limit of the line 
joining x, X as X tends to x along Cx is the Rx -correspondent of the tangent to 
Cx at VC, 

I^et U\ , Ul denote the points on the a^-curve through x at distances from the 
tangent plane to S at a; numerically equal to that from the plane to the point 
f/^, and let the arc xU\ be described in the sense of the arc xlJ^. Describe 
along the w^-curve through a;, in the sense of the arc xU“, the arc xU\ whose 
endpoint IJ\ is at a distance from the tangent plant to S at x ecjual to that from 
the plane to the point C/\ The t^^-curves through and U\ intersect the 
w^-curve through IJ\ in the points which we denote by Ai and X 2 , respectively. 
As X tends to x along Cx , the points Xi , X 2 ten^ to x along curves whose direc- 
tions at X are given by (3.16). The Rx-correspondent of the tangent to Cx at x is 
the limit of the line XX 2 or the limit of the line xXi according as the points C/\ 
are on the same side or opposite sides of the tangent plane to S at x. 

We are in a position now to state metric (euclidean) definitions and theorems 
which are the duals of the projective definitions and theorems of Chapter I. 
The dual of the principal associate net of a parametric net is the net whose 
directions at x are the double elements of the involution X = —gn/g^\. This 
net will be called the metric associate net of the parametric net. The dual of 
Theorem (2.1) is 

Theorem (3.1) At a general point x of S the tangent to an arbitrary curve Cx 
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through x arid the R\ •‘Correspondent of this tangent are harmonic conjugates with 
respect to the tangents of the metric associate net of the parametric net. 

The dual of Theorem (2.2) is 

Theorem 1[3.2) The net of minimal curves is the metric associate net of an 
arbitrary orthogonal parametric net. 

The dual of the associate conjugate net of a parametric net will be called the 
associate orthogonal net of the parametric net. This net is, clearly, the unique 
orthogonal net whose tangents at x separate harmonically the tangents of the para- 
metric curves. Hence, the tangents at x of the associate orthogonal net of the para- 
metric net bisect the angle formed by the tangents at x of the parametric curves. 

The dual of the /?x-net will be called the /?x-net. The tangents of this net 
at a point x are the tangent to Cx at x and the -correspondent of this tangent. 
The duals of Theorems (2.4), (2.5), (2.6) and (2.7) may now be stated as follows: 

Theorem (3.3) Every R\-net derived in association with an arbitrary orthog- 
onal parametric net is an orthogonal net. 

Theorem (3.4) Corresponding to a parametric net which does not consist of 
7ninimal curves there is a unique R\-net whose tangents at a general point x sepa- 
rate harmonically the tangents to the parametric curves at the point. This Rt-net 
is the associate orthogonal net of the parametric net. 

Theorem (3.5) The tangents at x to the parametric curves separate harmonically 
the Rt -correspondent of the tangent at x to a minimal curve C\ and the tangent to 
the other minimal curve at x. 

Theorem (3.6) If the minimal net is parametric, the limit of the line joining 
r/\ as X tends to x along C\ is perpendicular to the tangent to C\ at x. 

4. Euclidean characterizations of projectively defined nets and their duals 
by values of the first and second ratios 

If a parametric net does not consist of asymptotic curv es, the equations of its 
principal associate net and its associate conjugate net arc dn{du)^ + d^{duY = 0 
and d\i{du^Y — d 22 {du^f = 0, respectively. For such a parametric net the 
second ratio of a curve C\ at x is given by a = d^}^/dn . Hence we have im- 
mediately 

Theorem (4.1) If a parametric net is not the asymptotic net, its principal 
associate net and its associate conjugate net are such that at a general point x the 
second ratios of the curves of these nets are equal to and -f 1 , respectively. 

Dually, we have 

Theorem (4.2) If a parametric net is not the minimal net, its metric associate 
net and its associate orthogonal net are such that at a general point x the first ratios 
of the curves of these nets are equal to — I and + 1 , respectively. 

6. The lines of curvature; euclidean characterizations of the curves of 

Segre and Darboux 

On an unspecialized surface there exists an infinite class of nets each of which 
has the property that, relative to this net as parametric the equation 

(5.1) 


P = (T 
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is satisfied independently of X at a general point x of S. A net of this class will 
be called a duametric net. The necessary and sufficient condition that a 
parametric net which is not the asymptotic net nor the minimal net be a dua- 
metric net is found, by equating the right members of (3.4) and (3.%), to be 

( 5 . 2 ) diig22 = diiQii • 

Referred to an arbitrary parametric net, the lines of curvature are the integral 
curves of the equation 

(5.3) (gud2j — g2jdu)du'du' = 0, (i,j = 1, 2). 

If the parametric net is a duametric net and the lines of curvature form a deter- 
minate net on S, equation (5.3) may be expressed in either of the forms 

(5.4) guidu^ - gniduy = 0, dn(duf - dnidu^ = 0. 

The forms of equations (5.3) and (5.4) are such that we have immediately 
Theorem (5.1) The associate orthogonal net of an arbitrary duametric net is 
the same as its dual, the associate conjicgate net. This self dual net is the net of 
lines of curvature. Along any line of curvature p = <r = 1. 

Since the definition of a duametric net is self dual, the dual of a duametric net 
is a duametric net. We shall reserv^e for special study in §(G) a particularl 3 ^ 
important pair of dual duametric nets. 

If the minimal curves are parametric, the first ratio of C\ at x is defined b\" 
(3.8). The curves characterized by putting p = 1 are the integral curves of the 
equation 

(5.5) _ ((Uifiduy - {dn)\duy = 0. 

Equation (5.3) reduces to dnidu^f = dn(dw')^ on putting gn = ^22 = 0, gn 7 ^ 0. 
Hence the curves (5.5) consist of the lines of curvature and the integral curves 
of the equation 

(5.6) dn{duy + dii(du')“ = 0. 

The curves (5.6) may be shown to form the orthogonal net whose tangents at a 
general point x bisect the angles formed by the tangents to the lines of curvature 
at X. For reasons which will appear in §(6) the curves of this net will be called 
the lines of mean curvature. Thus we have 

Theorem (5.2) If the minimal curves are parametric, there are two nets which 
are such that at a general point x of S the first ratios of the curves of these nets are 
equal to 1. These nets consist of the lines of mean curvature and the lines of cur- 
vature of S. 

Similarly we obtain 

Theorem (5.3) If the asymptotic curves are parametric, a curve of S is a line 
of curvature if and only if at each of its points its first ratio is equal to 1. 

The dual of this theorem is 

Theorem (5.4) If the minimal curves are parametric, a curve is a line of 
curvature if and only if at each of its points its second ratio is equal to 1. 
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The curves of Segre and of Darboux are known to be the integral curves of 
the equations 

(5.7) ( 2 ^ 2 ) (d?/)® — (i^)(du^)® = 0, {2 2){dy^)^ + {i\){du^Y = 0 

respectively, when the asymptotic curves are parametric. When the system 
of coordinates for x is cartesian ( 2 ^) = ( 2 ^ 2 ) and (l^) = {i^). Hence we have 
immediately 

Theorem (5.5) If the asymptotic curves are parametric^ a curve of S is a curve 
of Segre or is a curve of Darboux according as its second ratio at each of its points 
is equal to \ or respectively, 

6. The orthogonal JKx-net; the lines of mean curvature and the mean 

conjugate curves 

If the parametric net is an arbitrarily selected non-asymptotic net, the 
differential equation of the 72x-net is 

(6.1) dxMdu^f + (disX* - dii)du^du^ - dii\{duy = 0. 

The necessary and sufficient condition that this net be orthogonal is that the 
harmonic invariant of the two forms 

gijdu^du\ (z, j = 1, 2) and diiX(du')^ + (dszX” — d\\)du^du^ — d^\{du^f 
vanish, that is 

(6.2) dngi2 + {d\\g<i2 ““ d22fifii)X — = 0. 

Thus there are in general two families F\ for which the R\-net is orthogonal. 
However, we observe that both of these families belong to the same /?x-net. 
Hence we have 

Theorem (6.1) Corresponding to a non-asymptotic parametric net there is, 
in general, a unique orthogonal R\-net. 

Equations (6.2) may be regarded as the differential equation of this net. 
However, there is a unique parametric net which, in marked contrast with a 
general parametric net,* is such that every associated /fx-net will be orthogonal. 
p]quation (6.2) shows that this case occurs only if 

(6.3) gi2 = 0, dixg^s, ^ 22^^11 = 0, 

This parametric net is clearly the duametric net which is orthogonal. Thus the 
directions at x of the curves of this net are those perpendicular directions which 
separate harmonically the principal directions at .r. Hence these directions 
bisect the angles formed by the principal directions. The associated normal 
curvatures for the directions are, therefore, equal. These normal curvatures 
are, moreover, equal to the mean of the principal normal curvatures since the 
siun of the normal curvatures in any two perpendicular directions is equal to the 
sum of the principal normal curvatures at the point. In view of this property 
we shall call the curves of this orthogonal duametric net the lines of mean curva-^ 
ture. We state now 
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Theorem (6.2) The unique parametric net which is such that every associated 
Rx-net is orthogonal is the orthogonal duametric net. The curves of this net are the 
lines of mean curvature. 

The equation for the net of lines of mean curvature when referred to an arbi- 
trary parametric net, may be found by equating the right members of 

1/r ~ dijdu'du^/gijdu*du\ {iyj = 1, 2), 

(6.4) 

(1/ri + \/r^/2 = (giid 22 + 0 ^ 22^11 ““ ^g\id\^ I2g 

wherein r is the radius of normal curvature of the direction dvL /dvi and ri , r^ 
are the principal radii of normal curvature. The equation reduces to 

(6.5) (giiB - gnA){du^f + (ffuC - g^A)du^du^ + {g^C - g^B){duy = 0, 
wherein By C are the coefficients 

( 6 . 6 ) A = 2 (gndi 2 — gi 2 <iii), B = ^^ 11^22 — 6 ^ 22 ^ 11 , = ^{gnd^i — g^d\^ 

of equation (5.3) for the lines of curvature. 

If B = 0 and gn ^ 0, an arbitrary non-orthogonal duametric net is para- 
metric. For such a choice of a parametric net equations (6.2) and (5.3) both 
reduce to di\{du^Y = dTniduf, Hence we have 

Theorem (6.3) The orthogonal Rx-net derived in association with an arbitrary 
non-orthogonal duametric net consists of the lines of curvature of S, 

If the parametric net is not duametric, we find that the necessary and suffi- 
cient conditions that the orthogonal Bx-net consist of the lines of curvature are 

(6.7) gndi2 = g2^i2 = 0. 

Hence ‘we have 

Theorem (6.4) If the parametric net is either the minimal net or a conjugate 
net and is not duametric, the associated orthogonal Rx'-net consists of the lines of 
curvature of S, 

The curves characterized by the properties which are the duals of those of the 
lines of mean curvature are found to be the mean conjugate curves. We recall 
that the mean conjugate curves are those for whose directions at a general point 
the radii of normal curvatures are equal to the mean of the principal radii of 
normal curvature at the point. The differential equation of the mean conjugate 
net is found to be 

(6.8) (diiB - dnAXduy + (dnC - d22A)duW + (di2C - d^){duy = 0, 

wherein A, ByC are defined by (6.6). Since the net of lines of mean curvature 
is a duametric net, the mean conjugate net is likewise a duametric net. The 
mean conjugate net is parametric if and only if the equations 

(6.9) dl2 = 0, dllfir22 — ^22^11 = 0, 

are satisfied identically. The duals of Theorems (6.1) to (6.4) follow: 
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Theorem (6.5) Corresponding to a non-minimal parametric net there is in 
general, a unique conjugate R*-net, 

Theorem (6.6) The unique parametric net which is such that every associated 
R\-net is conjugate is the conjugate duametric net, known heretofore as the mean 
conjugate net. 

Theorem (6.7) The conjugate Rt-net derived in association with an arbitrary 
non-conjugate duametric net consists of the lines of curvature of S, 

Theorem (6.8) If the parametric net is either the asymptotic net or an orthog- 
onal net, the associated conjugate R*-net consists of the lines of curvature of S, 

7, The curvatures at x of the intersection of the surface S with its tangent 

plane at x 

• • dx dx 

Let the asymptotic curves of /S be parametric and let the points x, , — • 

du^ du^ 

be the vertices of a local triangle of reference at x, with a unit point chosen so that 
any point whose general coordinates are given by an expression of the form 

, dx . dx 

XiX + X2~ + Xji — 

du^ du- 


shall have local coordinates Xi , x* , xz . Let us introduce non-homogeneous 
coordinates by the definitions 

(7.1) ? = X 2 /X 1 , rj = xz/xi . 

The intersection of S with its tangent plane at an ordinary point x is a curve 
C which has a node at x, the nodal tangents being the asymptotic tangents of S 
at X, In a neighborhood of x the equation for the branch of C which is tangent 
to the w^-tangent is given by the power series development* 

(7.2) V = (i'i)(l“/3 - <pt/l2) + • • • , 

wherein <p = (iS) + . Similarly, we have along the branch of C which 

du^ 

is tangent to the u*-tangent the development 

(7.3) k = - ^,Vl2) + ■ • • , 

wherein = (A) + . 

au’‘ 

Let the coordinates x be the homogeneous cartesian coordinates Xi ,X2 ,Xz , I, 

dx 

Then (i, j, k = 1, 2), are defined by (3.1). Since Xa = 1, the points — 

and -- are the points at infinity on the u^- and u^-tangents of S at x. Let us 
du^ 

alter the unit point so that new local coordinates {I, if) are measured with respect 

dx / 4 1 

to equal units on the axes. Since / {guy and — ^ ({?«)* are unit vectors in 


< Cf. P. D. G. page 73. 
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the directions of the u^- and M*-tangents to S at x, we must have the identity 

Hence, we have the relations 

(7.5) { = |/((7u)‘, V = fi/{g^)^. 

In terms of I, ij equations (7.2) and (7.3) take the respective foims 

(7 .6) = { 1*1 1 (?22)^lV3ffii + • • • , 

(7.7) I = {2*2} ({;ii)*flV3ff22 + • • • . 

With respect to this oblique coordinate system defined by (7.5) the equation 
of a circle whose center is the point (A, k) and whose radius is r is found to be 

(7.8) (f - hf + (fj - kf + 2(1 - h)in - k)gn/{g,^nf = r=. 

Demanding that this equation be satisfied by the series (7.6) identically in \ 
as far as the tenns of the second degree, we obtain the conditions that the 
circle (7.8) osculate at x the branch of C which is tangent to the a^-tangent at x 

(7.9) h = -3(!;n)W2fi*i}?, k = Z(ignfisni^ /2U\]g, r* = 9(j7u)V4{i*i}V. 
The substitution 

9^12 {i\\ h 

\^22 §21 {2^2} k 

transforms equation (7.2) into equation (7.3) and ecjuation (7.8) with k, r 
defined by (7.9) into an equation of form (7.8) with A:, A, r defined by 

(7.10) k = ~“3(g'22)^9^i2/2{2^2}9^, h = 3(gf22)^(9fii)V2{2M9^» 

= 9((722)V4!2^2)V. 

Hence, the circle (7.8) with h, k, r defined by (7.10) osculates at x the branch of C 
which is tangent to the u^-tangent at x. 

The equation of the radical axis of the two circles which osculate C at x is 
readily found to be 

(7.11) {iM(1722)*I - ( 2‘2j(j/ll)*«J = 0. 

In terms of the original local coordinates f , 17 this equation is 

(7.12) {i\}g72^ ~ {2^2}^iii? == 0. 

The direction of this line is given by 

V/i = ^22{A}/^1 i{ 2^2}. 
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The direction of the jRx-correspondent of the tangent at x in either principal 
direction is given by 

du^/dy} = /gii[2 2\ 


Hence we have 

Theorem (7.1) If the asymptotic curves are the parametric curves of S, the 
Rx-correspondent of the tangent at x in either principal direction and the radical 
axis of the osculating circles of C at x are conjugate tangents. 

On observing the forms (3.4) and (3.10) for the first and second ratios of a 
curve C\ at x we find that the only non-asymptotic direction X for which these 
ratios are equal is that defined by 

(7.13) X = g-Mi\/9nU\}. 

Hence we have 

Theorem (7.2) If a curve (\ is not tangent to an asymptotic curve at x, its 
tangent line at x is the radical axis of the osculating circles of C at x if and only if 
first and. second ratios of C\ at x are equal. 

Let K1K2 denotes the curvatures of the circles which osculate at x the branches 
of C which are tangent to the and w^-tangents respectively. These curva- 
tures will be called the curvatures of tangential section of S at x. We have in 
view of (7.9) and (7.10) 

(7.14) Ki = 2e,{xMffV3(^n)*, *2 = 2e2U\]g‘ 

wherein gr* = (gng22 — ^12)* and Ci = ±1, cj = ±1, the signs of Ci and eg being 
chosen so that Ki and K2 are positive. These curvatures are equal if and only if 

(7.15) (911/922)^ = c({A}/{ 2^2})*, 

with c == ±1 the sign being selected so that the right member is positive. The 
left member of (7.15) is a principal direction and the right member is a direction 
of Segre or a direction of Darboux according as e is +1 or —1 respectively. 
Substituting in (7.13) the expression obtained for ^22/3^11 from (7.15), we find 
that (7.13) becomes 

(7.16) X = ({A}/|*‘*))*. 

Thus wo find that under conditions (7.15) the direction defined by (7.13) is a 
direction of Segre and also, in consequence of (7.15), a principal direction. 
Moreover, if the direction defined by (7.13) is a direction of Segre, equations 
(7.15) follow. We may therefore state 

Theorem (7.3) The necessary and sufficient condition that the curvatures of 
tangential section of S at x be equal is that the direction of the radical axis of the 
osculating circles of C at x be a direction of Segre. The condition is, moreover, 
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necessary and sufficient that this direction of Segre and its conjugate direction of 
Darboux be principal directions at x. 

In view of Theorems (5.3), (5.5) and (7.3) we state in conclusion 
Corollary (7.4) If the asymptotic curves are parametric, the one parameter 
family Fx of curves enveloped by the radical axis of the osculating circles of C at x 
as X varies over S has the property that the first and second ratios of Cx at x are both 
equal to 1 if and only if the curvatures of tangential section of S at x are equal. 

Princeton University 
University of Kansas 
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ON FAMILIES OF MUTUALLY EXCLUSIVE SETS 

By P. Erd6s and A. Tarski 
(Received August 11, 1942) 

In this paper we shall be concerned with a certain particular problem from 
the general theory of sets, namely with the problem of the existence of families 
of mutually exclusive sets with a maximal power. It will turn out — in a rather 
unexpected way — that the solution of these problems essentially involves the 
notion of the so-called ‘‘inacc^essible numbers.’’ In this connection we shall 
make some general remarks regarding inaccessible numbers in the last section 
of our paper. 


§ 1 . FORMULATION OF THE PROBLEM. TERMINOLOGY^ 

The problem in which we are intere.sted can be stated as follows: Is it true 
that every field contains a family of mutually exclusive sets with a 

maximal power, i.e. a family W whose cardinal number is not smaller than the 
cardinal number of any other famil}^ § of mutually exclusive sets contained in R. 

By a field of sets we understand here as usual a family of sets which to- 
gether with every two sets -Y and V contains also their union Y U Y and their 
difference Y — F (i.e. the set of those elements of Y which do not belong to Y) 
among its elements. A family is called a family of mutually exclusive sets 
if no set Y of & is empty and if any two different sets of W have an empty inter- 
section. 

A similar problem can be formulated for other families e.g. for rings of sets, 
i.e. for families which together with any two sets Y and Y also contain their 
union Y U F and their intersection A" fl F among their elements. We obtain 
an especially interesting particular case of this problem by referring it to the 
ring of open sets of a topological space S with power 

It turns out that the solution of our problem is in general positive; however 
it is negative in certain -exceptional ca.ses. To examine the problem thoroughly 
we must first subject it to a certain transformation by using some notions from 
the arithmetic of cardinal numbers. 

We shall denote the cardinal number (or power) of a set S by c(S). 

A cardinal number n is called a limit number if n 0 and if among the cardinal 
numbers j < n there is no largest one. The number n is called singular if it 
can be expressed as a sum of less than n numbers in, each of which is smaller 
than n. 

^ For the concepts and results of the general theory of sets, which arc applied in this 
paper, see Hausdorff, Mengenlehre: however as regards the concept of an inaccessible 
number cf. Tarski, tJber unerreichbare Kardinalzahlen, Fund. Math. Vol. 30 (1938) p. 68-89. 
For the concepts and results from the theory of partially ordered sets, lattices, Boolean 
algebras, etc., see G. Birkhoff, Lattice theory. For topological concepts see Kuratowski, 
Topologie I. 
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If such a representation is impossible the number n is called regular. Regular 
limit numbers are also referred to as ‘‘inaccessible’’ or “weakly inaccessible” 
numbers. 

As is well known, every limit number is an infinite number, and every singular 
infinite number is a limit number. The problem of the existence of regular 
limit numbers > is thus far unsolved, and presumably will never be solved 
on the basis of the axiom systems upon which the general theory of sets is con- 
structed at present. At any rate the existence of the numbers in question can- 
not be derived from these axiom systems provided they are consistent; on the 
other hand it seems highly improbable that these systems cease to be consistent 
if we enrich them by adding new existential axioms which secure the existence 
of the inaccessible numbers. 

5 being a family of sets let us denote by b(5) the smallest cardinal number 
which is >c(®) for every family & of mutually exclusive sets contained in F. 
If b(3) is not a limit number, the family F obviously contains a subfamily & of 
mutually exclusive sets with a maximal power. Thus our problem reduces 
now to the following one: 

n being a limit number is it true that for everv field (or ring) of sets we have 
b(5) 9^ n? 

We shall show that the solution of this problem depends on the properties of 
the number n: the answer is affimative if n either = or is a regular number 
(Theorem 1), is negative only for the hypothetical regular limit numbei'S > 
(Theorem 2). If in particular the problem is applied to the ring of all open sets 
of a topological space^ with c(*S) = 2^® , then its positive solution proves to be 
equivalent with the statement that there is no inaccessible number > and 
g 2«® (Corollary 3). 

In order to formulate the positive part of our result in as general form as 
possible, we shall use the terminology of partially ordered sets. 

Let S be an arbitrary set which is partially ordered by the binary relation g . 
If X is an element of we write S(x) to denote the partially ordered set of 
all elements y e S which arc g x. The symbol A will denote a null element 
of Sy i.e. an element x such that x ^ y for every y e S. Two elements y and z 
of S are called disjoint if ,v 5*^ A , z 9 ^ A and if for every x e S the formulas 
x ^ y and x ^ z imply x = A . We do not here assume that the partially or- 
dered set necessarily contains a null element. In fact without loss of generality 
we could confine ourselves to the consideration of sets which do not contain such 
elements; and in this case we could simply say that two elements y and z are 
called disjoint if there is no element x such that x ^ y and x ^ z. 

A subset T of a partially ordered set S such that every element of T is 7 »^ A 
and every two different elements of T are disjoint is called a set of mutually 

* By topological spaces we moan here the spaces with the closure operation satisfying the 
axioms I~III of Kuratowski (op. cit. p. 77). However the space which will be constructed 
in the proof of Corollary 2 will also satisfy axiom IV (normality) (pp. 95-101, ibid.). 
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exclusive elements. Again we denote by b(®) the smallest cardinal number 
> c{T) for every T ^ S of sets of mutually exclusive elements; moreover we 
write for every element x eT 

b{x) = H®(x)) 

In view of this formula b (constitutes an example of a function / which corre- 
lates with every element of a partially ordered set a cardinal number /(x). This 
function is obviously increjising, for we have 

b(x) g b(?/) 

for every two elements x and y such that x S y- Many other examples of this 
kind of increasing functions are also known; e.g. the function c defined for every 
X € S b}'' the formula 

c(x) = c(S(x)), 

Still another example is constituted by the function g defined in the following 
way: for every x e S, g(x) is the smallest cardinal number n such that there is 
a basis B of the set S{x) with power c{B) = n; by a basis we here understand a 
set B C that every element of S(x) is the union (the least upper 

bound) of elements of B. To every increasing function/ of the kind considered 
there corresponds a certain notion of homogeneity of partially ordered sets. We 
say generally that an element x of a partially ordered set aS is homogeneous 
with respect to an increasing function /, which is defined over the set aS and 
assumes cardinal numbers as values, or simply that x is /-homogeneous, \i x \ 
and if f{x) = f{y) for every ('lement y e aS such that ?/ A and y ^ x. If the 
set S contains a unit element u i.e. an element x such that y ^ x for every 
y c aS), and if n is /-homogeneous, the whole set aS is called /-homogeneous. 

SOLUTION OF THE PROBLEM 

We shall begin with two simple lemmas concerning /-homogeneous elements 

Lemma 1. Let S be a partially ordered set, and f an vicreasing function which 
correlates with every element x t S a cardinal number f{x). Then for every element 
X ^ A there exists an f-honiogeneous element y ^ .r. 

Proof. Consider all the cardinal numbers f{y) correlated with the elements 
y ^ x,y 9^ A . Among these cardinal numbers there certainly exists a small- 
est, say n (by the well ordering theorem); and it is easily seen that every 
element such that 

y ^X, fiy) = n 

is /-homogeneous. 

Lemma 2. Under the hypothesis of Lemma 1. there exists a set T ^ S of mu’- 
tually exclusive f-homogeneous elements such that no element of S is disjoint with 
all elements of T, 
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Proof. It can be easily shown (e.g. with the help of well ordering) that there 
exists a maximal set T of mutually exclusive /-homogeneous elements of S; 
i.e., a set T of mutually exclusive /-homogeneous elements of S which is not 
a proper subset of any other set with the same property. Hence by Lemma 1 
it follows that no clement of S — whether homogeneous or not is disjoint with 
every element of T, q.e.d. 

As an immediate consequence of Lemma 2 we obtain the following theorem 
which, however, will not be applied in this paper. 

Let B he a Boolean algebra, and f an increasing function which correlates with 
every element x of B a cardinal number f{x). Then every element of B — and, in 
particular, the unit element — can be represented as the union of mutually exclusive 
f-homogeneous elements of B; and therefore B is isomorphic with a direct sum of 
f-homogeneous Boolean algebras. 

The following three lemmas will lead us directly to Theorem 1 , which is one 
of the main results of this paper. 

Lemma 3. If S is a partially ordered set and b(^^) is a limit number, then S 
contains a b-homogeneous element x with b(x) = b(<S0. 

Proof. Assume that, on the contrary, S does not contain a b-homogeneous 
element with b(.r) = b(/S). By applying Lemma 2 to the function / = b 
we obtain a set T S of mutually exclusive b-homogeneous elements, with the 
property that no element of S is disjoint with every element of T, According 
to our assumption we have: 

(1) b(0 < b{S) for every element t e T) 
moreover, the definition of b implies: 

(2) . c(T) < b(.S) 

Since b(/S) is an infinite cardinal number, we have 

(3) {b{S)f = b(.S); 
hence, by (1) and (2), we obtain: 

(4) Z b«) g c(r)-b(.s) g (b(S)f = b(.s). 

t « T 

We w^ant now to show that in the latter formula may be replaced by ‘ = \ 
In fact, consider an arbitrary set U ^ S of mutually exclusive elements. As 
was mentioned before, no element of U can be disjoint with every element of T, 
Hence (by using the axiom of choice) we can correlate with every element u e U 
first an element tn e T, and then an element e S such that Vu 9^ A , ^ u, 

and Vu % tu • Let V be the set of all these elements . It can easily be seen 
that the correspondence between the elements of IJ and those of V is one-to-one, 
and that therefore the sets U and V have the same power. If, on the other 
hand, we denote by Vt (where t is a given element of T) the set of all those 
elements Vu which are ^ t, we see at once that V is the union of all these sets V t ; 

F - u y, 
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and that 


c(F() < b(0 for every t(T. 

Hence 

cm = c(F) g E b(o. 

t c T 

Since the latter formula holds for every set U ^ S of mutually exclusive elements, 
we infer from the definition of b that either 

(5) HS) g E b(0 

t c T 

or else b(>S) is the cardinal number which immediately follows ^(0- How- 
ever, the second alternative is excluded, b(iS) being by hypothesis a limit num- 
ber, and therefore (5) holds. The formulas (4) and (5) give at once: 

(6) E b(0 = HS). 

I € r 

From (1), (2), (3), and (0) it follows that for every cardinal number j < b{S) 
there exists an element 1 1 T such that jr < b(0. For if we had: 

b(AS) > y ^ b(0 for overy t € T 

we should have, by (1), (2), and (3), 

E Ht) ^ HT)% < {HS)f = b(.S) 

t t T 

which obviously contradicts (0). Hence we can easily construct (with the help 
of the well ordering theorem) a well ordered ti-ansfinite secjuence of elements 
to ,ti , • • • , /{ , • • • € T of an ordinal type r which satisfy the following conditions: 

(7) ^ ^(^ 2 ) < 6 < r, T being a limit ordinal number, 

and 

(8) E Hh) = m- 

(<r 

Consider an arbitrary ordinal number ? < t. By (7) we have 

b«f) < b«{+,) 

Hence by virtue of the definition of b, there exists a set IFj C S(t(+i) of mutually 
exclusive elements with power: 

c(tF{) = b(<t) for every { < t. 


TF = U TFe 

e<r 


(9) 

Putting 

( 10 ) 
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we easily see that IT is a set of mutually exclusive elements of S, the 
sets Wo , Wi , • • • , W( , • • • being mutually exclusive. We have moreover, 
by (8), (9), and (10), 

c(W) = b(S). 

In this we have arrived at a contradiction; for 6(^8) is by definition 
> c(X) for every set X ^ S of mutually exclusive elements. Thus we must re- 
ject our original supposition, and assume that S has a d-homogeneous element 
X with h{x) — b(S)y q.c.d. 

Lemma 4. If x is a b-homogeneous element of a partially ordered set S, then 
b(a:) 9 ^ Ko . 

Proof. Assume b(x) = Ko . By the definition of b there exist two disjoint 
elements Xi and Xz which are ^ x. Since x is b-homogeneous, we have further 
b(.r2) = bto , and therefore there exist two disjoint elements, X2,i and X2,2 which 
are ^ ^*2 ^ :r. By continuing this procedure indefinitely we obtain (with the 
help of the axiom of choice) an infinite sequence of mutually exclusive elements 
xi , 0:2.1 , 0:2,2.! , • * * which are all g x; but this clearly contradicts our assump- 
tion. Hence b(o’) 9^ b<o , q.e.d. 

Lemma 5. If x is a h-homogeneous element of a partially ordered set, then b(o:) 
is not a singular limit number. 

Proof. Assume, on the contrary, that b(o:) is a singular limit number. Thus 
b(o:) can be represented in the form: 

(11) b(x) = x; in.' 

t c C 

where C is a certain set of i)ower < b(o:), and every numl)er m, is also < b(o:). 
Since c(r) < b(x’), we can correlate with every element i e C an element Xi ^ 0; 
in such a way that any two elements Xi^ and (?i 9^ i2) are disjoint. The 
element x being b-homogeneous, we have for every element Xi : 

b(o:,) = b(o:) > m* ; 

con.sequently we can correlate with every element Xi a set Ti ^ S(Xi) of mutually 
exclusive elements with power c(Ti) = m, . Hence in view of (11) it is easily 
seen that the set T defined by means of the formula 

T = \J Ti 

i e C 

is a set of mutually exclusive elements of S(x) with power 

c(T) = 1: aw, = b(a:). 

» c C 

But this is impossible, since b(a:) must be by definition > c(r). Thus we must 
assume that b(x) is not a singular limit number, q.e.d. 

Lemmas 4, and 5 implj^ directly 

Theorem 1. If n is either equal to or is a singular limit number then there 
is no partially ordered set S such that b(S) = n. 
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Remakk. Theorem 1 applies directly to various special partially ordered 
sets, e.g., to lattices or Boolean algebras. It can also be applied to an arbitrary 
family g of sets, for every such family is partially ordered by the relation of 
inclusion It should be noticed, however, that two sets of a family 5 which 
are disjoint from the point of view of the theory of partially ordered sets are not 
necessarily disjoint in the usual set-theoretic meaning. On the other hand, it 
is easily seen that the two meanings of the notion of disjointness coincide if the 
family 5 contains the empty set among its elements and if, with any two sets 
X and Y belonging to their intersection X fl F also belongs to J?. Thus 
Theorem 1 applies literally to every field of sets, and even to every ring of sets 
which contains the empty set, e.g., to the ring of all open sets of a topological 
space; and it can be very easily shown that the theorem holds for an arbitrary 
ring of sets, even if it does not contain the empty set (for in this case the ring 
does not contain any two sets which are disjoint in the set- theoretic sense). 

Theorem 2. If n is a regular cardinal number > Ko , then for every set S of 
power n there exists afield ^ of subsets of S such that c(F) = b(S) = 

Proof. We could assume that n is a limit number, for otherwise the proof 
presents no difficulty; however, no use will be made here of this assumption. 

We shall first prove the theorem for a particular set N of power n, which will 
be defined as follows. Let us write for every ordinal number a: 

(1) c(a) = the power of the set of all ordinal numbers (< a. By the well- 
ordering theorem there exists an ordinal number such that 

(2) c(j') = n, while c({) < n for every number ^ < v. 

(3) , N = the set of all transfinite sequences a of ordinal numbers (To , <ri , • • • , 
which satisfy the following conditions: 

(i) o’i ^ I for every number ^ < v; 

(ii) there are only finitely many numbers ^ < v such that 9 ^ 0, 

Since 

(4) . n = n^ 71^ 71^ • {k K. 

it is easily seen from (1), (2), and (3) that N has in fact power n. 

We are now going to correlate to every number ^ < v sl family vSp of subsets X 
of N so as to satisfy the following conditions: 

(5) . is a family of mutually exclusive sets, and U X = 

(6) . c($>0 = c(f + 1) < n; 

(7) . if , fe , * * • fn is any finite sequence of distinct ordinal numbers < Vy 

and Xi , X 2 , • • • , Xn any finite sequence of sets such that Xi e , 

X 2 6 $£2 ? • • • , Xn € , then the intersection Xi fl • • • fl Xn is not empty. 

To obtain such falnilies we put: 

(8) . N^,r, = the set of all sequences cr e N such that = ri^ r} ^ ^ < p 

(9) . §£ = the family of all sets ATj.o , N^,i • • • • • • where ry ^ < i/. 

The proof that the families thus defined satisfy the conditions (5), (G), 

and (7) does not present any difficulties. 

Finally we construct the field 5 by putting 

(10) . $ = u 



322 


P. ERD5s and a. TARSKI 


(11) . g = the smallest field of sets which contains all the sets of or, in 
other words, : g = the family of all sets which are finite unions of finite inter- 
sections of sets X € ^ and their complements N — X, 

We shall prove that satisfies the conclusion of our theorem. If n is an in- 
finite number, it is easily seen from (2), (6), and (10) that the family § has 
power n. Hence by (4) and (11) it follows that g has also power n. Further- 
more, (2), (5), (G), (10), and (11) imply that, for every number J < n, 5 does 
contain y mutually exclusive sets. Hence we have 

(12) . c(5) = n ^ b(3). 

It remains to show that every family ® C 5 of mutually exclusive sets has a 
power <n. We shall show it first for families of a rather special character. 

Let us agree to say that a set X e 5 is of the order (where I is any positive 
integer) if it is not empty and can be represented as an intersection of I different 
sets of the family We are going to establish certain simple properties of 
sets of the order. 

(13) . Every set X of the order can be represented uniquely in the form 

X = Xi n • n X/ 

where Xi e , • • • , X/ € , and f , < fit < j' for 1 ^ i < k ^ L 

In fact, the possibility of such a representation follows directly from the 
definition of the sets of the order; two different sets X, and X* cannot belong 
to the same family $, for by (5) the set X £ X, fl Xa- would be then empty. 
Assume that the set A” has two representations of this kind: 

X = Xi n • • • n Xa = Fi n • • • n Fa 

where Xi € , F, € < J', and rji < rjk < v ior I ^ i < k S I- 

If these representations are different, at least one of the sets Xi , • • • , Xa , let 
us say Xi , cannot occur among the sets Fi , • • • , F/ ; and similarly a certain 
set Y j cannot occur among the sets Xi , * • • , Xa . Hence the number must 
be different from each of the numbers 171 , • • • , ??/ . For, if we had f,* == rjk 
^ k ^ Z), the sets X, and Fa- (Xi 9 *^ Fa) would belong to the same class 
= &yik J therefore by (5) the set X £ Xi D Fa would be empty. For 
the same reason the number rjj must be different from each of the num- 
bers fi , • • • , Ja . Thus, in particular, Ji 9 ^ ijj, and therefore at least one of 
these two numbers is 9 ^ 0. Assume, e.g., fi 9 ^ 0. By ( 6 ) there is a set Xi e 
which is different from A"i . By (5) the sets Xi and Xi are disjoint; consequently 
the intersection 

X' n X = x; n Xi n ••• n-X/ 

is empty. Hence the intersection 

x; n X = X • n Fi n • • • n F, 

must also be empty; but this clearly contradicts (7), all the numbers 
ft , , 172 , * • * ^A being distinct. Thus the two representations of X cannot be 

different. 
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In what follows we shall refer to the sets , • • • , Xi occurring in the repre- 
sentation (13) of a set X as the /actors of X. 

(14) . In order that two sets X and Y of the order be disjoint it is necessary 
and sufficient that they have two factors Xi and Yi which are different, but 
belong to the same family 

This follows directly from (5), (7), and (13). 

(15) . If two disjoint sets X and Y of the (I + 1)*^ order have a common factor 
Xi = Fy , and if X* and Y* arc the intersections of the remaining factors of X 
and Y respectively, then X* and Y* are disjoint sets of the order. 

This can be easily obtained from (13) and (14). 

Now we can prove by induction with respect to 1: 

(16) . Every family ® g of mutually exclusive sets of the order has 
power < n. 

(16) is clearly true for 1=1. In fact, in this case @ is contained in the 
family 

§ = u . 

If there were two sets Xi and X 2 of ® which belonged to two different families 
and $$2 > they would not be disjoint, on account of (7). Therefore there 
must be a ^ such that W ^ , and hence, by (6), c(@) < n. 

Now assume that (16) has been proved for a given positive integer i, and con- 
sider a family W £ 5 of mutually exclusive sets of the {I + l)st order. Let 
X be any set of and let , ^^{2 > * * * ^ n (f i < < * • * < fz+i < v) 

he those families which by (13) contain among their elements a factor of X. 
13y (14) every set of ® must have a factor belonging to at least one of the families 
, • • * » thus also to their union 

( 17 ) Ay = .-Of. u • • • u 'pj,„ . 

For every set Z of H* let us denote by W(^) the family of all those sets F e ® 
which have Z as a factor. We have thus a decomposition of & in subfamilies 
(S^(Z) (which are not unnecessarily mutually exclusive): 

® = U @(Z). 

Hence 

(18) c(®) g Z cI@(Z)]. 

Z 

Consider a particular family @(Z) where Z is any set of $*. If F is a set of 
65 (Z), it has Z as a factor. Denote by F* the intersection of the remaining 
factors of F, and by ®*(Z) the family of all sets Z* thus obtained. ®(Z) 
being a family of mutually exclusive sets, we easily infer from (13) and (15) 
that the family ®*(Z) is also a family of mutually exclusive sets; furthermore 
that the correspondence F — > F* between the sets of ®(Z) and ®*(Z) is one- 
to-one, and that therefore these two families have the same power. On the 
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Other hand, ®*(Z) consists of sets of the order; thus, by applying to @*{Z) 
our inductive premise, we obtain; 

(19) c[@(Z)] = c[®*(Z)] < n for every Z c 

n being a regular, and thus an infinite, cardinal number, we also have, by (6) 
and (17). 

c($*) g c($^J + • • • + < n; 

and hence, in view of (19), 

(20) Z c[®(Z)] < n. 

Z « 

From (18) and (20) it follows at once that ® has power < n. Thus (16) 
holds for every positive integer L 

We can now extend (16) in the following way: 

(21) Every family ® C i? mutually exclusive sets of any finite orders 
has power < n. 

In fact, denote by the family of those sets X e & which are of the 
order. We obtain the decomposition 

® = 01 U • • • U U . • . , 

whence 

c(0) ^ c(0i) + • • • + c(0/) + • • • , 

(The families 0i , • • • , 0^ , • • • are not necessarily mutually exclusive.) On 
the other hand, we have by (16): 

(7(0/) < n for every positive integer 1. 

Hence, n being by hypothesis a regular number > ^^o , we easily obtain: 
c(0) g c(0i) + • • • + c(0/) + • • • < n; 

Finally we can show that 

(22) Every family 0 £ 5 of mutually exclusive sets has 0 power < n. 

For, by (11), every set F € 0 is a union of finite intersections of sets X e .S3 
and their complements N — X. Furthermore, from (5) and (10) it follows that 
the complement N — X of a set X € is a union (not necessarily finite) of sets 
of Therefore the set Y can be represented as a union of finite intersections 
of sets X Hence we can correlate with every set F € 0 (which is not 
empty) a non-empty subset F* F of finite order. The family 0* of all the 
sets F* thus obtained has clearly the same power as 0, and by (21) this power is 
< n. 

From the definition of b, (22) implies: 

b(0) g n; 

and this formula together with (12) gives: 

(23) c(5) = b(g) = n. 
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Thus our theorem has been proved for a particular set N of power n. Now 
consider an arbitrary set S of power ^n. The set S contains a subset Ni of 
power n. We can establish a one-to-one correspondence between the subsets 
of N and those of Ni , and by means of this correspondence we can construct a 
field of sets X ^Ni ^ S which satisfies (23). This brings the proof to an end. 

Corollary 1. If n is a regular number >t<o , then for every number ^ n 
there exists a topological space S of power r such that the family ® of all open sets 
{or of all sets which are both open and closed^ or of all regular open sets) satisfies 
the condition: b((7) = n. 

Proof. Consider any set S of power By Theorem 2 there is a field 
of subsets of S such that b((?) = n and that every family £ J? of mutually 
exclusive sets has power <n. We can assume that S €i^; for otherwise, we 
could replace by the field g' consisting of all the sets X and their com- 
plements S — X, and we could easily .show that still satisfies the conclusion of 
Theorem 2. Now we correlate with every subset X e S a new subset X e S, 
the closure of X, by defining X as the intersection of all the sets F e 5 which 
contain X(F 3 X). It is easily seen that with this definition S becomes a 
topological space. 

In this space, F is contained in the family W' of all those sets which are both 
open and closed, and the family G of all open sets is constituted by all the unions 
of the sets X" e Hence it follows that b((T) = b{F) = n, and that like 5, 
does not contain any family of mutually exclusive sets with power c(,^) = n. 
Finally it may be noticed that W' and the family of all regular open sets also 
have these two properties, for we clearly have 

F C C C Ob 

C 'OROLLAUY 2. If n is a regular number >No, then there exists a complete 
Boolean algebra B such that t>{B) = n. 

Proof. This corollary follows directly from Corollary 1 since, as is well 
known, the regular open sets of an arbitrary topological space form a complete 
Boolean algebra,^ and any two elements of this algebra are disjoint if, and only if, 
they are disjoint in the u.sual set- theoretic sense. 

Corollary 2 formulates a condition which is necessary for a cardinal number n 
to be regular and >t<o . From Theorem 1 it follows that this condition is at 
the same time a sufficient one. It is easily seen that in this necessary and suffi- 
cient condition the term ‘‘Complete Boolean algebra’^ can be replaced by “par- 
tially ordered set’\ “ring (or field) of sets’^ “family of all open sets of topological 
space,” and so on. If we restrict ourselves to the case of limit numbers, we 
obtain a necessary and sufficient condition for a number n > No to be weekly 
inaccessible. 

* This result was first stated in A. Tarski, Les fondements de la g^ometrie de corps, 
Commemoration of the first Polish Math. Congress, Kracow 1929, p. 42; see also G. Birkhoff 
op. cit.. p. 102. 
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Finally we give a result of a more special nature: 

Corollary 3. The following two sentences are equivalent: 

(^) In every topological space of power ^2^® there exists a family of mutxuilly 
exclusive open sets with a maximal power. 

(ii) There is no weakly inaccessible number n which is >Ko cLnd ^2^°. 

Proof. From Corollary 1 it follows immediately that (i) implies (ii); the 
implication in the opposite direction can be easily derived from Theorem 1. 

general remarks on inaccessible numbers 

In connection with the last corollary it should be noticed that the problem as 
to whether there exist weakly inaccessible numbers i.e. regular limit numbers 
which are >n and <2” for an infinite number n is so far unsolved and probably 
can not be solved at all within the present systems of general set theory. By 
definition the weakly inaccessible numbers can not be obtained from smaller 
ones by such operations as those of infinite addition or of passage from one 
number to the next greater number. However it is by no means settled that 
they can not be obtained from smaller ones by means of the other arithiftetical 
operations, namely multiplication and exponentiation. For this reason we 
single out among the weakly inaccessible numbers a more special class the so 
called strongly inaccessible numbers, i.e., the numbers which can not be obtained 
from smaller ones by an arithmetical operation. While e.g. 2^® is clearly not a 
strongly inaccessible number, it is not known whether this number is weakly 
inaccessible. 

If we enrich the axiom system of set theory by adding the so-called generalized 
hypothesis of Cantor (which asserts that there is no cardinal number >n and 
<2” for any infinite number n), we can easily show that the two kinds of inac- 
cessible numbers coincide. However nothing compels us to regard the gener- 
alized hypothesis of Cantor as the only possible basis for set-theoretic investiga- 
tions, and we can equally well consider the possibility of enriching the axioms of 
set theory by other axioms which contradict the hypothesis of Cantor. For 
instance it seems quite plausible that the following hypothesis would constitute 
a consistent and fertile addition to the set theoretical axioms: 

Hypothesis of inaccessible numbers: For every infinite number n, 2" is the 
smallest weakly inaccessible number >n. 

Furthermore we should like to point out that many set theoretical problems 
are known at present whose solution involves the notion of an inaccessible num- 
ber. The first problems of this kind were formulated more than thirty years 
ago; their number has however considerably increased in recent years. Like 
the problem solved in the present paper most of thes^ problems can be presented 
irt the following form: Ts it true that a certain cardinal number n has property P? 

We want to give here a few examples of such problems: 

Problem 1. (The representation problem.) Is it true that every n-additive and 
n-distributative Boolean algebra is isomorphic with an n-additive field of sets? 
(A Boolean algebra B is called n-additive if for every set X ^B with c(X) < n 
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there is an element y such that y x. An n-additive Boolean algebra is 

XfX 

called n-distributive if 

n U Xi,j = U n Xt./(i) , 

t € ^ J € / t « 

where ^ is any non-empty set with c($) < n; W, (for i e are any non-empty 
sets with c(@i) < n; Xij is always an element of By and / iims through all func- 
tions which correlate with every element i c ^ an element ji c &i. The number of 
functions/ is in general ^ n, but it is assumed that the existence of ritez/U 
implies that of 

Problem 2. (The prime ideal problem.) Is it true that the field of all subsets 
of a set N with power c(N) = n contains an n-additive ideal which is not a principal 
ideal? (A family is called n-additive if for every family ® with < n 
the union U X also belongs to g.) 

This problem can also be formulated as that of the existence of an n-additive 
non trivial two-valued measure defined over all the subsets of a set N with 
z(N) = n. 

Problem 3. (The set-function problem.) Is it true that there exists an n- 
additive and n-mnltiplicative set-function defined, over all sybsets of a set N of 
power n, which is not absolutely additive and absolutely multiplicative^ (By a set 
function we mean here a function G which correlates with every set X of a certain 
family 5 another set G(X) which need not belong to the same family. A set 
function G is called n-additive or n-multiplicative, if for every family £ 3 
with c(^^) < n we have: 

G( U X) = U (G(X)) or G( PI X) = 0 (G(X)), 

Xtfii Xt X t 

respectively. If these formuhis hold for every family ^ ^ 3> Ihe set function 
is called absolutely additive or absolutely multiplicative.) 

Problem 4. (The graph problem.) Is it true that if a complete graph G of 
power n is split into two graphs Gi and G 2 , at least one of them contains a subgraph 
of power n? (A graph is to be defined as an arbitrary set of non-ordered couples 
(^, y) with X 9 ^ y. By a complete graph of power n we mean the set of all such 
couples formed from the elements of a set N of power n.) 

Problem 5. (The ordering problem.) Is it true that every ordered set N of 
power n contains a subset X of power n, which is either well orderedy or becomes 
well ordered if we invert the ordering relation. 

Problem 6. (Ramification problem,) Let v be the smallest ordinal number 
S'uch that the power of all ordinals ^ < v is n. Is it true that every ramification 
system of the order y in which the set of all elements of the order has power 

<n for every f < r, contains a well-ordered subset of the type v. (By a ramification 
system S we understand a partially ordered set which has the property that, for 
every x t Sy the set S(x) of all elements y ^ x is well ordered; If the set S(x) 
is of the type ( the element x is said to be of the order. The order of the 
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whole set S is the smallest ordinal number greater than the order of all elements 
of S.) 

None of these six problems has yet been entirely solved. It can be shown that 
the solution of these problems is positive for n = and is negative for every 
infinite number n > ^<o which is not strongly inaccessible, in the case of problems 
1-5. (In the case of problem 6 it has been only shown that the solution is nega- 
tive if n is not inaccessible and the generalized Cantor hypothesis holds.) All 
the problems remain open in case of strongly inaccessible numbers 

This situation is rather typical of the problems involving the notion of an 
inaccsssible number, which we have here in mind. Most of them so far have 
resisted all attempts at solution in the case in which n is an inaccessible number 
; it depends, however, on the nature of the problem whether strongly or 
weakly inaccessible numbers arc involved. Ths situation differs slightly in 
connection with certain problems from the theory of ordered sets. Here the 
solution is positive for Ko , and for all regular numbers which are not weakly 
inaccessible, and is negative for infinite singular numl)ers; but the problem 
again remains open in the (;ase of weakly inaccessible numbers >i<() . 

The difficulties which we meet in attempting to solve the problems under 
consideration do not seem to depend essentially on the nature of inaccessible 

* The solution of Problem 1 was given for n = K o by M. H. Stone (see G. Birkhoff op. 
cit. p. 89.) The solution for numbers which are not inaccessible and > K © was recently 
found by A. Tarski and has not yet been published. 

For the solution of Problem 2. see A. Tarski, Fund. Math. Vol. 15, p. 42-50. (Une con- 
tribution i\ la thdorie de la mesure) (the case n = K „). For the case when n is not inacces- 
sible, see A. Tarski, Fund. Math. Vol. 30 (1938) p. 150 (Dritter liberderkungnatz.) 

The solution of Problem 3 for n = Kq was given by S. Ulam, Fund. Math. Vol. 16 p. 
140-150. (Zur Masstheorie in der allgemeinen Mengenlehre.) The solution for numbers 
which are not inaccessible follows from a general theorem of A. Tarski; C. U. Soc. Varsovie, 
Vol. 30 p. 158 (Theorem 2.18). ^ 

The solution of Problem 4 was given for n = K o by Ramsay on a problem of formal logic, 
Proc. London Math. Soc. (2), 30; and for the numbers n > K o which are not inaccessible 
by P. Erdos, appear in Revista de Tucuman). 

The solution of Problem 5 is obvious for n = K ©; for the numbers n > K o which are not 
inaccessible the solution was given by Hausdorff, Mengenlehre (1914) p. 145-146. lie does 
not state the solution explicitly, but it can be deduced easily from his results. 

The solution of Problem 6 was given for n = K o by D. Konig, Uber eine Schlussweise 
aus dem endlichen ins unendliche, Acta Szeged, 3, p. 121-130. For the numbers n > X o 
which are not inaccessible it was given by Aronsajn. It can be shown that the positive 
solution of Problem 1 for inaccessible numbers >Xo would imply the positive solution of 
Problem 2; the positive solution of Problem 2 implies that of Problems 3, 4, and 5; also the 
positive solution of 3 implies that of 2, so that 2 and 3 are equivalent. Further, the positive 
solution of 4 implies that of 5, and the positive solution' of Problem 6 for strongly inac- 
cessible numbers can be deduced from that of Problem 2 (however this solution can also be 
obtained from weaker hypotheses and can be extended to all inaccessible numbers). Also 
the positive solution of Problem 6 implies that of Problems 4 and 5. Finally the positive 
solution of problem 6 implies the positive solution of Problem 1 in the special case when the 
Boolean algebra contains only n elements. The proof of these equivalences is as yet 
unpublished. 
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numbers. In most cases the difficulties seem to arise from lack of devices 
which enable us to constnict maximal sets which are closed under certain infi- 
nite operations. It is quite possible that a complete solution of these problems 
would require new axioms which would differ considerably in their charact('r 
not only from the usual axioms of set theory, but also from those hypotheses 
whose inclusion among the axioms has previously been discussed in the literature 
and mentioned previously in this paper (e.g., the (existential axioms which secure 
the existence of inaccessible numbers, or from hypotheses like that of C^antor 
which establish arithmetical relations between the (‘ardinal numbers.) 

If we now compare the problem which has b(ien actually solved in this paper 
with those which we have recently discussed, we see that the peculiarity of our 
problem consists in two facts. First, our problem has been solved for all cardi- 
nal numbers, although the inaccessible numbers are essentially involved in the 
solution. And secondly the number No behaves in the discussion of the problem 
like a singular limit number, and in a directly opposite way to thci other regular 
or inaccessible numbers. 

University of Pennsylvania and Institijte for Advanced Study 
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It is well known that there exist continuous functions whose Lagrange inter- 
polation polynomials taken at the roots of the Tchebycheff polynomials Tn {x) 
diverge everywhere in (—1, + 1).^ On the other hand a few years ago S. Bern- 
stein proved the following result^: Let {{x) be any continuous function; then to 
every c > 0 there exists a sequence of polynomials <^„(x) where (f>n{x) is of degree 
n — 1 and it coincides with fix) at, at least n ^ cn roots of Tnix) and ipuix) — ► 
fix) uniformly in (—1, + 1). 

Fej4r proved the following theorem^: Let the fundamental points of the inter- 
polation be a normal^ point group 


X\ 

-< 2 ) ^( 2 > 
Xi , X2 


then for every continuous fix) there exists a sequence of polynomials (pnix) of 
degree ^ 2n — 1 such that t = 1, 2, • • • n and (f>nix) fix) 

uniformly in (— 1, + 1 ). In the present paper we are going to prove the follow- 
ing more general 

Theorem 1. Let the point group be such that the fundamental functions lk^^i:x) 
are uniformly hounded in (—1, + 1). Then to every continuous function fix) and 
c > 0 there exists a sequence of polynomials (pnix), such that, 1), the degree of (Pnix) 
is g n(l + c), 2) = fixl""^), f = 1, 2 • • • n, 3) pnixy—^ fix) uniformly in 

(- 1 , + 1 ). ^ ^ 

Theorem 1 generalizes the result of Fej^r in two directions; first the point 
group is more general since it can be shown*" that the fundamental functions are 
uniformly bounded for normal point groups, and secondly the degree of (pnix) is 
lowered from 2n — 1 to n(l + c). 

Theorem 1 does not directly generalize the result of S. Bernstein, but we can 
prove the following 

Theorem 2. Let the x[''^ be such that the fundamental functions are uniformly 
bounded in (—1, + 1 ) ; then to every continuous function fix) there exists a sequence 
of polynomials (pnix) of degree ^ n — 1 which coincides with fix) at, at least n-cn 
points x^"^^ and (pnix) — ► fix). 


1 G. Grtinwald, Annals of Math. Vol. 37, (1936), p. 908-918. 

* S. Bernstein, Comptes Rendus de I’Acad. des Sciences Vol. 

• L. Fej^r, Amer. Math. Monthly Vol. 41 p. 12. 

^ Ibid. 

® Fej^r proves this only for the so called strongly normal point groups (ibid). The 
proof for normal point groups is much more complicated and we do not give it here. 
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We are not going to give a proof of Theorem 2. 

The following problem is due to Fej^r: Let the be the equidistant abscissae 

that is ~ 1 + ^ ^ t = 1, 2, * • • n. The question is, does there exist 

n 

to every continuous /(x) a sequence of polynomials (pn(x) of degree < 2n such 
that and <^n(x) — ^/(x). In other words, does his result proved 

for the normal point groups also hold for the e(iuidistant point group. We 
prove the following 

Theorem 3. To every continuous function f{jc) and to every c there exists a 
sequence of polynomials (pn{x) of degree ^ ^ ^(1 +c) such thatipnixi''^) = f{x\''^)and 

<^n(x) /(x) uniformly m ( — 1 , 1 ), and it can he shown that the constant ^ is the best 

possible. 

Throughout this paper the c’s denote absolute constants not necessarily the 
same. If there is no danger of confusion we will omit the upper index n in 
lk''\x) etc. 

To prove Theorem 1 we need two lemmas. 

Lemma 1 . fjet the point group he such that the fundamental fxmetions are uni- 
formly hounded in (—1, 1) and put cos = Xj, Xi < X 2 < • • • < x,,, > 

• • • > On] then 

c ® 

di ~ di^i > - . 

n 


Proof. Let | li{x) | < D, i — 1, 2, • • • n. By a well known theorem of S. 
Bernstein^ | d/dd /.(cos t?) | ^ nD and since /.(xj) = 1 , li(Xt±i) = 0, we have finally 




Lemma 2. Let — 1 ^ ^ ^ 1, cos 6 = y. Then there exists a polynomial 
hy*^\x) of degree ^ 2m such that hy"'\y) = 1, |/iy(x)| ^ c, — 1 ^ x ^ 1 and for 

e ~ 00 > - 

m 

I ^r’Ceos «„) I < c. min (l, • 

Denote by Xl”' and Xr+i the roots of Tm(x) for which X-”' g j/ g X.-^l . It is 
easy to see that 


® If the fundamental functions are uniformly bounded we have 

- < - Oi+i < - . 

n n 

But the upper estimate is not needed here. (Erdos-Turdn, Annals of Math. Vol. 39 (1940) 
p. 700-707.) 

’ S. Bernstein, Belg. Mto. 1912 p. 19. 
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L'r\y) + Z-SKj/) ^ 1, * 

where Vr^{y) denotes the fundamental potynomials belonging to the roots of 
Ttn{x). Without loss of generality we may assume Li{y) ^ It is well known 

that 1 L\"\x) I ^ \/2, -1 ^ a* g 1.® Thus since Si ~ ^ (cos Bi - Xi) 

m 

our lemma will be proved if we can show that for \ Bi — Bo \ > - 


C’(cos «,) I = I L^rHx,)/Lr(y) r < ^. • 


I h” (cos <?o) I ^ ■ 

Proof of Theorem 1. Let be a polynomial of degree n-1 such that 

|/(a0 - ^An-iCr) I < €, - 1 g .T ^ 1. 

Put/Cr,) — rpn-iixi) = €,. Consider the polynomial of degree ^ n(l + c) such 
that 


iPn-\(x) = + X ^ili{x)hi’f{x), 


_ ^1 
■ -2j 


Clearly <pn-\ (Ji) = /(x.), i — 1, 2 • • • n. We shall prove that <p„_i(.r) —* fix) 
uniformly in (— 1, 1). It suffices to show that 

1 ^( 2 :) I = 23 < ce, — I g a: g 1. 


I gix) I < « E I C’ i^) I = “c* E I (x) I 

+ c€ 1 (^) 1 == (X^i + XI 2 ) 

Xi^X 

Thus we only have to show that X^i + ^2 < ^ 1 . By Lemma 1 , 

i:i<ziAxV ix)\, 


where | are cos(:r + kr) — are cos x | > {rc)/n. Thus by Lemma 2 

Similarly we obtain X ^2 < (h, which completes the proof of Theorem 1 

• ErddS’Turdn, Annals of Math. Vol. 41, (1941) p. 529, Lemma IV. 

• L. Fej4r, Mathematische Annalen, Vol, 106, (1932) p. 5. 
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Theorem 1 does not give a necessary and sufficient condition for the existence 
of a sequence of polynomials ^n(^) of degree ^ w(l + c) with <pn(^i) = f(^i) and 
^n(x) fix) uniformly in (—1, 1). To obtain such a condition let be a 
point group, put cos and denote by Nn («, b) the number of the di 

in (a, h), We have the follow’^ing: 

Theorem 4. A necessary and sufficient condition that to every continuous func- 
tion fix) and to every c > 0 there exists a sequence of 'polynomials ipnix) of degree 
g n(l 4* c) such that ifnixt) = fixi) and <pnix) —^fix) ujiiformly in (—1, 1) is that 

if n (6n — ttn) , 0 g an < 6n ^ TT 

(1) lim sup. ^ - and lim inf. (t?* — t?,+i)n > 0, (a— > oo z arbitrary) 

n(bn — On) TT 


Condition (1) states that the mnnber of di in (a,*, bn) can not he much greater than the 
number of roots of Tni:x) in (on, />«)- If the fundamental functions Ikix) are uni- 
formly bounded (1) is satisfied, for then we have 


lim ^ bn) _ 1 
n(fen - On) t’ 


nibn — On) — ► 00 


We do not give the proof of Theorem 4, but the following proof of Theorem 3 
can by a simple modification be api)lied to it. 

Proof of Thciorem 3. Here the fundamental points are 




= -1 + 


2i - 1 


First we prove the existence for every n and c > 0 of m = ^ n(l + c) points. 

It 

y["'\ z = 1, 2, • • • n such that (1) the occur among the (II) the fun- 
damental functions Lkix), k = 1, 2, • • • z?? are uniformly bounded in (—1, I) 
(The Lkix) are the fundamental functions belonging to the Having con- 

structed the satisfying (I) and (II) we immediately obtain Theorem 3 by 
applying Theorem 1. 

To construct the we first remark that by putting 

cos = - 1 + t = 1, 2, • • • n 

n 

we obtain by a simple calculation 

Oi - 

m 

Now we construct a sequence z = 1, 2, • • • m such that (1) the occur 

among the (2) put cos Si = y* then 6% = — s "I" ~ where is 

m z m 

uniformly bounded (3) — fl,+i ^ • (2) and (3) insure that the j/< are “very 

4m 

nearly” the roots of Tm{x). 


*• ErdOs-Turdn, ibid., p. 519. 
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We construct the i/, as follows: Suppose y,- < y? < ••• < y,_i are already 
constructed. We further make the hypothesis that if d^r (cos = Xr) is the 

greatest < ^,_i then > ^ . If d/ < 0 we choose for either 

4m 

the least Xr > 2/t-i , or if dr < (?,-i — — we put 6i = ^,_i — — . Thus Si does 

m m 

not come nearer than ^ to the greatest d < . If d; > 0, Vt = if 

4m 

TT TT 

i>r > Oi-i — ^ and — — otherwise. Thus in any case if «y ,• is the greatest 
2Tn 4m .jo 

d < Bi then Bi ^ 4 ^* construct , ^ 2 , • • • 2/m . (1) and 

(3) are clearly satisfied and it is quite immediate that (2) is also satisfied. Now 
we have to show that the y/s satisfying (1), (2), and (3) also satisfy (I) and (II). 
(I) is clearly satisfied, the proof that (II) is satisfied is slightly more difficult. 
Denote by 2i , 22 , * • • 2m the roots of T^{x) and by L[{x) the fundamental func- 
tions belonging to the 2 , . From (2) and (3) it follows by a simple calculation 
that 

m 

< 2 ) c\(j)'{yk) < T'„,{Zk) < Ciw'iVk), u(x) = 11 (>^ - Vd 

t-1 

where ci and C 2 are independent of m and k. Denote 

max \Lk(x)\ — Ak, max L'k(x) = Bk 

Then again from (2) and (3) by a simple calculation [using (2)] 

(3) ' C3 > ^ < C4 . 

We know that“ 

( 4 ) Bk < \/2. 

Thus from (3) and (4) we obtain (3), and this completes the proof of Theorem 3. 
To obtain the second part of Theorem 3 we first have to prove 
Lemma 3. Let m = [(T/2)n(l — e)], € > 0 fixedy independent of m and n, n 
odd. Let <pm{x) be a polynomial of degree m such Umt ^m(O) = 1 and 
+ ((2i - l)/n)) = 0, z = 1, 2, ... [(n - l)/2], [(n + 3)/2] • • . n. 

Then 

max 1 ipm(x) \ > Cl y Cl = die) > 1. 

Proof. We use the following lemma due to M. Riesz^^ Let^m(x) be a poly- 
pi L. Fej^r, see footnote 9. 

>* M. Riesz, Jahresbericht der Deutschen Math. Vereinigung, (1915), p. 364-368. 
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nomial of degree m, it assumes its absolute maximum in ( — 1, 1) at the point 
Xo == cos t?o . Let Xi = cos t?,- be the nearest root of in ( — 1, + 1) then 

It immediately follows from this lemma that if Xi and Xi^i are the nearest roots 
including xo , then we have 




m 


Put now cos = —1 + {2i — A simple calculation shows that there 

exists a constant C 2 = C 2 (€) such that if — C 2 ^ x, < x,-f-i ^ C 2 then 





Hence ipm(x) can not assume its absolute maximum for —02 ^ x g C 2 except if 

Xn-i < X < Xn+3 (i. e. in the neighborhood of 0) 

T T 

Consider now a polynomial hmix) with highest coefficient the same as that of 
(Pmix) whose roots are defined as follows: Let — C 2 < Zi < C 2 then 2 , = (1 + 5)Xi 
where 5 is chosen so small that 


0i — 6i^i < 



(cos di = Zi) 


The other roots of hm(x) coincide with those of ipm(x). (^Iearl 3 " the degree of 
hm{x) is m. Define 

' (* + :s)(* ~ 

By the lemma of M. Riesz g{x) does not assume its absolute maximum 
in (— C 2 , C 2 ). It follows from the inequality of the arithmetic and geometric 
means that 

(5) lff(x)| < I v„(x) I for C 2 (l + «) ^ |x| g 1 

Denote by A{ci) the number of x,- in (— C 2 , +C 2 ). We evidently have A{ci) > 
dti. Thus 

(6) 1 9(0) 1 > ^*(0) I (1 + J)'*" > <Pn.(0)c: = c:(ci > 1) 

But since g(x) assumes its absolute maximum in (—1, 1) for some | Xo | > 
02(1 + 5) we have by (5) and (6) 
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I I > I g(xo) I > cl q.e.d. 

Let now rii , 712 , • • • be an infinite sequence of odd integers, which tend to 
infinity sufficiently quickly. We define a polynomial ^t(^) as follows 

= rSi, Jin., 

UO ) = 1, 1^.(0:) I ^2, -1 g a: g 1. 


From the approximation theorem of Weierstrass it follows that such a rpiix) 
exists. Consider now the continuous function 


fix) = 


« 2 * • 


If the second part of Theorem 3 would not be true, we could find a sequence of 
polynomials v>.(a:) of degree ^n<(jr/ 2 )(l — t) such that »Ji (— 1 + (( 2 j — l)/n,)) = 
/[I + ((2j — l)/n,)] and<p,(a:) —*fix) uniformly in (—1, 1). For A; > i 


Thus <piix) coincides with 




j ^ 

•' 2 


r - »(x) 


at the points -1 + ((2j - 1 )M), j ((1 + n<)/ 2 ). 

Let now rii tend to infinity so quickly that rii is greater than the degree of 
gix). Then <pi(x) can be written as 


^,(x) = 

where = g(x), and (x) is of degree ^ ((ir/ 2 ) — Ci)ni and v*/ (— 1 + 
((2J - l)/n,)) = 0,j ((1 + n,)/2)J ^ , also ^>^>(0) = (((^*(0))/2*) = 

(1/2* *). Thus by lemma 3 

c"* 

max \ipi{x)\ ^ max l^f^(a:)| — 2 > ^ > c?* (c 2 and C 3 are>l 

if rii tends to infinity sufficiently quickly. Hence <pi{x) can not converge uni- 
formly to f(x)y and this completes the proof of Theorem 3. 

By a more complicated argument we could prove that a point xo exists such 
that ipnixo) diverges. We give only the sketch of the proof. Since 
max-i^x^i I *Pni(x) I > (1 + 5)”* it follows from a theorem of Remes^® that there 
exists in (~1, 1) a set of measure >c = c(5) such that on this set | iPmix) [ > 
(1 + (6/2))”‘ . Then, it follows easily that there exist a point Xo with 
lim sup I (pmixo) I = 00 . 


E. Remes, Sur une propritU extremale des polynomes de Tchebycheff, Comm, de ITnsti- 
tut des Sciences etc. Kharkov, (1936) s^rie 4, XIII fasc. 1, p. 98-96, 
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By the same method we can prove the following: 

Theorem 5 . Let , 0:2*^ be a point group and put cos Suppose 

that 


lim inf n(t? ^ , (n 

a 


00 , i arbitrary) 


Then to every continuous fix) and constant c > 0 there exists a sequence of poly-- 
nomials (Pnix) of degree <d(l -H c)n such that == and <Pn(x) fix) 

uniformly in (—1, 1). 

The constant di of Theorem 5 is not best possible. We can obtain the best 
possible constant di as follows: Let a„ and bn be two arbitrary sequences of real 
numbers, such that 0 ^ an < bn ^ ir, n(6„ — an) — > qo . Then if d < qo 


lim sup 


nian f bn) 

n(b„ — a„) 


TT di . 


Lemma 3 would not suffice for the proof of Theorem 5. Here we need 
Lemma 4. Let <Pnix) he a polynomial of degree n, «^n(0) = 1. Let ^(n) he any 
function of n tending to infinity together with n and let ci be a constant independent 
of n. Then if <^n(^) is such that for every ci < A < ^(n) the number of roots of 

v?n(cos d) in ((7r/2) — (A/n), (7r/2) + (A/n)) is greater than [((1 + C2)2)/7r] we 

have max_jgxgi | <Pnix) | 00 . Our condition means that the number of roots of 

tpnix) in the neighborhood of O is substantially larger than the number of roots of 

Tnix), The proof of Lemma ^ is similar ^ but more complicated than the proof of 
Lemma 3, 
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THE VARIATIONAL THEORY IN THE LARGE INCLUDING THE 
NON-REGULAR CASE— FIRST PAPER 

By George Ewing and Marston Morse 
(Received July 8, 1942) 

Introduction 

The classical minimum theory was first developed in the so-called regular 
case in which the Euler equations are non-singular. Tn obtaining the proper- 
ties of the minimizing curve use was made of elementary extremals. Carat h^- 
odory studied a non-regular problem in 1906, but Tonelli was the first to make 
an extensive study of non-regular problems. This extension was real inasmuch 
as many important integrals fail to come under the regular case. Xotable 
among such examples is the Jacobi least action integral I in the restricted 
problem of three bodies. A desire to understand I was one of the forces moti- 
vating this study. For it seems possible that an analysis of the contour mani- 
folds of I in the Fr^chet space of the admissible curves may reveal a hitherto 
unknown topological basis for the planetary orbits. 

The theory in the large has a topological form independent of its application 
to functions of n variables to simple or double integrals, or to other problems. 
See Morse [1]. However, up to the present the application to the ordinary 
simple integral has presupposed the condition of positive regularity and has 
made definite use of broken extremals. It has Ix^en an open question whether 
the regularity condition could be relaxed in the theory in the large as it was 
by Tonelli in the minimum theory. The basic difficulties have now been met 
and the new theory includes the old. 

A first change was in the theory of functions on a (‘ompact metric space. Two 
auxiliary metrics, a ./-metric and an L-metric, had to be introduced to describe 
and establish the upper-reducibility and bounded compactness of ./. Recall 
that a function J{g) is ''boimdedly compaeV^ if for each constant c the sul^set of 
points Qj for which *J (g) ^ c, is compact. This change in the general theory 
has been made by Morse, [2]. 

The case of the simple integral without th(^ regularity hypothesis is treated 
by Ewing and Morse in two papers of which this is the first. The second of 
these papers contains the major part of the new results. This first paper gives 
the conditions on the integrand / sufficient to insure the bounded compactness 
of J and the equivalence of convergence in length and J-length. The conditions 
of convexity and positive semi-normality which are used have received extensive 
attention. Besides Tonelli, a number of others including Hahn, Menger, 
Graves and MeShane have made major contributions. We are particularly 
indebted to MeShane as will be seen by our references. In this first paper we 
are thus concerned largely with exposition. It was necessary to bring the 
relevant material together in one place and put it in the form best suited to our 
purposes. 
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New proofs have been introduced, particularly in deriving the properties of the 
‘ ‘figurative^ ^ from its convexity and the homogeneity of /, without using the 
differentiability of /. We also introduce the “pseudo limiting’^ curve and em- 
ploy the concept of “regular convexity/’ A generalized Lindeberg theorem is 
stated with a reduction of hypotheses and a simplification of McShane’s proof. 
The difficult problem of conditions sufficient for upper reducibility, and the 
proof of the generalized Euler theorem (the homotopy theorem) are left for the 
second paper, as well as the integration of the local hypotheses with the theory 
in the large. 


1. The conditions on /(ac, r) 

The symbols x and r will designate sets • • • , and • • ■ , 
respectively. We shall refer to x and r as vectors and shall use the notation of 
vector analysis. Regarded as a point, x shall be restricted to a bounded closed 
connected set A in an w-dimensional cartesian space. Let R denote the cartesian 
space of points r. The integrand in our variational theory will be defined with 
the aid of a function /(.r, r) that is finite and single- valued for x on A and r 
on R, We shall condition / as follows: 

I. The function f shall be homogeneous in r in the sense that 

(1.1) f{Xy kr) = kf{Xf r) fc ^ 0. 

II. The function f shall be convex in r for each x, 

A first consequence of II is that f{x, r) is continuous in r. See Bonnesen und 
Fenchel [1], p. 19. 

When / is convex in r at x — c, corresponding to c and to an arbitrary vector r 
there exists at least one vector a(c, Tq) such that for arbitrary r and fixed ro 

(1.2) /(c, r) ^ a*(r - ro) + /(c, ro) 

where a - (r — ro) is the scalar product of a by (r — ro). 

We shall show that 

(1.3) a-ro = /(c, ro). 

Upon setting r = 2ro and 0 respectively in (1.2), one finds that 
/(c, ro) ^ a-ro 0 ^ /(c, ro) — a-ro . 

Relation (1 .3) follows. 

We shall say that /is positive semi-normal at a: = c (written P.S.N.) if 

/(c, r) > h-r . (r 0) 

for a vector constant b and any r 5*^ 0. 

We begin with certain lemmas in which c is fixed. 

Lemma 1.1. If fie, r) ^ 0/or all r, the subset in the space R on which f{c, r) = 0 
is convex. 

Let / and r" be two points r at which /(c, r) = 0. On the line segment L 
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joining r' to r) is convex in r, and hence /(c, r) ^ 0. But/(c, r) is never 

negative by hypothesis, so that /(c, r) = 0 on L, and the proof is complete. 

We shall make use of the condition 

(1-4) /(c, r) +/(c, — r) > 0 (r 9^ 0) 

with c fixed and r an arbitrary non-null vector. 

Lemma 1.2. If f is non-negative in r at x = c, and if (1.4) holds, there exists 
an {n — 1) pZanc n„_i of the form A-r = 0 such thatf{c, r) > 0, where A-r ^ 0 
and r 9^ 0. 

When n = 2 the lemma follows readily. For /(c, r) cannot vanish at dia- 
metrically opposite points r and — r by virtue of the condition (1.4); and in 
accordance with Lemma 1.1 must vanish, if at all, in a convex domain bounded 
by two rays through the origin. The 1-plane lli of the lemma is thus a suitably 
chosen straight line. To establish the lemma in general we assume that the 
lemma is true when n = m — 1 , and show that it is true when n = m. 

In the m-space of points r let n«_i he an arbitrary {m — l)-plane through 
the origin. The function /(c, r) will be a convex function </> of rectangular 
coordinates on 1 , and the condition corresponding to (1.4) holds for <^, 
implying that <t> does not vanish at diametrically opposite points of 11^-1 . By 
virtue of our inductive hypothesis there exists an (m — 2)-plane nm-2 through 
the origin, with nm~2 Cl JI,n-i such that/(c, r) > 0 on llm-i on the closure of 
one side of n,n-2 , r = 0 excepted. 

Let Mm-i be an arbitrary half (m — l)-plane with lTm-2 as a boundary. On no 
two diametrically opposite half planes of this type can /(c, r) = 0 on both half 
planes. This is true for diametrically opposite points by virtue of (1.4), and 
for other pairs of points on the two half planes by virtue of T^mma 1.1, bearing 
in mind that/(c, r) > 0 on n,„_2 for r 5*^ 0. There accordingly exists at least one 
of the half planes ^m-i , say , on the closure of which /(c, r) > 0, r 5^ 0. 
Let d be the angle which /Um-i makes with Vm-i measuring 0 in a definite sense, 
with 0 ^ ^ < 27r. 

If /(c, r) = 0 at any point r other than r = 0, there will be a half plane /Xm-i 
with a maximum 0 for half planes on Avhich /(c, r) = 0 at some non-null point r. 
Let Mm-i designate this half plane. On the half plane opposite Mm~i ,f(c, r) 0 
for I r I = 1. Hence a half plane for which 6 is slightly larger than on 
will determine an (m — l)-plane Ilm-i satisfying the lemma. 

Lemma 1 .3. Iff is non-negative inratx = c, and if (1 .4) holds, thenf is P.S,N. 
at X = c. 

By virtue of the preceding lemma there exists an (n — l)-plane A*r = 0 
such that /(c, r) > 0 when A • r ^ 0 and r 0. Let k be an arbitrary non- 
negative constant. Then 

(1.5) /(c, r) — kA-r > 0 

when A-r < 0, since / ^ 0. But the left member of (1.5) is positive when 
A *r ^ 0, fc = 0, and \ r\ == 1, in fact is positive and bounded from zero. Hence 
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the left member of (1.5) is positive when A - r ^ 0, r 7*^ 0, and k is positive and 
sufficiently small. For such a k (1.5) holds for each r 5*^ 0, and the lemma 
follows. 

Theorem 1.1. The condition that f be P.S,N, at x = c is equivalent to the 
condition (1.4). 

By virtue of the convexity of /(c, r) there exists a vector a such that/(c, r) ^ 
a-r. Setting 

(1.6) r) = fix, r) - a-r 

we see that </> is convex and non-negative at x = c. If (1.4) holds then 

<t>ic, r) + 0(c, -r) > 0 (r 9 ^ 0 ) 

and we can apply the preceding lemma to 0 to conclude that <#> is P.S.N. at x = c. 
It follows that / is P.^N. at x = c. 

On the other hand suppose that / is P.S.N. at x = c so that/(c, r) > 6-r for 
r 7*^ 0. Then 

/(c, r) + /(c, — r) > 6-r — 6-r = 0 (r 5^ 0) 

and the proof of the theorem is complete. 

We shall say that / is regularly convex at c if (1.2) holds as stated, with a in 
(1.2) uniquely determined b.y (c, ro) for each ro 9 ^ 0. 

Lemma 1.4. If f is regularly convex and non-negative at x == c, and if /(c, r) 
vanishes identically on some line L through the origin in the space R, then fie, r) 
vanishes identically in r. 

Let ro be a point r 7*^ 0, not on L. Then, using (1.3), 

. /(c, r) ^ a- ir — ro) + /(c, ro) = a-r ^ 

for a unique constant vector a and for every r. In particular if p is a point r 
on L not 0, 0 ^ a p. This is possible on all of L only if a p = 0. 
But /(c, p) = 0 by hypothesis, so that 

(1.7) /(c, r) ^ a-r = a-(r - p) + /(c, p) 

It is trivial that (1.7) holds with a replaced by 0. Since / is regularly convex 
at X = c (1.7) can hold for but one constant a so that a = 0. Finally /(c, ro) = 
a-ro = 0, so that /(c, r) vanishes identically in r. 

Lemma 1 .5. Iff is regularly convex and non-negative inratx = c and /(c, r) ^ 0 
in r, thenf is P.S,N, at x = c. 

Under the hypotheses of the lemma it follows from luemma 1.4 that / vanishes 
identically on no line through the origin in the space ft, and hence condition 
(1.4) holds. We conclude from Lemma 1.3 that / is P.S.N. at x = c. 

Theorem 1.2. If f is regidarly convex at x = c the condition thatf be P.S.N, 
at x — c is equivalent to the condition thatf be non-linear in r at x = c. 

This theorem follows upon using (1.6) much as in the proof of Theorem 1.1, 
Lemma 1.5 replacing Lemma 1.3. 
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Examples will show that Theorem 1.2 is false if the condition of regular 
convexity be replaced by convexity. 


2. The lower semi-continuity of J 

To the conditions I and II of homogeneity and convexity imposed on/ in §1 
we now add the following two conditions 

III. The function f shall be bounded for | r | = 1 

IV. The function f shall be lower semi-continuous in x and r. 

AVe admit curves g of finite length and shall use representations x(t), a ^ t ^ b, 
of g in which x^'\t), i = 1 , • • • , n, is absolutely continuous in t. It follows from 
a theorem in Carath^odory [1] p. 377 that/[a:(0, x(0] is a measurable function^ 
of t. Tx>t X = <p(8) be the representation of g in terms of arc length with 0 g 
s ^ So . The function f(<p, <jp) is measurable and bounded. As a function of 

s{t) is absolutely continuous. We thus have 

/ f{<Pi (p) ds = / f(<py <p)s dt. 

Jo Ja 


Upon using the homogeneity of / the latter integral takes the form 


( 2 . 1 ) 


Jfl 


dL 


The integral (2.1) is thus independent of the particular representation x(t) 
of g which is used. We denote the integral (2.1) by J(g),^ 

We shall make use of the following lemma from MeShane [2], p. 603. 

Lemma 2.1. Iff is convex in r and conditioned as in /, II, III and IV, then 
for each constant k > 0 there exists a sequence of functions (p^ix, i') which for x on A 
and 1 r I ^ A; are convex in r for fixed x, of class^ C' in {x, r), and such that for 
(x, r) fixed <p^(x, r) converges to f{x, r) as fjL becomes infinite, and 
iPi{x, r) < ip^ix, r) < • • • . 

Let k be a positive constant and Xmif), m = 0, 1, 2, • • • , 0 ^ ^ ^ 1 bo a se- 
(luence of admissible representations of curves on ^1, with 1 1 ^ k for almost 

all values of t and with Xm(t) converging uniformly to .ro(0 as m bec(imes infinite. 
Let ^p{x, r) be any one of the functions (Py,{x, r). We shall show that 


( 2 . 2 ) 


lim / ip{Xm , Xm) dt 




jf <p{xo , Xo) dt. 


1 The derivative x{t) exists almost everywhere. In a Lebesguc integral the integrand 
can be undefined on a set E of measure 0. Or one can set such an integrand equal to an 
arbitrary constant on the set E, 

* If (7 is a non-rectifiable curve we could define J (g) as the inferior limit of J (C) for recti- 
fiable curves C as C converges in the sense of Fr^chet to g. If / is P.S.N. at points on g 
we shall see in §3 that J(g) would then be infinite. Inasmuch as / will be assumed P.S.N. 
in our final theorems we do not find it useful to include non-rectifiable curves in the domain 
of definition of J(g). 

* A function will be understood to be of class C' on a subset 3/ of a euclidean space if it is 
of class C' on some region containing M. 
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Since <p(x, r) is convex in r 

(2.3) ^(xo , x„) — <p (x„ - xo) 

where the superscript indicates evaluation for (x, r) = (xo , Xo). The ^integral 
of the right member of (2.3) tends to 0 with 1/m by virtue of a theorem in 
Hobson [1], §279. Accordingly 

(2.4) lim f <p(xo , x^) dt ^ f dt. 

;^oo •'0 Jo 

But the left membei's of (2.2) and (2.4) are equal by virtue of the uniform con- 
tinuity of fp(Xy r) for X on A and \ r \ ^ k. Relation (2.2) then follows as a con- 
sequence of this fact and of (2.4). 

Theorem 2.1. The integral Jig) is a lower semi-continuous function of g on 
any class of admissible curves of bounded length. 

Let gfm , ^ = 1, 2, • • • be a sequence of curves on A, converging in the sense 
of Fr6chet to go , with lengths L(gm) at most a constant independent of m. 
In accordance with a lemma of McShane [1], p. 10, the curves gm can be given 
representations Xfn{t),0 ^ t ^ 1, such that ) x j ^ for some positive constant fc, 
and for almost all values of t on the interval [0, 1], while Xm(t) converges uni- 
formly to Xo(0- Corresponding to the constant k let <Pn{x, r) be the sequence of 
functions affirmed to exist in Lemma 2.1. Regarded as a function of the repre- 
sentation Xm{i) the integral 

•f^(^m) ~ > ^m) dt 

Jo 

is lower semi-continuous at .xo in accordance with (2.2). But as u becomes in- 
finite I^{xm) tends, without decreasing, to Jigm)^ Hence Jig) is lower semi- 
continuous at go , and the proof is complete. 

3. Conditions for bounded-compactness of J{g) 

Let che arbitrary constant. If for each c the set of admissible curves on 
which J(g) ^ c is compact, we shall say that J is boundedly compact. If L{g) 
is the length of g, the set of curves for which L{g) g c is compact, as is well known. 
We accordingly seek conditions on / and J under which any class of admissible 
curves for which J is bounded is a class for which L is bounded. 

Let Xfn{t)j m = 1, 2, • • • be a sequence S of curve representations in which t 
is the arc length with 0 ^ t ^ a^ • In case a^ becomes infinite with m, x{t) 
will be called a pseudo limit of aS if x{t) is defined and .absolutely continuous for 
0 ^ t < 00 , and if there exists a subsequence fr(0> ^ 2, • • • , of the sequence 

Xm(0 such that on each finite sub-interval for fr(0 converges uniformly to 
x(0. In this definition we are concerned with representations rather than 
curves. In the “pseudo-limit^’ x(0, t is not necessarily the arc length of the 
curve X = x{t). 
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Lemma 3.1. Corresponding to the sequence of representations S at least one 
subsequence converges to a ''pseudo-limiV^ x{t). 

In accordance with Ascoli^s theorem (see Tonelli [1], p. 78) there exists a 
subsequence Si of S of the form inCO* ^ 2, • • • , such that Xn{t) converges 

uniformly for 0 ^ < 1 to an absolutely continuous function Xi{t), We proceed 

inductively, assuming that Sm-i is a well defined subsequence of Sn -2 , rn = 
3,4, • • • . With Ascoli we infer the existence of a subsequence of Sm-i of vector 
functions converging uniformly, for m — 1 ^ t < m, to an absolutely con- 
tinuous function Xnt(t), We define X(t) for 0 ^ < oo by setting 

X(t) = Xm(t) (m — 1 g f < m, m = 1, 2, • • •)• 

Let S* be the subsequence fn.(0 of S in which fm(0 is the representation 
in Sm . It is clear that the “diagonal sequence^^ fm(0 converges uniformly to 
X{t) on each finite sub-interval for and that X{t) is a “pseudo-limit’’ of S, 
liEMMA 3.2. Let C be a curve, not necessarily rectifiable, at each point of which f 
is P.S,N. Let \ be a positive constant. There exist positive constants 8 and ri 
so small, that when a rectifiable curve g of length X lies on the d-^neighborhood of some 
point of C, then J(g) > n. 

Suppose the lemma false. There will then exist a sequence of arcs of 
length X converging uniformly in point-wise fashion to some point xq of C, while 
Urn JiOn) ^ 0. Since / is P.S.X. at .To there exists a constant vector b such that 

(3.1) f(x, u) — b-u > k > 0, A; constant, 


for all vectors u of unit length, and for all points x on some neighborhood AT of .To . 
Let n l)e so large that gn is on N, Let Xn(s) be the representation of gn in terms 
of arc length. It follows from (3.1) that 


(3.2) 



b'Xn ds "b k\» 


But the integral on the right of (3.2) converges to 0 as gn converges point- wise 
to .To . Since A: > 0, lim J{gn) is positive. From this contradiction we infer 
the truth of the lemma. 

Theorem 3.1. If a sequence of admissible curves Cm converges to a curve C, 
not necessarily rectifiable, and if f is P,S,N, at each point of C then J{Cm) becomes 
infinite loith L{Cm)-^ 

We apply the preceding lemma taking X = 1 and using the constants d and rj 
of the preceding lemma. If C be divided into successive arcs in any way, the 
number of these arcs with diameters d > $/3 is bounded by some integer M, 
Let Cm be divided into successive arcs with L ^ 1 on the last arc, and L = 1 
on the other arcs. Suppose m is so large that C and Cm admit a homeomorphism 
Tm in which corresponding points have a distance less than 6/3. 


* The condition that/(x, r) be convex in r is not used in the proof of this theorem or of 
Lemma 3.2. 
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If the Tw-map on C of a unit arc h of Cnt has a diameter d ^ 5/3, it is clear 
that h is within a distance 5 of some point of C. At most M of the unit arcs of 
Cm can accordingly fail to be within a distance 5 of some point of C. The re- 
maining unit arcs of Cm each contribute at least rj to J(Cm)- As L(Cm) becomes 
infinite J(Cm) accordingly becomes infinite and the proof of the theorem is 
complete. 

If the admissible arcs g on which J{g) ^ 0 are bounded in length by a constant 
X, J will be said to satisfy the condition of Hahn, 

In the condition of Hahn we shall always take X > 0. If J satisfies the condi- 
tion of Hahn, J(C) is bounded below regardless of the length of C. In fact, if 
J5.is the absolute minimum of /(:c, r) for x on A and | r | = 1, then 

J(C) ^ min (0, B\), 

An admissible curve whose length is a multiple of X will be called a X-arc. 
By an initial sub-arc of a curve h will be meant a sul>-arc of h with its initial 
point the initial point of h. The value of J on each initial X-arc of a X-arc C 
lies between 0 and J{C) inclusive. If Hm is composed of a sequence /ii , • • * , hm 
of X-arcs then 


Jillm) = JQll) + • • • + J{hm), 

none of the terms in the sum being negative. If J{Hm) is bounded independ- 
ently of m, and m becomes infinite, then for sufficiently large values of m, Hm 
will possess a X-sub-arc with an arbitrarily great length and an arbitrarily 
small value of J, 

Theorem 3,2. Iff is P.S.N. at each point x on *1, arui if J satisfies the comli- 
tion of Hahn, then L is hounded on any class of curves on which J is hounded, 

For^earlier theorems of this type, see Hahn [1], Graves [1], MeShane [4], and 
Tonelli [2]. 

If the theorem is false there exists a sequence Cm , m — 1, 2, • • • , of X-arcs 
on which J is at most a positive constant M, but on which L becomes infinite 
with m. In the set of X-siib-arcs of the arcs Cm , there accordingly exists a 
sequence g^ , y = 1 , 2, • • • , of X-arcs on which L becomes infinite with y, and 
on which J tends to 0 with 1/m. By virtue of Lemma 3.1 a suitably chosen 
subsequence /ip , p = 1, 2, ••*, of the sequence g,, possesses a “pseudo-limit’’ 
x(t) with 0 ^ ^ . It follows from the lower semi-continuity of J that on 

each sub-arc of x{l) on which 0 ^ t ^ q where g is a positive integer, J ^ 0. 
By virtue of the Hahn condition the length of the curve x{t) is at most X. 

As t becomes positively infinite, x{t) must then tend to a limit point c, and with 
the addition of c as an end point define a rectifiable curve C, By virtue of the 
definition of a “pseudo limit,” suitably chosen initial X-arcs kp , p = 1, 2, • • *, 
of the respective arcs hp converge in the sense of Fr^chet to C, while L(fcp) 
becomes infinite with p. But J (kp) is bounded by M contrary to Theorem 3.1. 
We infer the truth of Theorem 3.2. 

Combining this theorem with the well known theorem of Hilbert on the com- 
pactness of the curve class on which L ^ const., we have the following theorem. 
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Theorem 3.3. If f is P.S.AT. at each point x of A, and if J satisfies the Hahn 
condition^ then the class of admissible curves on which J is at most a finite constant 
is compact. 

Theorem 1.2 leads to the following corollary of Theorem 3.3. 

Corollary 3.1 . Iff is regularly convex and non-linear in r at each point x of A, 
and if J satisfies the Hahn condition, then the class of admissible curves on which 
J is at most a finite constant is compact. 

Recall that the general conditions on / not explicitly mentioned in this corol- 
lary are those of homogeneity, convexity in r, boundedness for \ r \ = 1, and 
lower semi-continuity. VVe are not primarily concerned with the existence of a 
curve minimizing J and joining two given points of A . But under our general 
conditions on / and the special conditions of Theorems 3.2 and 3.3, or the above 
Corollary, such a minimizing curve exists. The compactness and lower semi- 
continuity necessary for the conventional proof are immediately available. 

4. Convergence in length and /-length 

The hypothesis that f(x, r) be convex in r for each x has various consequences 
which we enumerate. As we have noted f{x, r) is continuous in r. To continue, 
lot w be a unit vector. For each fixed x and r, /(x, r + hu) has a right derivative 
as to h when = 0. This derivative will be denoted by f'{x, r, u). It follows 
from Bonneson und Fenchel [1], p. 19 that 

(4.1) f{x, r) - f(x, r- u) ^ f(x, r, u) ^ /{x, r + u) - fix, r). 

We are assuming that / is homogeneous in the sense of (1.1) and bounded for 
I r I = 1. It follows that the extreme members of (4.1) are bounded for | r | = 1, 

I w I = 1, and X on A. There accordingly exists a positive constant H such that 

(4.2) \nx,r,u)\^H 

for I r I = 1, I w I = 1 and x on A. But it follows from the homogeneity of /(:c, r) 
that 

/'(x, kr, u) ^ /'(x, r, u) {k 7 ^ 0). 

We conclude that (4.2) holds without restriction on r. An immediate conse- 
quence of (4.2) is the following. 

(a) Under our conditions on f of homogeneity in r, convexity in r, and bounded- 
ness for \ r \ = 1, the function f is continuous in r, uniformly with respect to x and 
r for X on A and arbitrary r. 

To obtain the theorems on convergence in length and /-length we replace the 
hypothesis that / be lower semi-continuous by the following 
IVa. The function f shall be continuous in x for each fixed r. 

Our general hypotheses on / are now those of 

I. Homogeneity in r 

II. Convexity in r 

III. Boundedness for | r | = 1 
IVa. Continuity in x. 
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We shall prove the following 

(b) Hypothesis III is a consequence of /, II and IVa, 

We shall show that if I, II and IVa hold, / is bounded for | r | ^ k where k 
is any positive constant. On account of the compactness of the set | r | ^ A: 
it will 1^ sufficient to show that / is bounded for x on A and r neighboring an 
arbitrary point p. 

We first show that / is bounded above for r neighboring p. In the space R 
let To , • • • , Tn be the vertices of a simplex E containing p in its interior. Since 
f is continuous in x, /(x, r,) admits an upper bound M, for x on A, 
and t = 0, • • • , n. Because of the convexity of / in r, / ^ M for x on A and 
r on E Hence / is bounded above for | r 1 ^ fc. 

We continue by showing that / is bounded below for r neighboring p and x 
on A. Referring again to Bonnesen and Fenchel [1], p. 19, (2), we have the 
relation 

/(x, p + hu) - /(x, p) ^ /i[/(x, p) ~ /(x, u)] {0 < h < 1) 

For us p is fixed, u is an arbitrary unit vector and x is on A. For such variables 
/(x, p) is bounded by virtue of IVa, and — /(x, p — u) is bounded below in ac- 
cordance with the results of the preceding paragraph, so that /(x, p + hu) is 
bounded below. Hence /(x, r) is bounded below for x on A and r on a neigh- 
borhood of p. 

Statement (b) follows. 

When I, II and IVa hold the conclusion of (a) holds. This taken with IVa 
implies the following 

(c) Under hypotheses 7, II and IVa /(x, r) is continuous in (x, r) for x on A 
and arbitrary r. 

If a sequence of admissible curves Cm , m — 1, 2, • • • , converges to an ad- 
missible curve Co in the sense of Fr6chet, and if J{Cm) converges to /(Co), we 
say that Cm converges in J4ength to Co . When J = L this defines convergence 
in length. 

If s is the arc length on an admissible curve C and one sets s = tL{C), the 
parameter t is called the reduced arc length on C. The reduced arc length varies 
from 0 to 1 inclusive. A representation x{t) of C in terms of reduced arc length 
will be called a reduced representation of C. The following theorem is well known : 
If Cm converges in length to Co and Xm(0 and Xo(0 are reduced representations 
of Cm and Co respectively then 

(4.3) lim f I Xm — ^0 I = 0 

m>^oo Jq 

and Xm(t) converges uniformly to Xo(0. (See MeShane [3], p. 51.) Earlier 
results of the type bf (4.3) are in Tonelli [1], p. 186, Adams and Lewy [1], p. 
24 and A. Morse [1], p. 72.) 

Theorem 4.1. Under conditions 7, 77 and IVa on /, convergence in length 
to an admissible curve Co implies convergence in Jdength to Co . 
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Let Cm , m = 1, 2, • • • , be a sequence of admissible curves converging in 
length to Co . Let Xm(t), m = 0, 1, he the reduced representation of C„ . 
We have | «m | = L(Cm) for almost all values of <, 0 ^ f ^ 1, so that | Xm | is 
bounded for almost all values of t. 

To establish the theorem one notes that 

lf(Xm I Xm) X(Xo > ^m)] df 

+ f lf(xo , X„) — f(Xo , ±o)] dU 

Jo 

The first integral on the right of (4.3) tends to 0 with 1/m by virtue of the 
uniform continuity of /(x, r) for ] r j bounded. It follows from (4.2) that 

I /(^O y Xyn) “ fi,Xty y Xo) | ^ H | Xm Xq | 

SO that the second integral in (4.3) is at most 

( 4 . 4 ) Hf{x,y-±o\di 

Jo 


(4.3) 


J(C„) - J(Co) = t 

Jo 


in absolute value. As we have noted before the integral (4.4) tends to 0 with 
1/m as Cm converges in length to Co . Thus J(Cm) — /(Co) converges to 0 
with 1/m and the proof of the theorem is complete. 

Let Ila denote the condition on f of regular convexity. Condition Ila implies 
that at (a:o , Tq) the ‘‘figurative^’ z = f{xo , r) has but one “supporting” n-plane 

(4.5) 2 — 2o = aixo , ro) • (r — ro) ro 9 ^ 0 [zo = f{xo , ro)] 

we shall prove the following lemma. 

Lemma 4.1. Under the conditions /, 7/a, and IVa on f, fr exists and is a con- 
tinuous function of (x, r) r 0 , 

Ijet A {xo , ro) be a unit vector on the space (r, z) defining the direction of the 
normal to the supporting plane (4.5) taken with a positive ^-component. As 
(a:, r) tends to (xo , ro), A{x, r) tends to A(a:o , ro). For if {x, r) tends to {xq , ro) 
through a discrete set, any cluster value Ao of the .corresponding sequence of 
vectors A(.r, r) defines a normal to an n-plane supporting the figurative at 
(a;o , ro). Under condition Ila, it follows that Ao == A(a;o , ro). Thus A(x, r) 
is continuous in (a:, r). Since each supporting n-plane is of the form (4.5) at 
each point (x, r) it follows that the component r) 9 ^ 0. Finally 


a<*>(x, r) 


r) 

^(n+l)(3r^ r) 


(t = 1, • • • , n) 


and we conclude that a{x, r) is continuous in (x, r). 

To prove the lemma it remains to establish that/r(x, r) exists and equals a(x, r). 
To that end let C be the convex curve in the space R cut out of the figurative 
z = fipco , r) by the 2-plane 11 through r = ro on which z and r^*^ alone vary. 
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The curve C is supported at the point (xq , r©) by a unique line L. For through 
every line L in n supporting C at (xo , ro) passes an n-plane supporting the 
figurative at (o^o , ro). If w is a unit vector in the direction of the axis it 
follows that 


f{xo, ro, w) = — /'(xo, ro, — u) 

so that/r(»> (xo , ro) exists and equals the directional derivative f'{xo , ro , w). 

Finally this derivative equals a^*^(a;o , ro). For the 2-plane n intersects the 
n-plane (4.5) in a line L supporting C at (a:o , ro) with a slope of a^^\xo , ro) with 
respect to the r^*^ axis. It follows that 

a^*\xo , ro) = fr(o(xo , ro) 

and the proof of the lemma is complete. 

We seek conditions on / under which convergence in J-length to an admissible 
curve Co implies convergence in length to Co . We begin with an extension of a 
lemma of McShane, [1], p. 9, making use of the Weicrstrass £^-function E(Xy r, q). 

Lemma 4.2. Let C^ , m = 1, 2, • • • 6c a sequence of curves with reduced repre- 
sentations Xmit) and lengths at most M, such that Xm(t) converges uniformly to a 
representation Xf){t) defining a curve Co . ^4mon^ values of t at which Xoexists let w 
be the set at which io = 0 and let a be the residxml set. Let b{t) be an arbitrary 
bounded measurable vector function of t, 

Then^ 


(4.6) 


Hm [J(Cm) - J(Co)] ^ f E{xoy xoy xjdt 

m»ao nvmco Jv 


+ 1”? f [f(X0, Xm) - b(t)-Xn,]<U, 


the equality prevailing when m(a>) = 0. 

By elementary additions and subtractions of the integrands concerned on the 
separate sets c and w we find that 


/. 


[/(x„ , x„) - /(aro , io)J dt 


= / [/(Xm. im) - /(aJo, x»)]dt + / E{Xa, Xo,±m)dt 

“1“ / [fiXoy Xm) b(t) * Xm] dt "4“ / friXOy Xq) * {Xm Xo) dt 

+ f HO • (Xm — Xo) dt. 

J u 


* The derivative Xm may not exist on a set E of measure 0 and on such a set the integrands 
in (4.5) are not defined. We understand that these integrands are set equal to an arbitrary 
constant on E, 
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The first integral on the right tends to 0 with 1/m by virtue of the uniform 
convergence of Xm{t) to a;o(0, the fact that \ xm \ ^ M, and the uniform con- 
tinuity of /(x, r) over the set of variables concerned. The sum of the last two 
integrals tends to 0 with 1/m by virtue of the convergence of Xm to Xq and a 
theorem in Hobson [1], §279 already cited. The lemma then follows. 

Lemma 4.3. If the curves Cm of the preceding lemma satisfy the condition 

(4.7) L{Cm) ^ L{Co) + 6 (m = 1, 2, . . .) (e > 0 ) 


then at least one of the two following cases occur. 

Case I. The derivative Xo = 0 on a set ca of positive measure.^ 

Case II. There exist an integer N and positive constants r} and 8 such that 


(4.8) 


±m _ 

\Xm\ \Xo\ 


(m > N) 


on a set com of measure exceeding 8. 

We shall apply Lemma 4.2 to the function J = L. Assuming that Case I 
does not hold we shall prove that Case II must hold. When Case I does not 
hold, m(aj) = 0. I^t Cm be the subset of a on which Xm ^ 0. According to 
(4.7) and Lemma 4.2 we have 


e 


^ Hm [L(C„) - L(Co)] = Ijm / x„ x„) dt 


where E* is the Weierstrass £'-function set up for L. Developing E* more 
explicitly and noting that \ Xm\ ^ M almost everywhere on am we have 


^ Hm [ |i„| - A dt ^ M Hm f 

** iftn L I ^0 I J m—oo o„ 


Xm 

I I 


Xo 

1 "^ 


dt. 


Hence (4.8) holds as stated and Lemma 4.3 follows. 

We shall say that / is strongly convex at a point (.ro , ro) at which ro 5*^ 0, if the 
convexity relation (1.2) holds with the equality excluded for each vector r 
differing in direction from ro . Expressed in terms of the Weierstrass £^-f unction 
this condition requires that rn 7*^ 0 and that E{xq , ?o , r) > 0 for each vector r 
differing in direction from ro . 

In proving the next theorem we shall make use of the following theorem due 
to Lusin. If h{t) is a finite measurable function defined on a bounded set g 
of measure exceeding a positive constant 5, there exists a subset of g of measure 
exceeding 5 on which h(t) is continuous, and hence a closed subset of g of measure 
exceeding 8 on which h{t) is continuous. See Saks [1], p. 44 for a proof. 

The following theorem generalizes a theorem of Lindeberg. Cf. Tonelli [1] 
p. 321 and MeShane [1] p. 40. 

Theorem 4.2. Under the general conditions /, //a, and IVa, if f is P,S,N, 
at each point of an admissible curve Co : .c = <^(s), and if f is strongly convex at 


« That Case I actually occurs can be shown by examples. 
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[^(8), ip(s)] for almost all values of the arc length s for which ip{s) ^ 0, then coiwer-- 
gence in J-length to Co implies convergence in length to Co . 

If the theorem is false there will exist a sequence Cm , m ^ 1, 2, • • • of ad- 
missible curves converging in J-length to Co while a condition such as (4.7) 
holds for each m. The curves Cm are bounded in length by a positive constant 
M in accordance with Theorem 3.1. Hence a subsequence of these curves, 
which we again denote by m = 1, 2, • • • , can be parameterized together 
with Co , as in Lemma 4.2. See McShane [1], p. 10. Lemmas 4.2 and 4.3 
then apply. We have the two cases of Lemma 4.3. 

Since / is P.S.N. at each point of Co , there exists a function h{t) which is 
constant on each of a finite set of intervals covering [0, 1] such that for each t 
and r 0 

(4.9) f[xo{t), r] - 5(0 T > k\r\ 
where A: is a positive constant. 

We make use of (4.6) taking b(t) in (4.6) as the 5(0 of (4.9). Then 

t 

(4.10) lim [J(C„) - /(Co)] ^ f E(xo, xo, x„) dt + miu)k lim L(C„) 

tiv^co m«oo m—oo 

Case I. In this case m(6)) > 0. Since L(Cm) is bounded below by e, and 
E 't: 0 in (4.10), we infer that J(Cm) does not tend to J(Co), contrary to hypothe- 
sis. The theorem follows in Case I, 

Case II. We can assume that Case I does not hold so that m(a)) = 0. There 
exists a closed subset Wm of the set wm of Lemma 4.3 on which Xo is continuous and 
m(Tm) > 5, The set (oto , io , u) for which t is on and 

|m| = 1 

is closed; hence on this set E{xo , xo ,u) > c where c is a positive constant. But 
for almost all values of ^ on tt^ , | | = L(Cm), so that for these values of t and 

for m > iV” as in (4.8), 

E(Xo , Xo , Xm^ ^ C j Xm j ~ ('L{Cm') = CC (m ^ -^)« 

It follows from (4.10), setting m(«) = 0, that J{Cm) does not converge to 
J(Co), and from this contradiction we infer the truth of the theorem. 
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Introduction 

In the first paper with this title the authors have reviewed and simplified the 
classical conditions for curve-space compactness, together with the conditions 
that convergence in length and convergence in J-length be equivalent. The 
hypothesis of convexity of the integrand /(x, r) in r so effectively used by Mc- 
Shane [1] and others is here carried still further. Other notions such as that of 
a pseudo-limiting curve play an important role in simplifying the theorems and 
their proofs. 

The present paper is concerned with the more novel problems of upper- 
reducibility and of the generalized Euler theorem or homotopy theorem, ^^hese 
problems belong peculiarly to the variational theory in the large. The original 
treatment of these problems in Morse [3] used methods which in part break down 
in non-regular problems. The underlying topological structure however re- 
mains essentially the same, subject to certain difficulties which have been sur- 
mounted in Morse [4] in preparation for the present paper. This paper by 
Morse gives the underlying definitions and the topological existence theorems 
for critical points. 

The theorems of the present paper are first established in a Euclidean region. 
We turn next to a compact Riemannian manifold 2. It would be possible to 
treat the problems of upper-reducibility and the homotopy theorem on 2 di- 
rectly,* with an appropriate use of an elaborate tensor analysis and with geo- 
desics replacing straight lines. The necessity of doing this is avoided by the 
introduction of a new lemma, Lemma 7.2, on the choice of coordinate systems 
covering a curve. With the appropriate invariant formulation of the previously 
locally defined conditions of convexity, semi-normality etc., the theorems are 
finally stated and proved for 2. 

1. The metric spaces M, L, J 

We begin with certain definitions which can be given best in terms of functions 
on a metric space M, Let the points of M be denoted by Greek letters a, 

7 etc., and let a/3 designate the distance between a and on Af . We understand 
that OL& satisfies the usual metric axioms. We shall be concerned with two func- 
tions J (a) and L(a) of the point a of M. We suppose that J(a) and L{a) are 
finite, single-valued and lower semi-continuous on M. In later sections a will 
be identified with a curve joining two points on a Riemannian manifold, a/3 
will be the Fr^chet distance between the curves a and while J(a) and L(a) 
will be integrals along a, of which L(a) is the length of a. We here suppose that 
L ^ 0, and that J (a) is bounded below. 
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Beside the metric of M we shall need two other metrics, an Zr-metric with a 
distance 


I I = + I L(a) - m\ 

and a J-metric with a distance 

(o!^) = afi + \J{a) — J(fi)\. 

We shall refer to the corresponding spaces as the spaces L and J. In connection 
with the metric spaces L or /, terms such as neighborhood, compact, etc., 
will be preceded by the letter M, L or J according to which metric is used to 
define these terms. If for a fixed /J, afi tends to 0 and J{a) tends to /(/3), we 
say that a converges in J -length to 0. The term convergence in L-length (or 
simply convergence in length) is thereby defined, taking J = L, 

Let Ehea subset of L. Let h be the interval 0 ^ r ^ a, a > 0. By E X It 
we shall mean the product of E and Ir and shall assign the usual metric to this 
product space. We shall admit deformations D oi E which replace a point a 
found on E at the time r = 0, by a point ^(a, r) on L at the time r, 0 ^ r ^ a. 
We also require the following 

(a) . The point function <p{a, r) shall map E X Ir continuously into L. 

(b) . For each fixed a on E, r) shall map Ir continuously into M, uniformly 
with respect to a and r. 

We term D a weak J -deformation if for each fixed ot on E, and for <p = r), 

J{a) — J{(p) is negative for no value of r on /r . A weak /-deformation is 
termed proper if the above difference J{a) — /(^) is positive and bounded from 
0 uniformly for a on E^ if r on Ir is bounded from 0. 

Let /^ denote the subset of points of M for which J ^ b. We say that J is 
upper-reducible at a and on if b > /(a) and if corresponding to an arbitrary 
constant a with b > a > J(a) there exists a weak /-deformation of some M- 
neighborhood iV of a relative to /^ which is a proper deformation of A* (/^ — /“). 
We term / upper-reducible at <x if J is upper-reducible at a on each set /^. In 
interpreting these definitions we understand that the null deformation is a weak 
/-deformation, and that any weak /-deformation is a proper deformation of an 
empty set. 

As is well known the integrals of the calculus of variations are not in general 
upper semi-continuous. The}" are however upper-reducible under very general 
conditions as we shall see, and this upper-reducibility fills the gap caused by the 
lack of upper semi-continuity. The earlier proofs of upper-reducibility in the 
regular case made use of elementary extremals. Since these elementary ex- 
tremals are not in general available in the non-regular case, a different type of 
proof is necessary. The proof given in the next section is more closely related 
to the proof of the upper-reducibility of the Douglas-Dirichlet integral than 
to the earlier proof for regular simple integrals. See Morse and Tomp- 
kins [1]. 
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2. A deformation problem 

The parameters in each local representation of our Riemannian manifold 2 
will be coordinates • • • , on a bounded region S of Cartesian ?^-space. 
In this local system we shall use the notation of vector analysis^ letting x repre- 
sent the vector whose coordinates are (x^^\ • • • , It will simplify matters 

and cause no loss of generality if S is assumed convex. 

We shall admit curves on S with vector representations x{t)f 0 ^ ^ ^ , in 

which each x^^\t) is absolutely continuous. The ^derivative of x{t) will be 
denoted by x{t). A particularly useful representation is that in terms of re- 
duced length. Let a be a curve with length L(a). To obtain a representation 
of a in terms of reduced length t one sets s = tL{a), where s is the arc length on 
a measured from the initial point of a. The parameter t then ranges from 0 to 1 
inclusive. If x(i) is the reduced representation of a, | i | = L(a) for almost all 
values of t. 

We have introduced various distances between curves. To state our results 
in the briefest fashion it will be convenient to introduce a distance between two 
representations x{t) and z{t) of two curves given with the same internal [0, h] 
for t. This distance will be defined by the relation 

d[x(t), z(t)] = max | x(t) — z(t)l (0 ^ t ^ h) 

If for a fixed z(t), d(x, z) tends to 0, x(t) converges uniformly to z(t). 

As a matter of permanent notation let be a fixed rectifiable curve and a a 
variable curve, both of positive length. Let x(t) and y(t) respectively be admis- 
sible representations of a and with 0 ^ ^ ^ 1 . We shall have occasion to con- 
sider a deformation in which /S is fixed and a is replaced at the time r by a curve 
with the representation 

(2.1) vUO = + T[y(0 - x{t)] (0 ^ T ^ 1) 

It is clear that such a deformation of a depends upon the representation x(t) 
and y{t)y and not merely upon a and as points of M or L, We would like to 
choose representations of a and such that the following three conditions are 
fulfilled. 

(A) The deformation (2.1) is admissible in the sense of (a) and (b) of §1. 

(B) For any class of curves a for which L{a) is bounded and off sufficiently small^ 
\ ifa \ is bounded independently of t, r, and a. 

(C) As afi tends to 0, d[y{t), Va{t)] tends to 0 uniformly with respect to r. 

We have been unable to find representations of a and such that (A), (B) and 
(C) are satisfied simultaneously. If a and ^ are represented in terms of reduced 
length one could show that (A) and (B) are satisfied but that (C) fails in general. 
To meet this difficulty we modify our approach as follows. We seek not one 
representation y{t) of p but many, in fact a representation ya{t) of 0 which is 


* When dealing with S in §7 and thereafter we shall use the notation of tensor analysis. 



VABIATIONAL THEORY IN THE LARGE. II 


357 


determined by a and jS together. We are thus concerned with a deformation of 
the form 

(2.2) Xa(i) = x(i) + T[2/a(0 — 

The representation x(t) of a shall be in terms of reduced length. Because we 
have not been able to satisfy (C) as well as (A) and (B) we shall abandon the 
attempt to find a single deformation satisfying (A), (B) and (C) and seek a 
sequence of deformations Z)(m, /3), m = 1, 2, • • • each of which satisfy (A) and 
(B) and which are such that the following is true. 

(D) As aP and 1/m tend to 0, d(ya , Xa) tends to 0 uniformly with respect to r. 

Our representation ya{t) of P will depend both on a and m, so that in D(m, p), 
Xa (0 will depend on the parameter m. The parameter m will ordinarily be held 
fast and so will not be explicitly indicated. 

3. The (a, m)-representation i/«(0 of p 

In accordance with the preceding section a is a variable curve with a reduced 
representation x(0, and /3 is a fixed curve whose representation ya(t) will depend 
on a and on an integer m. As an aid in defining ya(t) we make use of earlier 
results of Morse [2] whereby the point x of S on a can be represented in terms of 
a M-parameter^ as follows. Let represent the interval 0 g M ^ 1. In the 
^-representation of a, x is given by a function 

(3.1) X = X(m, a) 

which maps X M continuously into S, For a fixed «, X(m, a) is a representa- 
tion of a, and as stated X(/i, a) varies continuously on with y on 1^ and a on M. 

We make use of the representations X(m, a) and X'(/n, P) of a and p respec- 
tively to divide a and P into m successive arcs a. and Pi respectively (i = 1, • • • m) 
on each of which Afi = 1/m. Recalling that t represents the reduced length on 
a, let ti^i and be the values of < on a at the end points of a, . We parameterize 
pi as follows. The parameter on Pi will be denoted by t and have the values 
t*t-\ and t't at the end points of Pi . At an inner point p of pi the parameter t 
shall be such that { — is proportional to the arc length on Pi measured from 
its initial point to p. The resulting representation of pis our (a, m)-representa- 
tion 2/a(0 of p. Let denote the subset of curves of L of positive length. We 
are supposing that a lies on 

We shall recall certain properties of convergence in length. See MeShane 
[2], p. 51. If an arc with a reduced representation rj{t) converges in length to 
an arc with a reduced representation f (0, then 7j{t) converges imiformly to f(0 
and ii{t) converges to in the mean (understood of the first order). If a 
curve a converges in length to a curve 7, the length of any subarc tends to the 
length of any subarc of 7 to which it converges in the sense of Fr^chet as ay 


> Actually the present parameter is reduced fidengthf bearing the same relation to the 
parameter p, of Morse [3] that reduced length bears to length. 
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tends to 0. With this understood we see that, for m and fixed, tt and !/(«•) 
are continuous functions of a on L. Two first properties of the (a, m)-repre- 
sentation ya(t) of the fixed curve result as follows. 

(i) For a fixed m, 2/a(0 is continuous in t and a, for < on [0, 1] and a on L. 

(ii) For a fixed m and curves a and y on ya(t) converges uniformly to yy(t) 
and ya(t) converges in the mean to yy{t) as a converges in length to y. 

For almost all t on the interval [<?-i , /“] 

(3.2) I Ut) I = ^ L{a). 

If then a is restricted to a class L* of curves of whose lengths are at most k 
then for almost all t 


(3.3) [L(«)^0]. 

For each m there exists an ^-neighborhood Nm of so small that when a is on 


(3.4) 


L{ai) > 


Lm 

2 


by virtue of the lower semi-continuity of L(a<)- With the aid of (3.3) and (3.4) 
we then have the result. 

(iii) Corresponding to the curves a on L* and the integer m there exists an M- 
neighborhood N„i of 0 such that for almost all t 


(3.5) 1 2/«(0| < 2k [a on 

As tends to 0 the euclidean distance between the points of a and 0 respec- 
tively bearing the parameter tends to 0 uniformly for all m > 0 and i = 
1, • • • , m. Moreover the euclidean diameters of the arcs a, and ffi used in the 
definition of ya(t) tend to 0 with aff and 1/m, We thus obtain a final property 
of 2/«(0. 

(iv) The distance d[x{t), ^a(0] tends toO as a& and 1/m both tend to 0. 


4. The deformation Z)(m, 

We can now define a deformation D(m, ff) satisfying conditions (A), (B) and 
(D) of §2. In this deformation is a fixed curve with a variable representation. 
The time r varies on the interval [0, 1]. The curve a to be deformed has a 
positive length and a reduced representation x(t). For each fixed positive 
integer m we use the (aj m)-representation 2/a(0 of /3. At the time r the image 
^(a, t) of a under D(m, /3) shall have the representation 

(4.0) x;(0 = x(t) + T[yM) - x{t)] (0 g T g 1) 

The condition (a). We begin by showing that ^(a, r) satisfies (a) of §1. 

To that end let a and oo be curves of L^, and let r and ro be values of r on 
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[0, 1]. Let x(t) and xo(0 be reduced representation of a and oo respectively. 
Set 

T — To — At, x(<) — Xo(0 = Ax 

xl(i) - = Axl , ya{t) — = Ay* 

Referring to (4.0) we obtain 

(4.1) Axl, = (1 — to)Ax + (y* — x)At + roAy* . 

Taking maxima as t ranges over [0, 1] we have 

(4.2) max | Ax* | ^ (1 — ro) max | Ax | + | At | max | x — y* | 

+ TO max I Ay* | . 

If a converges in length to ao , max | Ax | and max | Ay* | will tend to 0, (see (i) 
§3), and if | At | also tends to 0, max | Ax* | will tend to O.in jiccordance with 

(4.2) . 

To show that ^(a, t) satisfies (a) it remains to show that ^(a, t) converges in 
length to < p(ao , to) as a converges in length to ao and t converges to to . 

The lengths of ^(a, t) and <p(ao , to) have an absolute difference 

(4.3) ^ -x;»jdt = j['|Ax;|d<. 

From (4.1) we find that 

(4.4) Axl = (1 — ro)A:c + (ya — x)At + nAya 

for almost all t. But in accordance with (ii) of §3, x and jja converge in the 
mean to Xq and yao respectively as a converges in length to oo . If in addition 
I At I converges to 0 it follows from (4.4) that the integral 



converges to 0. Hence <p{a, r) converges in length to ^(oo , to) as a converges in 
length to Oo and t converges to to . Cf . MeShane [2], p. 51 . 

Thus condition (a) is satisfied. 

The condition (b). That condition (b) of §1 is satisfied by ^(a, t) follows at 
once from (4.2) upon setting | Ax | and | Ay a | equal to 0 in (4.2) and observing 
that I X — 2 /a I is bounded since S is bounded. 

Of the conditions (A), (B) and (D) of §2, (A) is thus established for ^(a, t). 
Condition (B) is satisfied as a consequence of property (iii) of 2/a(0 in §3. To 
show that (D) is satisfied note that 

(4.6) d(y* , X*) = (1 - t) max | x(0 - y*(<)| = (1 - r)d(x, y*) 

where the maximum is for 0 ^ ^ 1. Property (iv) of §3 of y* shows that this 

distance tends to 0 with a/3 and 1/m. Thus (A), (B) and (D) are satisfied by 
the deformation ^(a, t). 
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We add the lemma. 

Lemma 4.1. The image ^(a, r) of a under D(m, scUisfies the relation 

(4.6) L(<p) g L(a) + r[L(/3) - L{a)] g max [L(a), Lip)] (0 ^ r ^ 1). 

We see that 

I (1 — t)* + rj'a 1 dt 

(1 — t) /* \x\ dt + T f \ya\dt. 

Jo Jo 

Relation (4.7) shows that L{<p) is convex in r. 

6. The upper-reducibility of J 

To define our integral J we require a function /(x, r) of jbhe point x on S and 
of a vextor r. Let S' be a region containing the closure S of S. We suppose 
that / is of class^ C' for x on S' and any r 9 ^ 0. The function / shall be homo- 
geneous in the sense that 

f(x, kr) = kf(Xy r) (k ^ 0). 

We also suppose that / is a convex function of r. This implies that the Weier- 
strass ^-function is never negative. Under these hypotheses J{a) is a con- 
tinuous function of a on L and a lower semi-continuous function of a on M on 
any subset L* of M. See Morse and Ewing [1]. We shall prove that J(a) is 
upper-reducible at each curve P of L^. 

We make use of the deformation Z)(m, p) for a fixed m and p. Recall that 
the subset of curves of positive lengths at most k is denoted by L*. As a func- 
tion of r, J((p) is almost convex in the sense of the following lemma. 

Lemma 5.1. If a and p belong to L* and r) is the image of a under the 
deformation D{my p), then 

(5.1) JM ^ J(a) + t[J(P) - J(a)] + Th{ay Py m) (0 ^ r ^ 1) 

where /i ^ 0 and is less than a preassigned positive constant e if m is suificiently 
large and a is on a sufficiently small M-neighborhood Qm of p. 

By virtue of the convexity of /(x, r) in r, 

(6.2) JM ^ ffixl , i) + T [f(xl , ya) - f(xl , x)] dt. 

The differences 

(5.3) xlH) - x(l) = T(ya - x), xl(t) - yaif) = (1 - r)(« - ya) 


(4.7) 


Relation (4.6) follows. 


* By virtue of the homogeneity of / in r, /, exists and is continuous even when r * 0. 
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converge to 0 uniformly with respect to t as off and 1/m tend to 0 in accordance 
with property (D) of the deformation Z)(m, 0). Hence for x = x(t) 

(5‘4) f(xl dt — f(x^ x) dt ^ Ri 

where ^ 0 and is of the character of rh in (5.1). Use is thereby made of the 
fact that \ x \ ^ K for almost all and that for | r | g ic and x on S, fx is bounded. 
In the second term on the right of (5.2), \ya\ ^ 2 k in accordance with (iii) of §3, 
provided m is sufficiently large and a is on The second term is thus of 

the form 

(5.5) ~ J{a)] + rhria, p, m) 

whore | hi | has the character of h in the lemma. The lemma follows. 

It follows from (5.1) that Z)(w, /3) is a proper J-deformation of any point a 
of L* on a sufficiently small ^-neighborhood of for which 

(5.6) J(oi) — J (0) > h(ay /3, m.) 


initially. But there may be points a arbitrarily near at which J(a) g 
and for such points wc could not affirm that Z)(m, fi) was even a weak J-de- 
formation of «. We arc able however to modify Z)(m, /S), depending upon the 
initial value of J(a), obtaining thereby" a deformation /)(m, jS, a) which more 
nearly meets our needs. 

The deformation D(m, /3, a). Let a and c be constants such that 


a > J(P), 


a_+ JW 

2 


For each a on L ^ we shall now define a value T(a) of the time r. For points 
a of at which c ^ J{a) ^ a let r(a) be a value of r which divides the interval 
[0, 1] in the same ratio as that in which J(a) divides the interval [c, a], For 
J{a) > awe take T(a) as 1, and for J(a) < c wc take 7(0:) as 0. Recalling that 
J(a) is continuous in a on L, by virtue of hypotheses at the beginning of §5 
together with Theorem 4.1 of Morse and Ewing [1], w^e see that r(a) is also 
continuous on L^. The deformation Z)(m, /?, a) is now obtained from D(m, fi) 
by deforming a as under D{m, /3) until the time T(a) is reached, and holding the 
image of a fast thereafter. This deformation has the following properties. 

Like D(m, p) it satisfies conditions (a) and (b) of §1 and so is admissible. 

In terms of the preceding constant c we write (5.1) in the form 

(5.7) J{<p) J(ot) ^ — c + /i] + t[c — J(a)], 


By virtue of Lemma 5.1, if m is sufficiently large, say m > mi and a is on 
Qtn-L\ where is a sufficiently small M-neighborhood of jS, then /i(a, jS, m) will 
be less than the positive constant c — J(fi) and (5.7) will take the form 

(5,8) J(<p) ^ ^ '''[c J{ot)] ^0 (m > mi). 
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Hence for m > mi , Z)(m, a) is a weak J-deformation of This follows 

for J(a) > c from (5.8), and for J{a) ^ c from the fact that D(m, jS, a) is the 
null deformation. From (5.8) we see that for m > nii , D{m, /S, a), is a proper 
deformation of the subset of 12^- L* for which J(a) ^ a. 

To establish the upper-reducibility of J on L at a curve <8 we assume that L 
is bounded with J. Conditions on / that L be bounded with J are given in 
Morse and Ewing [1], Theorem 3.2. When L is bounded with /, a set lies 
on some set L ^ k for k sufficiently large. To establish the upper-reducibility 
of J at a curve 0 of positive length we refer to the definition of upper-reducibility 
and choose an arbitrary constant a > J(fi) and a second arbitrary constant 
b > a. To appb^ Lemma 5.1 we choose k so large that is on the set L ^ k. 
We then apply the deformation D(m, a) with m > mi , Under this deforma- 
tion 12m -L* is weakly , /-deformed, while 12m* — •/“) suffers a proper /-deforma- 
tion. Hence J is upper-reducible on at But a and h are arbitrary con- 
stants subject to the condition b > a > Hence J is upper-reducible on 

L at p, in accordance with the definition of upper-reducibility. 

We thus have the following theorem. » 

Theorem 5.1. If Lis bounded with /, J is upper-reducible on L at each recti- 
fiable curve jS of positive length,^ 

6. The homotopy theorem 

The function J is said to be homotopically ordinary at a point of L if there 
exists a proper ./-deformation of some ./-neighborhood of Tf not homo- 
topically ordinary at /?, J will be termed homotopically critical. The funda- 
mental theorem of this section is that under suitable conditions on / a point 
which is homotopically critical is an “extremar\ This is a semi-topological 
generalization of the theorem of Euler that, under suitable eonditions on /, a 
minimizing curve is an extremal. For a minimizing curve clearly defines a 
homotopic critical point. 

We shall need the condition that /(x, r) be strongly convex at (x, p), p 7 ^ 0. 
Since we are assuming that / is of class C', the required condition is that £(x, 
P, r) ^ 0 for the given (x, p) and arbitrary r, and that it vanish only when r = 
kp where A; is a non-negative constant. With this understood let x = x{s)y 
0 g s ^ So , be a representation of a curve 0 in terms of length. A pair [x{s)y 
x(s)] at which i:(s) 5*^ 0 will be termed an element tangent to /3. A set of ele- 
ments tangent to will be said to include almost all such elements if the corre- 
sponding values of s include almost all values of s on the interval [0, Soj. With 
this understood Theorem 4.2 of Morse and Ewing [1] takes the following form. 

Theorem 6.0. Iff is strongly convex at almost all elements tangent to p and is 
positive semi-normal at all points of ffy then a converges in L-length to P if a con- 
verges in J-length to p. 


* The theorem holds even when L(p) » 0, as one shows by a trivial modification of the 
proof. 
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We shall make use of ‘Variations’^ ri(t) of class C' for 0 ^ ^ 1, vanishing for 

/ = 0 and t = 1. 

Let jS be a fixed curve of positive length and lot a be a curve on an L-neighbor~ 
hood of jS. Let x{t) be the reduced representation of a. We shall consider a 
deformation A(i 7 , /S) of an L-neighborhood of ^ in which a is replaced at the 
time r by a curve r) on L with the representation 

(6.1) z"a(t) = x(t) + rriit) {0 ^ t ^ 1) (0 ^ r ^ c). 

Recall that | x(t)\ = L{a) for almost all t. 

The neighborhood N and the value of e, Wc shall rc'stric^t a to so small an 
Z/-neighborhood AT of /3 that L{a) is bounded and bounded from 0. We take e 
and N so small that for a on N and t on [0, e], the image curves 2 a are on S, and 
for almost all t 


(6.2) p > I 2a I = I i- + TT) I > O' > 0 

where p and a are positive constants. 

Lemma 6.1. The deformation \l/{a, r) satisfies the conditions (a) and (6) of §1 
and is accordingly admissible. 

To establish (a) suppose that a converges in length to ai and r converges to 
n . We have 


(6.3) I 2^(0 - 2;\(0| ^ I x{t) - .ri(0| + I r - n i| rj{t)\. 


That x(t) converges uniformly to Xi(t) as a (converges in hiiigth to ai follows from 
the fact that t is the reduced length on a and ai respectively. From (6.3) we 
sec then that ^(a, r) converges in the sense of Frechet to = ^(ai , ri), as a 
converges in length to ai and r converges to n . 

It remains to show that ^ converges in length to \f/i . Observe that 


(6.4) 


1 Li'l') - Lih) I = ! f II -c + r?) I - I ii + Ti^ 1} ( 

I Jo 

^ j I « — i’l I d< + k ■" ’■i I N I 


dt. 


As noted in §3 the integral of | x — ii | (ionveiges to 0 as a converges in length 
to ai . Relation (6.4) then shows that yp converges in length to fi as stated. 
The deformation yf/^a, r) thus satisfies (a). 

Condition (b) of §1 is satisfied if iA(«. r) maps the interval for t continuously 
into M, uniformly with respect to (a, r). That condition (b) is satisfied follows 
from the form of (6.1). 

The first variation of J. Relation (G.2) holds for a on N and r on [0, 3]. For 
such an a and t set 

f /(z« , zl) dt = w(a, t). 

Jo 


(6.5) 
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Granting the possibility of differentiating under the integral sign we have 

(6.G) Wr{a, 0 = {fx{zl iZa)‘ri +/r(«« dt. 

To justify this differentiation one forms the difference quotient Q from the inte- 
grand in (6.5), assuming values r and r + Ar. Since / is of class C/ and (6.2) 
holds I Q I is bounded for almost all t and for a sequence of values of Ar con- 
verging to 0. As Ar tends to 0, Q converges to the integrand of (6.6) for almost 
all t. It follows from the Lobesguc integration theorem that (6.6) holds as 
stated. 

For the remainder of this section we add the hypothesis that f he of cluss C" for 
r 9 ^ 0.^ 

We refer to the constants p and a of (6.2) and state the following lemma. 
Lemma 6.2. For x on S arid | p | and \q \ on the closed interval [(t, p] 

(6.7) |/x(x,p) - /,(x,g)| ^ //|p - q| 

(6.8) \fr{x,p) -/.(:r,g)l ^ X | p - g | 
where 11 and K are positive constants. 

Relations (6.7) and (6.8) hold when p = q regardless of the choice of H and K, 
To establish (6.7) note that 

(C.9) 1) I (p ^ ,) 

Ip ““ ^1 

is bounded for the variables admitted in the lemma if one excludes a neighbor- 
hood of the set of [)airs (p, g) in which p — q. The set of pairs (p, p) for which 
I p I is qn the closed interval [or, p] form a closed set T. Neighboring each pair of 
T but excluding pairs on T the quotient (6.9) is bounded, since / is of class C". 
It follows that the quotient (6.9) has a bound II for the variables admitted. 
Hence (6.7) holds. The proof of (6,8) is similar. 

The following lemma is essential. 

Lemma 6.3. The function Wr{oCj r) is continuous in (a, r) on the domain for 
which (6.2) holds, that is for a on N and r on [0, e]. 

We begin by proving (i) and (ii). 

(i) The function Wr{a, r) is continuous in r uniformly for a on N. 

The partial derivatives /x(x, r) and /r(x, r) appearing in (6.6) are uniformly 
continuous in x and r, for x on S and | r | on the interval [c, p]. It follows that 
the integrand of (6.6) is a continuous function of r, uniformly for a on iV and for 
almost all t on [0, 1], Statement (i) follows. 

(ii) For each t on [0, e], Wria, r) is a continuous function of a on N. 

To establish (ii) let a and ai be points on N and set 

u(t) = x;(0, v{t) = 


• Our results could be obtained with suitable changes in proof if /* and fr were merely 
subject to lippropriate Lipschitz conditions. 
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From the difference 

«’»(«! ,r)=f [/,(m, ti) - Mv, «)]•»; dt 
Jo 

+ f lfs(v,u) -Mv,v)]-ridt 
Jo 

+ f lfr(u,u) -fr(v,ii)]-iidt 

Jo 

+ f IMv, u) - Mv, v)]-i) dt. 
Jo 


( 6 . 11 ) u — V = x(t) — xi(t). 

This difference tends uniformly to 0 as a converges in length to ai , since t is 
the reduced length on a and ai . Moreover | v | and | u | are on the interval 
[<r, p] of (6.2) for almost all /. It follows that the first and third integrals in 
(6.10) tend to 0 as a converges in length to ai . Upon using (6.7) we see that 
the second integral in (6.10) is at most 

f H\u - v\\v\dt ^ f H\x - xi\\ri\dt 

Jo Jo 

and this again tends to 0 as a converges in length to ai . The last integral in 
(6.10) similarly tends to 0. Statement (ii) follows. 

The lemma is an immediate consequence of (i) and (ii). 

Let y{t) be a reduced representation of p. Then 

w,(0, 0 ) = f [My, y)-v + My, y)-fi\dt = i{r,), 

Jo 

introducing /( 17 ). Regarded as a function of rj, I{rj) is the “first variation” of 
J at /3. We say that J has a “null first variation at if I{rj) = 0 for all ad- 
missible variations 17 . AVe have required that be of class C'. For our pur- 
poses it would be immaterial if we had taken rj{t) absolutely continuous. For 
upon using the approximation theorems of the Lebesgue theory it is not difficult 
to prove that under the conditions 17 ( 0 ) = 77 ( 1 ) = 0 , a necessary and sufficient 
condition that 7 ( 77 ) = 0 for all 77 of class C' is that 7 ( 77 ) = 0 for all 77 which are 
absolutely continuous. 

With this understood we term a rectifiable curve an extremal if J has a null 
first variation at j3. The fundamental theorem of this section is then the fol- 
lowing. 

Theorem 6.1. If P is homoiopically critical and if convergence in J4ength to p 
implies convergence in Lnlength to then is an extremal. 

The theorem will be established in the following equivalent form. If the first 


tt7r(a, r) — 

( 6 . 10 ) 

Note that 
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variation I(ti) of J hi 0 is negative for some admissible variation 17, and I con- 
vergence in J-Iength to 0 implies convergence in L-length to 0 then 0 is a 
homotopically ordinary point of /. We shall show that J is homotopically 
ordinaiy at 0 by exhibiting a proper /-deformation of some L-neighborhood of 
0, In this connection the definition of homotopicall.y ordinary requires a /- 
neighborhood but under the hypotheses of the theorem every Z/-neighborhood 
of 0 contains a /-neighborhood of 0 so that an L-neighborhood may be used 
instead. See Morse and Ewing [1], Theorem 4.2 for conditions under which 
convergence in /-length implies convergence in length. 

(Corresponding to the given rj we set up the deformation A(7;, 0), Then 
WT(0y 0) < 0. By virtue of its continuity, Wria, r) < const. < 0, for a on a 
sufficiently small L-neighborhood N of 0 and for r on a sufficiently small interval 
fO, c]. For 0 ^ r ^ e, 0) is thus a proper /-deformation of the L-neighbor- 
hood N of 0. Hence 0 is homotopically ordinary and the proof of the theorem 
is complete. 


7. The Riemannian manifold Z 

We turn now to a Riemannian manifold S with a metric defined by a positive 
definite quadratic form 

ds^ = gij(x)dx*dx^ (i, j = 1 , 2, • • • , r). 

Cf. Morse [1], p. 107. We suppose the functions gij{x) are of class C" in terms 
of the local coordinates (.r) and that the transformations 2’ = z\x) from local 
coordinates (x) to local coordinates (2) are of class C"". The manifold 2 will be 
assumed compact. 

Given two points p and q on 2 there exists a path of least length joining p to q. 
This least length will l)e termed the distance 5(p, q). Given' two rectifiable 
sensed curves a and 0 on 2 the Frdchet distance ajSs between a and on 2 will 
be defined in the usual way using 5(p, q). Thcj length of a curve a on 2 will be 
denoted by £(a) using a script i?. The space of curves on 2 with the distances 
a0z will be denoted by script f)U, and the space of curves on 2 with the distance 

I I = a0z + I £(a) - 

will be denoted by ii. 

Let <S be a convex region on a Cartesian n-space in which the variables (.r) 
are admissible coordinates for 2. A curve a on S and the image on 2 will be 
denoted by the same symbol. Let a and 0 be curves on aS and 2 and let a0s 
denote the Fr^chet distance on S previously denoted by a0. It is clear that for 
a fixed 0f 008 tends to 0 if and only if a0z tends to 0. 

If a0x tends to 0 and iL(a) tends to i2(j3) we say that a converges in ^-length 
to 0, If a is on S the function is represented by an integral of the form 
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with f{Xy r) satisfying all the conditions imposed on /(x, r) in Morse and Ewing 
[1 ]. Hence for 0 on S, a converges in iL-length to 0 if and only if a converges in 
L-length to Here L represents ordinary length on S, 

An immediate technical problem is that of deducing various properties of an 
integral J along a curve of 2 from properties of J along subarcs, each in an ad- 
missible coordinate system. The problem of upper-reducibility of J is such a 
problem. The principal difficulty will be met with the aid of the following 
lemmas. 

Let 

(7.1) (i = 1, 

be an admissible transformation of coordinates neighboring a point (?/) = (iia) 
with image (v) = (vo). Suppose (p\u) has the form 

<p\u) ^vi + ai(u’ - ui) + v\u) aj = ^ 

OUi (u)— (Wo) 

The remainder of class T'" neighboring (i/o) since (p\u) is of class C'"’ 

In the space (u) let the solid n-sphere with radius a and center at (uo) be denoted 
by <Ta- Our first lemma is as follows. 

TjEMMa 7.1. Corresponding to the transformation T given by (7.1 ) there exists an 
admissible transformation Ti.v' = of ® neighbohrood of (iio) such that 

= vi + a]{u' - 111 ) [(u) on o-p] 

(7.2) 

[(W) on (T^p — (T2p] 

for a sufficiently small p. 

To establish this lemma lot h(t) be a function of t of class C'" for t on the 
interval 0 ^ t ^ 1 with 

h{t) ^0 (0 ^ t ^ 1/3) 

h(t) = 1 (2/3 ^ t ^ 1). 

To continue we simplify the proof by supposing that (jiq) == (i;o) = (0). No 
generality is lost thereby. Corresponding to a positive constant p as 3 "et unde- 
termined consider the transformation 

(7.3) V* = 4>'(p,u) ^ (t = l, 

We shall show that this transformation satisfies the lemma if p is sufficiently 
small. Such a transformation satisfies (7.2) formally in the case (uq) = (vo) = 
(0). It remains to show that for a suitable choice of p the transformation has a 
non-vanishing Jacobian and is one to one for (u) on asp . 

• Recall that the Jacobian | a] 1 does not vanish at (ti) « (wo) for an admissible trans- 
formation. 
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To that end we make the substitution 

(7.4) v' — pz' u' = px' (i = 1, • • • , n) 

in (7.3). We note that 

v'(p, x) = p*f(p, x) 

where f is of class C' in its arguments for | x \ bounded and p neighboring 0. 
In terms of the variables (z) and (x), (7.3) takes the form 

(7.5) z* = a;: a:' + ph (i|i) f (p, x). 

For p = 0, (7.5) reduces to a non-singular collineation. If we restrict | | by 

the condition \ x\ ^3, then for p sufficiently small the relation (7.5) is one to 
one and possesses a non-vanishing Jacobian. Hence for such a p 5 *^ 0, (7.3) 
defines a one to one^ transformation with a non-vanishing Jacobian. The proof 
of the lemma is complete. 

A region S over which a system of admissible coordinates (u) of 2 ranges will 
be used to designate this system. We shall make use of the following lemma. 

Lemma 7.2. Let Si and S 2 he two admissible coordinate systems such that the 
points of 2 represented by both Si and S 2 include a neighborhood of a point p. 
There then exists an admissible coordinate system S which represents the same 
points of 2 as does S 2 and which is such that for some neighborhood of p the trans- 
formation from the coordinates of Si to those of S is the identity. 

Let (u) and (y) be respectively the coordinates of S 2 and Si and suppose that 
(uq) and (vo) correspond to p. Suppose further that the transformation T given 
by (7.1) represents the relation between S 2 and Si neighboring ('Uo) and (t^o), 
mapping a neighborhood of (t/o) on S 2 onto a neighborhood of (i;q) on Si . Mak- 
ing use of the transformation Ti of Lemma 7.1 set 

r = T 1 T 2 [(?^) on crap] 

thereby defining T 2 . We see that T 2 is the identity when (u) is on crsp — <r 2 p 
and so can be extended as the identity over ^2 — asp . Let Sz be the image of 
S 2 under T 2 so extended, and let a point of Sz represent the same point of 2 
as does its image on S 2 . 

Then Ti gives the transformation from the coordinates, say (w), of Sz to those 
of Si , at least neighboring (uo). But on a sufficiently small neighborhood of 
(wo), Ti is affine, and as such can be extended over the whole of Sz . Let S be 
the image of Sz under this affine transformation and let a point of S represent 
the same point of 2 as docs its image on Sz . Then the point with coordinates 
(vo) on S corresponds to the point (vo) on Si , and the transformation from a 
point of S neighboring (wo) to a point of Si neighboring {vo) and representing the 
same point of 2 is the identity. 

’ This is not an ordinary inference from a non-vanishing Jacobian, but rather an in- 
ference in the large over all of atp . It follows from the fact that for p — 0 the transforma* 
tion is one to one over all of <rsp . 
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8. The integral / on 2) 

With each coordinate system (x) we have given a function /(x, r) of (x) and 
a contravariant vector (r), with / invariant w'ith respect to admissible changes 
of coordinates. Let a be a rectifiable curve given as the continuous image p(t) 
on S of a ^-interval U ^ t ^ ti and with an absolutely continuous representation 
i = 1, • • • , n, in each coordinate system (a;) in which a enters. In each 
such system set/(a;, x) = The value (p{t) is independent of the coordinate 

sj^stem used to define We set 

J (a) = f <p(t) dt. 

That this integral exists as a Lebesgue integral, and is independent of the repre- 
sentations of a used to define it, follows from our assumption that/(T, r) is of 
class (7" in (a*) and (r) for r ^ 0, and that /(a:, r) is homogeneous in r in the sense 
of §5. These conditions will be assumed henceforth without explicit mention. 

We also assume that /(x, r) is convex in (r) in each coordinate system. That 
this is an invariant condition is seen from the fact that it is equivalent to the 
condition that the invariant Weierstrass L-function E{x, r, a) be non-negative. 
Here 

E{x, r, a) = f(.r, cr) - (r%i{x, r) [(r) (0)] 

where (r) and (<r) are contravariant vectors. 

The integrand /(x, r) will be said to be positive semi-normal at a point (x) == (c) 
if there exists a covariant vector (b) defined at (c) such that 

(8.1) /(c, r) > b,r’ [(r) ^ O] 

for all non-null contravariant vectoi-s (r) defined at (c). 

The integral J(a) on 2 will be said to satisfy the condition of Hahn if the 
Jf^-lengths of curves a on 2 on which J(a) ^ 0 are bounded. 

In deriving the consequences of these conditions we shall have occasion to use 
the reduced /x-pa^rameter of Morse, 0 ^ /x ^ 1, (to which we have referred 
earlier), along curves a. In defining this parameter one uses thie metric of 2 
defined by the distance 6(p, q). With this understood let a and ^ be curves on 
2. A subarc a' of a will be said to correspond to that subarc jS' of on which 
the /x-parameter ranges through the same values. As tends to 0, a! Pz like- 
wise tends to 0. 

Lower semi-continuity of J(a). Suppose for a fixed that afiz tends to 0. 
Let 0 be divided into m successive arcs • • • , such that lies in a 
coordinate system Si, Let be the subarc of a “corresponding'' to 
As a0z tends to 0, tends to 0 for each i, and conditions suflScient for the 

lower semi-continuity can be read off from the corresponding conditions in 
coordinate systems S, 

In particular J(a) will be lower semi-continuous on any subset S!" of provided 
f is convex in (r). 
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To show that the conditions sufficient that iL(a) be bounded with J{a) are 
nominally the same as in a particular coordinate system we must revise the defi- 
nition of a ‘ 'pseudo-limiting” curve used in Morse and Ewing [1] in so far as that 
definition depends on the use of one coordinate system. 

Without loss of generality we can suppose that each arc of unit ii?-length on 2 
lies entirely in one coordinate system. This is a consequence of the fact that 2 
can be covered by a finite number of such systems while an arc of unit ii-length 
can be made arbitrarily small relative to distances in the coordinate systems by 
multiplying the form giving ds by a suitable positive constant. 

A sequence of point representation Pm{t) of curves on 2 will be said to converge 
uniformly to a representation p{t), to ^ t ^ , if Pm{t) converges to p{t) for each 

uniformly with respect to t on [to ^ U], We term p(t) absolutely continuous 
if the functions x\t) representing p{f) in each coordinate system into which 
pif) enters are absolutely continuous. 

We begin with the following lemma. 

Lemma 8.1. Let Pm{t), m = 1, 2, • • • , fee a sequence of arcs on 2 on each of 
which t is the ^4ength with to ^ t ^ to + 1, There then exists a subsequence 
M = 1, 2, • • • , o/ /fee sequence Pm(f) which converges uniformly to an abso- 
lutely continuous point function p(f). 

The arcs Pm{t) have at least one cluster arc to which a subsequence co con- 
verges in the sense of Fr^chet. The arc lies in some coordinate system S 
since ^1. In S let ^ ^ ^ <o + 1, = 1, 2, • • • , be representations 

of those arcs of a> which lie in S, In accordance with Ascoli\s theorem there 
exists a subsequence coi of the sequence for which the corresponding functions 
xl converge uniformly on [^ , /o + 1] to absolutely continuous functions X\t). 
Upon jtaking p(t) as the point representation of the curve X\t), i = , n 

the lemma follows. 

A pseudo-limiting curve. Let Pm(t), m = 1, 2, • • • , be a sequence ao of repre- 
sentations of arcs on 2 where t is the AMength, 0 ^ ^ ^ , and tm becomes in- 

finite with m. The sequence <to will be said to have a pseudo-limit p{t), if p{t) 
is defined and absolutely continuous for 0 ^ ^ ^ and if Pm{t) converges 

uniformly to p{t) on each finite interval for t. It is naturally not required or 
expected that < be the £-length along p{t). 

Lemma 8.2. At least one subsequence of ao possesses a pseudo-limit P{t). 

In accordance with Lemma 8.1 there exists a subsequence <ri of ao for which 
the corresponding subsequence of point fimctions Pm{t) converges uniformly for 
0 ^ ^ ^ 1 to an absolutely continuous point function Pi{t). We proceed in- 
ductively assuming that a^^i is a well defined subsequence of am -2 , m = 3, 
4, • • • . Using Lemma 8.1 again we infer the existence of a subsequence of 
such that the corresponding subsequence of functions Pm{t) converges uni- 
formly for m — 1 ^ ^ 771 to an absolutely continuous point function Pm(0* 

We define P(jL) for 0 ^ < « by setting 

P{t) = Pm(0 (m — 1 ^ ^ < 7n) 

(to = 1, 2, • • • ). 
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Let or be a subsequence qm{t) of <ro in which qm{t) is the m*** element of <rm . It 
is clear that the sequence 


• • • 


is a subsequence of ao and that as m becomes infinite con verges uniformly 
to P(t) on each finite interval for t. 

Bounded of ./(a). We say that J {a) is boundedly 911-compact 

if for each constant c the set J*" is an V^R-compact subset of V)R. By virtue of 
the lower semi-continuity of J{a) on sets and with the use of the notion of 
pseudo-limiting curve one can prove the following theorem. 

Theorem 8.1. If f is convex in (r), positive semi-normal in each coordinate 
system, and if J satisfies the condition of Hahn on 2^, then J {a) is boundedly 9R- 
compact and i? is hounded with J . 

One proves that .S? is bounded with J as in the case of a single coordinate 
system. See Morse and Ewing [1], Theorems 3.3 and 3.2. The bounded V)R- 
compactness of J then follows from the 9R-compactness of for each k and the 
lower semi-continuity of ./(a) on 

The proof of the upper-reducibility of J(a) involves new difficulties. The 
deformations D(m, fS) as defined in a coordinate system S, depend upon the 
notion of straightness in the system S, In deforming a curve a under D{m, fi) 
each point (x) on a is deformed along a straight line to its final destination. The 
difficulty is met with the aid of Lemma 7.2. 

To prove the upper-reducibility of J(a) at a curve 0 we break 0 up into a 
sequence of arcs 0, , i = 1 , • • • , v, such that 0i lies entirely in some coordinate 
system Let pi be the final end point of 0i . Then pi lies both in and 

apply Lemma 7.2 successively to , /? 2 , • • * , Pv-i . We are able 
thereby to affirm the following. There exists a secpience 


Si , S2 , Ss , 


S, 


[Si = 


of coordinate systems such that Si contains 0, and such that for a suitably 
chosen spherical neighborhood Ni of pi , i = 2, ^ , v — 1, the transformation 

on Ni from the coordinates of Si to those of aS,+i is the ideiitity. 

We can now define a deformation d(a, r) of curves a on an 9R-neighborhood 
of 0. Let a* be the arc of a “ corresponding’^ to 0i . We suppose a0z so small 
that a, lies in Si , i = 1, • • • , i/, and that the final end point of 

t = 2, • • • , — 1 lies on Ni . We subject ai to the deformation D{m, 0i) 
set up in Si . The deformations D{m, 0i) and D{m, replace g* by the same 
point at the time r. Hence these deformations combine to define a deformation 
Z)(m, 0) of a in which a. is replaced at the time r by 6{a, t). 

With r) so defined Lemma 5.1 holds formally, with V replaced by JP*, 
M by 9R, and ip{a, r) by B(a, r). We continue, except for notation, exactly as 
in the proof of Theorem 5.1 . We then obtain the following theorem. 

Theorem 8.2. If £ is hounded with J then J is upper-reducible at each rectifiable 
curve 0 on S. 

Conditions sufficient that £ be bounded with J are given in Theorem 8.1. 
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9. The existence of homotopic critical points of J 

The principal conditions on a function J {a) defined on a metric space 9R in 
order that the critical point theory apply are that each set be compact and J 
be upper-reducible. We have seen that both these conditions are satisfied if 
for (r) 5 *^ 0, / is of class C", if / is convex in (r) and positive semi-normal in each 
coordinate system, and if J satisfies the condition of Hahn. We can now give 
simple conditions implying homotopic critical points. 

We shall term the least upper bound of J on an arbitrary sul:>«et E of V)R the 
J'height of E, 

Our chains and cycles shall be defined on £ using i?-continuity. They shall be 
finite singular chains and cycles, taken mod 2. See Morse [1], p. 146. The 
extension to the case of a field of coefficients is immediate if desired. We shall 
admit relative A:-cycles u in which the modulus is always a set J"" in which c is 
less than the J-height of u. 

The principal theorem on the existence of homotopic critical points is as 
follows. We assume that each set is f)ll-compact.® , 

Theorem 9.1. Let K be a homology class of k~cycles mod /'*, non-hounding 
mod on £ and let c be the greatest lower bound of J-heights of cycles of K. If 
c > a, and if J is upper-reducible at each point of J"" there exists a homotopic crit- 
ical point at which J ^ c. 

The theorem is a consequence of Corollary 3.3 of Morse [4]. 

If each set J* is 9ll-compact then J is bounded below on SOR. For a sequence 
of points a for which J became negatively infinite could converge to no point 
P of 9)R. For J{ff) would necessarily be less than every constant c. 

Jf the constant a of Theorem 9.1 is less than every value of J the homology 
class K of Theorem 9.1 becomes a class K of absolute cycles corresponding to 
which the theorem affirms the existence of a homotopio critical point at which 
J = c. If X is the homology class of 0-cycles this specialization gives a critical 
point affording an absolute minimum to J on iS. Theorem 9.1 may be em- 
ployed in a variety of ways to obtain and classify critical points. Homotopic 
critical points lead to “extremals” as will be shown in §10. 

10. The existence of extremals 

Ijet be a curve of ^’^R. We shall term ^ an extremal if each subarc 0* of 0 
lying in a coordinate system S is an extremal of J in the coordinate system S. 

We wish to use the definition of a homotopic critical point, replacing the 
L-neighborhood in this definition by a J-neighborhood. This is permissible if 
each iL-neighborhood of 0 contains a /-neighborhood of 0, To give conditions 
for this we must extend certain definitions to S. 

If (x) is a point on in a coordinate system <S, a pair (x, r) in which (r) is a 
non-null contravariant vector at (x) will be termed an element tangent to 0 
at (x) if (x, r) is an element tangent to 0 at (x) in the ordinary sense in S, The 


* Sufficient conditions that be 9R-compact are given in Theorem 8.1. 
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phrase almost all elements tangent to is used for a set of elements tangent to 
at almost all points s of where s is the arc length on 

The condition that / be strongly convex at an element (x, p), where p is a non- 
null contravariant vector, at a point (x) in a coordinate system S, is that the 
invariant i5-function E{x, p, r) be positive for the given (x, p), except when r = kp 
with A: ^ 0. 

With these definitions we can reaffirm Theorem 0.0 for S with the new inter- 
pretation of its terms. Thus, if / is strongly conv^ex at almost all elements 
tangent to P and is positive semi-normal at all points of p, then a converges in 
i?-length to p, if a converges in /-length to p. 

We are ready for the homotopy theorem. 

Theorem 10.1. If convergence in J -length to a curve p implies convergence in 
^-length to p then P is an extremal whenever homotopically critical. 

We begin with a proof of statement (a). 

(a). When convergence in J -length to p implies convergence in Sl-length to P, 
then convergence in J -length to a subarc Pi of p implies convergence in ^-length and 
L-length to Pi . 

Suppose p is a sequence of the three arcs Po ^ Pi , P 2 , admitting the possibility 
that Po or P 2 reduce to points. Let pi and qi be the end points of Pi , and suppose 
Pi and qi be in convex coordinate systems S and T, Let ai be an arc so near 
Pi that its end points p and g be on S and T respectively. I-et pip and qqi be 
line segments on S and T respectively joining pi to p and qio qi , Let ai be 
extended by forming the curve 

OL = PopipaiqqiP2 . 

When ai converges in /-length to Pi it is clear that a converges in /-length to p^ 
so that a then converges in iiMength to P, and finally ai converges in iL-length 
to Pi . 

Since convergence in i?-lcngth and Z/-length are equivalent the proof of (a) 
is complete. 

Theorem 10.1 will be established in its equivalent form: if the first variation 
formed for a subarc P* of p in some coordinate system S, is negative for 
some admissible rj, and if the hypothesis of (a) holds then p is homotopically 
ordinary. By virtue of (a), convergence in /-length to p* implies convergence 
in Z^length to P*, In accordance with the results of §G there accordingly 
exists a proper /-deformation A{ri, P) of an Zi-neighborhood iV* of P*, 

Let a be a curve on so small an i?-neighborhood N of P that the subarc a* of 
a “corresponding” to P* is on N*. The point deformation used to define A(t;, p*) 
will not move the end points of a* and so can be regarded as defining a deforma- 
tion D of a in which a* alone varies. This deformation D is a proper /-deforma- 
tion of the ^-neighborhood N of p. Under the hypotheses of the theorem every 
^-neighborhood of p contains a /-neighborhood of p. That P is homotopically 
ordinary now follows from the definition involved. 
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11. RgsumS 

We shall not attempt in any sense to summarize our results under the weakest 
h}T3otheses under which they are proved. A broad r^sum^ will however be 
useful. 

In order that be compact for each constant c and J be upper-reducible it is 
sufficient that / be of class C' for (r) 5*^ (0), homogeneous in (r) in the usual 
sense, convex in (r), and positive semi-normal in each coordinate system, and that 
J satisfy the condition of Hahn. Then the existence of homology classes of 
non-bounding fc-cycles or relative A:-cycles implies the existence of homotopic 
critical points. (See Theorem 9.1.) 

If jS is a homotopic critical point, the conditions sufficient that p be an “ex- 
tremaP' are somewhat stronger but the additional condition need be satisfied 
only for points (x) near 0 . The additional sufficient conditions are that / be 
strongly convex at almost all elements tangent to ^ and be of class C" for (x) 
neighboring 0 and for (r) 9^ (0). 

If f is positive for every (r) 9 ^ (0) the condition of Hahn is fulfilled. , If / is 
positive and positive regular in the classical sense, then all of the preceding 
conditions are satisfied. Thus the classical theory in the large becomes a special 
case of the preceding, at least in its analytical as distinguished from its topo- 
logical foundations. 

Institute for Advanced Study, 

University of Missouri. 
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Introduction 

This paper treats a broad class of ordinary difference equations, both linear 
and non-linear, with arbitrarily many not necessarily commensurate spans. 
The coefficients in the equation are rational functions, or certain more general 
functions of x. Solutions are obtained which arc analytic in a half-plane and 
which satisfy a condition of restricted growth at infinity. For each equation 
the number of such solutions obtained is precisely the degree of the equation 
in the unknown, and it is proved that there arc no solutions, other than these, 
analytic in such a half-plane and satisfying such a condition of restricted 
growth. The solutions are found by a new technique constructed from a con- 
cept of approximating ^-difference equations, from a procedure analogous to the 
calculus of limits as applied to algebraic functions, from the classic compactness 
theorem for bounded families of analytic functions, and from a theory of special 
functions (^‘almost constant” functions) which arc generalizations of rational 
functions bounded at infinity. 

To sketch the method more precisely, let us consider its application to the 
very special case of a difference equation of the form 

(a) y{x + 03 i)y{x + w-j) + y{x + W3)?/Gr + c*?4) = r(.r), 

where oji , C02 , (*>3 , ^4 are non-negative numbers, and r(x) is a rational function 
whose limit at infinity is finite and different from zero. 

We shall, without essential loss of generality in this case, assume that coi = 0. 

T..etting h be any positive number greater than every , and defining = 

1 — cosb \ {s = 1, 2, 3, 4), we consider the “approximating 7-difference equa- 
tion” 

(iS) ^(^1^ + 03 \)y{q'ix + wo) + yiq^ + <^ 3 )y{qiX + W4) = r{x). 

When h tends to infinity, this equation tends formally to the given difference 
equation, since every q^ tends to unity. 

Now if for every sufficiently large value of h there is an analytic solution 
y{Xj b) of (j3), and if these solutions have a region of analyticity T) in common, 
and are bounded in ® by a bound M independent of b, then the compactness 
theorem^ for bounded families of analytic functions shows that there exists a 
sequence {bk ; k = 1, 2, • • • } of positive numbers tending to infinity for which 
the sequence {y{x, bk)] k = 1, 2, • • •} tends to a limit function, uniformly in 


1 Montel, “Lemons sur les families normales,*’ Paris 1927, section 10. 
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every closed bounded subset of If 3) is sufficiently extensive, such a limit 
function evidently is an analytic solution of (a). 

We consider the question of finding such y{x^ 6), and ilf. 

The point a: = 6 plays an important role in this question, since if y{x) = 
27-0 — h)\ then y{q»x + w,) == ^t~oCjqi(x — h)\ and (/3) becomes 

, , Er-o c,«i(x - 6)']Er-o - by] 

(y) 

+ Er-oc,-9i(a: - ft)']Er-o - 6)’] = r{x). 

It is the simplicity of this equation which makes the introduction of equation 
(/3) advantageous. 

Letting r(a*) = 27-<i b)\ we see that equation (7) determines the Cj 

recursively as follows: 

2co = To 

+ (/2 + 93 + qi) = Tj 

^CiCj^iiqiqi ^ + q2ql ^ + q^qi ^ + qiqi 
^C2Cf^2(qiq2 “ + qiQi “ + ^q^ “ + ^493 

, (i = 1> 2, •••)- 

Since n approaches a finite non-zero limit as h becomes infinite, there exist 
positive numbers Mi , M 2 independent of h such that Mi < | Co 1 < M 2 for all 
large values of h. Moreover, 0 < g, ^ 1, (s = 1, 2, 3, 4), and qi = 1. Hence, 
if numbers Cj- , (j = 1, 2, • • •)> are defined recursively by the equations 

• MiC j = 1 ry I + ACiC + \C2C + • • • , 

the inequalities | c/ 1 ^ Cy will be valid, {j — 1, 2, • • •)• Now if C(x, h) = 
27-1 Ci{x - by, and Ii(x, b) = 27-i I I b) will satisfy the al- 

gebraic equation 

MiC{x, b) = R{x, b) + 2C\x, b). 

Thus C{x, b) is analytic wherever R{x, b) is analytic, except possibly at values 
of x for which Ml = SR{x, b). If Do is a number exceeding the modulus of 
every pole of r(x), R(x, b) is analytic when | a* — b | < 6 — Do . Moreover, for 
every positive € there is a number D(€) independent of b such that R{x, b) is 
analytic and satisfies the inequality ] l?(a:, b) ] < e throughout the region 
[a: — b|<b — D(€). (This ^property of r(.r) is the characteristic property 
of the class of functions designated in this paper as ‘‘almost constant’^ functions^. 
It is possessed by all rational functions which are bounded at infinity^ and by 
many other functions, including for example the solutions of (a) which we shall 
obtain.) 


* Definition 2, below. 

» By Lemma VII of the appendix. 
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If now €o is any positive number smaller than (M?)/8, the equation M\ = 
8 /?(x, h) is false at every point of the region \ x — b \ < b — D(€o), and con- 
sequently C(x, h) is anal 3 ’’tic in the region | x — b | < b — DM. Since 
I Cy I g Cj , (i = 1, 2, • • •)» it follows that J^yLo Cy(T — b)^ is analytic in the 
region j x — b | < b — DM, By choosing eo sufficiently^ small we can make 
/?(x, b) arbitrarily small in ] x — b j < b — DM^ and hence make C(x, b) 
arbitrarily near a root X of the equation MiX = 2X^ Thus, if €o is fixed as a 
sufficiently small number, there will be a number Mo independent of b such that 
I C(x, b) I < Mo throughout | x — b | < b — DM^ This implies that 
I cy(x — b)^ I < Mo throughout | x — b ( < b — DM- Thus we shall 
obtain the desired y{x, b), and M by taking for y(Xy b) the series 
5 ^ 7-0 ^>)^ taking for T) any bounded region which with its boundary is 

included in the half-plane 9?(x) > D(€o), and taking for M the number Mo + M 2 . 

Hence at least one solution y{x) of equation (a), analytic in T), is obtained as 
the limit of a sequence { 2 /(x, b); b = bi , bo , • • * } of solutions of ecpiations (/3). 
This solution of (a) can be continued analytically throughout the half-plane 
9f(x) > D(€o) by the use of an increasing sequence of regions T). It will be 
bounded in this half-plane by the bound M. Since there are two distinct 
choices for Co , it is easy^ to prove that at least two distinct solutions of (a), 
analytic and bounded in a right half-plane, can be obtained in this way^ 

It can be shown that every' solution of (a) which Is analytic and bounded in a 
right half-plane can be expressed as the limit, as b become infinite through all 
sufficiently large positive values, of y(x, b), where y(x, b) is a solution of (/?), 
anaWtic at x = b, and where the limit is uniform in every^ closed bounded subset 
of a certain right half-plane; from this it follows easily' that there are at most 
two distinct solutions of (a), analytic and bounded in a right half-plane. For 
the proof that each bounded solution of (a) can be so expressed as a limit func- 
tion, we note that if yo(x) is a solution of (a) then it is also a solution of the 
^'-difference equation 

(5) y((/ix + cvi)!/(Q2.r + M + yiqsx + MvM' + ^ 4 ) = 
where p(x) = r(x) + [yoiqix + cai)yoiq 2 X + M 

- yo{x + o)i)yo{x + < 02 ) 

+ 2 / o (^ 3 ^ + m)yo{qiJi^ + M 

- 2 /o(x + Myo(x + 0)4)]. 

A study of the difference /( 5 ,x + w,) — /(x + w,), (s = 1, 2, 3, 4), for functions 
f(x) bounded in a right half-plane shows that if yo{x) is bounded in a right half- 
plane, p(x) is in a certain sense so nearly equal to r(x) when b is large that one 
of the two solutions of (|3), analy^tic at x = b, is near the solution 2 /o(x) of (6). 
The detailed proof of this part, even in the simple cAse under discussion, leans 
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heavily upon the lemmas of the appendix to this paper, where a systematic 
study of almost constant functions is made. 

The proof of the general theorems demonstrated below follows closely the 
outline of the proof in this special case, except that a modification of the tech- 
nique of dominant functions is employed; this modification consists in a trans- 
formation of the approximating ^-difference ecpiation by a substitution of the 
form y(x) = x'^zix) before the use of dominant functions in the manner described 
above; the purpose of the modification is the securing of a sharper estimate for 
the radius of convergence of the solutions at x = b of the approximating q-dii- 
ference eciuation. 

We now state the general theorems to be proved in this paper. 

Statement of Theorems 

Theorem 1. Given the difference equation of degree n, 

m 

(1) dkix) n y{x + (Ck.) = <p(x), 

where 

(2) <p(x) is a rational function y and therefore is asymptotically equivalent to cx^ for 
some non-zero complex number c and some integer p, {positive, negative, or 
zero), 

(3) ak{x) is a rational function having a finite {perhaps zero) limit au at infinity, 
(A: = 1,2, ••• ,m), 

(4) 0 ^ oiki ^ WA-2 ^ ^ , (A: = 1, 2, • • • , m), 

(5) s{k) ^ n, (A: = 1,2, ••• , m), 

(0) 9i(aA:) ^ 0 whenever s{k) = 7i, 

(7) s{k) = nfor all kif p ^ 0, 

(8) for at least one value of k, the relations s{k) = n, ?fi{ak) > 0, coki = 0 are all 
valid. 

Conclusion: For all sufficiently large positive constants D, M there are in the region 
yi{x) > D exactly n analytic solutions y{x) of (1) which satisfy the inequality (9) 
I y{x) I g M 1 X 1 

Every solution y{x) of (1) which is analytic in a half-plane yt(x) > D > 0 
and there satisfies (9) can be expressed in the following form: 

(10) y(x) = lim ytix) 

6-*oe 

where yb{x) is a solution of the ^^approximating q-difference equation^* {see Defini- 
tion 1), analytic at x = b, and where the limit is uniform in every closed hounded 
subset of some half -plane 9i(x) > ^ D, 

Definition 1. The Approximating ^-Difference Equation. Let b be a 
positive^ number greater than every one of the numbers taka appearing in equation 
(1). qka be defined by the equations 


‘ Throughout this paper it is always understood that h is positive. 
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(11) g*. = 1 — {k = 1, ••• , m; s = 1, 2, • • • , s(k)). 

Then the functional equation 

m B(k) 

(12) 2 ak(x) IT y(qk*x + c»3k») = <p(x) 

jfc-i 


will be called the approximating q-difference equation for equation (1). 

(This terminology is motivated by the fact demonstrated in Lemma 1 that 
(12) becomes a g-difference equation if the independent variable is taken as 
X — b instead of a:, and by the fact that when b is large qks is near 1, so that 
equation (12) is in a formal sense an approximation to equation (1 ). It may be 
seen from this that the ^‘singular point’’ of (12), from the standpoint of the 
theory of g^-difference e(iuations, is the point x = b, which is precisely the point 
at which yh{x) is required to be analytic.) 

The proof of Theorem I will be omitted, since in what follows a more general 
theorem will be demonstrated. The condition that ak{x), (k = 1, • • • , m), 
and ip(x)x~^ be rational and bounded at infinity will be replaced by the less 
restrictive condition that these functions be “almost constant”, as explained 
in Definition 2. (It is a consequence of Lemma VII of the appendix that every 
rational function which is bounded at infinity is almost constant.) 

Definition 2. Almost Constant Functions. Let f be either a function f(x) 
which ifi analytic in a half-plane 9J(.r) > D > 0, or a function f{x, b) of the two 
variables x, b which for all sufficiently large values of b is analytic in the region 
\ X — b \ < b — D, for a positive number D independent of b. Then if b is suf- 
ficiently large, f can be expanded in a Taylofs series — by, convergent 

for \ X — b \ < b — D. We shall say thatf is almost constant if for every positive e 
there is a positive number Die), independent of b, such that | X/7-o I I (•*’ ““ ““ 

I j3o II < € whenever | j — b | < 6 — D{e), (Note: In what follows, we shall 
sometimes deal with functions of the two variables x, b, of which only the first 
is displayed in the notation.) 

We now state the more general theorem. 

Theorem 2. Given the difference equation (1), where 

(2') fp{x)x~^ is almost constant, and the limit as b becomes infinite of fp{b)b~^ is c, 
for some real number p and some non-zero complex number c, 

where 

(3') ak{x) is almost constant, and the limit as b becomes infinite of ak{b) is a 
finite {perhaps zero) number ak , {k = 1,2, • • • ,m), 
and where (4), (5), (6), (7), (8) are valid. 

Conclusion: All the conclusions of Theorem 1 are valid, with this new interpretation 
of equation (1). Moreover, if yo{x) is any solution of (1) which is analytic in 
a half-plane 9t(x) > D > 0 and there satisfies (9), then yo{x)x~^^'' is almost 
constant. 
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Proof of Theorem 2 

Part I. Preliminary Modifications of the Approximating g-DiFPERENCB 

Equation 

Lemma 1. Letf(x) be any function of x, analytic at x b, and suppose that 

(13) m = i: ci(x - b)\ 

;-0 

ThenfiqksX + w*,) is analytic at x = b, and 

00 

(14) fiqkBX + Wife.) = 2 c^qUix - by\ (fc + 1, • • * , « == 1, • • • , s(k)). 

3-0 

Proof. 


fiQktX + 03k») = X) ^jiQkiX + WJk, — by 

3-0 

= S CiiQk$x + b — bqk, — by = Cjql,{x — b)^. 

3—0 3—0 

Lemma 2. The substitution^ y{x) = x^'^^zix) transforms equation (12) into 

m s(k) 

(15) E ak(x) n 2 (g».x + ukt) = r(x), 

k^l «-l 

where 

• iky 

(16) a,(x) = a*(x)x-'<’-'*»'” H (9*. + (A = 1, • • • , m), 

8-1 

and 

(17) r{x) = ^(x)x“^ 

Lemma 3. Let the definitions ak{x) = E^-o ^(^) = EF-o 2 ( 0 :) = 

f + Ef-i 5c marfe, where 

(18) u = X — b. 

(The functions ak(x), r{x) are easily seen to be analytic at x = b, and hence so 
expressible, provided b is sufficiently large; f and the Zj on the other hand are 
to be determined.) Then equation (15) becomes the q-difference equation 

(19) Z ( 1 ^ a*#wO n ({• + X 2)F9*.«") - S Tiu’ = 0. 

Ar— 1 xy— 0 / 8—1 \ 3'— 1 / 3'— 0 

Proof by Lemma 1. 

•Here and throughout the paper that branch of in 5R(x) > 0 is chosen which is 
positive when x is positive. 
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Part II. Formal Solutions of the ^-Difference Equation (19) 

Lemma 4. If the coefficient o/ (j = 0 , 1, 2, • • •) in the left-hand member of 

(19) is equated to zero, the equations obtained are 

(20) Z = ro, 

and 


m 

Zj^ + • • • + qkMh)) 

(21) A:-l 

= r,- — Zi , 22 , • • • , 2 /- 1 , 5 *., 

where Py , (j = 1, 2, • • •) ^^ ® polynomial, with positive integers for coefficients, 
in the indicated arguments, {with i, k 1, 2, • • • , m; 5 = 1, 2, • • • , s(k); = 

0 , 1 , ••• J). 

Lemma 5. lim ro = c. 

lim aito = 0, if s{k) 9 ^ n. 

lim ajfco = a* , if s(fc) = n. (AZZ ZtmiVs as 6 — > «) 

V(A:)-n «-.l / 

ts bounded below by a positive number independent of j and b, (j = 0, 1, 2, • • •)• 
Proof. The first assertion follows from (2'), and the fact that r(x) == (p{x)x~^. 
Because of (7), the second assertion is vacuously true when p ^ 0; when p > 0, 
it follows at once from (16). The third assertion follows from (16), since 
qks — > 1 when 6 — > 00 , and since (3') states that a^>(b) — > a* when b—^ 00 , 

The fourth assertion follows from the fact that because of (8) there is a number 
I such that s{l) = n, 5R(a/) > 0, and wa = 0. From this qn — 1, and therefore, 
in view of (6), we have 

91 ( Z Z Ot?*.) S 9?(z aiffi.) S 9I(a,), 

\«(fc)-n «-l / V-l / 

and this lower bound is independent of j and 6. 

Lemma 6. When b is large, equation (20) has n solutions f = f (t = 1,2, • • • , n) 
one near each of the n distinct n^^ roots (Ti , < 72 , • • • , (Tn of the number c/ 1 , where 
I ^ Ok , the summation being over all the values of kfor which s{k) = n. There 
exist positive numbers^ il/i , Mo such that 

(22) Ml < I I < M 2 , (< = 1, 2, . . • , n), 

for all sufficiently large values of 6. 

Proof. By the last part of Lemma 5, / 0. 


* Here, and henceforth, the symbols M and D, possibly with subscripts, shall stand for 
positive numbers independent of 6. 
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By Lemma 5, as 6 — > « , the initial coefficient in (20) tends to the non-zero 
number /; the constant term tends to the non-zero number c, and all other 
coefficients tend to zero. 

Since the roots of a polynomial are continuous functions of the coefficients, 
Lemma 6 follows. 

Lemma 7. For all sufficiently large values of the coefficient of zj in (21) is in 
modulus hounded below by a positive number Mz independent of j. 

Proof. The coefficient in question is . When b is 

large the terms in this summation for which s{k) 9^ n are small, because of (22) 
and Lemma 5. The remaining terms are near Sr-i Oife(o-/)'‘ , (for 

some 0, the modulus of which is at least Mr“^9i(2,(jfc)-n2”-i and this by 
Lemma 5 is bounded below by a positive number independent of j. 

Lemma 8. If b is large equation (19) is satisfied by exactly n distinct formal power 
series + 117-1 z^^u', (^ = 1, 2, • • • , n). 

Proof. By Lemmas 6 and 7, (since the coefficient of zj in equation (21), being 
bounded from below, cannot be zero). 

Part III. Analyticity of Dominant Functions 

Lemma 9. Let Z j , (j = 2, • • *) be defined by the recursive relations 

(23) Z^h = I r,- 1 + PAAh , , Z2 , • • • , Zj^, , 1, | |). 

Then \ 4'’ | g Zy, (< = 1, 2, • • • , n; j = 1, 2, ■■■; i = 1, 2, • • • , m; 
«> = 0, 1, ••• ,j). 

Proof. This follows from (21), (22), Lemma 7, and the fact that the coef- 
^cients in the polynomial Pj arc positive. (A formal proof can be given by 
induction on j,) 

Lemma 10. Let Z(u) be the formal power series Xlr-i Then Z(u) satisfies 

the following algebraic equation 


(24) 


AhZ(u) = R{u) - fl(0) + E U*(m) - ^*(0)][M2 + Z(m)]“*> 

k-ml 

+ E^t(0)[(M2 + 

ib-1 


where 


(26) 

and 

( 26 ) 


Riu) = E i »•# I 
0 


00 

Ak{u) = E I «*/ 1 (k — 1, 2, ••• , m). 

0 
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Proof. From (19), (20), and (21) it is evident that 

m / 00 \ 9{k) / 00 

£ M P,(f, Zi, Z2, • • • , Z/_i , Qk, , aia) = ( X/ ) II ( f + 53 2 

k-i \,-o / .-1 V ,-i 

°° fn jfi 

— ^ XI + ql2 + • • • + — £ a*of*^*^ 

;-i *-1 *>.1 

Hence 

00 

U^Pj(M2 , Zi , Z 2 , • • • , Zy_i , 1, I I) 

7-1 

m / 00 \ a(A:) / 00 \ 

= 53 (23 1 «*, 1 wM n ( 3/2 -I- 53 

k-l \,-0 / «-l \ ,_1 / 

00 m m 

- z Z I «*o I - z I ««. I 

j-1 fc-1 fc-1 

= Z Ak{:u){M2 + Z(w))'<« 

it-1 

wi »w 

- ZM5<*>-‘s(fc)At(0)Z(M) - Z4i(0)A/?‘‘’ 

k^\ k^l 

m 

= Z Ut(M) - ^*(0))(M2 + Z(m))*<*> 

m 

+ Z A*( 0 )[(M 2 -1- Z(m))''*> - Z{u) - 

k’^l 

But (23) implies that 

M3Z(m) = Riu) - R(fi) Z PiiAh , Z, , Z 2 , • • • , Z,_1 , 1, I «« 1)m^ 

Hence Lemma 10 is established. 

Lemma 11. For, every 'positive e there is a positive number D{e) such that for all 
sufficiently large values of h 

(27) I R{u) ~ R{0) 1 < € when \u \ < b — Die), 
and 

(28) I Akiu) — Ajfe(O) I < e when \u \ < b — Die), (A; = 1, 2, • • • , m). 

Proof. r(x) is almost constant, by hypothesis. Since by hypothesis akix) 
is almost constant, it follows from Lemmas II, III, VI of the appendix that 
akix) is almost constant. 

Lemma 12. For every positive b there is a positive number Diib) such that through- 
out the region | w | < b — Diib), for all sufficiently large values of b, every coef- 


iqLu^j 
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ficient of (24), considered as an eqmtion in Z{u)y is within 8 of the corresponding 
coefficient in the eqvxxtion 

(29) S \ak\{.{Mi + XT - nUr'X - Mi), 

• (*)-n 

considered as an equation in X. 

Proof. If e is small, and Die) is chosen as in Lemma 11, the expressions 
Riu) — i2(0) and Ak{u) — -4jfc(0) appearing in (24) will be small throughout 
the region \ u\ < 6 — Die), Also, when h is large, 4^(0) is small whenever 
sik) ^ n and near | a* | whenever sik) = n, (by Lemma 5). From these re- 
marks Lemma 12 follows at once. 

Lemma 13. Equation (29) has a non-zero discriminant. 

Proof. Letting Y and r be defined by Y = , and r = 

I ctA* I , we obtain from (29) the equation 

(30) rr=(l + F)"-nr-l. 

To prove that the discriminant of (29) is not zero it suffices to prove that (30) 
and the derived equation 

(31) r = n(l + F)”“' - n 

have no common solution. Assuming the contrary, let us suppose that F is a 
solution of both (30) and (31). Then 

(32) (r + n)Y - (1 + F)" - 1, 
and 

(33) (r + n) = n(l + Y)^^\ 

so that F is the positive number r/(r + w)(n — 1), and 

(34) (1 + F)””^ = 14-7, where y = r/n. 

Hence 1 + F = (1 + 7 )’’, assuming r = (n — 1 )“\ Then, from (32), 
iny + n)[(l + 7 )^ - 1] = (1 + 7 )”^ - 1 
or 

(35) nil + 7)[(1 + 7 )" - 1] - (1 + 7 )”" + 1=0. 

Now the left-hand member of (35) is zero when 7 = 0, and its derivative with 
respect to 7 is n(r + 1)(1 + 7 )’’ — n — nril + 7 )”^^ ^ hence, (since nr — 1 = r), 
is the number n(l + 7 )’^ — n which is positive When 7 is positive. Thus (35) 
is false, since 7 is positive. This contradiction establishes Lemma 13. 

Lemma 14. There is a positive number Do such that when h is large equation (24) 
has n distinct solutions Ziu), each analytic in the region \u \ < 5 — D© . Thus the 
series ZjU^ converges in the region [ n | < b — Do to an analytic function of u. 
Proof. Since the discriminant of equation (29) is different from zero, and since 
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the discriminant of a polynomial is a continuous function of the coefficients of 
the polynomial, it follows from Jjemma 12 that when Do and b are sufficiently 
large, the discriminant of (24) will be dijfferent from zero throughout the region 
I R I < b — Do . From this Lemma 14 follows at once. 

Part IV. Analytic Solutions of the Approximating g-DiFFERENCE 

Equation 

Lemma 15. For all sufficiently large values of 6, there are exactly n distinct solu- 
tions y{x) = y^^\xy b), (^ = 1, 2, • • • , n), of equation (12), analytic in the neigh- 
borhood of X = b. There are positive numbers D and M such that for all sufficiently 
large values of b, y^^^x, b), (i = 1, 2, • • • , n) is analytic in the region \ x — b \ < 
b — D, and there satisfies the inequality ] i/^\x, b) j < 3/ | a; ] 

Every function y^^\x, b)x~^^'', {t = 1, • • • , n), is almost constant. 

When b is large, the numbers are n distinct numbers, one near each 

of the numbers ai , <r 2 , * * * , , {defined in Lemma 6). {It may be assumed that 

the superscripts are so assigned to the solutions that i/^\b, b)b~^^”, {t == 1, * • • , n), 
tends to at as b cc ,) 

Proof. By Lemma 8 there are exactly n distinct formal power series 
{t = l, • • • , n), which satisfy (19). Since | | ^ \Zj\, 

{t = 1, • • • , n), it follows from Lemma 14 that each of these power series con- 
verges to a function analytic in the region | | < b — Do . There are no other 

solutions of (19), analytic in the neighborhood of u = 0. 

Let 

(36) ^'*'( 0 :, b) = + i: zy\x - b)^ (^ = 1, . . . , n), 

j-i 

and let 

(37) 2 /‘'’(x, b) = (< = 1, . • • , n). 

Then the functions b) are n distinct solutions of (15) analytic in 

\x — b 1 < b — D(r, and the functions y^'\x ,b) are as a consequence n dis- 
tinct solutions of (12), analytic in | x — b | < b — Z)o • There are no other 
solutions of (12), analytic at x = b. This establishes the first statement of 
Lemma 15. 

By Lemma 13, equation (29) has n distinct solutions Xi , Xi , • • • , X„ . 
Let Zi{u), Zi{u), • • • , Zn{u), be the n distinct solutions of eciuation (24), analy- 
tic in ] m j < b — Do , (see Lemma 14). 

Because the roots of a polynomial arc continuous functions of the coefficients, 
it follows from Lemma 12 that for every positive «, if D^ie) and b are both 
sufficiently large, with Dt{i) > Do , there is for every u in the region 1 w | < 
b - A(«) and for every w, (w = 1, 2, • • • , n), a number X{u, w) belonging to 
the set Xi , • • • , X„ and satisfying the inequality 

I Z„{u) — X(m, w) I < «. 


(38) 
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Since Zv,(u) varies continuously with u, and X{u, w) can assume only the discrete 
values Xi , -X’ 2 , • • • , Xn , it follows from (38) that if c is sufficiently small, 
X(Uy w) is a constant function of u. This implies that the subscripts of 
Zi(u) , Z 2 {u) , • • • , Zn(u) can be chosen in such a way that 

(39) 1 Zy,iu) - X„ I < €, (it; = 1, 2, • • • , n), 

whenever 1 | < b — ^(c). We assume that this choice of subscripts is made. 
There is precisely one solution Zv,(u) of (24) which vanishes when it = 0. Let 
us assume that Zi(u) is this solution. Then from (39) it follows that | Xi | < e, 
whence Xi = 0. Hence from (39) again it follows that 


(40) I Zi(u) I < €, whenever | w | < 6 — D 2 (c). 


Now Zi(u) is the only solution of (24) which vanishes when = 0, and hence 
must be identical with the function Zjn\ since the latter, also, is a solution 
of (24) which vanishes when it = 0. Thus 


(41) 



when 


I w I < — D2(€). 


Since | | ^ Zy » (< = 1, 2, • • • , n; j = 1, 2, • • •)> it follows that 


(42) 






< 


(^ = 1, 2, ••• , n), 


when I w I Kb — D^ie). 

This implies that is almost constant. 

5y equation (22), | ^ ^ 2 . Hence it follows from (42) 

that I + Xlr-i z^'u^ I < M, or \ b) | < M \ x when | a: — ft | < 

b — D, provided D > 1 ) 2 ( 1 ), and M = M 2 + 1. 

Since y^^\b, b)b~^''' = z^^\b, b) = (< = 1, 2, • • • , n), the final statement 

of the lemma follows from Lemma 0. 


Part V. Existence of Analytic Solutions of the Difference Equation 

Lemma 16. There exist at least n distinct solutions y^^\x), {t = 1, 2, • • • , n), 
of the difference equation (1), each analytic in the region 9t(a:) > /), and there satis- 
fying the ineqicalities | y^^\x) [ ^ M \ x \ (t = 1, 2, • • • , n). When x tends 
to 00 along the positive real axis, y^^\x)x~^^'^ tends to ct , it — 1, 2, • • • , n). 
Proof. Let 5 be a bounded region which with its boundary is included in the 
region iR{x) > D. There is a positive number bo such that the region \ x — b \ < 
b ^ D will contain B provided b > bo , 

Let {bk]y {k = 1,2, • • •), be a sequence of positive numbers increasing to in- 
finity, with bi > bo . Let t be any one of the integers 1,2, • • • , n. The sequence 
of analytic functions {y^^\x, bk)}, (k = 1, 2, •••) is a bounded family in B, 
because of Lemma 15. Hence there exists a subsequence {c^} of the sequence 
{bk}y such that the sequence of functions {y^*\xy Ca)} converges to a limit func- 
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tion analytic in J5, the convergence being uniform in every closed subset oi 
By the standard device of expressing the region SR(x) > D as the union of a 
sequence of such regions B, each region including the preceding, the limit func- 
tion can be continued analytically throughout the region 91 (x) > D, so that a 
function y^^\x) is obtained, analytic in the region 9i(x) > D, and satisfying the 
relation 

(43) y''*\x) = Urn y^‘\x, d,), 

k-~*90 

where is some subsequence of [bk\y where it is understood that for each 
value of X in 9I(x) > D the function y^^\x^ dk) is defined only for sufficiently 
large values of A:, and where the limit is uniform in every closed bounded subset 
of mx) > D, 

Now h) is a solution of (12). Hence, since the qks appearing in (12) 

tend to 1 as h tends to infinity, it follows that is a solution of (1). 

Since | y^^\xy 6) [ < M \ x in \x — h \ < h — D, it follows that [ y^^\x) | 
^ M \ x 1^^" in 9t(x) > D. 

Let € be any positive number. Since by Lemma 15 i/^^^(x, b) x '^^“ is almost 
constant, there is a positive number D(e) such that for all sufficiently large 
values of b, 

(44) 1 y^^^Xy b)x-^^^ - 5)6"^'” | < c 

when I X — 5 I < 6 — Die). Hence if Xo is real and greater than Z)(e), 

(45) I y^^\xo y dk)xo^^'' — y^^\dk , dk)dZ^’'' | < €, 

for all sufficiently large values of k. By Lemma 15, lim i/^\dk , dk)dk^^'' = at , 
as By this and (43), it follows from (45) that 

(46) I y^^\xo)xo^^'' — o-f I ^ e. 

Thus, as X tends to oo along the positive real axis, y^'^(x)x“^^" tends to at , 
(^ = 1, • • • , n). Since the numbers at are distinct, it follows that the functions 
y^^\x) are distinct. 

Part VI. Approximability, Uniqueness, and Almost Constancy of 
Solutions of the Difference Equation 

Lemma 17. Let yoix) be any solution of the difference equation (1) which is 
analytic in 9i(x) > D and there satisfies the condition \ 2 /o(x) | < M \ x for 
some positive numbers D and M. Then yoix) satisfies the q-difference equation 

m sik) 

(47) £ akix) n y(iiqk.x + = \l/(x), 

where 

(48) yp{x)x~’^ 


^ Mon tel, loc, cit. 
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is almost constant, and ^(6)6'"*^ — > c as b — ^ , and the numbers qu* ore defined as 

in Definition 1 . 

Proof. By hypothesis 

m » (k) 

23 ot(®) n yo(x + wi.) = 

k-l <-1 


Hence 


.(« 


23 ak(x) n l/o(gt. + «*,) = <f>ix) 


(49) 


+ 


m r.dfc) f(t) -1 

23 ak(x) n !/o(gk.x + CO*,) - n + Wife.) . 

Ar-l L *-l «-l J 


Thus we obtain (47), with 


km,l 


[ .(fc) 

n m(gk,x + CO*,) - II i/o(x + CO*,) 

.-1 ,-i 




]. 


and properties (48) to be established. Let 


(51) d(x) = tf>(x) - ^(x). 
Ijet 

(52) e(x) = d(x)x~’’. 
Then 


(53) . e(x) = Z a*(*)a:-'’‘"-*<*»'%(a:), 

fc-1 

where 

r.(ifc) »(k) n 

(54) hk(x) = II yo(qk,x 4- co*,) — II j/o(* + co*,)J, (fc = 1, • • • , m) 

By Lemma XI, lik(x) is almost constant, and lim hk(b) = 0, as b — ► oo . 

By (7), if p ^ 0, there are no values of k for which s{k) 9 ^ n. Hence, if p S 0, 
^-p(n~8(k))/n ^ j If p > 0, is bounded as a; — > 00 , and is almost 

constant by Lemma III. 

By hypothesis, a*(a:) is almost constant, and bounded as .r —^ + <» . 

Hence lim^-^oo e(b) = 0, and by Lemmas VI, V, e(x) is almost constant. 

Now if^(x) x~^ = <p(x) x~^ + e{x). By hypothesis <p{x) x~^ is almost constant 
and limb-*oo (p{b)b^^ = c. Hence \p{x)x~^ is ftlmost constant and limb-*ao 
^(6)6”^ = c. 

Lemma 18. Let e{x) be the function (^(x) — ip{x))x~^. Define u ^ x — b, 
e{x) = 


Eiu) * Z 1 Cj 1 u\ 

0 


( 65 ) 
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Then there is a positive number Di such that 

(56) lim max (| E(u) |; 1 w | ^ 6 — Di) = 0. 


Proof, hethhix) be the function defined in (54). Define hk{x) = hkju\ 
(fc = 1, • • • , m). Then by Lemma XI there is a positive number Di such that 


(57) 


lim max 
^-♦00 



I hki I 


u 


I ^ b - a) 


= 0. 


Let ak{x) = "^oak/u\ Then, since by hypothesis a*(x) is almost constant, and 
lim ak{b) = o* , it follows that if Di is suflScientlj’' large there is a positive 
number M such that 


(58) 





when 1 I S 6 — Di. 

Consider the factor appearing in (53). By (7) the exponent of x 

is not positive. Hence if we define \k{x) = with \k(x) = 2o 

we have by Lemma III and the fact that \k(b) is bounded for large 6, the result 
that if Di and M are sufficiently large. 


(59) 

when I w I < 6 — Di, 
Now 



< M, 


{k = 1, --^m), 


(60) \E(u)\ ^E{\u\), 

and by (53) 

E{\u\) 

whence from (57), (58), (59) and (60) follows 


lim max (|£(«) l» |wl ^ b — Di) = 0. 

h“*9o 

Lemma 19. Let yoix) be as in Lemma 17. Then 2 /o(x)x“^^” is almost constanty 
and there is a value of t such that lim^-ao yo{b)b'~^^'^ = at , where <ri , • • • , o-n are 
the numbers defined in Lemma 6. 

Proof. By Lemma 17, 2 /o(x) satisfies equation (47). Since the hypotheses 
for the coefficients of (47) are identical with those for the coefficients of equation 
(12), and since the numbers <ri , • • • , o-n are defined in terms of the numbers 
c and a/k , (A; == 1, • • • , m) which have the same significance for (47) as for (12), 
it follows that Lemma 15 remains valid with reference to the solution 2 / 0 (x) of 
equation (47), instead of to the solution y^^\xy b) of equation (12). 
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Hence is almost constant, and if h is large, yo(b)ir^^'' is near one of 

the numbers o-i , • • • , (Tn . Which one of these yo(b)b~^^"' is near might conceiv- 
ably depend upon 6, but varies continuously with 6, and therefore 

there is a fixed value of t such that is near at when b is large. 

Lemma 20. Let yo(x) be as in Lemma 17. Let t be the number exhibited in 
Lemma 19, such that lim yo{b)b'~^^^ = at asb oo. Let y^^\x, b) be the function 
described in Lemma 15. Then there is a positive number D 2 such that 

(61) yo(x) = limb-.oo y^^\xy 6), 

when 9J(x) > D 2 , the limit being uniform is every closed bounded subset of the 
region 9i(x) > Da . 

Proof. Define Zq{x) = and z{x) — y^^\x, b)x~^^'\ Since 7/^^ 

(x, b) satisfies (12), z(x) satisfies (15). Likewise, since yoix) satisfies (47), Zo{x) 
satisfies 

m a(k) 

(62) E «*(^) n ZoiqkaX + 0)ka) = p(x) 

k^l «-.! 

where p(x) = ^(x)x~^, and the ak(x) are defined by (16). 

Subtraction of equation (15) from equation (62) gives 

m r«(fc) 9(k) “I 

(63) H oik{x) n ZoiqksX + wjfc,) - n z(qkaX + w^t,) = e{x) 

Ac-i L«-i J 

where e(x) is defined by (51) and (52). 

Hence 

• m 8 (k) 

(64) E Ck.(x)[zo(qk.x + w*,) — ziqn.x + w*,)] ’= e(x), 

^-1 «-l 

where 

«-l 8{k) 

(65) Cjfcf(x) = 0Lk{x) n z(qkiX •+ wjw) ri ^oiqkiX + cow). 

t««i <—»+i 

Let (66) v(x) — Zo{x) — z(x). Then 

tn a (fc) 

(67) 0jc9{x^v{qk9 X “i" cow) ~ e(x). 

Let ciuix) = Ef-o *'(3;) = Ef-o e{x) = Ef-o where u = x — b. 
Then, by (67) and Lemma 1, 

(68) 13 { ]C Ck,iu ’)( E S 

k-l «-l \}-0 /\j-0 / j-0 


and therefore 
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m 9 (k) oo 00 

zz cjfe«o ^ViQkaU^ = X) 

k"^\ «»1 /i^O /"O 


m *(A:) / 00 \ / . A 

— Z Z ( Z c*„ ^ u' ) . 

*-l .-1 \i-l /\j-0 / 


The coefficient of in the left-hand member of (69) is vjdj, where, by definition, 

m ajk) 

(70) d, = EE c*.0 9.i . 

k^^l s-1 

Now from (65) follows 

«~1 il(fc) g-l 8(k) 

CM=cUb) = amlLzib) n Zo(b) = «*(b) 11 11 yo(b)b-’‘"'. 

t — l *««»1 ia-8+1 

Hence, by Lemma 5, if s{k) n, Ck^o 0 as ?> — > oo . Therefore, when h is large, 
all the terms in dj for which s(k) 9 ^ n are small. The remaining terms arc near 
(o’O'^""^ l^a(A:)-n , thc modulus of which is at least 

5^r-x dkQkg), and this, by Lemma 5, is bounded below by a positive? number 
independent of j and 6 . Thus 

(71) \dj\> M 4 , 

where M a is a positive number independent of j. Let Cksj = \ Ckgj\, E j = | cy |, 
(A; = 1, • • • , m; s = 1, • • • ,s(k);j = 0, 1,2, ••• )• Let yy(i = 0, 1,2, •*• ) 
be defined by 

(72) E Mi Vi u’ = E m' + Z Z ( Z Ck.i u ’ ){ E Vi u’). 

y-o y-o k^i «-i \y-i /\/-o / 


(73) l!;y| ^ Fy, (i = 0,1,2, ... ), 

by (69) and (71 ). (A formal proof may be given by induction on j,) 

'Define V(u) = EoViu\ E(u) = E^Eiu’, Ck.(u) = E7-o Cuiu’, (k = 1, 
. . . , m; s = 1, • ' • , 5 (A;). Then from (72) it follows that 

[ m aik) -] 

Z Z (Ck.(u) - Ct.(0))J V(u), 


/ r TO ® (fc) “I 

(76) V(u) = E(u) ! ^Mi - Z Z (Ck.(u) - C*.(0)) J. 

Now the function z(x) is almost constant, by Lemma 15; Thus, if z{x) = 
^0 Zju\ there is for every positive c a positive D{ij such that for all sufficiently 
large values of 6, 

(76) Z I I - 1 2o I < «, 
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when I w I <6 — Z)(e). Now z{qk»x + Wk,) = ]Co (fc = 1, • • • , m; 

5 = 1, • • • , «(*)), by Lemma 1, and it follows from (76) that 
I I I — l.« 0 1 I < e, when | w | < 6 - D{t). Hence z{qk^ + «*,) is 
almost constant, (ft = 1, • • • , m; s = 1, • * • , sQc)), 

Likewise the function zq{x) is almost constant, since 2/o(^) is a solution of (47), 
and therefore every function ZoiqkBX + m») is almost constant. 

By (28), oLk{x) is almost constant (A; = 1, • • • , m). 

Hence, by Lemma VI, ca,(x) is almost constant, (A; = 1, • • • , m; s = 1, • • • , 
s{k)). 

This implies that there is a positive number Dz such that 


m »(,k) 

E E icuu) - ^,.(0)) 

ib-l 


<^Af4,if|w|g b — Di . 

It 


Thus (76) implies 

(77) I V(u) I < 2 I E(u) I Mr' when \u \ - D 2 . 

Hence from Lemma 18 follows max (| F(w) | ; 1 w | ^ b — D 2 ) — ► 0 as 6 — > qo , 
provided D 2 is taken greater than Du 

Therefore from (73) follows max (| v(x) |; [ x — 6 | ^ 6 — D 2 ) — > 0 as 6 00 

or max (| Zo(x) — z{x) | ; | a; — 6 | ^ 6 — D 2 ) 0 as 6 — ^ 00 . 

This implies that (61) is valid with the limit uniform in every closed bounded 
subset of the region 9i(a;) > A . 

Lemma 21. If D is any positive number there are at most n distinct solutions of 
the difference equation (1), analytic in the region 9i(x) > JO, and there satisfying (9). 
Proof. Assume that there are more than n such solutions, say yi{x), y^ix), • - • , 
yi(x)y with l> n. Then by Lemma 20 there is a number t{i) in the set (1, 2, • • • , 
n) such that 

(78) yi[:x) = lim y^^^"^\x, 6) as 6 00 . 

But there must be two values of i for which t{i) has the same value, and this 
implies by (78) that two of the functions yi{x) are identical. This contradiction 
establishes Lemma 21. 


Part VII. Summary 

Theorem 2 follows immediately from Lemmas 16, 19, 20, and 21. 

Appendix. Almost Constant Fimctions 

1. Definition of Almost Constant Functions. See Definition 2, above. 

2. Notation. Iff is analytic at x = 6, and can therefore be expanded in a Taylofs 

series — &)^ the f unction | Pj | will be denoted by the symbol 

/a(u, 5). 

3. Lem^Ia I. Letf(x) be analytic in a half-plane 9i(x) > D > 0, and satisfy there 
the inequality \ /(.r) — /(fr) [ g M (6”' + | x |~') for some M and all sufficiently 
large values of b. Then f(x) is almost constant. 
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Proof. Let f(x) = ffj(x — b)’. Let Do be any number greater than D. 
Let b be any number greater than Do. Let \u \ ^ b - 2Do, p = b - Do . 
Then 

b) - f^io, &) 1" = I E I /3/ 1 = I E 1 A- 1 p’iu/py * 

= [(2f)-^ fj 1/(6 4- pe‘^) - m r do] [ I M I7(p“ - I U I*)]® 
g [^(2»r)-' fj M^{b-^ -h 2b-‘ 1 6 4- pe*^ |“* 4- | 6 4- pc" p') do] 6Z)o ‘ 

S |^2(2t)~* fj M\b-^ 4- I 6 + pe" f*) do] bD7^ 

= 2M* [6““ 4- (6^ - p 7~‘] 6Z)r* ^ 2Af [6"* 4- Do'] Do'. 

If Do is large, the last member is small, for all large values of h. Hence /(x) is 
almost constant. 

4. Lemma II. Every Junction of the form (a + i^/x)*, where a is 'positive^ /? is 
nonruegative, s is realy and the branch chosen (in the right half-plane) is positive 
for positive x, is almost constant. 

Proof. Let f(x) = (a + /3/x)^ Let x be any number such that | ^/x | < a/2. 
Then /(x) — a" = (a + i3/x)* — a* = (a + pc^Y — a*, where a non-negative p 
and a real t? are defined by pe'^ == ^/x . Let F{p) = (a + pe'^Y^ Then/(x) — 

a- = F(p) ~ F(0) = r F'(t)dt = r s(a + te^y-' e'^dt, 

Jq jo 

Therefore | f(x) — a* | ^ pM £ Mi | x ]“* for suitable constants M, Mi inde- 
pendent of p, I a; I respectively. Likewise |/(6) — a' | ^ Mi b~'. Hence 
|/(a:) — /(6) I g MiQT' -f- | x |“^). By Lemma I,/(x) is almost constant. 

5. Lemma III. Every function of the form (x — ay’ where a is an arbitrary 
complex number, where a is norir-negative, and where the branch chosen {in the half- 
plane 9i(.r) > 3i(o)) is any branch, is almost constant. 

IhiooF. We may and do assume that ^ > 0. Let f{x) = (.c — ay°. Let 
6 > I a |. Let c = b — a. Then/(a:) = (x — 6 4- c)”*' = c“'(l 4- {x — b)/cy 
= c-'Zr-o [(-<r)(-<T - 1) • • • (-«r - / -h 1)] {x - 6)V7/! 

Hence /x(w, 6) = | c | ' Er-o I (— '»’)(~<^ ~ 1) • • • {—o — j + 1) | u'l c | ^jl 
= I C r Er-o (-l)’(-<r)(-<r - 1) • • • (-<r - i 4- l)w^ | c r/jl = (| c 1 - 
u)-’. Hence /^(«, 6) - /..(O, 6) = (| c 1 - «)“' - | c p'. Hence if | m | < 
b — D, where D is any number greater than 1 o 1 , | /ji(r, 6) — /.4(0, 6) j < (Z> — 

1 a I)-' 4- (b - I a 1)"- H € is any positive number, D can be chosen so that 


• Landau, “Darstellung und Begrundung einiger neuerer Ergebnisse der Funktionen- 
theorie,” Berlin 1929, page 8. 
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(Z> — I a I)"' < €/2, and then for all sufficiently large values of b, |/x(w, b) — 
/^(O, b) I < 6. Hence /(a;) is almost constant. 

6. Lemma IV. If f(x) is almost constant, /(b) tends to a limit as b tends to 
positive infinity. 

Proof. Let € be any positive number. Let D(c) be such that |/^(w, b) — 
/^(O, b) I < c when \u \ < b — ^(c), provided b > bi . Choose b 2 greater than 
bi and greater than D{t), and let bs ^ b 2 . Then l/^(w, ba) — /a( 0, bs) [ < e, 
if I w I <bz — Die). A fortiori, \fix) — /(ba) 1 < 6 if | a: — ba | < ba — i5(c). 
In particular, |/(b 2 ) — /(ba) | < €, since | Ih — ba 1 < ba — Die). Hence lim/(b), 
as b oo , exists. 

7. Lemma V. If fiix, b), • • • , /v(x, b) are almost constant, so is fiix, b) + • • • 
+ fyix, b). Proof omitted. 

8. Lemma VI. If fiix, h ), • * • , f^ix, b) are almost constant, so is the product 

fiixj b)f 2 ix, b) • • • /y(x, b), provided | fi(b, b), ^ \ f^ib, b) \ are bounded by a 

number M. 

Proof. Case 1. V = 2. Let fix, b), gix, b) be almost constant. Let 
hix, b) = fix, b)gix, b). To prove hix, b) almost constant. 

Let € be positive, and let Die) be such that | /^(u, b) /^(O, b) | < e and 
I gAiu, b) — gAiO, b) [ < €, when \u\ < b — Die), (for all sufficiently large 
values of b). Then | /i^(w, b) — liAiO, b) | g u |, b) -- liAiO, b) ^ /^(| u \, 
b)gA (I I, b) - /,(0, b)g.(0, b) = UaQ u\,b)^ /.(O, b)] [gAi\ a 1, b) ~ g.(0, b)] + 
fAiO, b) [gAi\ u I, b) - ^.(0, b)] + gAiO, b) [A(| a 1, b) ~ /^(O, b)] < ^ + Me + 
Me. This quantity can be made small by taking € small. Hence hix, b) is 
almost constant. 

Case 2. V ^ 2. Proof by induction. 

9. Lemma VII. Every rational function whose numerator-degree is not greater 
than its denominator-degree, is almost constant. 

Proof. Let fix) be such a function. Then, since fix) can be expanded in 
partial fractions, there is a relation /(x) = Co + '^j.kCjkix — Qa) ^ where the 
ak are the poles of fix) and j is always positive. Now the constants Cq , cjk are 
obviously almost constant, and each of the functions (x — ak)~^ is almost con- 
stant, by Lemma III, so by Ix^mmas VI and V,/(x) is almost constant. 

10. Lemma VIII. Let fix) be analytic in iftix) > Z) > 0, and there satisfy the 
inequality | fix) \ < M \ x for some positive M and some real p. Then there is a 
positive constant Mi such that |/'(x) | < Mi | x l''[9t(x) — D]~^ in 5R(x) > D. 
Proof. Let x be any complex number such that 9i(x) > D. Let C be the 

circle f = a; + pe'\ where p = (9t(a:) - Z))/2. Then /'(x) = /(r) 

(f — xy^d^. Hence \f'{x) \ ^ (2ir)“* M'M(x)y‘ 2wp = M M(x)p~^, where 
M(x) is the maximum over C of the function 1 f I”. Now on C, j f | > | a; | — 

I a: 1/2, and I f I < I a; I + I X |/2. Hence, if p ^ 0, \t I" S (3/2)'’ | x |^ and if 
P S 0, I f I** g (1/2)” 1 X 1”. Thus there is an Mi such that l/'(x) j < Mi | x |” 
[91(x) - D]-\ 

11. Lemma IX. Let w, D he positive numbers such that D > w. Let /(x) be 
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analytic in dl{x) > D, and there satisfy the inequality | /'(a:) | < Mi\xY “ 

Dy^ for some 'positive M\ . Then there is a positive number M 2 such that if b is any 
number greater than 3a), and if q = I — a)/b, then the inequality \f(x + o)) — 
f{qx + 0 )) 1 < Mo {\ — q) \ X is valid for all x such that 9f(a:) > 2D, 

Proof. dt(qx + co) = q^l(x) + o) > H — l/3)(2/)) + o) > D, Hence qx + o) 

fX-hu 

belongs to the half-plane > D, Then f{x + o)) — f(qx + o)) = / 

where the integral is taken along the straight line segment joining qx + o) 
to a: + w. Thus \f(x + o)) — f(qx + o)) | ^ 1 (x + o)) — (qx + o)) | M', where 
M' is the maximum value of | /'(f) | on the line segm(‘nt. Thus for sonu^ numbeu* 
X between q and 1 

\f(x + 0 )) - f(qx + o^)\^(\ -q)\x\ M, | X x* + o) T (3i(X + co) - 7))"^ < 

^ 2(1 q) \ X |^^^[9i(x)] ^ for some suitable Mo . 

12. Lemma X. Let D be positive numbers. Let h(x, b) be a function of x 

and b 'which, for all sufficiently large values of b, is analytic in 9t(.r) > D, and there 
satisfies the inequality | h{x, b) \ ^ Mb~^ \ x |/9{C^*)- Let the Taylor\s series for 
h(x, b) in powers of x — b be hn(b) (x — b),’' Then | 1 hrXh) | | ^ 

M D when | | ^ b — 2D, (for all sufficiently large values of b). 

Proof. Tx't b be any number greatei* than 3D. Let p ecjual b — D, and let u 
satisfy the ineciuality | u | S b — 2D, Then 

i: I hnib) 1 r= I E \hAb) ip'‘(»/p)" ^ (e I hnib) I M/p \A 

n»0 I I ««»0 \ n=*0 / \ n»«:0 / 

= [(2,r) If I h{b + pe'\ b) |- rfe] (1 - I M |Vp“)“' 

^ |^(2ir) ‘ jf M-b = I 6 + pe‘* |- [9t(& + pe"’)] " dtfj 

xpV- iMir*. 

Now b-'V ^ 1, and p^ - \ u I" ^ (6 - Df - (6 - 2Df = 2bD - W' > bD. 
Hence 

E I fUb) I u” I' ^ (2;r)-‘d/^ 1 b + pr^ 1'^ mib + pe‘^)r do] b-' Z>-‘ 

= {2TbI)r^ M^-2xb{y‘ - P^)“* = AfD~\2bD - DY^- 

Hence 

E|/i,(6)|M" ^md-YK 

n-O 

13. Lemma XI. Let f{x) be analytic in 9i(a;) > D > 0, and there satisfy the inr 

equality |/(x) \ ^ M \ x \’ for some positive M and some real a. Let ui , W 2 , - , 

w, be non-negative numbers, and let qi , q 2 , • • • , q,be defined by ?,• = 1 — Ujb 
(j = 1, • • • , s). Then the function h{x), {of x and b), defined by h{x) = x~” 
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aiu 1 /(•** + <^3) "" n;- 1 f(Qi^ + (^3)) is almost constant and /i(6) — ^ 0, as 6 00 . 

Moreover, if h{x) = = X^n-o | hn | {x — 6)’*, 

//if'rc! is a positive number D' such that max ([ II (x) |; | — 6 | ^ h — Z)') 0 

as 6 — > 00 . 

Proof. By Lemmas VIII, IX, there is a positive constant M2 such that 
\f(x + oj/) — f(qix + w*) I < M203th~^ I X all sufficiently large 

values of h, provided 9f(x) > 2D, (^ = 1, 2, • • • , s). Now 

Kx) = a;-" i: [f(x + w,) - f(qtX + «,)] Il/Ca: + o>;) H f(q,x + u,,). 

«-i j-i j-r+i 

Hence by Lemma IX, 

I h(x ) I g 1 X p" i: r'^‘[9i(x)r* n M I X + coy r n M\qjx + co, r 

}-i y-(+i 

^ M3b~^ I X |/$R(x), when 9t(x) > D', for some suitably chosen positive numbers 
ii/’a and D'. Hence Tjcmma X is applicable, to prove that h(x) is almost con- 
stant, that h(b) — > 0 as 6 — > 00 , and that max (| //(x) | ; | x — b \ ^ 6 — D') — > 0, 
as b — ^ 00 . 

Columbia University, 
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A NOTE ON CESARO SUMMABILITY OF FOURIER SERIES 

By Fu Traing Wang 
(Received December 28, 1942) 

1. It is known that the (C, a) continuity of a function is not sufficient for the 
(C, a) summability of its Fourier series at a point. Many sufficient conditions 
for (C, Of) summability of a Fourier series were found by many authors.^ The 
object of this note is also to find a sufficient condition which arises from a con- 
vergence criterion for Fourier series recently proved by the author.' 

Let 4>(t) be an even integral)le j>eriodic function with period 2w and its Fourier 
series be 

(1.1) ~ ^ + S «n cos nt, 
and let us suppose 

( 1 . 2 ) “ u)^“*{</.(m) - sj du = o{C)y (y > 0 ). 

Then we have the following convergence criterion. 

If (1.2) holds and an > — Kn -- - then the Fourier series (1.1) converges to sum 

7 

s at t ^ 0 . 

Without the order condition in this convergence criterion we have the fol- 
lowing 

Theorem. Let n be a positive integer such that n ^ > n — 1. // (1.2) 

holds then the Fourier series (1.1) is summable (C, {y{n — 1 ) + fi)/{y + n ~ ^3)) 
to sum s at t = 0. 

Put a = {y(n — 1) + 0)/{y + n — fi); then we can easily verify the following 
inequality: 

^ > Of > n — 1 . 

It is evident that the theorem is not true for the case /S = 7 . 

2. In order to prove the theorem we put 

CaM = ~ Co“ + ^ (w — ny an 

A n <<<; 

and 

7 a(w, t) ^ f (cj — xy cos xi dx 
Jo 

1 Hardy and Little wood [3]. Gergen [4]. 

* Wang [6]. 
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Then we get^ 

(2.1) Ca(cjo) = - /* 4>{^)ya{oi, t) dt + + o(o)^). 

TT Jo 

Concerning the function 7 «(co, t) we have the following properties. 
Lemma 1.^ Let Ki he certain constants depending only on then 


t) = { 7 a(w, 0} = a ••• (a — n + l)co”^ ” 7 a-n(w, t) 


a” 


( 2 . 2 . 1 ) 

and 

( 2 . 2 . 2 ) 

and 


dV 


n — 1 

+ 23 krC/Cya-rioJy t) 

r-0 


ya-n((*3,t) = 0(aj“ ” ) /or all w and / 


cos 


(2.2.3) 7«-»(a),0 = r(« - n + 1) 

for cot 1, 


►s fwi — ^ (a — n + 1)1 

J+0(co“'”^r^) 


^-n+l 


Lemma 2. w' = - and ri = — 1 "-- ; if 4>n{t) = o(C) then 

p a + 1 


-n COS 


(2.3) Ca(<o) = (-ir^ w" r 

TT Jo 


>s u,( - ^(a - n + 1) j 


dt 


+ 0{p-^^^^^oon + Sco“ + o(co“). 
Proof. From integration by parts and (2.1) we get 

(2.4.1) Ca(«) = (- 1)" ± - r dt + sa,“ + o(a,“), 

TT Jo 


Since 


r MO dt = o(co""‘) for 1 gn. 

Jo r 

By Lemma 1 and (2.4.1) we get 


(2.4.2) C.(«) = (-l)"?r(a)«’‘ r MO 

TT «/ (i>~ I 


COS 


^w< - I (a - » + 1)J 


f»+i 


dt 


+ SCO* + o(co“). 


* Gergen [4]. 

* Bosanquet and Linfoot [2], and Bosanquet [1]. 
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By the second mean value theorem then 


(2.4.3) r <l>n{t) 


- I (a - n + 1) j 




From (2.4.2) and (2.4.3), Lemma 2 follows. 
IjEmma 3. Put 


COS ost — rt ^ 1) 

£(«, u) = J (< - — L— - J dt; 


(2.5.1) 


E(o,, u) = 


for all 0 ) and u, 


(2.5.2) '*) ~ ~ 


{““-I 


(a + ;3 - 2n + 1) 


+ 0 {(«'-” - m)”“'’'‘co""")} + 0(M"-“"'’-*a)“‘) 


/or ^ 1. 

Proof. By the second mean value theorem we get 


(2.6.1) 


f it-u) 


TT 

cos — - (a — n + 1) 
n-/3-l L " J 


= 0{(a>'“’ - M)"~''~‘a,“-"}. 
From changes of variable and the second mean value theorem we then obtain 

«, cos w< — ^ (a — » + 1) 

I « -»)-*-■ —1 — id , 

(2.6.2) r* r TT 1 

= cos I ( 0 U (1 + r) - ^ (a - n + l)Jdr 


+ 0{u 


n—a-0-2 -1\ 

W ). 


By a theorem on P-functions^ we get 


f “ n-fi-i r 

I y cos ( 


ww(l + J') — 2 ^ 


(2.6.3) 


= r(n - fi) 


[^«u - I (« + /S - 2n + 1) 

(tR»>)**“^ 


^ Titchmarsh [6]. 
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A combination of (2.6.1), (2.6.2), (2.6.3) will give the proof of the lemma. 
Proof of the Theorem. If (1.2) holds then 

= o(i^). Hence 4>n{t) = o(<’*). 

and 

(2.7) -^.(0 = j[* (< - du. 

If we substitute (2.7) in (2.3) and invert the order of repeated integration we 
have, by Lemma 3, 

C«(co) = (""1)** “ r(a)a)^ J (l) 0 (u)E(cjy u) du 

By (2,5.1) and (2.5.2) we have 

^ cos COM — ? (a + /5 - 2/1 + 1) 

c.(«) = (- D" ^ r(«)co'’ / 03(«) — L ^ -I du 

TT ^ tii ^ Ut 

+ 0(p-’<“+”co“) + s«“ + o(«"). 

= S(a* + o(co®) as p tends to infinity. 

This completes the proof of theorem. 

Finally, an example shows that the theorem is a best possible theorem of its 
kind for the case /S = 1. 

National University of Chekiang, 

Meitan, Kweichou, 

China. 
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THE INVERSE N6RLUND MEAN 

By Florence M. Mears 
(Received November 16, 1942) 

1. Introduction 

Consider the series of complex terms, J^n-o , and denote the corresponding 
sequence by {Un}; then E/n = Uk . When there is no possibility of confu- 

sion, we shall use the abbreviated notation Un for ]^n-o Un . In this paper we 
are concerned exclusively with sequence to sequence transformations with tri- 


angular matrices, which assign to a given sequence 
where 

{Un} the value lim„_*ooE/l, 

(1) 


U’„ = 'Za.kUu, 

A-O 


provided that limit exists. If Un U^ ^ lu is said to be summable ip U' by 

the transformation (1); if ^ | | converges, when iin = — U'n-i , then 

Un is said to })e absolutely summable by (1). 

We list for reference the following conditions: 

(2) 

(3) 

lim a„k =0, 

n-*oo 

n 

lim = C, 

n—»oo A:-»0 

where C is a constant; 

II 

P 

(4) 

n 

lim 2 «”* = 1 ; 

n— *00 /c«-0 



(5) 

n 

X! 1 an* 1 < M, 

where M is a constant; 

n = 0, 1, • • • ; 

(6) 

n 

^ ^ Unp ^ 
p-A 


II 

P 

(7) 

00 n 

2 2 (flnp - 

n— «A p— A 

On— l,p) ^ 

fc = 0, 1, • • • . 


The transformation (1) is said to be regular if C/'n E7 whenever U; it 

is said to be absolutely regular if 2 I | converges whenever 2!^ | Wn | converges. 
We recall the following theorems: 

In order that (1) be regular, (2), (4) and (5) are necessary and sufficient.^ 

In order that Un CU whenever Un U, (2), (3) and (5) are necessary and 
sufficient.^ 

1 Silverman, University of Missouri Studies, (1913), p. 49. 

Toeplitz, Prace matematycznofizyczne, vol. 22 (1911), p. 117. 

2 Hausdorff, Mathematische Zeitschrift, vol. 9 (1921), p. 75. 
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In order that U'n CU whenever ^\un\ converges, (2), (3) and (C) are 
necessary and sufficient.^ 

In order that (1) be absolutely regular, (7) is necessary and sufficient.^ 

In this paper we are concerned particularly with the Norlund and Ces^tro 
means, and with their inverses. The Norlund mean, (N, p), is obtained by 
replacing ank of (1) by Pn^pn-k , n = 0, 1, • • • , A; = 0, 1 • • • , n, where {pn} is a 
given seciuence of complex constants such that P« = Pk ^ 0.® Since po 0, 
and since the transformation is not affected if pk is replaced by po^pk , we shall 
let Po = 1. Then for {N, p), (1) becomes 


( 8 ) 


Un = £ Pn-k Ih, 
k^Q 


71 = 0, 1, * • • . 


If 23 converges, ^ Un is said to be summablc (N, p); if 23 I | converges, 
23 is said to be summable | iV, p |. 


Let = 


Pi 1 0 0 • • • 0 
P2 Pi 1 0 • • • 0 


Pn— 1 pn— 2 * * * • • 1 
Pn Pn-l Pi 


71 = 1, 2, • • • ; Do = 1. 


The inverse Norlund mean, (AT, p) \ is obtained by replacing ank of (1) by 
(- !)"■" PkDi^Jk , 71 = 0, 1, • • • , fc = 0, 1, • • • , 71." Therefore for (A^ p)"', (1) 


b(‘comes 


(9) Un = E Uk, n = 0, 1, • • • . 

A-O 

If £ converges, wc shall say that 23 u„ is summablc {N, p )~' ; if V! I I 
converges, we shall say that it is summable | iV, p 1 

liCt (N, p) be the Ces&ro mean, {C, r), where r may take on any value except 
that of a negative integer; then p„ = [ra!r(r + l)]“*rr(r + n). If, for {C, r), 
we replace U'n of (1) by Un \ we have 


/,«>, jtM _ nlr ^T{r + n - k)Uk 

^ " r(r + n + 1) « (n - *)I ' 

For the inverse Norlund mean, (AT, p)“', = P„_fc a*.o . If we let (N, pY' 

= (r, r)-*, we can easily prove that a^.o = (— l)V(r — 1) • • • (r — A: + 1) 
(fe!)“', fc = 1, 2, • ■ • ; therefore when r is integral = 0 if A: > r. If, for 

(C, r)“\ we replace U'n of (1) by On^, we have 


3 Hahn, Monatshefte fiir Mathematik und Physik, vol. 32 (1922), p. 29. This theorem, 
proved by Hahn for real numbers only, holds also for complex numbers. 

^ Mears, Annals of Mathematics, vol. 38, No. 3 (1937), p. 596. ^ 

* Norlund, Lunds Universitet Arsskrift, (2), vol. 16 (1920), No. 3, p. 8. 

« Hill, Duke Mathematical Journal, vol. 3, No. 4 (1937), p. 705. 
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( 11 ) 


fj(') _ V c_n* ^(’’ + n — k + l)Vn-k 
" £::i^ ' r(r - k + l)(n - k)lkl’ 


n = k, k + 1, ••• , 


where N = r for r integral, if r ^ n, and N = nin all other cases. 

It is known that (C, r) is regular if and only if r = 0, or if the real component 
of r is greater than zero. Wc shall prove the corresponding theorem for absolute 
regularity. 

Theorem 1 : The Cesdro mean, (C, r), is absolutely regular if and only if r = 0 
or the real component of r is greater than zero. 

Proof: For the Norlund mean, {N, p), condition (7) becomes 


( 12 ) 




P n-l P fcin-1 1 < M, 


fc = 1, 2, • • • ; P_, = 0. 


If we let {N, p) = {C, r), r = R + ip, and if 


/(r) = /5 1 r I 


00 


E 

n— 0 


{k + n - l )!r(r + n) 
n!r(r + n + fc + 1) ’ 


the left side of (12) is equal to/(r). Since {C, r) is absolutely regular for r = 
R ^ 0,’ /(fl) < M, fc = 1, 2, • • • , « ^ 0. But for 5 ^ 0, /(r) g | «“V |/(P); 
therefore (7) is satisfied and (C, r) is absolutely regular if r = 0, or if > 0. 
Since 


we have 


+ 1) 


n!n* 


{z + n) 


= r(2), 


0 < m' < 


n\n 

T{z + n + 1) 


<1M', 


Z 5^ 0, — 1, • • • , 


n = 0, 1, • • • . 


Therefore /(r) ^ A) | r | ^n-o ln(k + n)] \ for R < 0, or for 72 = 0, 

r 7 *^ 0, and (7) is not satisfied for these values of r. 

In section 2 we. shall prove theorems concerning summability (C, r)“^ and 
I C, r \~\ when r is restricted to real values; section 3 includes multiplication 
theorems for the Norlund mean and inv^erse mean; section 4 includes multipli- 
cation theorems for the Ccskro mean and inverse mean. 


(13) 


2. Cesaro Summability 

Throughout this section, we shall let 

r(s + n - k)un-k 


i! (-1)* . 

fc-O 1 \S 


k)kl(n - ik - 1)!’ 
where M = s for s integral, s ^ n, and M = n in all other cases. 


^ Kogbetliantz, Bulletin des sciences math^matiques, (2), vol. 49 (1925), p. 237. 
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We have 

i/i" = t/„ + nUn : + 2“ [(n + !)»«, - n(n - l)w,-i], 


and in general 

Theorem 2: If r is neither zero nor a negative integer, then 

(14) + x^:\ 

Proof: Let 


(-ir 


nr(r + n — p) 
r(r 4- 1 — p)(n — p) !pl 


Then 


(15) = Z = Z E + Z SpUn-y, 

pmmO fc—O P—0 P—0 

where N is defined as in (11). It can be proved that 


k 


ESp = 


/ . xJfc r(r + n - k) 

rr(r — k)k\(n — fc — 1)1’ 


fc = 0, 1, ••• , AT - 1; 


therefore ^plo lip = —Sk and Sp = 0. Substituting these results in 

(15), we obtain (14). 

Theorem If ^ tin is summahle (C, r + s)”^ to U, it is siimmahle (C, r)“^ 
to U, s 0, r > —1. 

Proof: For s ^ 0, r > —1, (C, r + s) includes (C, r);® therefore (C, r + s) = 
A{C, r), where A represents a regular matrix. Since (C, r) and (C, r + s), and 
hence their inverses, are permutable, we have 

(C, r)“^ = (C, r + s)(f:, r + sT\C, r)"^ = A{C, r)(C, r. + sT\C, r)"^ 


= A{C, r)(C, r)“-\C, r + sY^ = A(C, r + s)-^^ 

Therefore (C, r)“^ includes (C, r + 5)~\ 

Corollary 1://Z«« zs summahle {C, r) \ r > 0, z7 zs summahle (C, r — 1) \ 
and limn-oo ^ = 0. 

Theorem 4: 7/ zs summahle | C, r + s | “\ it is summahle | C, r | 

s ^ 0, r > —1. 

Proof: For s^O, r> — 1,|C, r + s] includes | C, r \ f therefore the matrix 
A, defined in Theorem 3, is absolutely regular. The rest of the proof is the 
same as that of Theorem 3. 

Theorem 5: If limn-oe = 0, r>l,n = 1,2, ••*, then lim„-*oo = 0. 
Proof: Consider the triangular matrix || amp || , defined by a^p = 0, when 
r is integral, p > r — 2; amp = r(m + l)!r(r + p)[(p + l)ir(r + m + l)rS 
in all other cases. It is easily proved that = Sp-o cimp^Cpii , m = 0, 1, • • • . 


*Knopp, Sitzungsberichte der Berliner Mathematischen Gesellschaft, vol. 7 (1907), 

p. 5. 

• McFadden, Duke Mathematical Journal, vol. 9, No. 1 (1942), p. 173. 
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But 

Z) I a«p 1 = r(r — 1)“* - r(m + l)!r(r - l)[r(r + m + 1)]“* 

j >«-0 

< r(r — 1)“* + rr(r — 1) < M, 

and 

lim a„p = rr(r + p — l)(p!)“*-lim ml[r(r + m)]~* == 0. 

m-*oo m-^oo 

Therefore since || a^p |1 satisfies (2) and (5), the theorem is proved/^ 

Theorem 6: // 22 siimmable (C, r — 1)‘ \ r > 0, and if linin-^ao ^ 
then I = 0. 

Proof: If the hypothesis is satisfied, 22 summable (C, r)~\ as a result 
of Theorem 2. Theorem 6 then follows from Theorem 3, Cor. 1. 

Theorem 7 : The condition, lim„-.ao = 0, does not imply the convergence of 

22 . 

Proof: Let = 1, and let 

„ = - 1)! V ( »• - l)r(r + m - p ) m = 1 9 

r(r + rn) ^2 r(r)(m — p + 1)1 log p’ ^ ^ 

where (r l)r(r + m — p) is replaced by 1 when r = 1, p = w + 1. Let 

Skp = 0, k ^ r, r integral and S n, 

<? - f--n* ~ + p - A: - 1) 

r(r — k)k\{p — k) 1 log (n — p + 1) ’ 

all other k. Then 

(16) xi'^ = [r(r + 1)]~‘ Z Z Sup = [r(r + 1)]"' Z i Sup . 

kwmO pmmk />-»0 A:— 0 

Letting A: = p = 0 in (16), we find that the coefficient of [log (n + !)]“* is 
[r(r + 1)]”*. For 1 g X ^ p, we can easily prove that Z*-o Sup = 
— a-(r + p — X ■— l)[p(r — l)r‘»S,p . Therefore Su-n — —Spp 

and Z£-o Sup = 0, p ^ 1. It follows that xi'> = [r(r + 1) log (n + 1)]"*; 
therefore the hypothesis of the theorem is satisfied. But 

(m - 1)! (r - l)r(r + ^ - p) 

r(r + to) log (to + 1) ^ r(r)(TO — p + 1)! 

= [(r + TO - 1) log (to + l)r(r)r*, TO = 1, 2, • • • ; 

therefore Z diverges. 

Theorem 8: If = (— l)*Pn , n* ^ n ^ n* + a* , A: = 0, 1, • • • , where 
Pn ^ 0, Wo = 0, n* = nu-i + au-i + 1 ; and if 

(17) Z Wn is summable (C, r)~', r ^ 2, 


Toeplitz, loc. cit., p. 115. 
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then ^ Un is summable | C, 0 | , provided there is a positive constant a for which at 
least one of the following conditions is ‘satisfied: 


(18) a^k < a, /; = 0, 1, • • • , 

(19) a2k+i < a, & = 0, 1, • • • . 

Proof: Using (17) and the corollary of Theorem 3, we find that and 
.Tn ^ ► 0 as n — > 00 . Therefore n(n — 1) | i/n — Un-i | —> 0 as — > oo , and we 

can find a positive integer N such that the following conditions are satisfied 
when n > N: 

Pn ^ Pn + Pn-l = | Wn “ tin-l | < [n{n - l)] '\ 71 = Tlib ) 

Pn - Pn-l ^ \Pn - Pn-l [ = | Wn “ Wn-1 | < Mu - 1)]“\ n ^ nk . 

Assuming (18) satisfied, and replacing Pnfc-fm by Pnjt , k = 0, 1, ••• , 
we have, when n^i > N 


Ep. 

k-^i 


to a^k 


a>2k rn + 1 




E E 

k^i »»-o {n 2 k + 'fn){n 2 k + 7n ~ 1) 




a2k 

E 


a + 1 


jfc-z m-0 {n2k + rn){n2k + w ~ 1) 


Therefore converges, and since ^ Un converges, Pntk+i con- 

verges also. This completes the proof when (18) is satisfied; a similar proof 
holds for (19). 


3. Multiplication Theorems for the Norland Mean 

Let X) be the Cauchy product of the series X) • Consider 

the Norlund means, (iV, a) and (N, b), defined by the sequences {o„| and {bn}. 
Let ]Cn) be the sequence defined by the equations bn = Efc-o ^r>-kCk ; we assume 
throughout this section that {an} and {6„} are fixed sequences for which 
~ ^ When a series X) is assigned, let 5^ and Cn be defined, 

forn = 0, 1, • • • , by = E^-o hvn-k and Cn = Ea'-o CkVn-k ; and let 6li and 
cli = 0. We shall make use of the following conditions: 


( 20 ) 

( 21 ) 

( 22 ) 

(23) 

(24) 

(25) 

(26) 


^ Vn summable (N, b) to V ; 
23 Vn summable | AT, 6 | ; 
lim Bn Cn—k ~ 0, 


E MpcUi < M, 

P-0 


Bn 2 ^ A.pCn—p 


p-fc 

n-k 


< M, 


E E [c'pi?;' - cv-iB-u\An-, 


n»k i p— 0 


< M, 


n—k 


lim Bn An— pan— p— kb p — 0, 

n-»oo P—0 


fc = 0, 1, 


n = 0, 1, 


n, fc = 0, 1, • • • ; 
fc = 0, 1, • • • ; 


A; = 0, 1, 
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(27) 

(28) 
(29) 


I -S nM S 2 ^ »-P 0„_p_i 6p 

fc-O P-0 


< M, 


E A~Lp4^p_fc6'p < M, 

j>-0 

23 [^p-Bn ^p— 1 Bn— l] 4n-p— Jfc-^n-p 


E 

n—A; 


p-0 


< M, 


n = 0, 1, 


n, fc = 0, 1, • • • ; 
= 0 , 1 , • • • . 


Theorem 9: In order that 23 ^^2/ be such that 23 '^n is summable (N, b) 

to UV whenever 23 is summable (N, a) to U, it is necessary and sufficient that 
2] Vn satisfy (20), (22) and (23). 

Let (N , a) be regular, and assume that 23n-o n\xn\ < , where Xn is defined, 

for n = 1,2, • • • , by 23*-o x„_A/l/fc = 0, and where Xo = 1. This restricted form 
of Tlieorem 9 has been obtained by C. N. Moore' ^ as a special case of a more 
general theorem. 

Theorem 10: In order that 23 may be such that 23 i^ summable (N, b) 
to UV whenever 23 is summable (N, a) to U and in addition summable | iV, a | , 
it is necessary and suffijcient that 2) Vn satisfy (20), (22) and (24). 

Theorem 11: In order that 23 be such that 2) is summable | A^, 6 | 

whenever 23' i^ summable | A^, a | , it is necessary and sufficient that ^ Vn 
satisfy (25). 

Proofs of Theorems 9, 10, and 11: The sequence {Un\, into which {[/„} 
is transformed by (A^, a) is obtained from (8) when pn is replaced by 
Or , 71 = 0, 1, • • • . The seciuence {IPn} is transformed by (Ny b) into {lFni> 
where 


(30) IV'n = E E h-p Up . 

A-0 p-0 

The matrix || c„a; || , defined by Cnk = Bn^AkCn-k , transforms [Un\ into {1K1}. 
To complete the proof of Theorem 9, we require that || Cpk || satisfy (2), (3) and 
(5); to complete Theorem 10, that || c„k || satisfy (2), (3) and (0); to complete 
Theorem 11, that || Cn/t || satisfy (7). 

Theorem 12: In order (hat 23 ^’n be such that 23 i^ summable (Ny b) 

to UV whenever 23 i^ summable (N, a)~' to U, it is necessary and sufficient that 
^’n satisfy (20), (26) and (27). 

Theorem 13: In order that 23 may be such that 23 i^ summable (AT, b) 

to UV whenever 23 i^ sximmable (Ny a)“' to U and in addition sum- 

mable I A^, a I it is necessary and sufficient that 2^ Vn satisfy (20), (26) and (28). 

Theorem 14: In order that 23 b^ that 23 i^ summable | A^, b\ 

whenever 23 summable | A", a | it is necessary and sufficient that 23^» 
satisfy (29). 

Proofs of Theorems 12, 13 and 14: The sequence {t/nl, into which [Un] 
is transformed by (Ny a)“', is obtained from (9) when pn is replaced by an , 


“ Moore, Summable Series and Convergence Factors, American Mathematical Society, 
Colloquium Publication, vol. 22, p. 44, Theorem II. 
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n == 0, 1, • • • ; [W^n] is defined by (30). The matrix || Cn* || , defined by c^k == 
A'^ap^jch^n-p], transforms [Un] into {TF^. The remainder of the 
proof is the same as that of Theorems 9, 10 and 11. 

It is easy to prove that necessary and sufficient conditions that (22) follow 
from (20) when (N, a) = (C, 0) arc that 0 and | BnBTtU i < M, 

w, i = 0, 1, • • • ; a necessary and sufficient condition that (24) follow from 
(20) when (iV, a) = (C, 0) is j BnB'^Xk | < iV, n, fc = 0, 1, • • • ; a necessary and 
sufficient condition that (25) follow from (21) when {Ny a) = ((^ 0) is that 
(N, h) be absolutely regular. Using these facts we can prove tlie following 
theorems, which are special cases of Theorems 10 and 1 1 . 

Theorem 10': Let (N, b) he regular. In order that ^Vn 'trtay be such that 

Wn is summable (N, b) to UV whenever is summable (C, 0) to U and in 

addition summable \ Cy 0 \ , it is necessary and sufficient that X) satisfy (20). 

Theorem 11': Let (iV, b) be absolutely regular. In order that 23 
such that 23 summable | AT, 6 | whenever 23 summable | C, 0 | it is 

necessary and sufficient that ^ Vn satisfy (21). 

The triangular matrix H Cnp H , defined by c„p = BpB‘^\.k[An-pAn^^p+k — 
p = 0, 1, • ‘ , n; A^i = 0, transforms I3 p-o Bn^pVp} into 
[BnXk 23 p-o -4 ni.p+A-4 n-pbp). It can be proved that necessary and sufficient 
conditions that 1 1 1 1 transform every convergent sequence into a bounded 

sequence are that (iV, a) be absolutely regular, and that | BnBnXk | < 

7iy k = 0, 1, • • • ; therefore, under these conditions, (28) follows from (20). 
Since \\cnp\\ is absolutely regular if (iV, a) and (AT, h) are absolutely regular, 
(29) is a consequence of (21) if these conditions on (AT, a) and (AT, b) arc satisfied. 
Similarly we can prove that (26) is a consequence of (20) if (A", a) and (N, h) 
are wgiilar and (Ny a) absolutely regular. From these facts we obtain the 
following special cases of Theorems 13 and 14. 

Theorem 13': Let (AT, a) and (AT, 6) be regxdary and (AT, a) absolutely regular. 
In order that 23 may be such that ^ Wn is summable {Ny b) to UV whenever 

Un is summable (N, a)""^ to U and in addition summable | A^, a | it is neces- 
sary and sufficient that 23 satisfy ( 20 ). 

Theorem 14': Let (Ny a) and (AT, b) be absolutely regular. In order that 
23 may be such that 23 summable | AT, b \ whenever 23 is summable 
I AT, a I it is necessary and sufficient that 23 satisfy (21). 

Comparing Theorems 10' and 13', we find that in order that 23 
summable (Ny b) to UV when (A^, a) and (Ny b) arc regular and (A', a) absolutely 
regular, it is necessary and sufficient that 23 satisfy (20), not only if 23 
is summable | C, 0 | , but also if 23 satisfies the .more stringent condition of 
summability [ A, a j A similar comparison of Theorems 11' and 14' shows 
that in order that 23 be summable | A, 6 | , when (A, a) and (A, 6) 

are absolutely regular, it is necessary and sufficient that ^Vn satisfy (21), 
whether 23 summable | A, a | or merely summable | C, 0 | . 

However, if we do not impose additional conditions upon (A, a) and (A, 6), 
we can construct examples to show that the conditions imposed upon 23 
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in Theorem 13 are less stringent than those of Theorem 10, and those of Theorem 
14 less stringent than those of Theorem 11. For if we let (AT, b) = (C, -1/2), 
1^0 = 1, == 0, n = 1, 2, • • • , we find that when (AT, a)~^ == (C, 1)“\ (20), (2G), 
(28) and (29) are satisfied, but when (AT, a) = (C, 0), (24) and (25) are not 
satisfied. Therefore there is some Un summable j (7, 0 1 , such that T! Wn = 
^ Un is not summable (C, — 1/2) [or | C, — 1/2 |], but there is no ^ Un summable 
1 C, 1 I such that w„ is not summable (C, —1/2) [or j C, — 1/2 |]. 

Conditions of regularity and absolute regularity of (A^, a) and (AT, b) are not 
sufficient to make the conditions of Theorem 12 equivalent to those of Theorem 
9 when (AT, a) = (C, 0). If (N, b) = (C, 0), En-o + 1)“' satisfies the 

conditions of Theorem 12 when (N, a) = (C, 1), but docs not satisfy Theorem 
9 when (A^, a) = (C, 0). 


4. Multiplication Theorems for the Ces4ro Mean 

If we let (N, a) = (C, r) and (A^, b) = (C, s), where r and s are either equal 
to zero or have a real component greater than zero, (C, r) and (C, s) are regular 
and absolutely regular. It is easily proved that in this case (22) is a conse- 
quence of (20). Therefore we shall not need conditions corresponding to (22), 
(26), (28) and (29) for the CesJtro mean. In the following conditions, 
xT(x + y — 1) is to be replaced by 1 when x — 0^ y = l;s^rin (33), (34) 
and (35); and y) = .rr(.r + <z)[ 9 !r(x + , y = 0, I, ; 

S(x, -1) = 0. 


(31) ^v„ summable (C, s) to T^; 

(32) Vn summable | C, s 1 ; 


^ I n!r(r + p + l)S(s - r, n - p) 

(^•3) Z.I r(s + n+l)p! 


pi_0 I 


(34) 


n!r(r 4- p + 1)5(8 — r,n — p) 

p-k r(s + n + l)p! 


< M, 

< M, 


n= 0,1, ••• ; 
n,k= 0,1, • • • ; 


‘ r — r, p) _ (n — 1)!5(8 — r,p — I)”] r(r + n — p + 1) 


y* y 

(35) ’>-* ' Lr(s + n + i) 


r(5 + n) 


(36) Z Z 


n!rr(r -|- n — p — k){n — p)\S{s, p) 


JIo r(« + n + l)(n — p — fc)!r(r + n — p + 1) 


J in - v ) ! 

< A/, k = 0, 1, 

< My n = 0, 1, 


The following theorems are special cases of Theorems 9 through 14. 
Theorem 15: In order that E nwy be such that E summable (C, s) 
to UV whenever E is summable (C, r) to U, it is necessary and sufficient that 
E Vn satisfy (31) and (33).^^ 

Theorem 16: In order that E niay be such that E summable (C, s) 


“ Moore, loc. cit., p. 46, Theorem VI. 
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to UV whenever Un is summable (C, r) to U and in addition summable | C, r | , 
it is necessary and sufficient that ^ Vn satisfy (31) and (34). 

Theorem 17: In order that ^ Vn may be such that ^ Wn is summable | C, 5 | 
whenever 23 is summable \Cy r \ , it is necessary and sufficient that 23 
tisfy (35). 

Theorem 18: In order that 23 lhal 23 is summable (C, s) 

to UV whenever ^ Un is summable (C, r)”^ to U, it is necessary and sufficient that 

23 satisfy (31) and (36). 

Theorem 19: In order that 23 such that 23 summable (C, s) 

to UV whenever Un is summable (C, r)~' to U and in addition summable | C, r | “ \ 
it is necessary and sufficient that ^ Vn satisfy (31). 

Theorem 20: In order that 2 such that 23 summable | C, s | 

whenever 23 ^*“5 summable \ C, r | “\ it is necessary and sufficient that 23 

satisfy (32). 

The George Washington University. 
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CONVERGENCE OF CERTAIN GAP SERIES 

By M. Kac 

(Received March 2, 1942) 

1. The present paper investigates convergence properties of series 

00 

Ck<p(nkx), 

where [uk] is a gap sequence of integers (rik+i/nk > q > 1) and ^(x) a periodic 
function satisfying Holder’s condition. Several results in this direction were 
obtained by the present writer^ and Izumi and Kawata.^ In both cases not only 
bigger gaps were considered but also the sequence {njt} was assumed to be of 
the form 2”^*, where [nik] was a further specified sequence of integers. In this 
paper nothing is assumed about the arithmetical structure of Xhe sequence [uk] 
and the gap condition is the one to be hoped for by analogy with a corresponding 
theorem of Kolmogoroff® concerning trigonometrical series. In concluding the 
proof we follow a very ingenious idea of Paley and Zygmund.* 

2. Theorem. Lei ip{x) be a comylex-valued function, defined over — oo < x < oo , 
satisfying the conditions 

(1) *p{x + X) = (p{x) — 00 < X < cx) 

(2) I ^(x') - ^(x") 1 ^ M 1 x' - x" r - 00 < x', x" < 00 

(3) f <p(x)dx = 0 

Jo 

where X, M, and a are constants for which X > 0 and 0 < a ^ 1. Let [nk\ be a 
sequence of integers satisfying the gap condition nk^i/nk > q > k — 1,2, •••, 
for some constant q. Then if | Ck j” < , the series 

00 

(4) 2 Ckvinkx) 

converges in the mean with exponent 2 over each finite interval to a function /(x) 
having period X and, moreover, the series (4) converges almost everywhere to this 
function f(x). 


^ M. Kac. Sur les fonctions ind^pendantes V, Studia Mathematica, 7 (1938), pp. 96-l(X). 

* S. Izumi and T. Kawata, On certain series of functions, Tohoku Math. Journal, 46 
(1939), pp. 91-105. 

* A. Kolmogoroff, Une contribution a T^tude de la convergence des series de Fourier, 
Fundamenta Math. 5 (1924), pp. 96-97. 

* See for instance S. Kaczmarz and H. Steinhaus, Theorie der Orthogonelreihen, Mono*- 
graf je Matematyczne, pp. 126-127 and 137-138, where the method is explained in two exam- 
ples. 
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A linear change of independent variable reduces the general case to that in 
which X = 27r; we hereafter take X to be 2ir. If (p(x) == <pi(x) + where 

(Pi(x) and <p 2 (x) arc real, then ipi{x) and each satisfy the conditions imposed 
upon ip{x)] it is therefore easy to see that the theorem follows when we prove it 
for the case in which <p(x) is real. Likewise, it is sufficient to establish the result 
for the case in which the constants Ck are real. If the conditions on <p{x) are 
satisfied when a = a 2 and if 0 < ai < a 2 , then the conditions are satisfied when 
a == ai . Hence we may (and shall) assume that 0 < a < 1. 

Lemma 1. There is a constant A independent of j and k such that 

I f <p{nix)<p{nkx)dx ^ A: = 1, 2, • • • . 

1 ^0 

Let fp{x) ^ (ttn cos nx + hn sin nx), let Sn{x) denote the n^^ partial sum 

of this series, and let <Tn{x) denote the n^^ Fej6r trigonometric polynomial of 
ip{x). By a theoj-em of S. Bernstein,® there is a constant D such that 

I ip{x) — <Tn{x) I g Dn"" 0 ^ a: ^ 2ir, n = 1, 2, • • • ; 

hence 

2^ (a? + b/) = i f I <p{x) — 5n(a;) P dx 

it Jo 

^ - f I ip(x) — (Tn (x) P dx ^ 

TT Jo 

Use of Parseval’s relation gives 
1 

- / ip{niX)ip{nkX)dx ^ 23 (OrO. + 

T Jo rnj^mtnk 

Assuming that j < k, we see that if positive integers r and s satisfy the eciuality 
m, = snk , then s ^ 1 and r ^ (uk/nj); hence use of the inequality 

I arOg + hrbg I ^ (Ur + bl)^{a] + ?>«)* 

and of the Schwarz inequality gives 

I- f <p(nix)<f>(ntx) dx ^ f H (a* + br)l (oJ + bl)\ 

I Jo Lr^nk/nj J L»-l J 

< B(n*M)-“ < 5(5-“'*-''). 

This establishes Lemma 1. 

Lemma 2. There is a constant C, independent of a, 5, and k, such that 

1 f ^O^kx) dx ^ Cn^^ 0 ^ a < 6 ^ 2 t, k = 1, 2, • • • . 

I Ja 

* S. Bernstein, Sur I’ordre de la meilleure approximation des fonctions continues par des 
polynomes de degr4 donn^, Memoires de I’Acad^mie royal de Belgique, IV, pp. 1-104; in 
particular p. 88. See also A. Zygmund, Trigonometrical series, Monograf je Matematyczne, 

p. 62 . 
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When 0 ^ a: < 2ir, let ^(x) be the characteristic function of the interval 
a g X ^ 6; and let ^(x) be extended over the infinite interval so that ^(x + 2Tr) = 
^(x). Let 

00 

^{x) ~ Jdo + 2 -(<^« cos + «n sin nx), 

n“l 

Then, by ParsevaFs relation, 

- / 4'{x)<(>{nkX) dx = {at dm + hrem) 

TT JO r-l 

and therefore 

rfxj £ (<** + (»J)J + «*«»)! 

s [I; (»; + «)]'[§ i]'2V2».-. 

The conclusion of Lemma 2 follows. 

Lemma 3. The series 

00 

2 Ck<p(ntx) 

k>ml 


converges in the mean, with exponent 2, over 0 ^ x ^ 2ir. 

If m and n are integers for which 1 ^ m < r, then 

i• 21 r / n \ 2 n 

/ (23 c*¥>(ntx)) dx = CiCh / <p{njx)<p{nkx) dx 

Jo \kwmm / j,k^m JO 

SAX a 2A "f t 

j,k^m q r—0 •—m+r ^ 

n— m i w 00 1 n 

r»0 Q •—m r-»0 ««im 

and Lemma 3 follows. 

Let/(x) be the function to which ^Ckfp{nkX) converges in the mean; this func- 
tion has period 22 r and belongs to class Li over the interval 0 ^ x g 22r. Let 
<0 be such a point that 

■t 

/(to) = Urn r / f{x) dx; 

A-»o n Jfo 

almost all points t have this property. We complete the proof of the theorem 
by proving that the series (4) converges to /(^) when x = . 

Since Ckfp{nkx) converges in mean to/(x), 

ptQ+h 00 

/ fix) dx - J^Ck <pinkX) dx; 

J<0 •'*0 
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using this fact and Lemma 2, we obtain 


J fix) dx - ^ Ci J ^(ntx) dx 


Use of (2) gives 


r 0tQ+h r 

Ci I [<fl(nux) - ipiukU)] dx ^ M\h ^ | cj, | n? . 

Ar -1 JtQ Jfc -1 


Combining these inequalities gives 


1 /•<o+^ »■ r * , ** 

r / Six) da: - 23 c*^(ni«o) ^ Ci | fe ]“* 2 rir + M\h\“ 
rl J to fc-i L^»'+i J *-1 


Let hr = n7*. Then 

I Ar r X) I c* 1 n“ = 23 I C* l(nt/n,)“ S 23 1 ct 1 9““''" 




and since c* 0 as fc — > oo , the elementary theory of matrix transformations 
implies that the last member converges to 0 as r oo . It now follows easily 
that 

I 2 r<0+*r ^ 

lim I - / fix) da: — 23 Ck<pinkto) = 0 

r-*oo \ fir J to 

and hence that ^Ckipiukto) converges to f{to). This completes the proof of the 
theoVem. 


3. By analogy with some former results (loc. cit. 1 and 2) one might expect 
that under the conditions of our theorem the divergence of 

CO 

23cfc (c»— »Oasn— »3o) 

ifc-l 

would imply the divergence almost everywhere of the series 

00 

(a) 23 Ckfirikx). 

ib-l 

This can be easily disproved by the following simple example. 

Let ^(x) satisfy the conditions (1), (2) and (3) of our theorem and put 

if>{x) = ^(x) - ^(2x). 

Put n* == 2* and choose {c*} in such a way that 

(b) S c* = « 

*-1 
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and 

00 

(c) X I Ct+l - Ct I < « 

Jfc-1 

(for instance c* = l/\/jfc). We have*^ 

i: = Ci^(2x) + £ (c*+, - c*)^(2*+‘x) - C„i^(2"+‘x). 

k^\ A:-l 

The right side tends to a limit for every x, hence so does the series (a). This 
combined with (6) disproves the conjecture. 

Cornell University. 
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ON THE EXPANSION OF THE PARTITION FUNCTION IN A SERIES 


By Hans Radbmachsb 
(Received April 8, 1943) 


1 . A geometric property of the Farey series, discovered by L. R. Ford ( 1 ) 
is used in this note for the construction of a new path of integration to replace 
the circle carrying the Farey dissection, first introduced by Hardy and Rama- 
nujan in their classical paper ( 2 ). This new path of integration will bring about 
an essential simplification in the treatment of the partition function and, in 
general, in the determination of the coefficients of modular functions of non- 
negative dimension. It seems to me that the new path exhibits more clearly 
than the Farey arcs do the different contributions of the approximation functions 
near the roots of unity. Moreover, only two estimations have to be performed, 
and they are direct consequences of the obvious statements (3.2) and (4.1) 
concerning the circle over the diameter 0 to 1. 

Ford's theorem referred to above can be enunciated as follows: 

If in a complex r-plane we mark the points corresponding to the reduced 
fractions h/k and draw about the points 



the circles of radii l/2fc“, which touch the real axis at h/ky then these circles do 
not intersect. Two of them are tangent to each other if and only if their frac- 
tions h/k and l/m appear as neighbors in a Farey series of some order. 

The proof is clear. Comparing the distance of the centers with the sum of the 
radii of two such circles we consider 


Th,k — 



(hm -Ikf -1 ^ 


The equality sign, indicating contact of the circles, is attained only for 


hm — Ik = il. 


and this would mean that the fractions h/k and I /in are neighbors in some 
Farey series, e.g. that of order N = k + m — 1, 

To each positive integer N we introduce now a path Pif which we shall later 
use for the complex integration. Let Ch,k be the circle of Ford's theorem belong- 
ing to the (reduced) fraction h/k. We draw all circles Ch,k for fc ^ A, 
0 ^ h/k < 1, in other words all the circles belonging to the Farey series of order 
N. If hi/ki < h/k < h 2 /k 2 are three adjacent fractions of that series, then 
the circle Ch,k has a point of contact with Chi,ki as well as with . These 
points of contact cut Ch,k into two arcs, an upper one and a lower one. (The 
lower one touches the real axis.) As path Pi^ we take now the row of upper 
arcs yh,k , oach traversed on its circle in the negative sense, on Ch,k therefore from 

416 
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the point of contact with Chi,ki to the point of contact with . The figure 
shows Pjv for iV = 3. Because of the periodicity of the function to be integrated 
it does not matter that instead of the whole arc 70,1 we have drawn a part of 
7i,i which is obtained fro A the omitted part of 70.1 through the translation +1. 

For a later purpose we need the coordinates of the endpoints of the arc yh,k . 
They are, as simple geometric arguments show, 


( 1 . 1 ) 


^ 4. - 4 - ^ \ ^ 4 _ / 

k'^\ k{k^ + kl) ^ k^ + k\) k 



and 

k ■*" G(jfc* + fc]) F+T|) ^ k'^ ■ 

Incidentally, the point h/k + ^h,k lies on the semicircle over the diameter {hi/ki , 
h/k); the whole path lies above the row of semicircles connecting adjacent 
fractions of the Farey series of order N} 

^ The imaginary part of is l/(fc* H- Ajf), and we have 

± < < 2 

^ + A? ^ (ifc + ki)^ (N + D* ‘ 

Thus is of the order iV“*, This corresponds to the choice of a circle of 

radius exp (— 2TiV~*) as the path of integration associated with a Farey dissection of order 
N in my previous treatment of p(n). (8). • 
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2. In order to come to p(n) we start with Euler’s formula 

(2.1) 1 + f: pcn)*" = n (1 - *”)■* = /(*), I » I < 1. 

n—l m— 1 • 


We have therefore 

P(n) = j. 

for any path of integration in the upper r-halfplane connecting i and t + 1. 
We choose the path P^r described above and obtain 


Pin) = Z f 

= Z df. 

Here and in the sequel it is always understood that h is prime to k. The path 
of f between f*.* and ^h,k is described by the substitution 



where t runs on yh,k . That means that f runs from to on the upper arc 
of a circle of radius 1/2A;^ about the point t/2k^. Introducing in each integral 
a new variable z by 



we obtain 

( 2 . 2 ) 


pin) = 


z 

0^h<k^N 






2irz 2rnz 

^)e~^ dz. 


Here z runs in each integral on an arc of the circle K of radius ^ about the point 
^ as center. The ends of the arc are 

Zh,k = Zh,k = -^'l'fCih,k 

or, according to (1.1) and (1.2) 


(2.3) 


2h,k - 

u 

Zh,k 


k^ -h ki 
k^ 

k^ + kl 


+ i 
— i 


kki 

k^ +lcV 

kk^ 

k^ “t" ki 


The points Zn^k and zZk divide the circle K into two arcs; that one is meant as 
path of integration which does not touch the imaginary axis. We have 9i(z) > 0. 
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On the integrands in (2.2) we apply now the transformation formula of the 
function f(x), a formula, which stems from the theory of the elliptic modular 
functions (cf. (2), Lemma 4.32) 



Here (ah,k is a well-known root of unity, and h' is a solution of the congruence 


hh' ^ — 1 (mod k ) ; 


for the square root the principal branch has to be taken. We get therefore 
from (2.2) 


(2.4) 


2rihn 

p{n) = ik~* wh,ke * / ^*(z)/(e 


2 rik' 

k 


o^fc<fcgAr 

with the abbreviation 


2t 2rn2 

~)e~^ dz, 


^fc(2) 2‘exp(l23 i2fc*)- 


2vxhn 2irn* 

* / '^k{z)e ** dz 

^^h<k^N 

2vihn 2vih* 2 t 2irm 

(2.6) + 23 ik~^m,ke ^ / ’ ’4'*(z){/(e~* ~) — 1} e ** dz 

29%hn 2xihn 

= 2!^ ik ^COA.jfcC * /m + X) /** > 

where Ih,k and I^k are respectively abbreviations for the integrals. 


(2.5) 

We rewrite (2.4) as 

pin) = 23 


3. We estimate first 

2wih^ 2v 2rnz 

■ ^*(2){/(e~'“) - l}e 

^h,k 

The path of integration, which is an arc of the circle K, can here be replaced by 
the chord st.i from z'i,,k to zZk . We have on and in the circle K 

(3.2) 0 < 5R(z) ^ 1, 

This yields the estimate 

2rih* 2r 2wn9 

(3.3) |^*(z){/(c~"“) - l}e *’ I 

On the chord 8h,k we have j z | less than or equal to the greater of the numbers 
\zk,k\ and \zZk\ . From (2.3) we derive readily 


I E p(m)r*'("’“^) . 
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1 4* I 


Vk^ + kV 


\Zh*\ 


Vk* + *1 ‘ 


Now 


Vfc* 4- ^ 2~*(k + ki) ^ 2-\N + 1) 


since k and h are the denominators of neighbor fractions in the Farey series of 
order N. Therefore we have on Sh,k 

(3.4) \z \ ^ 2^k(N 4- 1)”'. 

The length of the chord Sh,k is, according to (2.3), 

k k V ki fe 




k^ 4“ 4" kt 


h{7h-7m' 


(3.5) 


k^ 4* k2j 
k\ki — fe2 1 


2fe I fci — ^2 I 


+ + kl)^ - ik + kt)(k + ki) 


= 2 *: 


< 2k(N + !)■ 


Ifc + A:i k kt 
From (3.1), (3.3), (3.4), (3.5) we obtain now 

I /:* I < Ck*N-i 

where the constant C contains n, which however we keep fixed. This estimate 
leads to 

2xihn 

1 Z ~ itk\< Ci\r* E < cn~K 

* 0ih<k£N 0ih<k£K 


We can thus replace (2.6) by 
(3.6) pin) 

/ H*k 2 y n» 

4'*(2)e"^ dz. 


2Tt^n 

E /m + 0(^^), 

0^h<k^N 


•h,k 


4. In Ih,k we introduce now the whole circle K, from 0 around in the negative 
sense to 0, as path of integration: 

J p 2vnz r*hk 2jrn« ^0 2rnt 

'9kiz)e~>^ di — I ' 4't(z)e"^ dz — I 'i'k(z)e *’ dz. 
k(-) Jo 

We estimate the last two integrals. Since they are of the same type we need 
to consider only the first. On the circle K we have 


dt 


(J) - 1, 0 < 3t(z) g 1. 


(4.1) 
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The arc from 0 to z*.* is less than 


I lzi.tl < 

and (3.4) is also valid on that arc. Remembering the definition (2.5) we obtain 
therefore 


Insertion of this into (3.6) yields 

2irihn 


I r*h k 2rnz 

/ ■ Sf'*(z)e'** dz < Ce^’^k*N-\ 

Jo 

^ 2vn* 

Ih.k = / '^k(z)e ** dz + 0(fc»Ar‘). 


2rn« 


zrtfin 'irn 

p(n) = 21 ik~^m,ke ~ / 4'*(z)e~^ 


dz 


+ 0(i\r*) + E 0(A:"^Ar») 


= i E Akin)k-* [ 'I'*(z)c'*"*dz + 0(iV~‘), 

j JC<- 


with the abbreviation 
(4.2) 


2rihn 

Akin) = E «».»«” * ■ 

/i mod A; 


If we now let N tend to infinity the error term goes to zero, and we obtain an 
infinite convergent series 

(4.3) p(n) = i 2 Jlifc(n)fc"’* f ("* 24 ) 

*-i Jjc<-> 

6. In order to carry out the integral we substitute 

1 

w = - . 
z 

The path of the integral in the ti;-plane is then the line parallel to the imaginary 
axis through the point 1. Therefore we have 

.. 00 -l+»oo xw 2 t / j^\ 1 

p(n) =‘ -r ^ Ak(n)k~* f w~*e^ 

The integral here is brought into a known form by the substitution 

TT 


12 


W ^ ty 
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which yields 

1 / \t * AC+ito i4.JLL/ L'N ^ 

p(n) == “(^) ^ Ak(n)k'~^ / r*e cfcsv** ^ dt^ c > 0. 

Z \12/ fc—l •'c— too 

We find^ thus 

p(n) = 2jr(24n - 1)~* g VKn - , 

where /§ is a “Bessel function of imaginary argument/' 

Finally, Bessel functions of half odd order can be reduced to elementary 
functions. In our case we apply the relation 



Using the abbreviations 

C = irVI. Xn = V'n — 
we obtain then the result (3) 


00 /if 


Xn /’ 


which we had set out to prove. 

University of Pennsylvania. 
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SUR LA DISTRIBUTION LIMITE DU TERME MAXIMUM DTINE 

s£rie AL£AT0IR£ 

Par B. Gnedenko 
(Received February 8, 1943) 

Introduction 

(yonsiddrons une suite 


> * * * > J'n ) * * * 

dc variables aldatoires mutuellement inddpendantes ct assujetties k une mfeme 
loi de distribution F(x), Formons une autre suite de variables aldatoires 


Si » S2 , 


j 


en posant 


= max {xi,X 2 y ••• y Xn). 

On voit facilement quo la fonction de distribution de est 
Fn(x) = PUn < X} = F”(X). 


I/dtude dc la fonction Fn(x) pour les grandes valeurs de n oSre un intdret notable. 
Beaucoup de travaux ont 6t4 consacrds a cette question. En particulier, M. 
Frdchet [1] en 1927 a trouvd les lois qui peuvent 6trc limites pour Fw(Onx) pour 
un choix convenable des constantes positives Un . 

C^ette classe de lois limites est form^e des lois dc types^ suivants 


pour 

x ^ 0 

pour 

a: > 0 


et 





pour 

pour 


X ^ 0 
a; > 0 


oil a ddsigne une constante positive. 

En 1928 R. A. Fisher et L. H. C. Tippett [2] ont dtabli que les lois limites pour 
Fn{cinX + bn), ouGn > 0 ct bn sout dcs coustantcs rdclles convenablement choisics, 
se rdduisent aux lois de types 4>a(x), ^a(x) et la loi 


A{x) = e 


R. Misfes [3] qui a commened une dtude systdmatique des lois limites pour la 
distribution du terme maximum vers 1936, a trouvd plusieurs conditions suffi- 
santes pour la convergence des lois Fn(a„x + bn) vers chacun des types citds 


^ En imitant A. Khintchine et P. L4vy nous appellerons type de la loi ^(x) 1 ’ensemble 
des lois ^(ax + h) pour tous les choix possibles des constantes r^elles a > 0 et b. 
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A rinstant, pour un certain choix fixe de constantes an > 0 et 6n ; en terminant 
le dernier paragraphe de ce travail nous aurons Toccasion de formuler la condi- 
tion suffisante de convergence vers la loi A(x) trouv4e par R. Misfes. 

Cependant les travaux cit6s ne donnent pas de solution complfete des problfemes 
fondamentaux sur les distributions limites du terme maximum de la s6rie al4a- 
toire. Et, tout d^abord, il reste k rechercher le domaine d^attraction pour 
chaque loi limite propre^ ^(^)i c^est-ib-dire Tensemble de toutes les fonctions de 
distribution F(x) telles que, pour un choix convenable des constantes an > 0 
et bn , on ait 

lim Fn(anX + bn) = 4>(x). 

n-*oo 

II est int^ressant de remarquer que non seulement la position des problfemes 
sur les dirtributions des termes maxima mais, comme nous allons le voir, les 
r^sultats obtenus oflfrent unc grande analogic avec les problfemes et les r&ultats 
correspondants concernant la th6orie des lois stables pour les sommes de variables 
al4atoires ind4pendantes (Voir, par exemple. Chap. V [4] et (5)). 

II sera prouv6 dans ce travail que la classe des lois limites pour les maxima 
n’est form^e que des types indiqu6s. Nous donnons aussi les condition n6ces- 
saires et sufRsantes pour les domaines d’attraction de chacun des types limites 
possibles. Cependant si les conditions trouv^es pour les lois <^a(x) et ^a(^) 
peuvent 6tre regard^es comme definitives, il n^en est pas ainsi pour les conditions 
concernant la loi A(x); ces conditions-ci n^ont pas encore regues, it notre avis, 
de forme definitive et commode pour les applications. Au §l sont donnees 
les conditions necessaires et sufRsantes pour la loi des grands nombres et pour la 
stabilite relative des maxima. Il est k remarquez que les lemmes 1 et 2, comme 
il nous semble, presentent un interet par eux-mfemes et peuvent etre utiles dans 
les recherches sur d'autres problfemes limites. 

On voit facilement que les resultats que nous allons exposer s’6tendent aussi 
it la distribution du terme minimum de la s^ric al^atoire. Il sufRt de remarquer 
que si 

7jn = min (xi,X 2 y ••• y Xn), 

alors 


— 77n = max (— Xi , — X 2 , • • • , — Xn). 

1. La loi des grands nombres 

Nous dirons que la suite de maxima 

(1) fi > ?2 , • • • , fn , ■ • ' 


* Une fonction de distribution s’appelle impropre ou unitaire si elle appartient au type 

pour X < 0 
pour X > 0 


€(x) 


{: 
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d’une s4rie de variables aldatoires mutiiellement ind^pendantes 
( 2 ) a;i , 0:2 , • • • , Xn , • • • 

est assujettie k la loi dcs grands nombres sMl existe des constantes An telles que 
Ton ait 


(3) 


P{ \ ^n An\ < c} — > 1 


pour n 00 et tout e > 0 donn4 d^avance. 

I^a suite des maxima (1) sera appellee relativcment stable si, pour un choix 
convenable de constantes positives Bn , la relation 


(4) 


lim P 


{ 




1 


a lieu pour tout € > 0. 

Si la fonction de distribution F(x) des variables al^atoires de la suite (2) jouit 
de cette propi6t6 qu’il existe une valeur Xo telle que Ton ait 


(5) 


F(xo) = 1 et F{xo — €) < 1, 


pour tout € > 0, alors la suite (1) est assujettie k la loi des grands nombres. 
En effet, les conditions (5) ayant lieu, nous avons 

P{\in- Xo \ < e} ^ 1 - Fn{Xo - c) 1 - F^(Xo - c). 


Et, puiscpie pour tout € > 0 

lim F”(a:o — e) = 0 

n-*oo 

nous avons pour tout € > 0 

lim P{ Ifn — xo| < c} = 1. 


D’une fagon analogue, si les conditions (5) ont lieu et si Xo > 0 alors la suite (1) 
est relativement stable. 

En effet, dans ce cas nous avons 


P 


{ 




1 - F”(*o{l - .)) 


et, puisque d’aprfes (5) on a pour n — » <» 


F"(a;o(l - «))-^0, 


nous obtenons, pour n — ♦ <» , 




II est Evident que dans le cas Xo ^ 0 la stability relative ne pent plus avoir lieu. 
Nous voyons ainsi que toute la difficult4 concemant la recherche des condi- 
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tions SOUS lesquelles ont lieu la loi des grands nombres et la stability relative des 
maxima, se rapporte aux distributions donnant lieu k Tin^galit^ F(x) < 1 pour 
toutes les valeurs finies de x, 

Th^orJime 1, Pour qv£ la suite (1) soit assujettie d la loi des grands nombres^ 
en supposant F(x) < 1 pour toute valeur finie de x, il faut et il suffjt que Von ait 

ra\ 1 - _ A 

^ ^ I _ /r(^) 

pour tout € > 0. 

Demonstration: En vertu de r4galit4 6vidente 

P{| fn - An I < €) = F”(An + €) - F"(An - 0 

les conditions pour la loi des grands nombres peuvent 6tre exprim^es sous la 
forme suivante: pour tout € > 0, on a 

F"(An + €)->!, 

F"(An-6)-^0 


pour n — > 00 . 

De la premiere de ces relations il r4sulte, en tenant compte de la condition 
du th^orfeme, que An pour n oo . 

Les relations trouv4cs sont 4quivalentes aux conditions suivantes: 

n log F(An + €) -> 0, 

n log F(An — c) 00 

pour n 00 ; or, puisque 1 — F{x) 0 pour x oo et puisque sous cette condi- 
tion * 

logF(x) = log (1 - (1 - F(x))) = -(1 - F(x)) - K1 - F{x)f 

= ^(l-F(x))(l+0(l)), 

les conditions en question sont ^quivalentes aux relations suivantes 

n(l - m« + *))-»0 1 

(7) \ 

n(l - F(An — cc\ 

pour n — > 00 . 

Supposons maintenant les conditions du th^orfeme v^rifi4es et faisons voir 
que la loi des grands nombres a lieu. A ce but, d6finissons les constantes An 
comme les plus petites valeurs de x donnant lieu aux inEgalitds 

(8) F(i - 0) g 1 - - ^ F(a: + 0). 

n 

En vertu de I’hypothfese faite sur F(x) dans r4nonc6 du th^orferae il est Evident 
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que » o® pour w — > oo . D’aprfes la condition du thdorfcme, nous avons pour 
tous les « et ij (« > ij > 0) 


1 - F{An + 6) 


0 , 


1 - F{A, + «) 


0 , 


pour n 
( 9 ) 


1 - F{An + v) ’ 1 - F{An - v) 

oo ; or, )j > 0 4 tant arbitraire, nous en concluons que pour n 

1 - F(A„ +€) _^ 1 - F(An + e) 


1 — F{An + 0 ) 

II r6sulte de (8) que 

1 - F(An + e) 


i-f(a„-6) 

1 - F(A„ + *) 


1 - FiA„ - 0 ) 


^ n(l - F(A„ + t)) g 


1 - F(.l„ + 0 ) ’ 


et par consequent, en vertu de ( 9 ), nous avons pour n — ^ 
(10) n(l - F(/l„ + «)) 0. 


Do la condition du theoremc il i-esultc (pie, pour tout « > 0 , 


lim 


I - F(x) 

1 - Fix - €) 


= 0 ; 


nous en tirons par des raisonnements analogues aux pr^c6clents que, pour n 
on a 


(11) n(l - F(An - 

Or, nous avons vu (pie la relation ( 3 ) r^sulte de (10) et (11). 

Supposons maintenant que c^est la loi des grands nombres qui a liou,^e/est“^- 
dirc supposons qu^il existc une suite do constantes - 4 ,, telle (iiic, les conditions 
(10) et (11) soieiit v6rifi^es pour tout € > 0. D^montrons alors (pie r^galit6 
(0) a lieu elle aiissi. 

II est Evident quo d^apres (10) on a . 4 n pour n x, et nous pouvons 

supposer (pie les . 4 ,; sont non d^croissants. Pour tout valour suffisamment 
grande d(^ .r, nous pouvons trouver un nombre n tel epic 

An-l ^ X ^ An- 
il est Evident (lue les in^galitds 

1 - F{An-l - v)^l - nx - r?) ^ 1 - F{An - 7?), 

1 — F(An-l + 7 ?) ^ 1 ~ P'ix + 77) ^ 1 — F{An + 77) 
ont lieu pour tout 77 > 0, aussi bien quo les in^galitfe 


1 - FjAr^i + 7 7) 1 - F(x + 77) ^ 1 - F(An + 77) 

1 - F{An - 77) 1 - F(x - 77) “• 1 - F{An-i - 77) ‘ 
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II r^sulte de ( 10 ) et ( 11 ) que 


Urn 

X-*00 


1 — F{x + rj) 
1 - f (x ~ ri) 


= 0. 


En reinpla^ant x — rj par x ot 2 ri par « nous obtenons la condition du th^or^me. 

THfioR^ME 2 . Pour que la suite ( 1 ) soil relativement stable, en supposant 
F{x) < 1 pour toule valeur finie de x, il faut et il suffit que la relation 


( 12 ) 


lim 


1 -- nicx) ^ 

r-E(x) 


ait lieu pour tout k > 1 . 

Demonstration: En tenant corapte de T^galit^ ^vidente 


P 





= F”(Bn(l + €)) - F\Bnil - €)) 


nous pouvons ^crire les conditions de la stability sous la forme suivante: pour 
n — ^ 00 on a 


F\Br.ii + ,)) ^ 1 , 

E"(^n(l ~ €)) 0 . 


Par des raisonnements analogues k ccux que nous avons employes dans la 
demonstration du theoreme precedent, nous voyons que ccs conditions sont 
equivalcntes aux suivantes: pour n oo on a 

(13) n(l - F(Bn(l + €))) 0 

(14} n(l - F{Bn{l - c))) ^ 

Supposons d^abord (lue la condition du theor 5 me soit verifiee. Definissons Bn 
comme la plus petite valeur de x donnant lieu aux inegalites 

(16) F(x(l - 0)) S 1 - i ^ f(x(l + 0)). 

n 


En vertu de rhyi)othese faite sur la function F{x) nous concluons que Bn ^ 
pour n — ^ 00. 

De (12) il i-esulte que pour tons les € et 77 (c > 77 > 0) on a 

1 F{Bn(l + €)) . 1 - FiBnd + 6)) 

l^F{Bn(l + v)) ’ 1 - F(5„(l - 77 )) 

pour n 00 . Or, puisque € > 0 , nous en tirons,, pour n 00 


n 1 - FjBnjl + 0 ) 1 - F(g„(l + «)) n 

1 - + 0)) 1 - F(5„(l - 0)) 

De I’in 4 galit 6 ( 15 ) nous concluons que 


1 - F(B „(1 + «)) 
1 - F(Bnil - 0 )) 


^ n(l - FiBnd + e))) ^ 


1 - F(B „(1 4 - *)) 

1 - F{Bnd + 0 )) ’ 
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et, par consequent, en vertu de (16), que 

(17) n(l - F{Bn(l + €))) 0 


pour n — > 00 . Or, puisqu’il r^sulte de la condition du theoremc que, pour tout 
€ > 0, on a 


lim 

*-♦00 


1 - Fixjl - €) ) ^ 
1 - Fix) 


nous en obtenons, par des raisonnements analogues aux precedents. 


(18) 


n(l - FiBnii - €))) 


pour n — > 00. 

Mais, comme nous le savons, la stabilite relative des maxima resulte de (17) 
et (18). 

Supposons maintenant quo les maxima sont relativcment stables et que, par 
consecpient, les relations (13) et (14) ont lieu. Montrons (pi^alors Tegalite (12) 
a lieu elle-aussi. Du fait (pie Fix) < 1 pour toute valeur linie de x et de la 
relation (13) il resulte que 

Bn ^ pour a — > 00 

Nous pouvons evidemment supposer que les Bn ne decroissent jamais. Pour 
toute valeur sufisamment grande de x nous pouvons trouver un enticr n tel que 

Bn-^l ^ X ^ Bn . 


II est evident (pie pour tons les e et r; > 0 nous avons 


1 - FiBn-iH - v))^l- Fixil - v))^l - FiBnil - v)), 
1 -- FiBn^iil + €)) ^ 1 - Fixil + €)) ^ 1 - FiBnil + c)), 
d^od Ton tire 


1 - F(Bn-l(l + €)) ^ 1 - Fixil + €)) ^ 1 -- FiBnil + c)) 
i - FiBnil -v)) ~ 1 - Fixil -v)) ^ 1 - FiBn-iil - v)) * 
11 resulte de (13) et (14) (pie pour tout c > 0 et tout 17 > 0 a lieu Tegalite 

1 - F(x(l + *)) _ ^ 

lim FTT-Tl ll* 

*-♦00 1 Fixil 17)) 

En posant X = a;(l — 17), A: = ^ , nous obtenons la condition (12). 

1 — ?7 


Considerons k titre d^example les functions de distribution suivantes: 




0 

pour 

* g 1 

(19) 

Fi{x) = ^ 

, 1 


* > 1 

1 




1 

x“ 



(20) 

Fi{x) = 

0 

pour 

* ^ 0 


X > 0 

1 

.1 - c 

ff 
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En vertu de 


lim 

X-*QO 


1 - Fi(x + «) 

1 - Fi(x) 


1 , 


lim = I 

X-OO 1 — Fi(x) 


nous voyons (j[iie pour la fonction de distribution (19) les maximas ne sont pas 
assujettis a la loi des grands nombres et ne sont pas stables, et cela (piel qiu' soit 
a > 0, tandis (pi'en vertu de 


lim 

x-»0 


1 - F^ix + 0 

1 '->2(x) 



pour 

a 

pour 

a 

pour 

a 


1 - Ft(kx) ^ 
hm — = 0 
x-*o 1 — ^2(0:) 


(fc> 1) 


nous voyons que pour les lois (20) la stability relative a bien lieu pour toutes les 
valeurs de a, et (pie la loi des grands nombres n^a lieu (^ue pour a > 1 . 

On v^rifie facilement que 1) pour la loi de Poisson les maxima sont relative- 
ment stables mais ne sont pas assujettis h la loi des grands nombres, 2) pour la 
loi de Gauss h dispersion 4gale a un et k valeur moyenne nulle pour n ^ ont 
lieu les relations suivantes 



V 2 jog n 



1 , 


P{| — \/2 log n 1 < €} — > 1 


pour tout c > 0. 

En 1932 Bruno de Finetti [6] a donn4 (luclques conditions pour Tapplicabilite 
de la loi des grands nombres. Finetti consid^rait des variables al^atoires ayant 
densitds/(x) = F'(x) et assujetties k certaines conditions suppl^mentaires; la 
condition suffisante trouv^e par Finetti est exprim^e par T^galit^ 


lim 


~ J{z) ' 


0 


pour tout € > 0. La condition de Finetti rfeulte facilement du th^orfeme 1 (et 
cela sans condition suppl^mentaire impos^e aux variables al^atoires). En 
efifet, (in admettant Texistence de la d6riv^e/(.T) = F\x) pour toutes les valeurs 
de Xy on trouve par la rfegle de THospital 


• Lorsque j’ai d4montr4 ce th^ordme, les r^sultats de Fischer et Tippett exposes dans 
leur travail cit6 [2] m’^taient inconnus. Puisque la demonstration de ces auteurs n’est 
pas, il mon avis, suffisamment detaillde et fait appel d, Phypothese supperflue de Panalycite 
des quantites au et 6u relativement k la variable n, j’ai pens^ qu’il serait utile d’exposer 
dans ce travail les r^sultats de cc paragraphe avec tons les developpcments necessaires. 
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lim 

*-♦00 


!-/!’(* + «) 
1 - Fix) 


lim 

*-♦00 


/(g + €) 

f(z) 


d'ou il r4sulte, en vertu du th6oreme 1 de ce travail, que dans le cas de Texistence 
dc la limite 


lim 


f(z + €) 

m 


pour tout c > 0 la condition de Finctti est n^cessaire ct suffisante. 

II est Evident qu^on pent 4noncor imc condition analogue coneernant la 
stability relative des maxima. 


2. La classe des lois limites 

Th^ioreme 3. La classe des lois limites pour Fn{anX + hn) ou an > 0 ct 6„ sont 
des constantcs convenahlement choisies, ne contient que les lois des types ^a(x), 
Aix).^ 

Demonstration: Supposons que pour un choix de constantes an > 0 et K 
on ait 


Fn(anX + hn) = F'^iunX + hn) — > 4>(a:) 

pour n — > 00 , Alors, P^galit^ 

(21) lim [F'^iankX + 6njk)f = 

n-*oo 

a lieu pour entier k > 0. 11 en resulte (pie, k 6tant constant et oc , la suite 

des functions F'^iUnk-x + bnk) tend vers une function limite. En vertu d^un 
thEorfcme de A. Khintchine ([4], th^or^rae 43) cette function limite doit appartenir 
au inline type que la function ^(x), c’est-^-dire que nous devons avoir 

( 22 ) lim F^'iankX + bnk) = HockX + l^k), 

n-*oo 

ofl les afc > 0 et 0k «ont constantes. 

11 rfeulte de (21) et de (22) que pour tout nombre naturel k la loi limite satisfait 
k TEgalitE 

(23) + j3*) = <*>( 3 ;). 

Consid^rons s6paremcnt les trois cas suivants. 

1) at < 1 pour une certaine valeurdefc > 1. Pour 


nous avons 


akX + 0k ^ X. 
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Done, la fonction ^(x) 4tant monotone, nous pouvons ^crire 

^(ajeX + fik) ^ ^(x). 

II en r^siilte que pour la fonction de distribution ^(x) T^galit^ (23) ne peut avoir 
lieu que si 

a 

^(x) = 1 pour X ^ — . 

1 — ttjfe 

Montrons maintenant que pour x < 0k/ (1 — at) on doit avoir 

4>(x) < 1. 

Supposons le contraire, c'est-Ji-dire admettons qu’il existe mie valeur xq < 
0k/{l — a*) donnant lieu a Tin^galit^ 

(24) 4>(xo) = 1. 

II est Evident qu’il est toujours possible de choisir pour tout a: < un entier n 
tel que 

Xo ^ €tkX + /3/fc(l + ajfc + • • • + a? ^). 

Alors, en vertu de (24), on doit avoir 

^{akX + i9/c(l +«&+•••+ otk~^)) = 1. 

Or, il r^sulte de (23) que 

(offc + 0k{l + aft + • • • + ^)) 


(^5) 

= + ^*(1 +«*+•••+ ar')] + 

= + ^*(1 + at + •> • + ar')) = $(*) 

e’est-i-dire que 



4>(x) = 1 


pour toute valeur de x, cc qui est impossible. 

Nour voyons ainsi que 4>(x) 1 pour x ^ 0k/{l — a*) et f>(x) < 1 pour 

X < 0 k / (1 — aft). 

Montrons maintenant que si 4>(x) est une loi propre et si a* < 1 pour une valeur 
de fc, cette ^galit6 a lieu aussi pour toutes les valeurs de fc. Admettons qu^il 
existe un nombre r > 1 donnant lieu k Tin^galit^ Ur ^ 1. 

Si ar = 1, nous avons pour toutes les valeurs de x, 4>’’(x + 0 r) = 4>(x) et, par 
consequent, 4>’'(x) = $(x — 0r), il r^sulte en particulier que 
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Si 5^ 0, nous avons min - a*) + 0r; ~ ak) - 0r) < 0k/ (I - otk) 

et il r^sulte de (26) en vertu des raisonnements d4velopp4s k Tinstant que 
^(x) s 1 ; si c^est le cas 0r — 0 qui se pr4sente, alors nous avons 

4>^(x) = ^(x) 

et <^(x) s 1 ou 4>(x) = 1 pour x S 0k/(l — ait), tandis que <^(x) = 0 pour x < 
0k/ (I — ajt). Done, 4>(x) 4tant une loi propre et ak v4rifiant rin4galit4 a* < 1, 
nous voyons que ar 9 ^ I pour tous les r. 

Si Ur > 1, on a pour x S 0r/(l — «»•) 

arX + 0r X 

et, par consequent, 

^(arX + 0r) S 4>(x). 

D’oii, en vertu de (23), nous tirons 

(27) 4>(x) = 0 pour x g . 

1 — QJr 

Soit X < 0k/(l — ait). Pour tout € > 0 on peut trouver un n tel que 

g <; ^ ^ cuk + ••• + a*”^) = z» 

1 — a* 

Conform4ment a (25) et (27) nous obtenons 

<i>"”(airx + 0k{l +«,.+ •••+ ar')) = ^(x) = 0, 

c’est-&rdire que pour tout z < 0k/ (1 — ait) nous avons 

4>(2) = 0. 

La loi <E>(x) est done impropre, ce qui est en contradiction avec Thypothfese 
admise. 

La fonction 4>(x) est done telle que 4>(x) = 1 pour x ^ 0k/ iX — a*) = x© 
et 4>(x) < 1 (?^ 0) pour x < 0k/ X — ait) = . Or, le point x© 4tant 4videmment 

ind4pendant de A, nous avons 

0k ^ 0n 
1 — a* 1 — an 

pour toutes les valeurs de k et de n. 

Posons 

(cela correspond au d4placement de Forigine au point 0k/ {I «*))• 
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II est 4vident que 

#(a*2) = (akZ + • 

En vertu de (23) la fonction #( 2 ) v^rifie T^quation 
(28) ^\akZ) = f ( 2 ) 

pour tout entier positif k. La solution de cette Equation fonctionnelle est bien 
connue (voir, par exemple, [4], page &5) la seule fonction de distribution v6rifiant 
r^quation (28) et assujettie k la condition i{z) == 1 pour 2 ^ 0 est la fonction 
^«(x). 

2) a* > 1 pour un certain k. II r4sulte des raisonnements exposes que 
ak > 1 pour toutes les valeurs de k. Nous avons d6j&. vu (27) que 

^(x) = 0 pour X g — . 

1 — a* 

La demonstration de Pinegalite f>(a:) > 0 pour a: > /?*/(! — dk) rfeule de Tegalite 

= 4 - (4 - \ + ' • • + ^)) 

\ak \ak dk dk // 

qui resulte facilcment k son tour de (23). De cette mfeme inegalite il r^sulte que 
4>(a;) < 1 pour tous les x > fik/0- ^ «^)• D’une fagon semblable nous voyons que 

Pk _ Pn 

1 — a* 1 — an 

pour toutes les valeurs de k et n, et que la fonction 

verific, pour tous les k >"0, Tequation (28). 

La seule fonction de distribution solution dc cette Equation et satisfaisant a 
la condition $( 2 ) = 0 pour 2 < 0 est la fonction ^a(x). 

3) ak = 1 pour un certain k, II resultc de ce qui pr^cfede que ak = 1 pour 
tous les k. En effectuant le changement de variable 


2 = e"", ffk = 6**, ^( 2 ) 


i 4>(log 2 ) pour 2 > 0 
0 pour 2^0 


nous r^duisons T^quation (23) k la forme 

^*(c*2) = 5(a:).. 


La seule fonction de distribution satisfaisant a cette Equation et k la condition 
$(0) = 0 est la fonction Ainsi, nous avons 

Cette fonction est du type A{x), dont nous avons parl6 dans Tlntroducion. 
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3. Propositions aiudliaires 

Lemme 1. Soient Fn(x) et ^{x) des fonctions de disirihution, ^{x) rCkant pas 
unitaire. Si pour certaines suites de nomhres rSels On > 0, 6n , an > 0, j8» on a 

FniUnX + bn) 4>(x) 

et 


FnictnX + fin) H^) 

pour n CO on aura pour n — ^ oo 

^ 1, _♦ 0. 
dn an 

Demonstration: Posons pour abrEger 

Vn(x) = FnianX + bn) 

D’aprfes rhypothfese du lemme nous avons pour n — » oo 

Vn(x) ^(x) 
et 


VniAnX + Bn) -^HX), 


oil 


An = 


an 

On’ 



DEterminons une suite d^indiccs rii < n 2 < • • * < n* < • • • telle que les limites 
\im An, ^ Ay lim Bn, ^ B (0 ^ il ^ - oo g B ^ +oo) 

A:-*oo fc-*oo 


existent. Montrons que A < -{■<». Supposons le contraire, c’est 4-dirc que 
A = + 00 , et ddsignqns par xo la borne sup^rieure dcs nombrcs x pour lesquels 

lim {An^X + Bnt) < + 00 . 

ib-^oo 


11 est Evident que pour tout a: > a:o on a 

lim (iln* X + Bnjfc) = + 00 , 

A-* BO 


tandis que pout tout x < xo 

lim ^An,X "f" Bn,) ~ • 

ik-*ao 


Nous en tirons que 


*(,)_/« *<*• 
' ' (1 pour X > Xo. 
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Mais ceci 4tant exclu par Thypoth^e du lemme, nous avons A < +<». II en 
respite que B est fini lui aussi, puisque de Thypotfese S = — oo r&ulterait pour 
toui^ les valeurs de x. r^galit^ , 

Urn (Ani,X + JSnJ = — 00, 

fc-*ao 

d^ou il r^sulterait, k son tour, que <^( 05 ) s 0; de mfeme Thypothfese J5 = 4*®® 
entrainerait 

Urn (A«,a; + = +«, 

k-*oo 

d^oil il r^sulterait que = 1. 11 est Evident que A > 0, puisque les an et 
les ttn jouent le mfime r61e, et s^il 4tait A = 0, nous aurions la relation 
limjb^;^ (®»i*/an*) = +®^, dont Timpossibilit^ vient d^fitre d4montr6e. 

Soit X une valeur telle qu^ aux points x et Ax + B la fonction ^(x) soit con- 
tinue. Il est alors Evident que 

(29) Hx) = lim 7n*(An*x + Bn,) = ^(Ax + B). 

k-*oo 

Cette 4galit4 devant avoir lieu pour tons les x, saiif les points de discontinuity 
au plus, il en r^sulte que A = 1 et B = 0. En effet, admettons qu^il n^en n’est 
pas ainsi et considyrons les cas qui peuvent alors se prysenter. 

Pour A < 1, en ityrant (29), nous obtenons pour tons les x et pour n naturel 
et arbitraire 

^(x) = + B(l + A + •■■ + A”~^)). 

JJt puisque A”x, pour n suffisamment grand, peut ^tre rendu aussi petit que 
I’on veut, nous avons pour tous les z 

<f(x) = lira $(A"x + B(1 + A + • • • + A""*)) = >1' 

n-»oo 

La, fonction n^est done pas une fonction de distribution. 

Pour A > 1, nous ycrivons (29) dans la forme 

t(.) . - 1). 

et par des raisonnements analogues aux prycydents nous arrivons k Pygality 

»w - »(r4^) 

qui doit avoir lieu pour toutes les valeurs de x, ce qui prouve que 4>(x) ne peut 
pas ytre ime fonction de distribution. Prouvons enfin Timpossibility du cas 
A = 1, B 5*^ 0. En effet, en vertu de (29) nous voyons que pour tout entier n 
on a 



<I»(x) = ^(x + nB). 
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Si B > 0(B < 0) alors, pour tous les x et pour n-^oo(n— > — oo) 

^(x) = 4>(x + nB) — > oo) 

d'autre part, pour n— >— oo (n— >+o®) 

4>(x) = 4>(x + nB) oo), 

ce qui n^est ^videmment possible quc si 4>(a:) est constante, ct, par consequent, 
n’est pas une function de distribution. On voit done que loi-sque pour une suite 
d'indiccs {uk} leslimites 

lim Ank = A, lim Bn^ = B 

n-~*oo k--*co 

existent, on a n6cessairement A = 1 , B = 0. Or, nous avons h, d4inontrer que 

lim An = 1, lim Bn = 0 

n-*oo n--*oe 

si Tunc oil Tautre de ces relations n^avait par lieu, on aurait evideminent une 
suite d^indices {nA:} et un nombre c > 0 tels eju^une au moins des ineglalites 

(30) iH? - 1 I ^ 1™ 1 I ^ * 

fc-*00 fc-*oo 

serait remplie; de plus, la suite des Uk pent fitre choisie de manifere que An^ et 
Bnk tendent vers des limites fixes pour jfc — > oo ; or, ces limites ne peuvent 6tre 
que 1 et 0 respectivement, d^aprfes ce quc nous venons de d^montrer; ce r^sultat 
^tant en contradiction avee (30), le Icmme est d6montr6. 

Nous aurons aussi h faire usage dans la suite de la proposition inverse. 

Lemme 2. Si Fn (^') fst une suite de fonctions de distribution donnant lieu d 
la relation 


lim Fn{anX + bn) = 4>(x); 

n-*oo 

pour un certain choix de constantes an > 0 et bn et pour toutes les valeurs de x, 
alors pour deux suites quelconques de constantes an > 0 etPn telles que pour n — > oo 


(31) 


1, ^ _» 0 

an an 


on a 

FniotnX + fin) -* 

pour n — ^ oo et toutes les valeurs dex. 

D£monstbation: Soient Xi, x et x* (xi < x < xj) des points de continuity 
de la fonction $(x). En vertu de notre hypothfese nous avons pour n assez 
grand 

On On 
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Puisque 

anO; + j3n = Gn X + ^ + bn , 
\a» an / 

on a, pour n assez grand, 


anXi + bn < OtnX + jSn < GnX2 + 6n 

et par suite 

Fn(anXi + bn) ^ /^n(OnX + 6n) ^ Fn(anX2 + 6n). 

Tenant compte de (31) ceci montre cue 

^(xi) ^ FnianX + fin) ^ llm Fn(a«X + fin) S ^(X2). 


En faisant Xi et X 2 tandre vers x, on aura 

4>(a:i) — ^(0:2) — 

x 4tant suppose point de continuity de 4>(a;). On a done 

^(x) g lim Fn(anX + fin) ^ lim FniotnX + fin) ^ 4>(x), 


c.qi.d. 

Lemme 3. Si F{x) est une fonction de distribution et si pour un choix de con- 
stantes an > 0 et bn on a, pour n et toutes les valeurs de x 

(32) F\anX + bn ) 

4»(a:) etani une fonction de distribution propre, alors on a pour n 00 , 

^ 1, hsi.b+} _> 0. 

Gn+1 Gn 

Demonstration. En'-effet, si la relation (32) a lieu, nous avons pour toutes 
les valeui's de x telles que ^(x) 9 ^ 0 

lim F{anX + bn) = 

n-^oo 

D'oil Ton tire que, pour n — » 00 

Nous nous trouvons done dans les conditions du lemme 1 avec a» = o„_i , 
/Jn = bn-i , et ceci d4montre le lemme en question. 

Lemme 4. Pour que Von ait 

(33) •• F^ianX + bn)^Hx) 

pour toutes lea valeurs de x et pour n —* «>, il faut et il auffit avoir pour n—*<» 

(34) n[l — F(o,x + 6„)] -» — log4>(x) 

pour toutes les valeurs de x telles que $(x) 0. 
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Demonstration; Supposons qiie la relation (33) ait lieu; alors pour toute 
valeur de a telle (pie <l>(a;) 5 *^ 0 , nous avons 

(35) lim F{anX + 6n) = 1 

n-*oo 

II est Evident (jue pour (jes valeurs de x Ja condition (33) ^quivaut k la suivante 

(36) n log F{anX + K) — > log ^(x) (^(^) 0) 

pour n — > 00 . Or, en vertu de (35), nous avons 

(37) log F{anx + bn) = -(1 - F(anx + 5„)) ~ - F{anX + ^n))“ 

- . . . = -(1 - F(anX + bn)) (1 + 0 ( 1 )). 

D'ou nous voyons (jug, des (pie (33) a lieu, la condition (34) est nei^essairemeiit 
remplie. Invcrsement, si cVst la condition (34) (pii a lieu, alors (35) a lieu 
aussi, done, en vertu de (37), 

- n[l — F(anX + bn)] = n log F{anX + bn) (1 + 0 ( 1 )). 

D\>u, et en vertu de (34), result e (36) et, par cons 6 (pient, (33). 

4. Le domaine d’attraction de la loi 4>a(:r) 

TheorEme 4. Pour qu^une fonction de distribution F{x) appartienne au 
domaine d^attration de la loi 4’a(^) ilfaut et ill sujfit qu Von ail 

1™. ‘ *■ 

pour toide valuer de k > 0. 

Demonstration: Supposons d’abord (jue la condition (38) est v 6 rifi 6 e et 
montrons (pie la fontiori F{x) appartient au domaine d^attraction de la loi 

^a(x). 

11 est Evident, (rapres (38), (pie F(x) < 1 pour toute valeur de x, II en 
rEsiilte (lue, pour n suffisamment grand, les valeuis de x dimnant lieu k TinegalitE 

1 - F(x) g - 
n 

sont positives. 

DEfinissons an comme la plus petite des valeurs de x vErifiant les inEgalitEs 

(39) 1 - F{x(l + 0)) g i ^ I - F{x{l - 0)) 

n 

il r4sulte de ce qui precede que o„ oo pour n — » w . D’aprfes la condition du 
th^orfeme, pour toute valeur de x et pour tout «(0 < € < 1) nous avons 

1 - F{a^x) ^ /I + «Y 
l-F(a„(H-6)) \ x ) 
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et 

1 - F(o„a:) .A - «Y 

l-F(o,(l-«)) \ z J 

n tendant vers I’infini. Les premiers membres de cos relations 4tant fonctions 
monotones de t et les seconds membres 6tant fonctions continues de e, la con- 
vergence en question est uniforme, ce qui nous permet d’4crire, pour n — > <», 

1 — F(anX) 1 

1 - F(a„(l + 0)) 
et 


1 - F(anX) 1 

i-F(a„(l-0)) 

Or, puisque d’aprfes (39) nous av'ons 

‘ - a n(l - F(a.xn a ' " 


1 - Fianii ~ 0 )) 
on voit que pour tout x > 0 on a 

n(l — F(anx)) — > 


1 - F(an(l + 0)) ’ 


pour n — » 00 . 

D^aprfes le Lemme 4 du paragraphe pr4c6dent on a i)our n — > oo 

F'^ianX) -^^aix) (—00 < X < +oo). 

'Supposons maintenant (pie F{x) appartient au doniaine d^attraction de la 
loi 4>a(x), c’est-Jlrdire «upposons que, pour un choix convenable de constantes 
a« > 0 et 5n, pour toutes les valeurs de x(x > 0) a lieu la relation 

(40) n(l - F{anX + K)) x~"‘ 

pour n—^ 00 , et faisons voir (pie la condition (38) en r4sulte. 

Pour toute constante 13 > i nous avons pour n — > co 

n/3(l - FianX + K)) 

Puisqu^il rfeulte de (40) que pour a: > 0 et n — > oo on a 

1 - F{anX + bn) 0 

nous voyons que, pour n go , on doit avoir 
[n/J](l - F(anX + bn)) 
oil [nfi] d^signe rentier de nf3. 

Par le changement de variable x = cette relation prend la forme suivante: 
pour n — > 00 et pour tout z > 0 on a 

(41) [n/3](l - F(a„/3‘'“2 -b 6„)) - z'”. 
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II rfeulte de (3) (lue pour n — > oo 

(42) [n/3](l - F{a[n»]X + 6[n/si)) x""" 

En vertu des Lemmcs 4 et 1 et en tenant compte de (4) et (5), nous concluons que 
les relations 


Q[n^] ^1/a hn$] — K q 

doivcnt avoir lieu pour ?i — > oo. En vertu du Lemme 2 la relation (42) ne 
changera pas si nous posons 

(43) a[n/3] = b[n0] = bn . 

Posons 


n, = Jii = [nfi] 


oil rentier 7i est k consid^rer comme fixe. 11 resultc de (43) que pour tout 
nombre naturel s nous avons 


) bn^ — • 

D’ou nous tirons que pour s oo 




et par consequent, en vertu du Lemme 2, ipie pour s — ^ x 

(44) n,[l - F(an,x)] -> x"" 

Supposons que y pour toutc valeur suffisamment grande de y ou pent 

trouver une valeur de s telle (pie 

an,X ^ y ^ Un. + jX* 


et, par suite 
et, pour & > 0 


1 - F{an,^^x) g 1 - F(y) g 1 - F{an,x) 

1 — F(an,+^kx) ^ 1 — F{ky) ^ 1 — F{an,kx). 


Nous en tirons Tinegalite 


( 45 ) ‘ 1 - F(an,^^ x) ^ 1 - F(y) ^ 1 - F{an,x) 

1 - F(an,kx) ""I - F{kyj “I - F{an,^^kx) 

Remarquons que 


n,+i _ n,/ 3 — 

w. 


n, 


9 
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Oil 0 ^ < 1 ; done i)oiir s qo on a 


n,4-i 

n. 




Nous en concliions, en vortu de (44) et (45), qiie 


g lim ^ g /Sr ; 
0 i/-*oo 1 F{ky) 


or, piiisque 0 pent ^tre choisi aussi pen different de runit6 (pie Ton veut, la con- 
dition du th^or^ime en r^sulte. 

Faisons remarquer (pdil r^sulte de ce (iiii pr6cWe (pie toute fonction de distri- 
bution F{x) appartenant an doinaine d’attraction de la loi ^a(x) esi attir^e vers 
4>a(.r) d^lne fa^on plus parti(•llli^re, savoir : pour un choix de constantes an a lieu 
r<^galite 


lira F”(a„x) = ^a(x). 


6. Le domaine d’attraction de la loi ^a(a;) 

TH^onfeME 5. Four qu'une fonction de distnbution F{x) ^appartienne an do- 
inaine d^atiraction de la lot ^a{x) il faut et il suffit que 
1. il existe un Xq tel que 


pour tout € > 0. 


2 . 


Fixo) = 1 et F{xo ~ e) < 1 


lim 

x -»— 0 


1 — F{kx + ^o) 
1 — F{x + Xo) 


fc“ 


pour tout k > 0. 

Demonstration: Supposons iiuc Ics conditions du tliEorfeine ont lieu et 
montrons que la fonction F{x) appartient au domaine d’attraction de la loi 
'i'aix). A cette fin nous d^finissoiis a„ comme la plus petite des valeurs x > 0 
doiinant lieu aux inEgalitEs 

(4G) 1 - F(- .t(1 - 0) + To) g n g 1 - F{- x(l + 0) + Xo). 

D’aprfes la premifere condition du thEorfeme nous avons pour n — » « 


o„ -+0. 

La deuxifeme condition du thEorfeme nous fournit les relations 

1 - y(anx + Xo) / _ X Y 

1 — F(— an(l + «) + Xo) \ 1 + «/ 

1 - F(a„x + Xo) / X Y 

1 - F(-o„(l - «) + Xo) \ 1 - e/ 



DISTRIBUTIOxV LIMITE 


443 


pour tout € > 0 ot .T < 0, n tcndant vors rinfini. Or, les premiers membrcs de 
CCS relations sont dcs fonctions monotones dc e et les seconds membres des 
fonctions continues de e; done la convergence dont il s^igit est uniforme, ce qui 
nous permet d’6crire pour n — > qo 

^ F\0.nX "b Xo) ^ / \a 

1 — F(— an(l + 6) + 3 : 0 ) 
et 


1 “ F(anX + Xo) 


1 - F(-an(l - 0) + Xo) 
Or, puis(iuVn vertu de (1) nous avons 
1 - F{an X + Xo) 




g m(1 - F(anX + Xo)) g 


1 “ F(anX + Xo) 


1 - F(-an(l + 0) + Xo) =" ‘ 1 - F(-a.(l - 0) + Xo) ’ 

nous poiivons aflirmer (pu' pour tons les x < 0 et pour n—^cc on a aussi 
n(i - F(anX + Xo)) (~x)“ 


d’ou, en vertu du Lemme 4, on voit (pie la fonction F{x) appartient an domaine 
d’attraction de la loi ^a(x). 

Sui)posons maintenant (pie F(x) appartient an domaine d^attraction de la loi 
^'aCx), ce (pii \’eut dire quo pour toutes les valeurs de x et pour un certain choix 
des Qn > 0 H h„ , on a 

(47) + hn) -^^a{x), 
lorscpie n — ^ oc . Nous en tirons, pour ^ 00 

(48) Z'’'"(a»x + bn) 
ou 

7 = 

En rempla^ant dans (48) yx par x, nous voyons que, pour n — ► co on a 

(49) + 6„)->4'„(x). 

En comparant (47) et (49), nous concluons en vertu des Lemmes 1 et 2 que les 
ttn et bn peuvent bien 6tre choisies de manifere a avoir 



b2n — bn» 


D^oil il rfeulte que nous pouvons toujours faire ce choix dc fagon it avoir, pour 
tout ky 

(50) 


et que an — > 0 pour n — » 00 . 


b2kn — b2k-ln — 5i 
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Si rin^galit^ 

F(x) < 1 

a lieu pour toutes les valeurs de x, nous tirons de (47), en y posant x = 0, que 
bn ^ pour n — > «, ce qui est en contradiction avec (50). Nous avons done 
d^montr^ la n^cessit^ dc la premiere condition du th^orfeme. Si la relation (47) 
a lieu, on doit choisir bn de fagon k avoir 

F\hn) = 1 

e’est-^-dire qii’on doit avoir 

> xo . 

Et, en vertu de (50) et du Lemmc 2, nous pouvons faire ce choix en posant 

(51) 6n = Xo . 

En vertu du Lcmme 4 et de (51) la relation (47) est equivalente k la relation 
suivante: pour n «, on a 

(52) n(l — F(anX + xo)) ( — x)“. 

Nous tirons tout d^abord de cette relation T^galit^ lim„-*oo On = 0. En effet, on a 
UnX + Xo < Xo pour X < 0 et pour que le premier membre de (7) tende vers une 
limite finie il est n^c('ssaire (jue T^galit^ limr*-^oo {<^nX + Xo) = Xo soit v6rifi6e pour 
tout X < 0. 

Supposons maintenaiit que ?/ — > —0. Pour tout y < 0 sulfisamment petit il 
est possible de trouver uii n suffisamment grand pour avoir, soit 

Un ~ y = ^n-^1 1 

si Un+l ^ dn , soit 

-Un+l ^ y ^ , 

si ttn ^ Un +1 . Dans le premier cas nous voyons que 

1 - F{-an+i + Xo) S 1 - F{y + xo) g 1 - F(--a„ + Xo) 
et que, pour tout A: > 0, 

1 — E(— Un+ifc + Xo) S 1 — F(ky — Xo) g 1 — F{—ank + Xo) 
d’oil il r^sulte que 

1 - F{-an+ik + Xo) ^ 1 - F{ky + xp ) ^ 1 - Fj-Onk + xp) 

1 — F{’-an + Xo) ~ 1 — F{y + Xo) 1 — F{--an^i + Xo) 

Dans le second cas nous obtenons d’une fagon analogue Tin^galit^ 

1 - F{-ank + Xo) ^ 1 - F(ky + Xo) ^ 1 - F(-an^ik + Xp) 

1 — F(-~an+i + Xo) ““ 1 — F{y + Xp) “ 1 — F(—an + Xo) 
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Or, puisqu^en vertu de (52) dans les deux cas envisages les membres extremes 
des in^galit^s obtcnues tendent, pour n — > oo , vers fc", nous arrivons k la deuxifeme 
condition du th6orfeine. 


6. Le domaine d’attraction de la loi A(x) 

Nous avons vu dans les paragraphes pr6c4dents que les lois ^a(x) n^attirent 
que des fonctions de distribution pour lesquelles on a F(x) < 1 pour tons les x, 
et que les lois ^a{x) n^attirent que des fonctions pour lesciuelles on a F(xo) = 
1 pour line valeur finie de a*o et F(xo — c) < 1 pour tout 6 > 0. II est facile de 
voir que la loi A{x) attire des fonctions des deux espfeces envisag4es. Donnons 
en des exemples. 

Exemple 1 . Soit 


Fix) - 


pour 

pour 

V A 
p o 

Oil a > 0 est constant. 

On trouvc sans difficult 6 que, pour n 

00 , on a 


F^ianX + bn) -* e-'" 

-r 

> 

oil 




1 

o„ = - (log n) “ , 
a 

bn = 

(logn)‘'“. 

Exemple 2. Soit 

f 

0 

pour 

X ^ 0 

Fix) = < 

X 

1 - 

pour 

0 < a: g 1 


.1 

pour 

X > 1. 


On a aussi, pour n ^ , 

F"\anX + hn) \ 


si Ton convient de poser 

On = log”^ n, 


hn 


log n 

1 + log n * 


IjEmme 5. Si, pour certains an el bn et pour toutes les valeur s de x, on a 
(53) lim n(l — F(anX + bn)) = 

n-»oo 

alors 


(54) 


bn 


-»0 


pour n 
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D^monstuation: En efifet, de (53) nous concluons que, pour toute valeur 
de X et pour n — > oo 

(55) UnX “{" 5n ^ ^ 
si F{x) < 1 pour toutes les valours de a:; et que 

(56) anX + bn -^Xo, 

si F{xo) = 1 tandis que F(xq — c) < 1 pour tout c > 0. Soit x = — A(A > 0); 
il est Evident alors, cn vertu de (55) et (56) que, dans le cas Xo > 0, on a pour 
tout A et pour n suffisammcnt grand 

anA < bn , 

cVst-k-dirc 


Gn ^ 1 

A 6tant arbitrairc, la relation (54) en r^sulte. 

Si j"o < 0, nous tirons de (56), en y posant a: = 0, pour n — > oo la relation 

bn Xo. 

Or, de cctte mfimc relation (56), en y posant x = 1, nous tirons pour n — > oo 

“f* bn Xo , 

d^odi Gn 0 pour n oo et, par consequent, an/bn — > 0 pour n oo . Si c^est 
If cas Xo = 0 cjui se presente, alors, bien quo 5„ — > Xo = 0 pour ?i — > oo , nous avons 
bn < 0 pour tout n suffisammcnt grand, puisque s^il n^eii etsit pas ainsi nous 
aurions dfl avoir, pour x > 0, a„x + bn et cela nous conduirait k r6galite 

n(l — F(anX + bn)) = 0 

ce qui est en contradiction avcc riiypothese du lemme. En vertu de (53), pour 
n suffisammcnt grand et pour tout x nous avons 

”{“ bn ^ Oj 


done, pour x > 0 


Gn ^ 1 

Or, cette egalite ayant lieu pour toute valeur de x, la relation (54) en resulte. 

Th£or£me 6. Pour qu^une fonction de distribution F{x) dppartienne au do- 
maine d^attraction de la loi A(x) ilfaut et il suffit que la relation 

lim n(l + F(a«x + bn)) = 

»»-*oe 


( 57 ) 
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ait lieu pour toutes les valeurs x, ou les constantes K sont definies comme les plus 
petites valeurs de x donnant lieu aux inigalitis 

(58) F(a: - 0) g 1 - i ^ F{x + 0) 

n 

et les constantes an sont les plus petites valeurs de x satisfaisant aux inSgalitis 

(59) F(a;(l - 0) + 6„) ^ 1 - — ^ F(a;(l + 0) + b„). 

ne 

Demonstration: En veriii du Lemme 4, les conditioiivS dnonc^es sont suf- 
fisantcs pour qu’une foneiion de distribution F{x) appartienne au domaine 
d'attraction de la loi A(.r). 

Tnversement, si F{x) appartient au domaine d^at traction de la loi A(a;), alors, 
en vertu du Lemme 4, on doit avoir pour un certain choix des an et /?„ 

(00) n(l - F(a„x + 

pour toutes les valeurs de x et pour /i — > oo . 

Quel que soit e > 0, en vertu de (00), pour n suffisamment grand doivent avoir 
lieu les in^galitfe 

/l(l — F(Q!n€ + ^n)) + ?? < 1 < n(l — F( — + ^n)) ” V 
et 

n(l — F(an{l + €) + 0n)) + 77 < i < n(l — F{an{l — e) + /?«)) — v 

e 

oCl 

De ces indgalitds et de (58) et (59) nous tirons, pour tout e, les in^galit^s 

— a^€ + ^ 5n ^ an€ + ffp , 

an(l — €) + l^n ^ an + 5n ^ OCn{^ + c) + /^n • 

Puisquc ces in6galit6s ont lieu pour tout € > 0, n dtant suffisamment grand, 
nous pouvons choisir unc suite €„ > 0 (c,* 0 pour n co ) de fagon A avoir 

— anCn + /Sn ^ 5n ^ «nCn + 0n , 

an(l — €„) + Pn ^ an “j- bn ^ an(l + €„) + ffn • 

La premiere do ces in6galit4s nous fournit Tin^galit^ 

bn fin 

(Xn 

et la seconde, en reunion avec Tindgalit^ obtcnue k Tinstant, nous conduit k 
rindgalit6 

— - 1 ^ 2en . 

Qfn 




448 


B. GNEDENKO 


Par consequent, en vertu du Lemme 2, nous pouvons affirmer que toutes les 
fois que la relation (60) est verifiee pour un certain choix des an et ^n , il on est 
de mfirnde (57), le choix des et hn etant effectue conformement k (58) et 
(59). Le theoreme est done demon tre. 

THjfeoRfiME 7. Pour qu^une fonction de distribution F{x) appartienne au do- 
maine d^ attraction de la loi A{x) ilfaut et il suffit quHl existe une fonction continue 
A ( 2 ) telle que A{z) —^0 pour Zq — 0 et que, pour toute les valeurs de x 


(61) 


Ita = e-. 


■•Xq—Q 


1 - F(z) 


le nombre Xo ^ +qo ^tant determine par le relations F{xq) = 1, F{x) < 1 pour 

X < Xo , 

Demonstration: Supposons d^abord que F(x) appartient au domaine d’at- 
traction de la loi A(a;). Alors pour un certain choix des constantes Un > 0 et 
bn nous avons 


(62) 


lim n(l — F(anX + bn)) = e * 


pour toutes les valeurs de x. Il en resulte que 
(63) lim n(l - F(bn)) = 1. 


Il est evident que Tegalite = 0 ne peut avoir lieu que pour un nombre fini de 
valeurs de n; nous pouvons done ton jours supposer que cfn > 0 pour toutes les 
valeurs de n. Il resulte du Theoreme 6 que nous pouvous considezer les bn 
comme fonctions non decroissantes de n, 

Posons A{bn) = an/bn pour toutes les valeurs de n et, pour 6„-i S 2 ^ &n , 
detinissons A{z) de facon qu^elle soit fonction continue et monotone de 2 . Il 
est Evident que pour tout z < xq suffisamment grand il est toujours possible de 
d^termier un entier n tel que 6n~i ^ z ^ bn . Il en resulte que 

(64) 1 - F{bn) S 1 - F{z) g 1 ~ F{bn-i), 

En vertu de la definition de la fonction . 4 ( 2 ) on doit avoir soit 


^ Aiz) g 1", 

On -1 bn 


soit 


bn 


S A{z) g . 

On-l 


Dans le premier cas nous voyons que pour x > 0 


On-iX + 6n-l ^ 2(1 + A{z)x) ^ ttnX + b„ , 


et pour X < 0 


a„x + 5n— “1 ^ 2(1 + ^(2)x) g a„-iX + bn. 
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Done, dans le premier cas, nous avons pour x > 0 

(65) 1 - Fifl^x + b„) g 1 - F(3(1 + A(z)x)) ^ 1 - F(a„_ix + 6,_j) 
et pour X < 0 

(66) 1 - F(a„_ix + 6„) g 1 - F(z(l + A(z)x)) ^ 1 - F(a„x + fen-i). 
De (63), (64) et (65) nous tirons pour x > 0, les in4galit6s 


{n - 1)[1 - F(o„x + K)] g ^ ^ + &»-»)]• 

Or, ces in^galitfe, en vertu cles Lemmes 3, 2, et de la relation (62), impliquent, 
pour a: > 0, T^galit^ (61). 

D^une fagon analogue nous ob tenons (61) a partir de (66). Des raisonne- 
ments analogues nous conduisent de nouveau k (61) dans le cas non consid4r6 
{(on/bn) ^ A (z) ^ (an_i/6„_i)). Ccla achfeve la demonstration de la necessity 
de la condition (61), Quant k la demonstration de la suffisance de la condition 
du theoreme remarquons tout d'abord qu’il resulte de (61) Tegalite 


(67) 


lim 

M-*Xo^O 


1 - F(2 + 0) 
1 - F(z) 


En efifet, puisque pour tout x > 0 nous avons. 


F( 2(1 + Aix)z)) s F(Z + 0), 


nous pouvons 4crire 

1 - F (2 + 0) ^ 1 - F(2(1 + A{z)x)) 
- 1 - >(2) = 1 - F(2) 


D’oCi 


1 ^ 


lim 

t-*Xo—0 


I - F(z + 0) 
1 - F{z) 


> 


F{z+0) ^ 
T - ~F{z) = 


C/Cs inegalites ayant lieu pour toutes les valeurs de .r, elles subsistent k la limite 
pour a: 0. 

Supposons maintenant que les conditions du theoreme ont lieu et montrons 
que F(x) appartient alors au domaine d’attraction de la loi A(x). A cette fin 
definissons bn comme etant la plus petite valeur de x donnant lieu k Tinegalite 


1 - F(x + 0) ^ i g 1 - F(x - 0) = 1 - Fix), 
n 

Nous en obtenons que 

^ ^ + ^(&-)*))) 

1 — f (On — 0) 

^ 1 - F(6„(l - AiK)x)) 
1 - Fibn + 0) 
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En vertu de (61) ct (67) nous voyons que 

lim n(l — F(b„(l + A(b„)x)) = c“*. 

n-*eo 

En posant an = bn A (bn) nous obtenons (62). Le th^orbme est d^montr^. 

Du th^orfeme d6montr4 r^sultent les propositions suivantes 
CoROLLAiRE 1. SupposoTis que la fonction de distribution F(x) soit telle quo 
F(x) < 1 pour toute valeur de x. Alors pour que la fonction F(x) appartienne au 
doinaine d^ attraction de la loi K(x) ilfaut que 

1 - FQcy) 

1 - F{y) 

pour tout k > 0 constant ct pojir y Fest-k~dire que la suite des maxima soit 

relativement stable. 

Demonstration: Posons 


( 68 ) 




1 - F(z(l + A(z)x )) . 
1 ~ F(z) 


les fonction s sont non croissantes par rapport k x. Nous avons cu plusieurs 
fois Toccasion de faire usage de cette remai’quc (jue si une suite de functions 
monotones converge en tout point vers une fonction continue, la convergence 
est uniforme. En vertu de la convergence uniforme de vers e“*, x, 4tant 
une suite tendant vers Tinfini pour 2 oc , nous devons avoir 


(69) 


lim 4'»(x*) = lim e~*’ = 0. 

K—»oo t-*oo 


Prenons un a > 0 et posons 



Par definition de la fonction A(z) nous avons pour z ^ 

lim A{z) = 00 . 

«-*00 


II resulte de (68) et (69) ciue 


lim 


1 ~ f ((1 + a)z) 
1 - F(z) 


= 0 . 


On voit facilement que la condition nEcessaire que nous venons de trouver n’est 
nullement suffisante. Pour le montrer considErons une fonction de distribution 
definie de la fagon suivante 


F(x) = 


0 

1 ~ 


pour a; < 0 
pour X > 0, 
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Oil [x] d^signe I’cntier dc x et d^montrons qu’il est impossible de choisir les 
o„ et bn de facon t, avoir 


lim n(l — F(a„x + b„)) = e * 

n-^oo 

I)our tout(\s Ics valeurs dc x. 

En d^autres tcrmes montrons qWW ne pent pas exister de constantes Un et bn 
dormant lieu k r<5galit^ 

lim = e"" 


pour tons les x ou, cc cpii est Equivalent, TcgalitE 

lim (logn - [ttnX + bn]) = -x 

n-*oo 

pour toutes les valeurs dc x, bien entondu. C'onsiderons la suite partielle 
7ik = OU k est un enticr. Nous avons, pour A: x , log Uk — A: 0, 5; 

par suite, il ne pent pas exister dc telles que la relation 

lim (log rik — [anjfc-O + bn/J) = Hni (log rik — [6„t]) = 0 

k—*a0 Ar—*ao 


ait lieu. 11 est Evident que eeci dEmontre la proposition en (luestion. 

ConOLLAiRE 2. Soil F(x) une fonction de disiribulnm. SHI existe une suite 
Xi < X 2 < • • • < Xk < • • • , limjfc_»oo A- = V (a’o ^ ) telle que 


(70) 


1 - F{xk - 0) 
1 ~ Fixk + 0) 


^ I + /?, 


ou la constante est positive^ la fonction F{x) ne peut pas appartenir au domaine 
d^ attraction de A(.r). 

Demonstration: L’inEgalitE (70) est incompatible avec TEgalitE (67), et 
celle-ci rEsulte de (61). 

Remarque. 11 rEsulte des ThEoremes 4 et 5 quo si la condition (70) a lieu, 
F(x) ne peut pas appartenir aux domaines d^ittiaction des lois <l>a(x) et ^a(^). 

Exemple. La loi de Poisson 


F(x) = 


fo 

lo Jt. ^ 


kl 


pour a; < 0 
pour a: > 0 


n Vst attirEe vers aucune des lois limites. 
que 


1 - F(k - 0) 

i - f (fc + 6 ) 


En effet, en posant Xk = k, nous voyons 

k + 1 


■ a* SI ^ 


E 


done la condition (70) a lieu pour fc + 1 > X. 


^ Le nombre Xo ayant le m^me sens qu’au ThEordme 7. 
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Le th4orfeme suivant donne un critfere n^cessaire et sufEsant simple de con- 
vergence vers la loi A (a;) pour un choix particulier des constantes an . 

TH^oniiM 8. Pour que, pour un certain choix de la constante positive a et des 
contantes reelles bn , lafonction de distribution F(x) satisfasse d la relation 

(71) F\ax + bn) A(:r) 


pour n — ► 00 , faut et il suffit que Von ait 


(72) 


1 - F(l0g X) j a 

1 - F(iog kx) ’ 


pour X 00 


pour toute valeur constante k > Oy ou aa = 1 . 

Demonstration: Si la condition (71) a lieu nous avons, en vcrtu du lemme 
5, rin6galit6 F{x) < 1 pour toutes les valeurs de x et nous voyons que bn ^ 
pour n — > 00 . 

Ensuite, il est Evident que la determination des conditions sous lesquelles 
(71) a lieu equivaut A la determination des conditions pour lesqueHes on a 

(73) lim F^(x + bn) = 

n-*oo 


Posons 


X = log Zy bn = log jSn , Fi{z) = F(log z). 


Il est evident que Fi{z) est une function de distribution. Dans ces conditions 
la determination des conditions sous lesquelles on a (73) revient A la indme 
question pour 

(74) F^{l3nZ) = F"(log finZ) 

Les conditions necessaires et suffisantes pour que la relation (74) ait lieu ont ete 
trouvees au §3; elles sont equivalentes A la condition (72). 

Un critfere commode dans les applications pour savoir si la loi F(x), verifiant 
la condition F(x) < 1 pour toute valeur de x, appartient au domained^attraction 
de la loi A(x), a ete enonce par Mis^s dans son travail cite. La condition de 
Misfes consiste en ceci: 

Soit F(x) une function, admettant, pour tous les x superieurs A une certaine 
valeur xo , des derivees des deux premiers ordres. Posons 



fix) = 

alors, si 


on a 

lim F" (x„ + 


Fix) 


nF'ix, 


3 )- 
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Oil Xn est la plus petite des racines de T^quation 1 — Fix) — 1/n. Une proposi- 
tion analogue pent ^tre d^montr^e pour une function ne satistaisant pas k la 
condition Fix) < 1 poui* tons les x. S^il existe un Xo tel que, pour tout € > 0, 

Fixo - €) < 1, Fixo)- = 1 

et (pie, k partir d’un x < .ro , la fonction Fix) admet les d6riv(5cs premiere et 
seconde et que 

r L 

X JxT-o dx Ifix) 

alors Fix) appartient an doinaine d^attraction dc la loi Aix). 
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I 

1 . The compact Lie group G is said to be a transformation group of the space 
W or to act on the space W if the following conditions are satisfied: 

a) to every element g of G there is associated a homcomorphism g(x) [x in W] 
of W onto itself. 

b) if gi and g 2 are elements of G then gi{g 2 (x)] = ( 9102 ) (x). 

c) the point g(x) depends continuously on the pair (gr, x). 

Conditions a) and b) imply tliat to the identity element of G is associated the 
identity homeomorphism. The group G is said to act transitively if in addition 
to a), b), and c) the following fourth condition is satisfied: r 

d) for any two points x and g of W there is an element g in G such 
that g(x) = y. 

When d) is satisfied we say that W is a homogeneous space under G. 

In this paper we take for W the n-dimensional sphere S'" and study the 
question of what compact connected JAe groups can act transitively and effec- 
tively, (see 2 a) below), on In I we prove a theorem on the structure of 
such a group which shows us that our main concern in the study of this problem 
is with simple groups. In II we study the question for simple groups using the 
Killing-C^artan classification, and we find that in general only those simple groups 
can be transitive and effective on which arc well known to be so. In III 
we use our methods to draw some conclusions about the structure of certain 
subgroups of the rotation group of the a-dimcnsional sphere which we denote 
by Kn . Otherwise expressed is the group of orthogonal transformations of 
determinant 1 on r? + 1 real variables. 

2 . We begin by noting some definitions and facts which will be of use in the 
course of the paper. All groups considered are compact Lie groups and we make 
the usual convention that finite groups are special cases of these. Subgroups 
are always taken as closed. For theorems on topological groups and Lie groups 
see [13] and for a general discussion of transformation groups see [18]. 

a) Let G act on W as above. Let H be an 3 ^ subgroup and let x be any point 
of W. The set of points of the form h(x)y h in H, is called the orbit of x under H 
and is denoted by H(x), We see that H acts transitiveh'' on H{x). Similarly 
if M is any subset of W then H(M) denotes the set of all points of the form 
h(m), h in H and m in M. The elements g of G for which the transformation 
g(x) is the identity transformation of W form a normal subgroup Go . If G' 
is an arbitrary normal subgroup of G contained in Go then the factor group 

‘ Guggenheim Fellow. 
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G/G' acts in a natural way on W and G and G/G' generate the same orbits. The 
group G is said to act effectively if Go contains only the clement e. We notice 
that G/Go always acts effectively. 

b) Let If be any subgroup of G. The set of left (;osets of H is made into a 
space (decomposition space) by means of the natural topology as follows: a 
set of cosets is an open set, if the points of G belonging to these cosets form an 
open set in G. This space is called the coset space and is denoted by G/H 
(in analogy with factor group); it is a manifold the dimension of which is the 
difference of the dimensions of G and H. The group G acts and acts transitively 
on G/H if to the element g we let correspond the transformation of G/H which 
sends the arbitrary coset hH into the coset ghH. The mapping which sends the 
element g of G into the element gH of G/H is called the projection of G onto G/H. 

It is well known that homogeneous space and coset space are equivalent con- 
cepts, as we now indicate. Let W be a homogeneous space under G. Choosing 
arbitrarily a point x of W let H be the subgroup of those elements hmG which 
have X as fixed point, h{x) = x. For each y in \V consider the set of those 
for which g(x) = y] this set is a left coset of H, and this correspondence between 
the points of W and G/H is a homeomorphism. The transformation g{x) may 
therefore be considered as a transformation of G/H] it coincides there with the 
above introduced mapping hH ghH. We call H the associated subgroup. 
We shall fre(iuently denote the group H here defined by the symbol Gx . 

If we choose a different point x' to start with we simply have to perform an 
inner automorphism of G in order to find the associated subgroup. This is 
because the subgroui) leaving x' fixed is //' = g'Hg'"^, where is any element 
with the property g'{x) = x'. 

The group Go (cf. a)) of elements which induce the identity transformation of 
IF includes all normal subgroups of G contained in //; it is in fact the inter- 
section of all groups conjugate to H. Therefore G is effective if and only if H 
contains no normal subgroup of G different from e. 

c) The coset decomposition of G with respect to H is a special case of a fiber 
decomposition [4, 16]. ^Vc call a manifold M fibered with the fiber (-manifold) 
F, if the following holds: M is decomposed into sets homeomorphic with F, the 
''fibers'^• every point of M is contained in one and only one fiber; and every 
fiber has a neighborhood in M which is homeomorphic to the topological product 
of F and a cell G, in such a way that a fiber is carried to a set which is the product 
of F and a point. The dimension of C is the difference of the dimensions of M 
and F. The decomposition space, which we get by considering the fibers as 
points, is a manifold (of the dimension of C). 

d) The rank r(G) of a compact connected Lie group (in this connection see 
[8]) is the dimension of a maximal Abelian subgroup of G, that is of an Abelian 
subgroup not contained in a larger Abelian subgroup (if G is not connected, we 
simply consider the component of the identity of G). Such a group is always a 
toral group, that is the direct product of a certain number of copies of the 
rotation group Ri of the 1-sphere All maximal toral subgroups are conju- 
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gate, according to a fundamental theorem of Cartan. Each element of G lies 
on at least one maximal toral subgroup. The rank of a Lie group of positive 
dimension is always positive; we use in this paper ^^group of rank 0^^ as equiva- 
lent with “finite group.” We note that if // is a normal subgroup of G and G/H 
the corresponding factor group, then: 

r{G) = r{H) + r{G/H). 

In particular, if G is the direct product of Gi and G2 (we denote this by G = 
Gi X G2), then every maximal toral subgroup of G is of the form Ti X T2 , 
where T* is a maximal toral subgroup of Gi (i = 1, 2). 

e) Let Gi , • • • , Gr be (compact connected) Lie groups and let AT be a finite 
normal subgroup of the direct product G = Gi X Go X • * • X Gr . We say that 
the factor group G* = G/N is essentially the product of Gi , • • • , Gr . It is 
known that every compact connected Lie group is essentially the product of 
some simply connected simple groups and a toral group (see [13]). 

V 

3 . We prove now a theorem on the structure of a group acting transitively on 
a sphere ^S”. I^t Ri be the rotation group of the 1-spherc, and Ro the simply 
connected covering group of the rotation group R2 of the 2-sphere. The group 
JS2 may also, of course, be characterized as the group of quaternions of absolute 
value 1. 

Theorem I. Let the compact connected Lie group G act transitively and ef- 
fectively on >S”. 

a) if n is even, then G is simple 

b) if n is odd, then G is either simple or essentially the product of two simple 
groups Gi , G2 , where G2 is either Ri or R2 ; and the subgroup of G corresponding 
to Gi is transitive on 

In the course of the argument we shall also prove the following theorem: 

Theorem I'. Let Gi and G2 be two compact connected hie groups and let G = 
(Gi X G2)/N where N is a finite normal subgroup of Gi X G2 . If G is transitive 
on iS” then one of the two subgroups of G corresponding to Gi and G2 is transitive 
onS\ 

In proving these two theorems we consider G = Gi X G2/N as given in the 
hypothesis of Theorem I'. We let G = Gi X G2 and we let G act in the natural 
way on S”. We note that if G is effective then G is almost effective in the sense 
that only a finite number of its elements (in fact the elements of N) are the 
identity transformation of S". Let H be the associated subgroup of G which 
leaves fixed an arbitrary but definitely chosen point x of S”. We shall find it 
convenient to identify the coset space G/H and (see 2b)). 

Theorem I is trivial for the case n = 1 as it is known that the only compact 
connected Lie group which can be effective on is Ri . Theorem I' follows 
easily too because of the fact that for any x in Gi(x) and G2{x) are sets which 
are either manifolds or contain only a single point. If both these sets contained 
only a single point, namely x, then G{x) would also contain only the point x. 
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Hence either Gi(x) or G2{x) is a manifold of positive dimension and must there- 
fore coincide with S', 

In view of the above remarks we assunle from now on that n > 1 . The 
associated subgroup H is then connected, because of the fact that in this case^S'' 
is simply connected [1]. We remark that we think of Gi and G2 as contained 
in G; we notice that gig2 = ^2^1 (gi in Gi) and (?i D (r2 = e. 

We shall also have need of the following statements about the ranks of G 
and H: 

A) If n is even, then r(G) = r(H), 

B) If n is odd, then r(G) = r(//) -f 1. 

These statements follow from the fact that the rank r(G) of an arbitrary compact 
connected Lie group G is equal to a certain homology invariant 1 (G) which we 
do not define here [6] and to the fact that the statements A) and B) with r(G) 
replaced by 1(G) are known to be tnie [14]. 

Proceeding now with the proof of Theorem I we first consider the case where 
n is even and to begin with we do not assume G to be effective. Let h = hihz 
(hi in Gt) be any element of H. It is contained in a maximal toral subgroup T 
of H (cf. 2d)). Because of 3 A) T is also a maximal toral subgroup of G and 
so is of the form Ti X T2 where Ti is a maximal toral subgroup of Gi (cf. 2d)). 
Therefore the factors hi and Jh of h are in T, and so in H. This means that H 
splits into a product Hi X H2 , where Hi is the intersection H fl G* of H and 
Gi (i = 1, 2). But then the coset space G/H clearly decomposes into the 
topological product of the coset spaces Gi/Hi and G2/H2 : 

G/H = G1///1 X G2///2 

(= means ^^homeomorphic to^^. On the other hand we have G/H = *S”. 
Now if a sphere S'" is represented as the topological product of two manifolds, 
it follows from theorems on the homology of topological products that one of 
the two manifolds must be a point. We may suppose that G2/H2 is a point. 
This means that G2 = 7/2 ; a fortiori we have G2 C 77. Now G2 l>eing a normal 
subgroup of G we find according to 2 b) that the elements of G2 induce the 
identity transformation of S'\ But then Gi = G/G2 must be transitive on S'" 
(cf. 2a)); this proves Theorem I' for even n. 

Let us suppose now that G is effective. If G were not simple then 
G — GiX G2/N as before. Then, as noted before, G is “almost^^ effective, and 
therefore 77 contains no infinite normal subgroup of G, But G2 , being of positive 
dimension, is infinite. This contradiction shows that G must be simple, and 
theorem I a) is proved. 

4 . Now we let n be odd and for the present we do not require that G be ef- 
fective. Again we have G/H = S'", and G = Gi X G2 . We are unable to 
prove that H decomposes into the direct product of its intersections with Gi and 
G2 . Therefore we consider the smallest subgroup T of G, which contains H 
which decomposes into a direct product: F = Ti X r2 , where r< is a 
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subgroup of Gi {i = 1,2). Obviously r, is the image of H under the natural 
homomorphic mapping gig 2 gi of Q onto G, (i = 1,2; gi in G,); it is clear from 
this that Fi and r 2 are connected. Let Hi be the intersection G* fl ; we note 
that Hi is a normal subgroup of F,- {i = 1,2). 

We show now that the coset spaces F/i/, Y\/Hi , V 2 /H 2 are homeomorphic. 
The easiest way to see this is by considering orbits. Let x be, as before, the 
point of aS”, which corresponds to the associated subgroup H, Clearly we have 
Ti/Hi = Ft(x); for F, acts transitively on Fi(x), and the associated subgroup, 
if we choose the point x for its determination, is the intersection of F* and //, 
and this is Hi . Similarly we have T/H = F(x). Now Fi and F2 have the 
property that for each gi in Fi there is a g 2 in F 2 such that gi{x) = and the 

same with the indices interchanged; this follows immediately from the definition 
of Ti , because the condition gi{x) = ^2 \^) is equivalent with the condition 
gig 2 in H, This shows that Fi(x) = F2(x); and therefore, because F(x) = 
Fi(F 2 (x)), both orbits are equal to F(x). Moreover it is clear that this set 
is the intersection Gi(x) fl G 2 (x); we denote it by F, 

6. We determine now the structure of F. Consider the coset space Vi/Hi , 
homeomorphic with it. Since Hi is a normal subgroup of Fi , it is a (compact 
connected Lie) group. 

Suppose it is of rank 0 (cf. 2d)). Being connected, it contains then only one 
element; this means Fi = i/i , and therefore also F 2 = H 2 . It follows that 
H = Hi X H 2 • Hence the same argument as in 4 applies, and therefore theorem 
I' follows in this case, that is under the assumption that the rank of F 1///1 is 0. 

Suppose now that the rank of Ti/Hi is positive. We show that in this case 
the rank is 1. 

Let r, n , r 2 be the ranks of G, Gi , G 2 ; we have r, = n + r 2 (cf. 2 d)). The 
rank of // is r -- 1 (cf. 3 B)). Let T be a maximal toral subgroup of H; its 
dimension is r — 1. It is contained in a maximal toral subgroup T of Q; and 
this T is of the form Ti X T 2 , where Ti is a maximal toral subgroup of G, and 
has dimension r, (cf. nr. 2 d)). Now it is clear that the intersection 2" PI 2\ is 
of dimension at least ri — 1 . That means that the rank of //i = fl Gi is at 
least ri — 1. On the other hand, Fi being a subgroup of Gi , the rank of Fi 
is at most n . Since Hi is a normal subgroup of Fi , we have the equation 
r(Fi) = r(Fi/i/i) + r(//i). It follows that r{Ti/Hi) is at most 1, and so, being 
positive, it is equal to 1. Because of the fact that Ti/Hi is of rank 1, it is homeo- 
morphic with one of the three following manifolds: the 1-sphere aS\ the 3-sphere 
aS®, the projective 3-space P* [15]; the same holds of course for F. 

6. We have G 3 F = Fi X F 2 Z) , and the coset space T/H is homeomorphic 
with F (nr. 5). The decomposition of G into cosets of F induces, because of 
F D jtf, a decomposition of G/H into sets homeomorphic with T/H; one verifies 
easily because of the analytic nature of all imbeddings involved, that this is a 
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fiber decomposition of (?/// with the fiber Y/H (cf. nr. 2 c)). In symbols we 
have 

G/Y = GIH/VIH, 

(This corresponds to a well known theorem in group theory- for the case of 
normal subgroups.) The right hand side of this formula means that aS”( = G/II) 
is fibcred, and the fiber is F(= F///). In the left hand side we introduce the 
expressions Gi X G2 , Ti X Y2 for Y. As in nr. 4 we have obviously G/Y = 
Gi/Yi X G2/Y2 . Finally we get: 

SyF = Gi/Fi X G2/Y2 ; 

the fiber space aS”/F is homeomorphic wdth the topological product of Gi/Yi 
and G2/Y2 . 

We know now that F is a homology-sphere (manifold with the Betti numbers 
of a sphere), of dimension d equal 1 or 3 . Thus we are in a position to apply 
the theorems of Gysin [ 5 ], which give the result that the homology ring of 
>S"/F (with rational coefficients) has the following stmeture: it has a unit 1 , 
corresponding to the fundamental cycle of the manifold; it lias a certain element 
^ of dimension d I lower than that of 1 ; a certain power (f)"^ is 0 -dimensional 
and different from 0 ; the elements 1 , , (f)''" form a complete homology 

basis. It is now easy to see that this ring cannot occur as the homology ring of 
the topological product of two manifolds of positive dimensions. Therefore 
('ither Gi/Yi or G2/Y2 must reduce to a point; suppose this holds for G2/Y2 . 
Then we hiivu G2 = Yo • 

7 . From the fact just demonstrated it follows that Gi acts tiansitivcly on 
as we shall now show. The orbit ( 72 (x) is equal to F, because F = r2(.r) and 
G2 = r2 . Consequently we have G2{x) C Gi{x), because F = Gi{x) PI G2{x) 
(nr. 5 ). Therefore Gi{G2{x)) = Gi(x); but Gi(G2(.r)) is G{x), and G being transi- 
tive on >S”, this is all of Thus we have Gi(a:) = and Theorem I' is now 
proved completely. 

Suppose now that G is effective, l^y deifinition H2 is such that H2{x) = x. 
If y is any other point of >S” there is an element g\ in Gi with the property that 
y = gfi(x). Hence g\H2gi^{y) = y. In view of the fact that elements of Gi 
commute with those of G2 we have gJhgT^ = Jh . It has thus been shown that 
H2 is a subgroup of Go (nr. 2 b)), that is Ih leaves every element of S” fixed. The 
group G is ‘"almost” effective and consequently H2 must be a finite group. But 
r2///2 = G2/H2 is homeomorphic with Yi/Hi , and this means that G2 itself is 
homeomorphic with a group of rank 1 , that is with Rx or R2 or R2 . It is easy 
to see that it must then be isomorphic with one of these. 

So far we have shown that, given any representation of G as essentially the 
product of two groups Gi and G2 , then Gi must be transitive over and G2 
is isomorphic with Ri or R2 or R2 (indices chosen properly). This clearly proves 
Theorem I b, if we show moreover that Gi is simple. 
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Suppose it is not simple; let (?i = C?' X G" (possibly replacing Gi by a finite 
covering group). We use now for Gi the same argument we used for 0 and find 
that G' is transitive over and that G" is homeomorphic with /Ji or or . 
We write now G as G' X (G" X G 2 ). The second factor G" X G 2 is not iso- 
morphic with Ri or R 2 or R 2 ; therefore, by what we have proved so far, it must 
be transitive on S”. But this is impossible for n > 3, because, again by the 
results obtained so far, one of the factors G", G 2 would have to act transitively, 
which is obviously impossible. The cases n = 2, 3 are treated easily for them- 
selves. Theorem I is now proved completely. 

It is worth pointing out that the possibilities mentioned in Theorem I may 
actually occur. There are groups which are essentially products of the type 
Gi X Ri and Gi X -K 2 , where Gi is simple, which act transitively and effectively 
on odd dimensional spheres. The group An (see for instance [14]) is defined 
as the group of all unitary matrices of determinant unity on n + 1 complex 
variables. The group, call it , of all unitary matrices on n + 1 complex 
variables is essentially the product of An and Ri . It is clear that 4n is transitive 
on and it is also effective. Thus for every odd dimensional sphere 
of dimension greater than one there is a group of the type Gi X Ri which is 
transitive on it. 

A group of the type Gi X R^ could not be effective on for n = 1, 2, • • • . 
For if it were would be fibered by sets homeomorphic to S* or else by sets 
homeomorphic to These fibers are the orbits of the second factor. Either 
case is impossible as has been shown by Gysin [5]. 

However there is a group of the type of Gi X R 2 which is effective and transi- 
tive on n = 1, 2, • • • . Without giving details we shall merely mention 

that it may be obtained from Cn [see 14] in analogy with the way A ^ is obtained 
from An if we represent Cn by means of linear transformations on sets of n 
quaternions [19]. 


II 

8 . We now consider simple groups transitive on the sphere S”. According 
to the Killing-Cartan classification every compact connected simple Lie group 
is locally isomorphic to one of the following simple groups: Rn , the rotation group 
of the n-sphere S" (for n ^ 1, 3); An , the unitary unimodular group on n + 1 
complex variables; Cn , the symplectic group on 2n complex variables; and 
five exceptional groups of dimensions 14, 52, 78, 133, 248 and ranks 2, 4, 6, 7, 8. 

The dimension of Rn is n(n + l)/2, that of An is n{n + 2), and that of Cn 
is n(2n + 1). The rank of Rn is n/2 for even n and (n + l)/2 for odd n; the 
rank of An is n and the rank of Cn is n. The group Rn is transitive on S'" and 
An and Cn act in a natural way (as subgroups of the respective rotation groups) 
transitively on and respectively [14 p. 1126 ff.]. We shall speak of 
Rn , An , and Gn or any connected group locally isomorphic to them as the 
classical compact connected groups. 

It will be necessary for us to use the homology properties of these groups and 
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wc therefore list their homology rings. The symbol R{M) denotes the homology 
ring with rational coefficients of the space M , the symbol = denotes isomorphism, 
and X denotes as always the typological product. With these symbols, then, 
the following results arc known (Brauer, Pontrjagin): 


Theorem A 


a) R(A„) = R{S^ X S^X ■■■ 

X s""'-') 

b) R(Cn) = RiS^ X S'' X ■ 

X s*"-') 

c) R(R2n) = R{S^ X S' X ■■ 

■ X S^"-') 

d) R(R,n-i) = R(S^ X S' X 

• • • X s*"-" X s'"^' 


It is also known that if G 2 is the exceptional simple group of dimention 14 then 

R{G2) = R{S^ X 

The rings of the four other exceptional simple groups are not known. If two 
compact connected Lie groups arc locally isomorphic they have the same 
homology ring. This can be seen for example as follows. If N is a finite normal 
divisor of (?, then the mapping taking G to G/N takes each homology group of 
G onto the corresponding group of G/N, Hence no Betti number can be in- 
creased by this mapping. On the other hand if r is the rank of G, the rank of 
G/AT as also r, and since the sum of the Betti numbers of both groups is therefore 
2’’ [2] no Betti number can decrease. The Betti numbers of G and G/N arc 
therefore the same, and it follows that the homology rings are isomorphic. 

We shall use the following theorem on groups transitive on which connects 
the homology properties of the group with those of the associated subgroup. 
This theorem has been proved by Samelson [14]. . 

Theorem B. Let G be a compact connected Lie gronp which acts transitively on 
S'" and let H be the associated subgroup so that G/II = 

, a) if n is odd then R(G) = R(H X aS”) and H is not homologous to zero in G. 

b) if n is even then R(H) = i2(II X aS”“^) where 17 is a certain topological 
product of spheres of odd dimension and R(G) = i^dl X 

9. We have already seen that if n is even then any compact connected Lie 
group which acts effectively on S” must be simple. We now examine in more 
detail the simple groups which can act in this way. 

Before we begin it will be convenient to prove a lemma which will be of use in 
what follows. We recall [18, p. 202] that if G is effective on an n-dimcnsional 
orbit then the dimension of G is ^ n(n + l)/2. 

Lemma 1. If a connected compact Lie group G of dimension n(n + l)/2 is 
transitive and effective on a simply connected n^-dimensional manifold M then M in 
an invariant metric is isometric to and G is continuously isomorphic to Rn . 
Furthermore G* is isomorphic to Rn-i . 

It is known [1] that we may introduce an invariant metric in M and [3] that 
in this metric M is of constant curvature. Hence [7] in view of the fact that M 
is compact and simply connected it must be isometric to the sphere S”. The 
isometry T taking M to S'* carries G to a compact connected group TGT'^ of 
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rotations of S'" of dimension n(n + l)/2. Therefore TGT’’^ contains all rota- 
tions of S” and we see that all the statements of the lemma are true. 

Theorem II. If n is eveUy then except for a finite number of n^s (the exceptional 
values of n being g 114) the only compact connected simple Lie group which can be 
transitive on S” is locally isomorphic to Rn . 

The main step of the proof is contained in a theorem which we now state. 

Theorem II'. If n is even the only compact classical group which can be transi- 
tive over S'' is locally isomorphic to Rn . 

According to theorem B b) the homology ring of G must be isomorphic to that 
of a space containing as a factor sphere. Wc know from Theorem A c) 
d) that if a group Rm has such a homology ring then m must be at least equal 
to 71. On the other hand the dimension of G can not be greater than the dimen- 
sion of Rn for if it were G could not be effective. Hence if one of the groups 
Rm is transitive on /S”, then m equals n. 

If a group Am has a homology ring of the kind we have observed G to have 
then Am must have dimension greater than that of Rn and hencono Am can be 
transitive on S". By similar considerations we observe that the only group Cm 
which could be transitive on S" is C'n /2 . This group can not be transitive on 
S" as we see from Lemma 1. This concludes the proof of Theorem II'. 

Theorem II in its general statement follows from Theorem II'. In order to 
obtain a limit on the dimensions of even dimensional spheres on which there 
are exceptions one must proceed to the direct consideration of the five exceptional 
simple groups. Here, although slightly sharper results can be derived, we are 
content with the one already stated. The dimension of the highest dimensional 
exceptional group G 248 is 248. We know that if this is transitive on an even 
dimensional sphere S" then 

«((?248) = R(S"^ X X - X X 

where n» (i = 1, • • • , 7) is an odd integer. Because it is known [2] that the one 
dimensional Betti number of a simple group vanishes n,- is greater than or 
equal to 3. Hence 

21 + 2""^ g 248 
n ^ 114. 

10. We next consider the odd values of n and we consider separately the two 
possibilities = 1 (4), and ti = 3 (4). 

Theorem III. Let n ^ 1(4). The only classical compact Lie groups which 
act transitively on S” are locally isomorphic to Rn and A(n-i)/ 2 . 

It follows as before that with a possible finite number of exceptions these are 
the only simple Lie groups transitive on S" with n = 1 (4). 

The proof of Theorem III is also based on the properties of homology rings. 

According to Theorem B a), G must “contain” S" as a factor sphere in its 
homology ring. Therefore it is clear at once that G cannot be Cm for any m or 
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Rm for any even m; and that the only possible Rm with m odd is Rn . Moreover 
it follows, that if G is a group An ^ , then m ^ 


— . Suppose m > ^ then 


the ring of the associated subgroup H would be, according to Theorem B a), 
isomorphic with R{S^ X X • • • X X X • • • X This leaves 

for H only few possibilities: H could equal R\ or C 2 or one of the exceptional 
groups , because no other gi*oup has a homology ring of this stmeture. 

If we take n sufficiently high, these possibilities are excluded and Theorem III 
is proved. 


11 . Next we wash to prove: 

Theorem IV. Let n = 3(4); except for a finite number of n\s the only simple 
groups transitive on /S” are Rn , A(n-i)/ 2 , ^An+i)/ 4 . The proof of this is considerably 
more difficult than the proofs of the two preceding tlu^orems. 

Before beginning it is convenient to prove several lemmas which will be of 
use later. A stationary point of a group (or subset of a group) is a point (of the 
space on w^hich the elements act) left fixed by every element of the grouji (or 
subset). 

Lemma 2. Let M he a subset of the group of rotations Rn acting as it ordinarily 
does on Then S(M), the set of stationary points of A/, is a geometric sphere 
of dimension —1,0, 1 , • • • . 

Let S(M) be the stationary points of M wffien we consider M as acting in 
En^i . Then B{M) is a linear substance of En->^i . But 

s{M) = B{M) n .r 

and the conclusion follows. 

Lemma 3. If H is a connected closed subgroup of Kn of dimension n(n — l)/2 
then II is continuously isomorphic to Rn-i or Rn 1 , the simply connected covering 
group of Rn . 

I^et Rn/II = M„ and let x be a point of j\I„ left fixed by II. The transforma- 
tions of H act linearly on the space of tangent vectors to M,, at x. Hence H is a 
group of linear transformations of En and since H is compact w^e may assume 
that these linear transformations are orthogonal. We know that Rn has cither 
no normal subgroups or at most a normal subgroup containing two elements. 
Therefore either Rn or Rn/Z wffien Z contains two elements is effective. If a 
group is effective, a subgroup is also. Hence II is either effective or II /Z is 
effective where Z contains two elements. Hence, in view of the dimension of 
//, either H or H/Z is Rn-i and hence H is cither Rn~\ or Rn-\ . 

Lemma 4. The group Rn contains no proper subgroup whose dimension is 
greater than dim Rn^i . 

Since Rn is simple, the group Rn has at most a finite set of elements leaving 
fixed all points of a coset space Rn/H. Hence dim Rn/H ^ n and consequently 
dim g n (n + l)/2 — n = n(/i — l)/2. 

The set of elements of Rn which leave fixed the unit point on the first k of the 
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n + 1 axes of En^\ is isomorphic to . This is one of many possible im- 
beddings of Rn-k in Rn . The particular subgroup picked out in this way we 
shall denote by Qn-k . The subgroup which leaves invariant the first axis we 
denote by On-i . We see that QX-i = Qn-i where On-i is the identity component 
of . 

liEMMA 5. If H is a proper closed subgroup of Rn which includes , then H 
is either Qn-i or Qn-i . 

Since H can not have larger dimension than Q„_i , II must consist of a finite 
number of cosets of Qn-i . Consider the action of H on S*' = Rn/Qn-i , and let 
p denote the unit point on the first axis so that Qn-i leaves p fixed. The group 
H is in the normalizer of Q„_i , and hence each coset h takes x to a point 
left fixed by Qn-i . Hence H can include at most two components and if there 
is a second one H must be Qn-i . 

Lemma 6. Let Rm be imbedded in any way in Rn . Assume for every x of aS”, 
that Rmx {the subgroup of Rm leaving x fixed) is conjugate in Rm to one of the sulh- 
groups Qm-i or Qm-i of Rm . Then m g n/2. 

Let F denote the set of x's such that Rm^ is conjugate to Qm-i and let 0 denote 
the set of x^s such that Em^ is conjugate to Qm-i . The set F is closed, 0 is open, 
both F and 0 are invariant under Rm , and 

F + 0^ S\ 

In order to see that F is closed notice that if x is in F, then since /2m, is conjugate 
to Qm^i , it must be true that Qm^i has a stationary point in Rm{x), That is, 
F is equal to the totality of orbits of Rm for points in S (Om-i). We shall now 
show that F contains no points. Assuming that F does contain points we notice 
that S(0m~i) must contain one and only one point on each orbit in F, That is 
S{Qm-i) is a cross section of F and F is the topological product of this cross 
section by an orbit of F. This is because we are dealing with a family of orbits. 
Each orbit of F is homeomorphic to m dimensional projective space so we 
have showm that F is homeomorphic to the topological product of S{Qm-^) and 
P*”. In view of Ix^mma 2 it follows that S{Qm-^ is a sphere of some dimension. 

We now define a homeomorphism T of period 2 taking S" into itself whose set 
of fixed points is exactly F, We do this simph'' by leaving points of F fixed and 
by interchanging ‘‘diametrar^ points on orbits in 0, the concept of ‘‘diametraF^ 
points being defined on these orbits as a pair of points left fixed by precisely the 
same subgroup of Rm . We see that T is a homeomorphism as follows. Let 
X be any point of >S". If y is near x then Rm^ is “near” /2m, . This implies that 
the set of stationary points of Rmy is near the set of stationary points of /2m, . 
The existence of a T with these properties shows that F has the same homology 
groups mod 2 as a sphere of some dimension [17]. This is inconsistent with the 
above representation of F as a topological product of two manifolds unless F is 
vacuous. Hence we have shown that F is vacuous. 

But then is fitered (because of the analyticity of all the imbeddings in- 
volved) by sets homeomorphic to S’", and so m ^ n/2 [5]. 
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Lemma 7. Let H he a cminected group of dimension n(n — l)/2 imbedded in 
Rn . Then if n ^ Z, n ^ 7 II is conjugate to Qn-i . 

We know in any case by Lemma 3 that H is isomorphic to either R„^i or Rn^i . 
This means that we know the homology ring of H completely. We shall con- 
sider the action of H on the coset space R^/Rv-i == aS", and we shall first show 
that H can not be transitive on S". 

We first consider the case where n = 2m. In this case 

R{II) = R{I^^ X .S' X • • • X X 

and from Theorem B we see that II can not be transitive on 
We consider next the case where n = 2m — 1. In this case 

R(II) = R(S^ X X - X 

clearly if 2m — 1 is of the form 5, 9, 13, • • • // can not be transitive. We there- 
fore examine only the case where 2ni — 1 is of the form, 3, 7, • • • , that is 2m — 1 
= 4/b — 1, so that 

R(//) = R(S^ X .S' X • • • X X - X 
Hence if H/U = 

R(IJ) = X • • • X X X • • • X .S®"-'"). 

Now U is simple because only one .S^ appears on the right and it clearly can not 
be locally isomorphic to a classical group. Furthermore it can be checked, 
merely by enumerating possibilities that U can not be locally isomorphic to the 
last four exceptional groups. This leaves only one possibility, namely that 
II is R^ , 

R(II) = R{S^ X S’ X S”) 

R(U) = R(S^ X 

and H/U F= .S'. 

We have now established that H is not transitive on iS”. Because of dimen- 
sional considerations it must have an n — 1 dimensional orbit. This is because 
of the fact that if H did not have an orbit of dimensions at least n — 1 it could 
not be effective and at the same time have dimension n(n — l)/2. In this 
connection sec [18]. Hence all orbits arc n — I dimensional, except for two 
orbits of lower dimension (see [11, and 18] and also the following lemma). 
However the only orbit of Rn^i or Rn-i of lower dimension than n — 1 is a point. 
Let this point be x. Then II is in Rm^ . But Rn^ is conjugate to Qn-i . This 
means that H is conjugate to a subgroup of Qn-i which can only happen if H is 
conjugate to Q„_i . 

In connection with the following lemma we refer to [11] where a discussion 
of an analogous question is carried out. 

Lemma 8. Let Gbea subgroup of Rn which in its action on Rn/Rn^i = S'" has 
an (n — 1) •‘dimensional orbit. Then all orbits of G are (n — 1) dimensional 
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except for two orbits of lower dimension. If one of these is not a point it carries a 
cycle linked with some cycle carried by the other. 

It is known that all orbits with two exceptions arc n — I dimensional and that 
the decomposition space of the orbits of G is an arc ab where the end points a 
and b correspond to orbits of lower dimension. The identity components of 
the groups Gx and Gy are conjugate if x and y are in — 1 dimensional orbits 
[10, 11] and from this it can be seen that Gx and Gy are conjugate under the 
same circumstances [11]. This fact gives us a way of deforming sets from one 
n -* 1 dimensional orbit to another, and in general a way of deforming a figure 
as long as we stay in the open set of n — 1 dimensional orbits [11]. This defor- 
mation can in fact be carried iij) to either of the exceptional orbits. These 
considerations together with tlu' Alexander duality theorem prov(^ the lemma. 

We are now leady to proceed with the proof of Theorem IV. 

For convenience put in = (n l)/4, so that n = 4m — 1. Leaving aside the 
exceptional groups (whi(4i means that w'e choose n high enough) we ask which 
of the classical grou{)s can be transitive over From arguments like those 
above, namely by consideration of the homology ring of the asvsociated subgroup, 
it follows that for n large enough, from the class A only A(n — l)/2, and from 
the class C only Cm can be transitive. Similarly among the groups Rk with odd k 
only Rn can be transitive. Finally the only Rk with k even, which is not ex- 
cluded by this consideration of the homology properties, is /? 2 »n . Consequently 
what we have to prove is that /?>m can not act transitively on \ Suppose 
it does. The associated subgroup //, having R{S^ X X • • • X as its 

homology ring according to Theorem B a), must be locally isomorphic with 
either R^m-^ or Cm-i . 

» a) Suppose If is locally isomorphic to . W(i cojisidor R 2 m acting in the 
natural way on then //, as a subgroup of Rom , acts on too. By Theorem 
IT it can not be transitive. On the other hand som(' orbit must be at least 
(2m — 2) -dimensional. For otherwise, since H is simple, all others would 
have to be points, and R 2 m would not be effective. But Lemma 1 (Nr. 2) shows 
that H, being locally isomorphic with Cm_i , can have no (2m — 2) -dimensional 
orbit. Therefore H must have at least one orbit of dimension 2m — 1. 

As we have already observed it then follows that all orbits with the exception 
of two are (2m — 1 ) -dimensional, and that the two exceptional orbits have 
lower dimensions. Tlie orbit space, i.e. the decomi)osition space of the de- 
composition of into the orbits under JV, is an arc, the end points of which 
correspond to the exceptional orbits. Now these two orbits can not, as stated 
above, be of dimension 2m — 2. Therefore they must be of dimension 0; be- 
cause a group acting effectively on a space of dimension k is of dimension at most 
(k(k + l))/2; and Cm-i being simple, is effective or at least ‘‘almost^^ effective on 
any orbit not a point, and of dimension ((2m — 2)(2m — l))/2. This means 
that H has a stationary point, and so is contained in the associated subgroup 
of R 2 m , that is in . But this is impossible, as we shall now see by con- 

sidering the coset space Rzm-i/H. By considering // as acting on the line elc- 
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merits in the point of the space left fixed by it, we see that H is a subgroup of 
i?2m-2 ; but having the same dimension as R2m~i it must coincide with /Z2m-2 , 
which contradicts the fact that it is locally isomorphic to Cm-i . 

b) Suppose H is locally isomorphic with . Again we consider i?2m act- 
ing in the natural way on and 11 acting on as a subgroup. 

We know that H is not transitive on We shall now show that no orbit 

of H can be (2?n — 1 ) dimensional. If some orbit of H is (2m — 1) dimensional, 
then except for two orbits H (.r) and n{y) which are of lower dimension all orbits 
are (2m — 1) dimensional. If either H{x) or H{y) is a point then we see that H 
is conjugate to a subgroup of Q2m-i . Furthermore it would have to be canoni- 
cally imbedded in Q2fn-i (lemma 7) and Romffr would l)e homeomorphic to 
R2m/Q2m-2 but this spaco is not homeomorphic to It is in fact homeo- 

morphic to the space of all line elements on 

Since neither H{x) nor II (y) is a point they must both be 2m — 2 dimensional. 
Then II ^ , or at any rate its identity component, is isomorphic to R2m~3 (Lemma 
1). Let z be any point of not in II{x) nor in II(y). If z is sufficiently near 
to .r, Hz is isomorphic to a subgroup of Hx [1 1]. But dim Hz = dim i?2m-3 — 1, 
and can contain no subgroup of this dimension. We have now completely 
shown that H can have no 2m — 1 dimensional orbit. Incidentally we have 
pointed out that H can have no zero dimensional orbit. 

We may now say that every orbit of H on R2m/R2m-i = >8“"* is 2m — 2 dimen- 
sional. Before proceeding wc pause to examine more carefully the structure 
of //. The group i?2m-2 has no finite normal divisors. On the other hand the 
fundamental group of /i2m -2 is cyclic of order two. Thus there is only one group 
locally isomorphic to R2m~2 and this group is the simply connected covering 
group R2m-i of /?2m-2 • Wo Hiay now say that H is either R2m-2 or i?2m-2 and we 
next wish to eliminate the latter possibility. The only 2m — 2 dimensional 
orbits which the group R2m-2 can have (Lemma 7) are S" and P"" (projective 
7Z-space). The normal divisor of /?»m-2 contains the identity e and one other 
element which we shall call a. Since R2m-2 is connected we see that if R2m-2 is 
transitive on aS” or P" then a must haVo a fixed point. But then a leaves every 
point of S'" or P” fixed. Hence if H were R2m-2 the element a would leave every 
point of every orbit fixed and so would leave every point of fixed which is 
contrary to our hypothesis. It follows that H is the group ^2^-2 itself. 

Hence (Lemma 7) for ever>' x, Hz is conjugate to Qzm-z (meaning the canoni- 
cally imbedded subgroup of P2m-2) or to depending on whether H{x) is 

homeomorphic to or p*^"* respectively. 

But then by Lemma 6, 27 n — 2 must be less than or equal to m/2. With 
this contradiction the proof of Theorem IV is concluded. 

Ill 

12. Theorem V. Except for a finite number of n^s, Rn has no subgroup H 
such that dim H = dim Pn~i — fc, 1 ^ fc ^ n — 3. 

Proof. If such an H exists consider the action of H on Rn/Rn-i = S'*. 
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Since Rn is effective in its action on S'", it follows that H is also. We assume 
that H is connected, which merely means, that if it is not connected, we choose 
the component of the identity. 

In view of the results we have established we see that, with a finite number 
of exceptional n's, H can not be transitive in its action on Rn/Rn^\ = 5"*. How- 
ever, on the basis of dimensional considerations, H must have some (n — 1)- 
dimensional orbit. By Lemma 8 we see that all orbits are (n — 1) -dimensional 
except two which we shall denote by H{x) and H{y), 

The group H can not be effective on H{x) and H{y) because their dimensions 
are too low. Hence there must be an invariant subgroup Hi of positive dimen- 
sion of H such that every point of H{x) is stationary under Hi , and a similar 
H 2 associated with H(y), We assume that Hi and H 2 are connected, which, 
again, is merely a way of saying that if they are not connected we choose their 
identity components. 

Since Hi is invariant we see that if 2 is a stationary point of Hi then every 
point of H(z) is also a stationary point of Hi . A similar remark Applies to H 2 . 
Thus if z is in S'" — (H(x) -j- H{y)) z can not be a stationary point of Hi , for 
if it were the stationary points of Hi would separate which would imply that 
every point of S'" is a stationary point of Hi [12] and that H was not effective. 
For the same reason H 2 can have no stationary points in — {H(x) + H(y)). 

Therefore S{Hi)y the set of stationary points of Hi is either H{x) or H{x) + 
H(y), In the latter case, the set S(Hi) is not connected and from the fact 
(Lemma 2) that S{Hi) is a sphere we see in this case that both H[x) and H{y) 
are points. This implies that for some gf, gHg''^ C Rn~i which is impossible. 

Consequently S{Hi) = H{x) and by similar arguments S{H 2 ) = H{y), As- 
sume that (where 0<li<7i— 1) 

dim H(x) = li and dim H{y) = h . 

Lemma 2 tells us that H{x) and H{y) are respectively li-dimensional and 12- 
dimensional spheres. 

At this point we shall need to recall (Lemma 8) that some cycle in H{x) must 
link some cycle in H(y). 

From this it follows that the linked cycles are actually the basic cycles of the 
homology spheres and that 

li I 2 = w — 1. 

We notice now that no element of Hi can leave all of H{y) fixed. The exist- 
ence of such an element w’^ould enable us to find a subgroup of Hi which has 
H(y) as part of its stationary set. Such a group also has H(x) as part of its 
stationary set. The stationary set, being a sphere including these two linked 
spheres, must coincide with S'" which is impossible. That is. Hi is effective on 
H{y) and similarly H 2 is effective on H{x). 
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From the choice of Hi we know that 
dim H/Hi S 

dim Hi ^ dim H — ^ 


But 

and hence 


dim Hi ^ 


= dim Rn-i - k- 

a 

_ (n - l)(n) - 2fc - lidi + 1) 
2 


li = n — I 2 — 1 


(n — l)(n) — (n — h — l)(n — I 2 ) — 2k 


h(2n - I 2 - 1) - 2jfc 


_ 12(12 + 1) + l2(2n - 2 I 2 -2) -2k 

2 ■ 

At this point we remark that we assume n ^ 2. We also assume as we may that 
I 2 ^ n/2. By hypothesis, we know that k ^ n — 3. Now 

l 2 ( 2 n - 2 I 2 - 2) - 2fc S l 2 ( 2 n - 2 I 2 - 2) - 2n + 6. 

This is clearly positive when I 2 = 1. Using the fact that I 2 ^ n/2, we have 

l2(2n — 2 I 2 — 2) — 2?i + G ^ l2(2n — n — 2) — 2n + 6 

= (I 2 - 2)(n - 2) + 2 

which is clearly positive when U ^ 2. Hence we may always conclude that 


dim Hi < 


ll(l2 + 1) 
2 


But we proved above that Hi is effective on H(y) which is I 2 dimensional. 
Therefore 


dim Hi g 


12(12 + 1 ) 

2 


These two contradictory facts show that no subgroup H of the kind described 
in the theorem exists. 
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From this theorem we see that except for a finite number of n’s Rn can have 
no orbit H{x) whose dimension satisfies the following inequality 

n < dim H{x) ^ 2n — 3. 

We also point out the following theorem which is a corollary of our results. 

Theorem VI. Let H he a subgroup of R„ which is isomorphic to Rk , k > 
n/2 + 2. Then with the possible exception of a finite number of n*8 H is codjugate 
to Qk. 

Since // is a subgroup of Rn we may consider the action of H on Rn/Rn-i = Sn . 
By the preceding theorem H can have no orbit H{x) such that 

k < dim H{x) ^ w. 

Furthermore because of a previous lemma not all orbits can have dimension k. 
Hence H leaves some point stationary which implies that H is conjugate to a 
subgroup of Rzn-i . By a finite number of applications of our process we obtain 
the desired conclusion. 

V 

Smith College and 
University of Wyoming 
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Introduction 

An extension of a given topological space R is by definition any topological 
space containing R as an everywhere dense subset. The first essential results 
about extensions of topological spaces were obtained by A. Tychonoff [1], who 
proved that every completely regular space can be immersed into a bicompact 
one. An essential strengthening of this result was given by Cech [2]. He has 
shown the existence for every completely regular space of an universal bicom- 
pact extension ^R, which is characterized by the following property: whatever 
be the bicompact extension hR of the space R, there exists a continuous mapping 
of pR on 6/2, leaving all points of R fixed. Another construction of the same 
extension was given by P. Alexandroff [3] in 1939. The method, which was 
applied in the paper of P. Alexandroff seems to us to be the most natural for the 
questions of the theory of extensions, and, slightly modified, it enables us to 
obtain from one and the same general considerations all facts, known in this 
domain (including the results of Stone on the ^-closed extensions), as well as 
some new results, which, in our opinion, are of some interest. A knowledge of 
the paper of Cech is not presupposed in what follows. 

In §§1-2 of the present paper we give a general construction of an arbitrary 
Hausdorff extension of a Hausdorff topological space, and introduce some 
notions, which are essential for the sequel. 

In §3 we consider //-closed extensions of a Hausdorff space. 

§4 contains a generalization of the notion of continuity which is applied in §5 
to prove the existence, for every Hausdorff space, of an universal iY-closed 
extension analogous to the Cech extension. 

In §6 the theory of bicompact extensions is given. 

1. A general method of construction of extensions of topological spaces 

In the course of the whole paper we shall confine ourselves to the considera- 
tion of Hausdorff topological spaces and their Hausdorff extensions. In §§6 and 
7 we shall assume even stronger separability axioms. . In general, if the con- 
trary is not explicitly stated, by ‘‘space"' we shall always understand a Haus- 
dorff topological space. 

Let /2 be an arbitrary space, and ® — one of its bases. Let ® be an aggregate 
of centered* systems composed of the elements of this basis; we suppose that 
<S satisfies the following conditions: 

^ An exposition of the main results of this paper has been given without proofs in my Note 
published under the same title in the Comptes Rendus de I’Acad. des Sciences de FURSS 
32 (1941), 114-116. 

* We call the system 6 of non-vacuous sets A centered, if the intersection of any two sets 
from 6 belongs to 6. In accordance with definition it is supposed that the considered basis 
^ possesses the property that the intersection of any two elements from ® also belongs to 
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1. For every point r tR there exists a centered system dr e © namely, the 
system of all neighborhoods of the point r, belonging to the basis ®. 

2. If di and da are two different systems from then there exist open sets 
Ti and Fa from ® such that Fi € di , Fa € da and Fi fl Fa ~ 0. 

Every set F, entering into the system d, will be called a coordinate of this 
system. Thus Fed means that F is a coordinate of the system d.^^ 

We now introduce in the set @ a topology, by defining the system of neigh- 
borhoods of an arbitrary point d e © in the following way:* if F edo : then the 
neighborhood (7r(^) consists of all points d, such that Fed. 

It is easily seen that © is actually a topological space. From the condition 2)- 
follows the existence of non-intersecting neighborhoods of any two points of ©. 
Thus © is a Hausdorff space. 

To every point r e R may be correlated a centered system which is the system 
of neighborhoods of this point. It is evident that this is a one-to-one corre- 
spondence. It is also continuous in both directions. In fact, let the point 
ro€R and Go be its arbitrary neighborhood, belonging to the basis @; then 
r € Go if and only if dr € Uoo- 

The image of the space 72 is a set, everywhere dense in ©; and it follows from 
condition 1) that every set Ur contains a certain point dr . Thus © contains an 
everywhere dense subset, homeomorphic to 72, i.e. © is an extension of the space 72. 

On the other hand, every extension X of the space 72 may be represented as 
a space of an aggregate of centered systems of open sets, satisfjdng the condi- 
tions 1-2. To this end it is sufficient to correlate to every point x e X the cen- 
tered system \U (x) fl 72}, where \U (x)} is the system of all neighborhoods of 
the point x c X, and to introduce in this set of centered systems a topology in 
.the way indicated above. That the conditions 1 and 2 are satisfied, is obvious. 

Let us now formulate the obtained result: 

Theorem 1. Every set of centered systems ©, satisfying the conditions 1 and 2, 
is an extension of the original space 72. Conversely, every extension of the 8pa>ce R 
can be represented as a space of a set of centered systems, satisfying the conditions: 
1 and 2. 

Choosing in an appropriate way the set S of centered systems d, we may, 
using the general method exposed above, construct different extensions of the 
original space possessing some a priori given properties. 

2. Some definitions. The spaces a@R and c472 

Consider some special types of centered systems, which shall play a funda- 
mental r61e in the sequel. Let a certain basis ® be chosen in the space 72. We 
introduce the following definitions. 

A centered system {G} of sets from ® is called a Hausdorff centered system 
if, for every point x € 72 which does not enter into a certain set G of the system 
{fi}, there exists another set G', also belonging to the system {G}, whose closure 
does not contain the point x. 

* This topology is introduced along the lines of P. Alexandroff [3]. 
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A HausdorfiF centered system is called a Hausdorff end, if it is maximal, i.e. 
if it is not a true subsystem of any Hausdorff centered system composed of 
•elements of the basis g. 

We shall require the following notions, introduced by P. Alexandroff [3]. 

The open set F' is said to be completely regularly enclosed in the open set F, 
if F' C F and if to every rational number t of the segment [0, 1] may be corre- 
lated an open set Ft e @ in such a way that from h < h follows Ti^ C Pt, and 
F' = Fo , F = Fi . 

F' is regularly enclosed in F, if F' C F. 

A centered system {(?} of open sets from @ is called regular (completely regu- 
lar), if every set of the system {®) regularly (completely regularly) contains a 
set of the same system enclosed in it. 

A regular centered system is called a regular end, if it is not a subsystem of any 
regular centered system (composed of elements of the basis ®). 

A completely regular end is defined similarl 3 ^ 

We define now the topological spaces a^R, a^R and a^R, whose points are, 
respectively, Hausdorff, regular and completely regular ends { = {Gj, composed 
of sets G € g. The topology in these spaces is introduced in the way indicated 
in § 1. 

The space a^R shall be considered for an arbitrary Hausdorff space R, and 
a^R and a[R — only for a regular R and completely regular R, respectively. 
If ® is the system of all open sets of R, the spaces cr^R, a^R, a[R are denoted 
by aR,* oR, a!R, The spaces aR and a'R were first constructed by Alexan- 
droff [3]. 

Lemma 1. Denote by {U(x)} the aggregate of all elements of the basis & of the 
space R, containing a given point x of this space. {U{x)} is a Hausdorff end, 
[U{x)] is a regular (completely regular) end, if R is regular (completely regular). 

Proof. We lead the proof for a Hausdorff space R. A centered system 
{[/(x)} is a Hausdorff system, since if x ' t U^^\x), then x' ^ x, and the re exis t 
non-intersecting neighborhoods F(x') and U^^\x) e {U(x)]. Then x' i 17^*^ (x). 
It remains to- prove that {U(x)} is not contained in any larger Hausdorff cen- 
tered system. Let us assume the contrary. Let [U] be a Hausdorff centered 
system containing {C/(x)}, and let its element be Go i [U(x)}. Then Go does 
not contain x, and consequently, there exists a Gi € {G} such that xlUy, 
But then there exists a G(x) not intersecting with Gi , which contradicts the 
fact that { G} is centered. 

The other assertions of the lemma are proved similarly. 

We have thus proved that the spaces and a®/? satisfy (in the case, 

when for R the corresponding separability axioms hold) condition 1), §1. It is 
easily s^n that they also satisfy condition 2), since two Hausdorff (regular, 
eompletely regular) ends coincide, if each coordinate of the one end has a non- 
vacuous intersection with each coordinate of the other end. 

Thus from the results of §1 follows the 

Theorem 2. The spaces <r@B, a^R and oi^R are Hausdorff extensions of the 
opace R, 
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3. H-closed extensions 

Definition. A basts & of the space R is called algebraically closed^ if from 
G €® follows that also R — G €®. 

The following theorem will be essential in the sequel. 

Theorem 3. If the basis @ is algebraically closed, then the space <r^R is H- 
closed^. 

The proof of this theorem is based on the following criterion of if-closedness 
of a topological space. 

Theorem 4. Let @ be an arbitrary algebraically closed basis of the space R, 
This space is H-closed if and only if every Hausdorff centered system, composed of 
elements of the basis ®, has a non-void intersection. 

The Proof of Theorem 4 

The condition is necessary. If there exists a Hausdorff centered system with 
vacuous intersection, then { may be adjoined to our space as, a new (non- 
isolated) point, taking for the neighborhoods of { the sets { U G, where G is an 
arbitrary coordinate of the system The space /2 U { is a Hausdorff space, 
since for an arbitrary x tR there exists a coordinate G of { not containing x, 
and so, in virtue of the fact that the system { is a Hausdoi'ff system, there exists 
another coordinate G' of whose closure does not contain x. Consequently 
X and { possess non-intersecting neighborhoods. The space R is not //-closed. 

The condition is sufficient. Let the space R be not //-closed. Let us adjoin 
to /Z a new (non-isolated) point f, and consider the aggregate {!/({)} of all 
neighborhoods of the point (, such that /2 PI [/({) c 

It is easily seen that the sets Rf) U(() form a Hausdoifl centered system. 

Let X be an arbitrary point of the space R. Since the space /2 U f is a Haus- 
dorff space, there exists a neighborhood V(x) (belonging to the basis @), whose 
closure (in /2 U {) does not contain the point ( and therefore coincides with the 
closure in R. Then, in virtue of the algebraical closedness of the basis &, the 
set R — V\x) belongs to 0. Now the set (/Z U f ) — F (x) contains and conse- 
quently, the set 

/Z - = iZ n ((/Z U f) - F^)) 

is one of the coordinates of the considered centered system. The point x is not 
contained in this coordinate, and since x was chosen arbitrarily, the intersection 
of all coordinates of the considered system is void. Thus the sufficiency of the 
condition is also proved. 

Lemma 2. If 0 is an algebraically closed basis, and <r@/Z is the space corre- 
sponding to this basis, then 

/Z 

Proof. Let the Hausdorff end { r«} € /Z — Uo; then there exists a neigh- 
borhood Ut such that Ur C\ Uo — 0, But this means that F 0 G = 0 as well, 

* The space R is called //-closed, if it is closed in every Hausdorff space, containing it. 
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and then we have also r 0 = 0, i.e. V — G and, consequently, {Pa} e 

Ur^q . Conversely, let {r«} tUa . Then Fa fl G 0 for every Pa . If now 
{r«} 6 Ur^6 , then {Fa} 9 (/2 — 5), but this is impossible, since f/? — ^) fl 
G =s= 0. 

From this lemma immediately follows: 

CoBOLLARY. If ® is an algebraically closed basis of the space /?, then [Uoy 
G € @} is an algebraically closed basis of 

Proof of Theorem 3. Let [Uq^] be an arbitrary Hausdorff centered system 
composed of elements of the basis {?/<;, G € @ | . Let us show that n = 0. 

a 

It is easily seen that the sets Ga form themselves a Hausdorfif centered system 
{Ga}. Complete the system up to a maximal. Then we obtain a certain 
Hausdorff end, i.e. a certain point f of the space cq^R. It is obvious that every 
open set Ua, contains the point {, i.e. H ^ 0- By Theorem 4, the space 

a 

is fl^-closed. 


4. ^-continuous mappings 

In studying non regular Hausdorff spaces the following definition is very 
useful. 

Definition. Let X and Y be two topological spaces, A one-valued mapping 
f of X into Y is called 6-coniinuous at the point xo € X if for every neighborhood 
U(yo) of the point yo = fixo) there exists a neighborhood U(xo) such that f(U(xo)) C 
U(yo). 

A (l-l)-mapping of X onto Y which is ^continuous in both directions is called 
a 6-homeomorphism between X and Y. 

A ^continuous mapping of a space X into a regular space Y is continuous in 
the ordinary sense. In all cases a continuous mapping is ^-continuous, the 
converse being for irregular Y in general not true. 

Example. Let Ri be the segment [0, 1] with its ordinary topology. Let R 2 
be the same segment with a topology defined by means of the following system 
of neighborhoods. All points ^ 0 get their ordinary neighborhoods whereas 
the neighborhoods of the point zero are the semisegments [0, x] from which the 
points Xn — I /n are picked out. R 2 is an irregular Hausdorff space and the 
identical mapping of Ri onto R 2 is a ^homeomorphism, (the identical mapping 
of R 2 on Ri is even continuous). 

Theorem 5. A continuous image of a H -closed s^pace is H -closed. 

The proof is easily given using the well known criterion of H-closedness due to 
Alexandroff: In order that the Hausdorff space R be closed, it is necessary and 
sufficient that from every covering of R by open sets {Gj a finite system Gi , 
G 2 , • • • , Gn may be chosen in such a way that Gi U G 2 U • • • U Gn = /2. 

Theorem 6. Let the two Hausdorff spaces X and Y have in common a point 
set R which is dense in X as well as in Y. Suppose that there exist B-continuous 
mappings f and g of X on Y and of Y on X, respectively, which leave each point of 
R invariant. Then f and g are mutually irwerse B-homeomorphisms. 
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Proof. Let y == f(x) and g{y) = z. Assume x 7^ z. Choose the neighbor- 
hoods lJ{x) and U{z) without common points; then U{x) fl U{z) = 0 . Take 
V{y) such that giU(y)) C U(z) and r eR such that r 6 U{x),f(r) e U(y). Then 

r = 9{f(r)) * mx) n g (U(^) Q U{x) fl W), 

in contradiction with the choice of U(x)y U(y). This contradiction proves the 
identity x = z and thus the Theorem 6. 

The proof of the following proposition presents no difficulty and may be left 
to the readei’: 

'^Fheorem 7. If the space Y does not contain inseparable points (i.e. for any 
y\ €Y,y 2 € Y there are neighborhoods U{yi), U{y 2 ) with U(yi) H U(y^ = 0) and 
Y is a B-continnous image of X, then X also does not contain inseparable points. 

From the Theorems 5 and 7 follows that the //-closed spaces without insepar- 
able points form a class invariant under ^homeomorphisms. The above ex- 
ample shows iliat bicompactness is not invariant under Wiomeopiorphisms. 

5. The universal fiT-closed extension 

We slmll prove the following fundamental theorem: 

Theorem 8. The space <tR has the following properties: 

1 The space <rR may be B-continuously mapped on every H-closed extension of 
R in such a way that all points of R remain invariant under this mapping; 

2°, Every H -closed extension of R possessing the property 1® is B-homeomorphic 
with <tR. 

Proof. If 1° is proved, then 2° follows immediately by Theorem 6. I.»et us 
prove the assertion 1°. The construction of the mapping /(a:) below is the same 
as the corresponding construction in the paper of Alexandroff (proof of the 
Theorem II, pp. 408-409). 

Ixjt be an arbitrary /f-closed extension of R and 

X = {Fa} € cfR, 


Take the intersection 


p* = n 

a 

where means the closure of F^ in S, 

We first prove that P is not vacuous. Denote by Ga = t/(ra) the set of all 
inner points of Fa. The system {(?«} is centered. Now two cases are possible. 

a) The system {Ga} is not a Hausdorff system. This means that there exists 
a point yi € >S, such that for a certain Ga^ € x the point yi does not belong to Gao 
while yi c Ga C Fa for all a, i.e. 2/1 € P, . 

b) The system {Ga} is a Hausdorff system. Then by Theorem 4 the Ga have 
a non-vacuous intersection obviously contained in P* . 

Now we prove that P* consists of one point only. To this end we prove the 
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Lemma 3. If y tPx then for each neighborhood U{y) 

R n U{y) ^ 0 

Proof. By the definition of the point y for every F c x we have y e F^, where- 
from follows that for every U (y) it is (R f) Uiy) Ci V 0 . The centered system 
{U{y)} being a Hausdoi’ff one, the same is true for the system {/? 0 U{y)}. 
Consequently {Fa} U {/2 fl U(y)} is a centered Mausdoi’ff system. In virtue 
of the maximality of {!'«} it is {72 fl U{y)} C {I^a}. The lemma is proved. 

If now yi € Px , 2/2 6 Px then choosing non intersecting neighborhoods U (t/i) 
and 17 ( 1 / 2 ) we see that {Fa) contains two non intersecting sets 72 f) U{yi) and 
72 n U{y 2 ), which is impossible. 

Putting for every x = {Fa} €<r72 

y = m = nn 

we obtain a mapping of aR into S. To prove that f maps aR on the whole 
S take any y € S. The system {U(y)] is a centered Hausdorff system. Such 
is consequently the system {R C\ U(y)] as well. Let us complete it to a Haus- 
dorff end {Fa} = x . Then 

m = Iin c n(« c UWf = y, 

i.e. f{x) == y, which proves the assertion. 

Let us finally prove that / is ^-continuous. Take x € aR, 

m = nr- = 2/ * S 


and an arbitrary neighborhood U(y). We are looking for a neighborhood U(x) 

such that /(t7(a:)) C Uiy). _ 

Lot G = U(y) C\ R. As R is dense in S we have G* = Uiy)^. By the 
Lemma 3 it is G « r. Define 


U{x) = Uo 

To prove the relation /([/(x))'* C U(y) take any x' e U^xy^. Then 

(1) r' n G 0 for an arbitrary T' e x' . 

We have to prove that y' = f{x') « U(y)^. Suppose it is not the case. Then 
there exists a neighborhood Ui{y') such that Uiy) D Uiiy') = 0. Take To = 
Uiiy') n R. By the Lemma 3 it is To « x'. But To fl G = 0 in contradiction 
with (1). 

Theorem 8 is thus completely proved. 

6. Bicompact extensions 

The present paragraph deals with bicompact extensions of the given space R. 
Therefore R must be supposed completely regular, since otherwise the space R 
does not possess Hausdorff bicompact extensions at all. 
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Theorem 9. Each of the spaces <rRj aR, a'R may be continuously mapped on 
every bicompact extension B of R in such a way that all points of R remain invariant 
under this mapping. 

The proof of this theorem is quite similar to the proof of the first part of Theo- 
rem 8: it follows directly from the bicompactness of B that the intersection 

P. = Ilr^ 

is non- vacuous for every x = {Fa}. The mapping / on B will be continouus 
(and not only ^continuous) by virtue of the regularity of B, 

Theorem 10. If the space R is completely regular then uq^R is also completely 
regular. 

Proof. For the sake of simplicity we shall suppose that the basis ® is the 
system of all open sets of the space R, i.e. we consider the space a^R, 

We call the open set F C ^ canonic if F = R\{R\f), i.e. if all inner points 
of F belong to F. Alexandroff has proved (3, p. 410) the following 

Lemma. The sets Ur , where F is canonic, form a basis of a'R, 

Let now x = { F«} be an arbitraiy point of the space a'R, Let us show that 
if the set F 2 is completely regularly enclosed in a canonic open set Fi , then 
f/r, C Uti , i.e. f/pj H (a'R\Uri) “ Assume that this is not so. Then 
there is a point f = {G} such that $ € f7r, PI (a'J?\?7ri). The inclusion ^ eUr^ 
means that for each G c $ the intersection G fl F 2 is non- vacuous; ^ t Uyx would 
mean that Fi € i.e. that there exists a G € f contained in Fi . Thus ^ eUvi 
means that no G e { is contained in Fi , i.e. that none of the intersections G 0 
(R\Ti) vanishes, and then (since Fi is canonic) all G fl (R\Ti) are different from 
zero. Thus, every G c f has a non vanishing intersection with F 2 as well as with 
i2\ri . In other words, there exists a completely reg^dar end, such that each of its 
coordinates has a non^acuous intersection with both of the open sets F 2 and R\Ti , 
the closures of F 2 and R\Ti being completely separated. Let us lead this result 
ad absurdum. 

Lemma 4. If Gi and Go are open sets with completely separated closures and 
G = (Gi U G 2 ) € then either Gi e or G 2 e f . 

Proof. If the coordinate G' of the point f is contained in G, then G' falls 
into two sets Gi , and G 2 , one of which is contained in Gi , and the other in Go . 
Thus a completely regular centered system of sets f = {G'} generates two sj^'s- 
tems {G1} and {G 2 }. At least one of the systems { U {GJ} and f U {Gi} must 
be centered and completely regular, and must, consequently, coincide with f. 
The lemma 4 is proved. 

Lemma 5. Let f{x) be a function, equal to zero on r 2 and to one on R — Fi ; 
let 0 < a < b < 1, and F(a, b) be the open set, whose points x satisfy the condition 
a < f(x) < b; then every G €( has with F(a, 6) a non vacuous intersection!' In 
fact, otherwise G would fall into two sets Gi and G 2 with completely separated 
closures, such that G 2 fl F 2 = 0 and Gi fl (J? — Fi) = 0, and, in virtue of Lemma 4, 

® Hence, in particular, follows that r(a, h) itself is non-vacuous. 
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either Gi , or G 2 would enter into and this contradicts the assumption that 
{ € Uta n (a'JB — Uvi)- The Lemma 5 is proved. 

Let us choose Oo and bo such that 0 < ao < 60 < 1 . Consider the aggregate of 
all r(a, b), for which 0<a<ao<bo<b<l. They form a completely regular 
centered system. The system { U { r(a, 6) } is, according to the above, centered, 
and since f and {r(a, b)} are completely regular systems, { U {r(a, b)\ is also 
completely regular. But r(a, b) C Ti and, consequently, r(a, b) PI (72 — fi) = 0 
and f c {a'R — Uvi), i.o. Cr, C f/pi . Thus we have proved that (7r, is regu- 
larly enclosed in Uri . It is easily seen that this inclusion is also completely 
regular. In fact, because of the complete regularity of 72 , to every rational 
number ^ 0 < < < 1, may be put in correspondence an open set Vt in such a way 
that T/j is completely regularly enclosed in , if < to, = Pi for ^ = 1 and 
Tt = r2 for t = 0. By what has been proved, Urt^ C Urt^ /\l tx < U . Conse- 
quently Ut 2 is completely regularly enclosed in Un . We have proved that 
the space a'72 is completely regular. 

Theorem 11. If & is an algebraically closed basis, then the space o^R is bi- 
compact. 

The proof of this theorem is analogous to the proof of theorem 3, and will be 
therefore only sketched here. We use in this proof the following criterion for 
bicompactness of a completely regular topological space: 

Theorem 4'. .4 completely regular space 72 is bicompact if and only if every com- 

pletely regtdar centered system of elements of a given algebraically closed basis of 72 
has a non-vanishing intersection. 

The necessity of this condition follows from Theorem 4. 

To prove that this condition is sufficient, let us remember that hy a known 
theorem of Tychonoff [1] a non-bicompact space 72 can be immersed in a com- 
pletely regular space 72 U ^ where { is a non-isolated point. Let {L^($)} be the 
system of all neighborhoods of whose intersections with 72 belong to 

{U{0 n 72) € 

Then the system { C({) fl 72} is a completely regular centered system with a void 
intersection. Thus the announced criterion is proved. 

We need furthermore the following 

Lemma 2'. If is an algebraically closed basis of R,then at^R — Uo — Ur-q , 

This lemma is proved in the same way as Lemma 2. It follows from 
Lemma 2': 

Corollary. The open sets Ua corresponding to an algebraically closed basis & 
of the completely regular space 72 form an algebraically closed Ixisis of ot(^R, 

The rest of the proof of Theorem 11 is the same as that of Theorem 3. 

From Theorems 9 and 11 follows immediately: 

Corollary. The space a!R is a maximal bicompact extension of 72. 

Such an extension being unique,® the space a'72 coincides with the Cech 
extension fiR. 


* See [3], Lemma IX. 
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Remark. Thus we have given a direct proof of the fundamental identity 
ct'R = fiR for anj’^ completely regular R] the proof of this identity given in [3] 
makes essential use of other properties of the space fiR, 

Let us now see, under what conditions the space R has a minimal bicompact 
extension, i.e. an extension, which is a continuous image of every other bicom- 
pact extension of the space R, It is obvious tiiat such an extension exists for 
every locally bicompact R, and is obtained by adjunction to R of one point. 
Let us prove that, conversely: 

If the Incompact extension B of the space R is minimal, then it is obtained by 
adjunction to R of one point and, consequently, exists only for a locally bicompact R, 
In fact, let R be a bicompact extension of the space R, such that B — R con- 
tains more than one point. Let x eB — R and y e B — R, Consider the space 
B', which is obtained from B by identifying the points .t and y. This space is 
Hausdorff, bicompact and is an extension of R. The space B may be in an obvious 
manner continuously mapped on B' so that all points of R remain fixed. B 
cannot be a continuous image of B\ since otherwise the mapping of B on B\ 
indicated above, would be a homeoinorphism (Theorem 6) ; but at the same time 
this mapping is not one-to-one. 

Thus, our assertion is completely proved. 

Mathematical Institute of the 
Academy op Sciences of the U.S.S.R. 

Citations 

[1] A. Tychonopf, Vher die topologische Erweiteriing von Rdumen, Math. Annalcn 102 (1929), 

544. 

[2] E. Cech, On bicompact spaces, Annals of math. 38 (1937), 823-845. 

[3] P. Alexandropf, Bikompakte Erweiterungen topologischer Rdume, Rec. Math. 5 (1939), 

403-423. 



Annals of Mathsmatxcs 
Vol. a. No. 3, July, 1943 


FOUNDATIONS OF THE THEORY OF LIE GROUPS WITH 
REAL PARAMETERS 

By P. a. Smith 

In memory of E. R. van Kampen 
(Received November 7, 1942) 

The material presented below amounts roughly to the so-called fundamental 
theorems of Lie and their implications concerning Lie algebras, Lie subgroups 
and subalgebras. By straightforward and fairly elementary steps, we shall 
extend the concept of Lie group to include groups admitting coordinate s 3 ^stems 
in which the functions defining ah, the group product of elements a, h, possess 
continuous first order derivatives in the coordinates of a and satisfy a Lipschitz 
condition in those of b. That such groups are equivalent to classical (i.e. 
analytical) Lie groups was announced in 1936 by van Kampen, although ap- 
parently^ van Kampen published nothing by way of proof bey^ond a certain 
decisive uni(pieness theorem concerning systems of ordinary differential equa- 
tions. (This is contained in our theorem (12.1); the proof given below is essen- 
tially that of van Kampen [3]). It is conceivable that the condition relative 
to coordinates of h could be weakened or dispensed with entirely. For, the 
only part the condition in question plays in our development is to make it 
certain that the inverse of a certain mapping — the mapping into ‘‘canonical 
coordina t es ’ ’ — is single- valued . 

In this connection mention should be made of the paper [1] of Garrett Birkhoff 
in which it is shown that the existence of continuous first order derivatives of 
ah with respect to the coordinates of both the a^s and the 6’s is sufficient for 
defining a Lie group. 

We shall consider only^ groups with a finite number of real parameters (whereas 
the groups considered l\v Birkhoff are not necessaril.v finite dimensional). This 
makes it possible to use the standard existence theorems for systems of ordinary 
real differential equations. We make no use whatever of the theory of partial 
differential equations. 

We maintain throughout a purely^ local point of view in the sense that we 
consider only what happens in the neighborhood of the identity. 

Historical notes. The proof of the uniqueness of square roots (8.5) is due to 
Claude Chevalley (unpublished). 

The proof given below of Lie’s theorem that a linear system of vector fields 
which is closed under commutation defines a Lie group is, we believe, due to 
van der Waerden [4]. We have supplied a number of preliminary lemmas which 
make the proof rigorously applicable to the case in which the vector fields are 
only assumed to possess continuous first order derivatives. 

The theorem in §17 that every local subgroup of a Lie group is a Lie group 
is due essentially to E. Cartan [2]. 
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That the functions 0, defined in (14.16) are solutions of the so-called equations 
of Maurer (16.14) was first pointed out by Whitehead [5]. 

The existence of the functions a* (a an element of a given group, t a real 
variable) was first established intrinsically by Garrett Birkhoff [1] although by 
methods (piite different from those given below (8.6). A simple topological 
theorem which we require in this connection is proved in the appendix. 

1. Local groups 

The ‘^groups’’ of classical Lie theory are not abstract topological groups in the 
contemporary sense since products are generally defined only in a neighborhood 
of the identity. Such partially defined groups have in recent years been called 
group nuclei, group germs, partial groups, local groups. Following Pontrjagin 
(Topological Groups) we adopt the name local group. It is to be understood 
that a space means a Ilausdorflf space. 

Definition. A local group is a space (? = {a, &, • • • } together ^ith a function 
of composition, denoted by ab, satisfying the following conditions: (1) wherever 
defined, ab is single-valued and continuous in the pair (a, b); its values are elements 
of G) (2) if a(bc), (ab)c are defined, they are equal; (3) there exists a unique element 
1, the identity, such that la and al, when defined, are equal to a; (4) denoting by 
oT^ any element a' such that aa' and a'a are defined and equal to 1, the function oT^ 
is single-valued and continuous wherever defined; (5) there exists a neighborhood U of 
1 such that ab and a~^ are defined for every a, b in U, We shall call U a nucleus of 
G. Evidently every open subset of U which contains 1 is also a nucleus, G is a 
topological group if G itself is a nucleus. 

Let A, B he subsets of a local group G, Let AB ~ {ab, a e A, b e B} assum- 
ing all these products ab are defined. Define similarly. It is an easy conse- 
quence of the relation 11 = 1 , the continuity of ab, a~^ and the properties of 
Hausdorflf spaces that, given a nucleus V, there exists a nucleus U such that 
UtJ C V, Cr^ C V (then of course UU C V, ir^ C F).— Every nucleus V 
contains a symmetric nucleus W (W'^ == IF). In fact, take IF = F PI F“\ 

Let IJ, V be nuclei with UU d V, Using the associative law, we can define, 
as in the case of ordinary groups, products of all sets of three elements in U ; 
evidently U can be so chosen that UUU C F. In fact, for given n, U can be 
so chosen that the n-fold product f/ • * • U is defined and in V, 

Jf A, B are subsets of a local group and if A is open, it is easy to show that 
AB (if defined) is open. 

Let F, Fi be nuclei of local groups G, Gi \ Let (7 be a nucleus of G such that 
UU a V, U~^ CL V and let Ih be a similar nucleus in Gi . A continuous mapping 
tItU = III such that T(ab) == 7 ( 0 ) r{b) is a local homomorphism G — ► Gi . In 
particular r is a local isomorphism G — > Gi if the mapping rU = Gi is a homeo- 
moiphism. It is obvious that a local homomorphism carries the identity into 
the identity and (in the neighborhood of the identity) inverses into inverses. 
The relation of local isomorphism is reflexive, symmetric, transitive. 
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Let G and H be local groups and assume that H is a closed subset of G and 
derives its topology from that of C. If the identities of H and G coincide and 
if the product of two elements of H, whenever defined, is the same as it is if the 
elements are regarded as elements of (?, (provided, this product is also defined) 
and if the same is true concerning inverses, we call H a local subgroup of G, 

Theorem (1.1). Let G, Go be local groups, / a mapping of a nucleus of G into 
a subset of Go . Assume that there exists a nucleus V of G such that for a, b 

V, fiab) and f(a)f{b) are defined and equal, /(a”^), (f(a))~^ are defined and 
equal. Then there exists a nucleus U such that / is defined over U and such 
that under /, the images of sufficiently small nuclei of G are open in the set 

r = f{U). 

Proof. Let X be a nucleus with XX C F, C/ a nucleus with UU C X, 
We shall show that if W is a nucleus such that W dU and TF"^ C G, then /(IF) 
is open in the set V = f(U). 

Let I consist of those elements i of X such that f{i) = lo . Evidently / is 
closed. Since WI d UX (Z XX d F, /(IF/) is defined. If le c IF, i c /, then 
f{wi) = f{w)m = f{w) so that /(IF/) = /(IF). 

Consider an element a in V such that /(a) c/(lF/). Then /(a) = f{wj) say 
where w c IF, / € /. Hence /(a) = f(w), and hence f(w~^ a) = (f{w))~^f(a) = lo. 
Now w~^a € IF' ' 17 C UU d X, Hence w~^a c/, say w~^a = i. Then a = 
wi € WL In short, for elements a in C7, ^y(a) 6/(IF/)’^ implies ‘‘a € Wr\ and 
accordingly, those elements not in IF/ are carried by / into elements not in 
/(IF/). Hence 

f{U - r; n wi) = f{U) - kwi) = r - /(if). 

Now IF being open, WI is open. Hence U — tJ Ci IF/ is closed. Hence /(IF) 
is open in F. 

(1.2) Application, Define the ‘‘product'^ of two elements of F in theorem 
(1 .1) to be their product as elements of Go whenever this product exists and is an 
element of F. Similarly for inverses. Then we assert that F becomes a local 
subgroup of Go and / defines a local homomorphism G — > F. We have in fact 
only to show that F has a nucleus and that this nucleus is an image under / of a 
nucleus in G. Let IF lx* a nucleus of G such that IFIF CZ G, TF“' C G. Let 
Xo = /(x), 2/0 = f{y) {x, y € IF) be arbitrary elements of the open set/(IF). Then 
fixayo) = f{xy) ef(U) d F so that F-products arc defined over /(IF). So are 
F-inverses. 

For more details concerning local groups and subgroups see Pontrjagin, 
Topological Groups, 

2. Coordinate systems 

A local group G is locally euclidean r-dimensional if some nucleus is homeo- 
morphic to euclidean r-space Er . 

A local euclidean local group G admits coordinate systems in the neighborhood 
of 1. The most convenient situation is of course that in which there are co- 
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ordinate systems covering the whole of G. For this reason we shall consider 
exclusively what we shall call r~parameter local groups, namely local groups 
which, as spaces, are homeomorphic to Er . We denote such local groups ge- 
nerically by Gr- Aside from questions of convenience, justification for intro- 
ducing the G/s lies in the obvious fact that every locally euclidean r-dimensional 
local group is locally isomorphic to a Gr . 

A coordinate system in Gr will always mean a coordinate system covering the 
whole of Gr , — that is, a coordinate system defined by a homeomorphism between 
Er and the whole of Gr . It will always be understood that the origin of a co- 
ordinate system is at 1. In a given coordinate system the coordinate of an 
element will always be denoted by a superscript, as a', (ab)\ {aY. The element 
1 in a Gr with a coordinate system will always be denoted by 0, the symbol for 
the vector (0, • • • ,0). 

A coordinate system for Gr having been chosen, it will be convenient to regard 
the elements of Gr as vectors which can l>e added to each other and multiplied 
by scalars. We introduce also a modulus: 1 a | = These vector 

functions depend of course on the given coordinate system and have no invarian- 
tive significance. 

A function of one or more elements in Gr is generally understood to have 
values which are elements in Gr . In a given coordinate system, equations be- 
tween functions and their derivatives stand for a set of equations corresponding 
to the different coordinates. Thus, /(a, 6) = c means b) = c*; d(ab)/da^ == 
c means d(aby/da^ — c {i — 1, • • • , t). 

We shall presently be dealing with single-valued functions /(a, b, • • • c) where 
some of the variables are real variables, some are elements in a Gr with definitely 
chosen coordinate system, and where the values of / are real or in Gr . To avoid 
unessential details we shall not always specify the domain of existence of such a 
function. But in any case this domain will always contain a domain Ds:\a \ < 

> I I < We shall say that / is locally continuous if it is continuous in 
the totality of its variables over some Z>a . The same definition is to apply to 
functions /(a, • • • , c; e) when e is an arbitrary \init vector in Gr , except that the 
relation \e \ = 1 is to be adjoined to the definitions of Da . 

A coordinate system S for Gr is left-differentiable if the functions 

possesses locally continuous derivatives with respect to a\ • • • , a**. S is of 
class ^ 1) if the/* possess locally continuous derivatives of orders less than 
or equal to k with respect to the a’s and b’s.* S is analytic if there is a 5 > 0 such 
that the f can be represented as power series which converge for 1 a | <5, 
|5|<«. 

3. Left differentiable coordinates 

Consider a Gr with a left-differentiable coordinate system. Let e be an arbi- 
trary unit vector, s a real variable, and let d/dso denote the s-derivative at s = 0. 
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Let 

(3.1) 

(3.2) 

(3.3) 


w"') = i^~). 


Hb-,e) = ^ ((8e)b) = SeV.(6) 


^(s, b;e) = — ((8e)b) 




\ da* / 


Left differentiability implies that these three functions are locally continuous. 
Evidently 


(3.4) 


^(0, 6; e) = \l/(b; e) = lim - ((se)b — 6). 

«— 0 8 


Putting b ^ 0 gives 

(3.5) 

We note also that 

(3.6) 


lA(0; e) = e. 


m) - = «s ■ 


< 5^ 0; 


\ da^ /a-o 

(3.7) In a left differentiable coordinate system 

a6 = a + 6 + I G 1 F(a, b) 

where F is locally continuous and F{0, 0) = 0. 

Proof. Let 

Q(t, 3, b;e) = \ [((s + t)e)b - (se)b] - ^(s, b; e), 

(3.8) < 

12(0, s,b;e) = 0. 

12 is defined oVer some domain Da : | s | , | ^ | , | 6 | < 6, | e | = 1, and is con- 
tinuous, evidently, at the places where t 5*^ 0. We assert that 12 is locally 

continuous. It is sufficient to show that as / — ^ 0, 12 converges to 0 uniformly 

with respect to s, b, e when \ s \ < 3, | 6 | < 5, | e j = 1. We have 

1 1 

\ [((s + t)e) -- (se)bY = i ^‘(cr, 6; e) da = b; e) 

where s ^ ^ s + L Since ^(s, b; e) is locally continuous, (l/0[ ]‘ is uni- 
formly near ^(s, 6; e) when | f | is small, which proves our assertion. Now put 
s = 0 in (3.8), multiply by t and use (3.4). We obtain 

(3.9) (te)b == 6 + f^(6; e) + tQ{t, 0, 6; e). 

By (3.5) and the local continuity of ^(6; e), we may write ^(6; e) = e + E{b] e) 
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where E is locally continuous and E(0; e) = 0. On substituting into (3.9) 
we obtain 

{te)b — te + b + tE{b; e) + 0, b; e) 

(3.10) 

^ te + b + tE'(t, b; e) 

where J?' is locally continuous and E'(0, 0; e) = 0. On putting a — te and 
allowing only non-negative values of so that | a | = t, (3.10) becomes ab = 
u + b + I o I F(a, b) e) where P is locally continuous and F(0, 0; 6) = 0. Evi- 
dently e cannot enter the function F effectively; hence it can be omitted. This 
completes the proof of (3.7). 

From (3.7) we obtain: = 2a + (a)F(a, a), a® = aa^ = a + + 

I a I F(a, a^) = 3a + I a I (F(a, a) + F{a, a^)), and so on. Hence 

(3.11) a" = na + I a I (F(a, a) + F(a, a') + • • • + F(a, a""')). 

All the terms in this formula are well defined if a is restricted to a sufficiently 
small nucleus. In case n = 2, we may write simply 

(3.12) = 2a -f ] a | F(a), 

where F(a) is locally continuous and F(0) = 0 
Putting b = a“^ in (3.7), we obtain 

(3.13) a”^ = —a — i a ] F(a, a**^). 

4. Anal 3 rtic coordinates 

The constant terms in the power series expansions for the functions {aby 
in an analytic coordinate system must vanish since (0, 0)^ = 0. To compute 
the linear terms, we note that {daby/da^)a^o,h^o = 5} (see (3.2)). By symme- 
try, the same relations hold if a* is replaced by b\ Hence we have 

Theorem (4.1). In an analytic coordinate system the power series which define 
ab are of the form 

(aby := a^ + b^ + ••' (j = 1, . . . , r) 

where the dots stand for terms of degree greater than 1. 

Theorem (4.2). Relative to an analytic coordinate system for Gr 
let&h • , ®m (h + k + • • • + m = r) be linear subspaces which contain 0 

and together span Gr . There exists a nucleus V such that if a^ by • • • c are arbitrary 
elements in V Ci &h , V 0 &k ,••• V H ®m , the correspondence 

a -f b + ...+ c ab ••• c 

is a homeomorphism. Every element near 0 is therefore uniquely expressible in 
the form ab • • • c. 

Suppose for example that we have two spaces, say &h , with + fc = r. 
We may perfectly well assume that ®a is the («!,•••, aA)-coordinate space, 
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&k its linear complement. Then a' = (a\ • • • , a^, 0, • • • , 0), a" == (0, • • • , 
0, • • • , a*") are arbitrary elements of &h ^ &k , the product c = a'a" is a 

function of (a\ • • • , = a' + a". It is sufficient to show that the jacobian 

matrix J (a) = (dc'/da^) is non-singular at a = 0. With the aid of (4.1) we find 
immediately that J(0) is the identity matrix. 

6. Canonical coordinates 

Let t, 8 be real variables. A coordinate system 2 for Gr is canonical if the 
relations 

(5.1) (to)(sa) = (^ + s)a; ^ {{ta){th)) = a + b 

ato 

hold in some neighborhood of a = 0, 6 = 0, ^ = 0. Here, as always, d/dto 
means the derivative at ^ = 0. 

Wc note that (5.1)2 is always implied by left-differentiability. For, by (3.7), 

(5.2) j ((t(i)(tb)) = a + 6 db I a 1 F{ta, tb) -^a + b 

I 

as < 0. Hence 

(5.3) A left differentiable coordinate system in which (5.1 )i holds is canonical. 
It is evident that if two coordinate systems for Gr are linearly related to each 
other and if one is canonical, so is the other. A sort of converse is 

Theorem (5.4). A local homomoirphism r: Gr Gr* , expressed in terms of 
canonical coordinates for Gr and Gr * , is linear over some nucleus of Gr . 

Proof. The theorem asserts that there exists a nucleus V of Gr such that 

(5.5) T{ta) = trio), T(a + i>) = T(a) + r(6) 

whenever o, 6, ta are in F. To simplify the exposition we shall make no further 
mention of the domains in which functions and operations are defined. (The 
missing details are not far from trivial.) — Since coordinates are canonical. 

(5.6) r{nb) = t( 6”) = (r(6))” = nr(6) 

where w is a positive or negative integer. Writing a = nb, we obtain r(a/n) = 
T(a)/n where a/n means {l/n)a. If we now apply (5.6) with n replaced by m 
and b by a/n we get 



Hence (5.5)i follows by continuity. Suppose that under the correspondence 
r, a — > Oo and b—^bo. By what we have just proved, ta ta ^ , tb tbo . Hence 
{ta){tb) — > {tao)(tbo) and hence r\ita){tb)) r\{tao){tbo)). On letting t ap- 
proach 0, we have, using (5.1)2 , a + 6 — > Oo + feo which is (5.5)2 . 

Theorem (5.7). Let Gr be a local group with an analytic canonical coordinate 
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system. Let H he a local subgroup of Gr . There exists in Gr a linear subspace 
®, possibly 0-dimensionaly and a nucleus W such that @ fl ^ H Cl W, Evi- 
dently ® may be regarded as a local subgroup of Gr , locally identical with H. Any 
coordinate system for ® which is linearly related to that of Gr is an analytic canonical 
system for ®. 

Proof. The second part of the theorem is evident once the existence of ® 
and W is established. 

Let F be a spherical nucleus of Gr so small that P fl is a nucleus of H, Let 
X be a line through 0 such that the segment X PI P is contained in H. Let ® 
be the point-set union of the lines X if any exist, otherwise let ® = {0}. We 
assert that ® is a linear subspace of Gr . It will be sufficient to show that when 
@ does not merely consist of 0, the sum of two elements of ® near 0 is an ele- 
ment of ®. Let [7 be a nucleus so small that products and vector sums of pairs 
of elements in U are in V. Let a, b be elements in ® fl C7. Then a + 6 « @ H F. 
Since a, b are also in i/ fl we have (a/n){b/n) eH Ci V where a/n means 
(l/n)a. From (5.1)2 , n{{a/n){b/n)) is arbitrarily near a + 5 if ^ is large enough. 
Hence for large n the elements m{{a/n){b/n))y m = — n, —n + 1, • • • , n, 
lie close together along a linear segment beginning near — (a + h) and ending 
near a + b. Hence the segment <t joining — (a + 6) to o + 6 consists of cluster 
points of points m{{a/n){b/n)). Coordinates being canonical, these points arc 
mth powers of elements (a/n)(6/n) which are in //, hence they themselves, as 
well as the points of <r, are in H, Hence o + b c ®. 

We can now prove that @ fl TF = f) TF for some nucleus IF. Suppose no 
such W exists. Then there exists a sequence {aj} converging to 0, where ai 
is in H but not in ®. Let ®' be the linear complement of ® and write ai = Qigi 
{g c ®, gf' € ®') in accordance with (4.2). (In case ® = |0} , take gr, = 0, g'i = o,). 
Since g'i 0, the positive and negative multiples of gi , i large, lie close together 
along a line through 0. Hence there is a line n through 0 consisting of cluster 
points of the set {mg'i] (m = ±1, ±2, • • • , z = 1, 2, • • •)• Since these points 
are in ®', so is /z. We shall show however that m is in ®, a contradiction which 
completes the proof of the theorem. I^et p be a point of /x fl F. We may write 
p = lim mjg'j as j « , where my — > cjo and {gry 1 is a subsequence of [gi]. Since 
aj 6 H and since gj — > 0 so that gfy € H when j is large, elements gfy = gJ^aj with 
large j are in H, Hence for larger, myg^y = (^y)”*' € H. Hence p e H C\V CZ 

6. The full matric group 

We recall the following elementary facts about real square matrices. Let 
X = (X*0 be such a matrix. The series 

+ (e/2i)x^ + • • ‘ ' 

where / is the identity matrix and t a real variable, converges for every X and 
t. Evidently the elements (e^^Y^ are power series in the variables X*\ t, con- 
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vergent for all values of these variables. It can be seen by direct substitution 
that Y = satisfies the equation 


^=XF. 

dt ’ 


Y is, in fact, that (unique) solution which satisfies the initial condition 7(0) = I. 
Since 7 (< + s) and 7 (t) 7 (s) are solutions which equal 7 (s) when ^ = 0 , we have : 

Now let M"" = {/, A, • • • } be the group of real r-rowed non-singular square 
matrices. An element A of M" may be regarded as a point in Er 2 with co- 
ordinates • • • , A" written in some definite order. Af is thus an open 

subset of Ert and may itself be regarded as a space, subspace of Er 2 . Since the 
functions AB, A'^ are continuous, Af is a topological group. We call 
a”, • • • , A" the natural coordinates of A in Af. 

Theorem (6.1). There exists an r^-parameter local group Alrz which has an 
analytical canonical coordinate system 2), and is locally isomorphic to Af. In 
terms of 2 and the natural coordinates of AI\ there is a local isomorphism t: Ar — > 
AIr 2 which is analytic in the neighborhood of the identity. 

Proof. Let £(*;) be the r-rowed matrix which contains a 1 in the (i, j)- 
position and zeros elsewhere. T.et X{x) = where E = . The 

natural coordinates are everywhere convergent power series in 

x^\ • • • , Now let • • • , be regarded as coordinates in a euclidean 
space AIr 2 . The analytic correspondence a: x X{x) maps a neighborhood of 
the origin of AIr 2 into a point set in AI^ containing /. This mapping is in fact 
a homeomorphism. To show this it is sufficient to show that the jacobian 
matrix of <r is non-singular at x = 0. We have 

/dr^\ ^ = (£?(,,))'•’■ 

\ dx^ /x-o 

which equals 1, when {ij) = (pg), zero otherwise. The matrix in question is 
therefore the r^-rowed identity at x = 0. — Let r: A"(j) — > x be the inverse of <r. 
With the aid of t we carry group products of elements in a suitable nucleus of 
Af isomorphically over into AIr 2 converting AIr 2 into a local r -parameter group. 
The coordinate system 2: x“, • • • , x*^'^ in AIr 2 has the required properties, 
Analyticity of 2 follows from the analyticity of r and the fact that products in 
Ar are defined by polynomials in the natural coordinates. That E is canonical 
follows from (5.3) and t;he identity e' 

7. The function a^^ba 

This function of a and b plays an important part in the analytical theory of 
local groups. 

Theorem (7.1). In canonical coordinates the function oT^ba is linear in b 
and analytic in a. Alore precisely, there exists a 5 > 0 such that for | a | <5, 
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I 6 I <6, the coordinates (a~’'6a)* are linear functions o/ • • • , V with coefficients 
which are power series in a\ • • • , a** convergent for \a \ <6, 

Proof. Let f(t) = ar^{tb)a where a, b are fixed elements near 0, t 2 l real 
variable. The points /(O with —1 ^ i ^ 1 constitute a simple arc y through 0. 
Since coordinates in Gr are canonical /(s)/(0 = f{s + for 

small ty 5. Hence y is a local subgroup of Gr . By (5.7), y may be regarded as 
imbedded in a local subgroup G which is a line through 0. We may write 
(? = {se} where e is a unit vector in (?. The real parameter s is a canonical co- 
ordinate for (?. Now let t be regarded as a canonical coordinate for 72, the 
one-parameter additive group of real numbers. Evidently f(J) defines a local 
isomorphism 72 G. In terms of s and ty this isomorphism is given by s = kt, 
k ^ 0 (5.4). Hence /(O = kte. In particular, /(I) = ke so that/(0 == (/’(I), 
or a(tb)a~^ = t(a~^ba)y proving that a~%a is homogeneous in b. 

We next show that a~%a is additive in 6. Let b' = c' = a~^ca. Using 

( 5 . 1)2 and the homogeneity just established we have, as f — > 0, 


6' + c' = lim \ ((ib')(tc')) = lim i ((a"‘(<6)a)(o~‘«c)a)) 

t t 

== lim j {ar^{tb){tc)a) = lim ((tb)itc))c^ 

== a“^(6 + c)a. 


We have now shown that for given a, a‘’^6a is linear in 6. Let A (a) be the 
matrix of coefficients of the transformation b a'^^ba. We show that the 
elements of A (a) are convergent power series in a\ • • • , a^ Since A(ac) = 
A{a)A(c)y the matrices A{a)y with | a | small, are elements of the full matric 
group M\ Consider the local group Mr 2 with canonical coordinates • • • , a?" 
and the local analytic isomorphism r: AV — > Mr^ of theorem (6.1), Let <r(a) = 
T{A{a)). The set V = {<r(a), | a | g 5} is defined and closed (in Mr*) if 8 is 
sufficiently small. Since a'(ac) = <r(a)<r(c) and <r(a“^) = o'(a))“\ T is a local 
subgroup of Mr* according to (1.1) and (1.2), and a defines a local homo- 
morphism, Gr — > r. By theorem (5.7), F coincides, in the neighborhood of its 
identity, with a linear subspace N of Mr* . Hence F may be considered as 
imbedded in N, hence admits canonical coordinates 2/\ • - • , 2/^^ linearly related 
to , • • • , x" (5.7), say x'^ = V\y). Now r is given say by 

where the are convergent power series and the A*’ are natural coordinates 
in M^ Let x*^(a) be the -coordinates of <r(a), y\a) the ^’-coordinates of 
<r(a). Then x^\a) = V\y^{a)y • • • , y^{a)) and 

A%) = ^‘UV(a), 

Now in terms of o\ • • • , a’’ and 2/\ • • • , t/’’, cr is linear (5.4). Hence y\a) is 
linear in • • • , a^ and hence the A'\a) are convergent power series in 
• • • y a'. This completes the proof. 
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We obtain an explicit expansion for o * 6 a. Denote by 2l< the linear trans- 
formation b —> (to)“' 6 (to). Evidently 21(31, = 2l,+( . Let 

(7.2) [a, b] = 21.6 = -f- (sa)-‘ 6 (so). 

dSo oSq 

Evidently [a, 6 ] is linear in b. Let A be the Unear transformation b —* [o, 6 ]. 
We have 

= lim ( 2 l.+( - 2 l ()6 = lim - ( 21 . - /) 21(6 = 421(6. 

Hence (see 5.6) 2l« = Writing ?Ii = 21, we have 

(7.3) o"‘ 6 a = 316 = c ^6 = 6 - 1 - [ 06 ] + i [a[a 6 ]] + . 

The function [a, b], linear in b, is called the commutator of a, b. We shall see 
later that [a, b] is also linear in a. 


8 . Existence of the 1-parameter subgroups a{t) 

The propositions in this section concern a Gr with left-differentiable coordinate 
system, V being a nucleus of Gr let 

F(V) = l.u.b. {F(a, b), acF, b c 7} 

where F is defined in (3.7). Local continuity of F and the relation F(0, 0) = 0 
imply that F(V) — > 0 as diameter 7 -*> 0. 

(8.1) Let Vi be a spherical nucleus of radius d such that F{Vi) < 1 . Let 
Oi , 02 , • • • be a sequence of elements in Vb such that [ On | < (6/8) (3/4)". 
Then the products 

Oi , 0201 , 03(0201), 04(03(0201)), • • • 


(call them pi , P 2 , • * * ) are defined and 

I I < i (1 + i + ' • • 

Hence in particular Pn € 7« . 



Proof. Assume that p„-i is defined and satisfies the inequality. Then 
Pn = flnPn-i IS defined and by (3.7) 

Pn ~ (^'n "H Pn— 1 “I" j | F(On , Pn— 1)« 

Since ] F(On , bn-i) | < 1, | Pn — Pn-i I < 2 1 On I < (6/4)(3/4)'*. Hence 

I P« I g I Pn - P«-l I + I I < 10) + + 0) ) 

= 10 


1 + 
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Let Z denote a definitely chosen nucleus such that F(Z) <1/4. 

(8.2) If 0 7 ^ a € Z, then (i) | a ] ^ 3/4 | o* | and (ii) the angle 6 between the 

vectors aa^ and a, 2a is less than a right angle. 

Proof. Using (3.12) and the fact that F(Z) < 1/4 < 2/3 we have 

I 2a I ^ I I + f 1 ^ I 

when a € Z. Transposing the last term and multiplying by 3/4 gives (i). As 
for (ii), we have j a^ — 2a [ < | a | (3.12). Hence in the triangle formed by the 
vectors in question, the side opposite d is shorter than one side adjacent to d. 
Hence (ii) is true. 

(8.3) Not every power of an element in Z is in Z. For if a 6 Z and n oo , 

la^'^l ^ lirial-^ 00. 

(8.4) Every element a in Z has a square root such that | | g (3/4) [ a | . 

Proof. Let <r be the mapping a — > a“. If 6 is a point on the spherical bound- 
ary of Z, then b 9 ^ ab and the vector b, ab makes an acute angle with the outward 
normal vector at b (8.2) from which it follows (see appendix) that Z Cl <r(Z). 
Hence every element a in Z is the square of at least one element a‘^^ in Z. The 
stated inequality for follows from (8.2). 

We shall call a^^^ a principal square root of a if | | < | a | . Proposition 

(8.4) implies that every element in Z has a principal square root in Z. 

(8.5) Z contains a nucleus W the principal square roots of whose elements 
are unique. 

Proof. I^et Z', Z" be symmetric nuclei such that .Z" C Z', Z' C Z. Let 

M - g.l.b. {| a - a“' I , aeZ' - Z"}. 

Evidently M > 0, otherwise Z would contain an element of order 2 which 
(8.2) shows to be impossible. Now choose a symmetric nucleus Y C Z" such 
that I z — | < M when z € Z, y e Y, The succes.sive powers of an element 

y in Y lie more closely together as y is nearer 0. Hence if Y is small enough, 
the first element in the sequence y, y^, • • • which is not in Z" — there will be 
such an element by (8.3) — must lie in Z' — Z". Assume Y to be so chosen. 
Let W be a spherical nucleus W (ZY, We assert that the principal square roots 
of elements in W are unique. If not, there exist elements a, 6, c in IF such that 
c? = b^ — c, a 7 ^ b. Let h = a6“\ Since A € F, the smallest power W of h 
which fails to be in Z" will be in Z' — Z"; Now a = hb so that b^ 
hbhby h = b~^h^^b, W = b~^Jr%. Since Z', Z" are symmetric, € Z' — Z". 
Hence | ft” — hT"* | > M, But since 6 € F, | ft“” — | < Af, a contra- 

diction. 

In the following proposition F* denotes a spherical nucleus of radius e. 

(8.6) Let 5 be a number not exceeding the radius of IF. For every element 
a in Fa/8 there is a uniquely determined function a(t) whose values are elements 
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in Vi , defined for 0 ^ t ^ 1 with a(0) = 0, a(l) = a, and such that a(t)a(8) = 
a(s + 0* If a 7 *^ 0, the arc defined by a{t) is simple. 

Proof. Let a be an element in Vi/s and let be the unique principal square 
root of a. Since is also in Fa/s , it has a unique principal square root 
in Fa/s , and so on. 

Let m, n be non-negative integers with m < 2"^. We may write 


— = 4 - 5 ? 4 - . . 4 -^ 

2 '* 2 22 ”^ * * * "^ 2 " ^ 


= 0 or 1. 


Since | a | < 5/4 and F(Fa/s) < F(Z) < 1/4, we have (8.4) 



Writing x = Xi/2, y = X 2 / 4 , • • • it follows from (8.1) that 
(a'^'*)"* = a*(--. (a‘'a*) .••) 

is defined and in Fa . The preceding statements evidently hold if 5 is replaced 
by a smaller number. Hence we have proved the following proposition: 

A) If a is an element in V^/s where e S 8 then (a^^^")”* is defined and in F* . 

Now let P be the set of rational numbers {m/2”, m < 2”} dense on the inter- 
val (0, 1). We see readily that for given a, the element (a'^^*")*” depends only 
on the value of m/2”. Hence we write (a^^^'*)”* = The function a(p) = 

is single-valued over P. Evidently a{p)a{q) = a{p + q). 

We assert that a{p) 0 as p ^ 0. Take e > 0 and n so large 
that I a(l/2”) I < e/8. Now the values of p which are larger than 1/2” are of 
the form (1/2”) (fe/^), 0 ^ ^ 2* — 1. Hence we may apply proposition A) 

with a replaced by a(l/2”). We conclude that | a{p) | ^ 6 when p < 1/2”. 
Hence a{p) — > 0. 

We assert next that a{p) is uniformly continuous over P. For take e > 0. 
From the preceding paragraph and group continuity there exists a number /x 
independent of p such that | a{p)a{q) — a{p) | < e when q < /i. Hence 
I «(P + «(p) I < € when q < p, proving our assertion. — From this it follows, 

by elementary continuity considerations, that there exists a unique continuous 
single- valued function a (0(0 g t ^ 1) such that a{p) = a{p) over P. Evi- 
dently the relation a(p)a(q) = a(p + q) extends itself to the whole interval 
(0, 1) by continuity. Moreover, a{t) e Vi since a{p) e Fa . 

It remains only to be shown that a{t) ^ a(s) when t s,a 9 ^ 0. Suppose on 
the contrary that a{t + h) = a(0, h 9 ^ 0. Then a{t)a{h) = a(0 so that aQi) = 0. 
From the relation | a | ^ 3/4 \ a/ \ we have | alh/2) \ ^ | (a(h/2)f | = 
\a(h)\ =0. Hence a{h/2) = 0 and similarly a(/i/2”) = 0. Taking n large 
there exists an m such that mA/2” is near 1, hence such that (a(/i/2'‘))”* is near a. 
We conclude that a == 0, a contradiction. 

Let U be the spherical nucleus whose radius is one eighth the radius of W. 
The function a(0 is defined for a eU, and the elements a(0 are in W. 
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(8.7) There exists a positive number T depending on o (o « U) such that 


1 

2 


[a| 





^ 2 |a| 


when 0 < t ^ T. 

The proof of the first inequality is essentially the same as that of the second. 
Suppose the second is false, that is, suppose that | a{ti)/ti | > 2 [ a | for some a 
and some sequence U —* 0. For each i choose an integer tit such that 


Tii "t" 1 n,’ 

Then > 1 as i . If we refer to (3.7) and use the fact that F(U) < 1/4 
(since U (Z Z) we have 


a(n<<<) = {a(ti))"* 


(8.8) = n.-o(<,) + I a{ii) ] [F(a(<<), o(<,)) + • • • + F(o(<<), a({ni - l)<i))] 


= nMU) + ni I a{ti) | H, say, 


where \ H \ < 1/4. The right member of (8.8) is of the form b + | 6 | c. Write 
b + |b|c - |b|c = b. Then | (b + | b | c) | + 1 b 1| c | ^ | 6 | , or 
I (b + I b I c) 1 ^ 1 b 1 (1 - I c I). Hence 


(8.9) 


1 aimti) I ^ I n<a(<<) | (1 - 1 H | ) > -f 1 nia(<i) | 


iriiti 




Since nrf,- 1 and > 2 | o | , the last expression in (8.9) becomes and 

remains greater than 5/4 ] a | when i is large. This is impossible since 
airiiti) — » o. 

(8.10) If 0 a € 17, lim ait)/t (t — » 0) exists and is different from 0. 

Proof. By virtue of the preceding proposition it is sufficient to prove that 
if {s<j> U<} sequences of positive numbers converging to 0 and such that 
lim aisi)/8i — » A, lim a{ti)/ti — + B, then A = B. On suppressing a number of 
the first terms in the sequence {s<) if necessary, we may suppose Si to be so 
small that | o(si)/si — A\<\A — B\/Z and that 


(8.11) I F(a«), 0(0) \<\A-B\/Z 

when 0 ^ (<, t') ^ Si . For each U choose an integer such that 

8i(l i ) ^ ^ «!• 

\ + 1 / 

Then niU —* Si so that 1 aindi) — a(si) \ —* 0. Hence we may write 


lc(n.f.) - s^A \ <|U - B\ + ti 


( 8 . 12 ) 
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where 6< 0. Use of (8.8) gives 


airiiU) 


= At' 


+ 


a(ti) 

ti 



On examining the definition of H in (8.8), we see that (8.11) implies here that 
\H\<\A— B\/3, Since — > Si and a{ti)/ti — > B, it follows that 


I (i(ni ti)'^^iB\ = — \ A — B\~\-rji 
where 0 as t oo . Combine this with (8.12) to obtain 
Si I A — B I ^ \ A — B I + €»• + • 

We conclude that | A — B | ^ (2/3) | A — B | which implies that A ^ B. 

9. Canonical mappings 

We continue to assume that the coordinate system for Gr is left-differentiable. 
From now on we shall denote a{t) by a^ For each a we extend the function a* 
over the interval ( — 1, +1) by the formula a”' = (c^^)“^ The function a' 
(— l^^gl)is defined for every a in a certain spherical nucleus U C W, 
By (8.6) we may assume U to be so small that a^a* and (a^)* are defined and in W 
when a eU and | ^ j , | s [ g 1. 

(9.1) Let a be an element in U, Then a*a^ = when |sl,|i|,|s + ^|^l 
and {a*y = a*^ when | s | , | ^ | ^ 1. In canonical coordinates, a* = ta. 

Proof. The first formula holds of course when s, t are positive. Extension 
to the interval ( — 1, +1) is an immediate consequence of the relation a~^ = 
(a*)“\ Similarly it will be sufficient to prove the second formula for positive 
tj s. Since € W d Z, we have 1 ^ \ | = | a* | . Hence is 

a principal square root of a*. Since a e W, is the unique principal square 
root of a\ and hence equal to (a*)* with s = 1/2. (See proof of (8.6)). Thus 
the formula in question holds when s = 1/2. Similarly it holds when s = 1/2”, 
then for s == m/2”, hence, by continuity, for arbitrary s. — The relation a' = ta 
for canonical coordinates follows immediately from the proof of (8.6). 

(9.2) a* converges to 0 uniformly with respect to<(— l^^^l) when a—^0. 

For, by (8.6), a € implies a* e Vst + . 

(9.3) The ^-derivative of a* exists at f = 0. For, (8.10) implies that has 
a right derivative at / = 0. It is a consequence of (3.13) that for t +0, 
lim oT^/t = lim {a^y^/t = — lim a^/t. Hence the left derivative exists at ^ = 0 
and equals the right derivative. 

We now note certain properties of the function 

. V da^ a* 1 

A(a) = = hm --- = lim nan . 

aiQ t n-*oo 

(9.4) A(a) is defined over U and | A(o) 1 g 2 | o | . (This inequality is a con- 
sequence of (8.7).) 
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Left diflferentiability of ab and differentiability of a* at 8 == 0 imply the dif- 
ferentiability of a*b with respect to s at s = 0 according to the formula 

&«•!> - rf-S-O- 

Putting 6 = a' we obtain 

(9.5) (A(o))’ = lim - (a’at — a‘) = lim - (o*'*’' — o') = ^ 

so that a* is Udifferentiahle throughout, 

(9.6) There exists a function M(a) which is continuous at a = 0 with 
M{0) = 0 and is such that 

A(a) = a + I A(a) | M{a), 

Proof. We have only to show that (A (a) — a)/ | A(a) | — ► 0 as a — > 0. 
From (9.6) we have 

(<A(a) - a‘y = E (A(o))’ f‘ Sj - dr. 

j Jo 

Hence 

(9.7) ^ r j[‘ I «y - lAKa') | dr g < E 
where 

Mj = max {1 a; - |, 0 g r g <}. 

Since ^(6) is locally continuous and ^}(0) = 5} it follows from (9.2) that for 
given t, Mj —> 0 as ^ > 0. The limit in question is now verified by putting 

< = 1 in (9.7) and letting a —> 0. 

Certain useful formulas come from (9.5). We have 

|A(a)| g |o| + |A(a)|lM(o)| 

so that 1 A(o) I / 1 o 1 g (1 — I M(o) |)“\ Hence 

1^11 = l+p(a) 

\a\ 

where p(a) has real values and converges to 0 as a 0. From (9.6) we now 
obtain 

■ ^’-^ + |(1 + pW)IW 

which, on multiplication by | a | becomes 

(9.8) A(a) = a + 1 a ] M'(a) 
where M'(a) — > 0 as a — ► 0. 
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The formula 

(9.9) A(a‘) = tA(a) 

is a consequence of (9.1). For, 

A(a‘) = lim = t lim ~ = tA(a). 

a -*0 8 a-*0 18 

(9.10) A(a) is locally continuous. 

Proof. The correspondence a — ^ is single-valued over U* (since 0 d W, 

see (8.5)) and has a single-valued inverse, namely a — > d\ Since this last cor- 
respondence is continuous and U is compact, the correspondence a is 

itself continuous. Hence the functions • • • are continuous over U. 

Now from (9.9) and (9.6), 

A(a) = nA(a''") = + | A(a) | i¥(a''") 

(9.11) 

= na + H{a, n) say. 

We assert that H(a, n) converges to 0 uniformly with respect to a as n converges 
to 00 through powers of 2. This is a consequence of the relations: | A(a) | ^ 2 | a | 
(see 9.4) and | | ^ (3/4)” | a | (8.2). — From (9.11) we have 

(9.12) I A(a) ~ A(6) | ^ n 1 a"'” - 6^'” | + | H{a, n) - //(fe, n) 1 . 

Let € l>e a positive number. Take for n such a large power of 2 that the last 
term in (9.12) is smaller than €/2. Since is continuous, the first term in 
the right member of (9.12) becomes smaller than c/2, hence [ A(a) — A(&) | 
becomes smaller than c when | a — 6 | is sufficiently small. 

Another formula: 

(9.13) limi A(a*6*) = A(o) + A(6). 

t 

Proof. Writing Ct = db\ we note that lim Ct/t = A(o) -1- A(6). This follows 
from the relation Ct = d + d + \ d \ F(a\ b) (3.7). The formula in question 
now comes from using (9.8) with Ct replacing a. 

We shall say that the mapping k: a A(a) is canonical if its inverse is single- 
valued. 

Suppose K is canonical. Then if [/' is any nucleus whose closure is contained 
in U, K maps U' homeomorphically and k([ 7') is an open set containing 0. 
Write a* = A* (a) and regard the a* as coordinates in a space Gr . If we introduce 
products and inverses into Gr by the formulas A(a)A(6) = A(ab), (A(a))‘“^ = 
A(a““^), then Gr becomes a local group, k a local isomorphism Gr Gr . More- 
over, (9.9) and (9.13) imply that the coordinates a* are canonical. Hence 

(9.14) If K is canonical, Gr is locally isomorphic to a local group with canonical 
coordinates. 
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10. Vector fields 

Let R be an open set in a euclidean space Sn with coordinates • • • , x'*. 
A vector field f over is a single-valued function ((x) or (x defined over R, 
with values in Sn . To say that ( is of class k over R means that the /b-fold 
derivatives of the functions • • • , x”) exist and are continuous over R. 
We shall consider also the extreme cases in which f is analytic, or merely con- 
tinuous, over R, 

Let { be a continuous vector field over R, For each point xin R there exists 
at least one solution f(x, t) of the system of equations dx'/dt = ^\x) satisfying 
the initial condition /(a;, 0) = x, and defined for all t in a neighborhood of / = 0. 
Suppose that for every choice of a: in /2 the solution /(a:, t) is unique in the sense 
that if g{x, t) is also a solution with g(Xy 0) = x, then g(x, t) = f{x, t) for all 
values of t in some neighborhood of ^ = 0 depending on x. Then for given x, the 
solution curve through x can be continued in both directions in a unique manner, 
either indefinitely or until /(x, t) runs out of /?. Thus for given x, /(x, t) is 
defined and single- valued over an interval —ti<t<t 2 where ti , fe are positive 
and one or both may be oo . We shall say that ^ possesses the uniqueness prop- 
erty over R and shall denote /(x, t) by c*^x. The solution e^^x is additive in t: 
e^V^x = By standard existence theorems, vector fields which are 

analytic or of class fc, fc ^ 1, possess the uniqueness property. 

Let , • • • fr be vector fields of class k 1 over R and let ai , • • • , 0 ** be real 
variables. Let 72' be a bounded open set such that CZ R and let K be a posi- 
tive number. There exists a number 5 > 0 such that is defined 

for X €22', M I < 5, I a I < K (a = a\ • • • , a^. Hence = 1) 

is defined for x €72' and | o | < 57^. Moreover, as , a function of a\ • • • , a\ 
x\ • • • , x'^, e® ig Qf fc; it is analytic if the are analytic. For 

each a with | a | < dK, the transformation x — > e® transforms 72' 

homeomorphically. 

Suppose that f is of class 1. Then 


( 10 . 1 ) 

( 10 . 2 ) 


dt 


e^^x = i(e*^x); 




d d 
dt dx* ^ 


^^x = 


to 




y \ )v~e^^x dx* 


Formulas (10.1) are implied by the definitions they involve. Formula (10.2) 
is what we obtain by differentiating first with respect to t, then with respect to 
x\ Since the resulting function is continuous in (t, x) and since the same is 
true of the x'-derivative of e'^x it follows from a standard theorem that the 
order of differentiation can be reversed. 

We shall say that the vector fields , • • • , f r are linearly independent over 72 
if there exist no real numbers Ci , • • • , Cr not all zero and no open subset 72' of 
72 such that ^ Ci^i{x) = 0 identically over 72'. 
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11. Realizations 

The continuous groups of the classical theory are transformation groups. 
From our point of view they may be regarded as realizations of local groups by 
means of transformations. 

Definition. Let G = {1, a, fe, • • • j he a local group, S = {x, ?/,•••} a space. 
Suppose there exists a function a-x {a eG, x e S) which is single-valued and con- 
tinuous in the pair (a, x) wherever defined, has points of S as values, and satisfies 
the following conditions: (1) whenever defined, 1-x equals x; (2) if a-{b-x), {ab)-x 
are defined, they are equal; (3) a-x equals a^y only if x = y; (4) there is a nucleus 
U of G and an open set R in S such that U R is defined {i,e, a-x is defined when 
a € U, X eU), We then say that there is defined a realization {G, S) of G, A 
realization {G, S) is effective if there exists a nucleus Uo and open set Ro in S such 
that Uo-Rq is defined and such that the only eleynent a in Uo such that a-x ^ x 
over Ro is a = 1. For every local group G there is an effective realization ((?, S) 
namely the regular realization obtained by taking G = S and defining a -b to be ab. 
The following theorem and proof (Lie) are classical. We add here an ele- 
ment of precision required for our purposes. 

(11.1) Let Gr ', Sn be euclidean spaces of dimensions r, n with coordinate 
systems • • • , a’’ and • • • , x^. Let f/ be a neighborhood of the origin of 
ffr , an open subset of Sn . Let 4>i , • • • ,4>rho vector fields of class k (k 1 ) 
over U such that the matrix {<l>){0)) is non-singular. Let , • • • , fr be linearly 
dependent set of continuous vector fields over R such that every vector field 
2 possesses the uniqueness property over R, I^et a x be a single- valued 
function defined for a e U, x e R with values in Sn and such that O^x = x when 
xeR, Assume that the derivatives d{a-x)yda^ exist and that over U, R, 

(ll.la) = E &ia-x)<l>^i{ay 

da? h 

Then there exists a function ab which converts Gr into a local r-parametcr group 
for wliich a-x defines an effective realization (Gr , Sn)- The group-theoretic 
structure of Gr is determined solely by the vector fields 0* . The coordinate 
system a^, • • • , (i of Gr is of class k. Moreover Gr is locally isomorphic to a 
local group Gr with canonical coordinates a\ • • • , of class k. The functions 

(11.2) €i*x = 

define an effective realization (Gr , Sn). The coordinate systems of Gr and Gr 
are analytic if the <!>% are analytic. 

Proof. Let 4/ be the inverse of the matrix <l> = Evidently ^(a) 

exists and is of class k in the neighborhood of a = 0. Let a\ • • • , a’'* be co- 
ordinates in a space Gr and let 

x(a) = 

We assert that the formula a = x(*) defines a homeomorphism of class fc be- 
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tween neighborhoods of the origins of Gr and Gr . To prove this, it is suflScient 
to show that the matrix (da'/da^) is non-singular at a = 0. We have 

(a 

We introduce products ab and ab into Gr and Gr by the formulas 
ab = where a = b = xQ>); 

ab = x‘'^(ab). 

We shall see eventually that these functions convert Gr , Gr into locally iso- 
morphic local groups, and that (11.2) defines an effective realization of Gr . 
The structure of Gr is determined by the hence by the . The functions ab 
and ab are evidently of class k or analytic according as the <^t are of class k or 
analytic. Moreover the coordinates a' will be canonical since 

(8a)(<a) = = (s + t)a. 

This shows incidentally that the origin of Gr plays the part of the identity and 
that elements near it have inverses: a~^ == —a. Therefore to show that Gr 
is a local group it is sufficient to show that the associative law holds in the 
neighborhood of 0. Gr will then also be a local group locally isomorphic to 
Gr thru the relation ab = x(ab). 

We first establish the identity 

(11.3) a*(6-x) = 

which holds for x in R and | a | , [ & | sufficiently small depending on x. If we 
replace a* by to* in (11.3), the left member is that solution of the system dx/dt = 
X) which equals b-x when t = 0. But so is the right member. For if we 
write bt = and use the fact that X)? we obtain 

^ (!>■•»)■ - r (^‘) - Z ■*)♦!(!■.«(!•.) - Za'lStlT*). 

dt j \ oa^ /o-*c Hh. h 

Since possesses the uniqueness property we conclude that (11.3) holds 

with the a’ are replaced by <a’. In particular we obtain (11.3) by putting 
t = 1. 

Let a — x(4), b — x(b). On putting b = 0, (11.3) becomes 

(11.4) a*x = x(a)-a: =* a-x. 

Then on replacing a: by 6 • a; in (11.4) we obtain with (11.3): 

(11.5) a-{b-x) = a*(6-a:) = {e'^^*H)-x = = abx. 

By (11.4) we have equally well a*(b*a:) = ab<Kx. This relation and (11.5) hold 
for a! in R and for la|,|b|,|a|,|bl sufficiently small depending on x. It 
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will be seen, in fact, that if R* is a bounded open set such that R CL R the re- 
lations in question, namely 

(11.6) a-{b-x) = ab-x, a*(b*aj) = ab*a:, 

hold for xeR and |a|,|6|,|a|,|b|<j8 say, where p is independent of x. 

We assert next that there exists a positive number y such that if | a | < y 
and if a,*x = x identically over R\ then a = 0. If this were not the case, there 
would exist a sequence a* — ^ 0 such that a,*x = x over R'. Then since x = 
eii*x = n{ai*x)y we conclude by an obvious limiting proctiss (cf. proof of (5.7) 
that {te)*x = X over R' for every t with 1 1 1 sufficiently small, e being a suitable 
unit vector. From (11.2) we have = x over 72' which can only 

happen if e*{i(a:) = 0 over R' which is impossible since the are linearly in- 
dependent over R. 

It follows from this that if a*x ^ b*a: over b, near 0), then a = b. For, 
(b~^a)*a: = b“'(a*x) = x, hence b~^a = O, b = a. From this comes the asso- 
ciative law. For if a, b, c are near 0, then (a(bc))*x = ((ab)c)*x over R' since 
both sides can be reduced to a*(b*(c*a:)) by applications of (11.6). Hence 
(ab)c = a(bc). — Thus Gr is a local group for which Si*x defines a realization. 
That this realization is effective follows from the preceding paragraph. As 
we have already remarked, the function ab converts Gr into a local group 
locally isomorphic with Gr. From the relations a-x = a*x (11.4) it follows 
that the functions a -a: define an effective realization of Gr . 

12. The Lipschitz condition 

We shall say that a coordinate system for Gr satisfies a right Lipschitz condition 
if there exists a nucleus V and a positive number C such that | a5 — oc [ < 
C I 6 - c I for a, 6, c € F. 

(12.1) In a left differentiable coordinate system which satisfies a right Lipschitz 
condition, the mapping a — ^ A (a) (§9) is canonical. Moreover, there exists a 
nucleus over which the vector fields (3.1) possess the uniqueness property. 

Proof. Ijdt a be an element in the nucleus U (domain of definition of A (a)) 
and consider the system 

( 12 . 2 ) f = 2 (a‘, ; • • , a') = a = A(o). 

Formula (9.5) shows that a* is a solution of (12.2). We assert moreover that if 
b is an element in U, then a% is also a solution. For 

( 12 . 3 ) 3,0*6 = lim - (a‘+*6 - o*6) 

dt «—*o 3 

= lim - (o*(o‘6) - 0*6) = 4 - «’(«'^>) = E a* ^<(0*6). 

S CISq 

Now suppose that /(<) is a solution which assumes the same initial value as 
0*6 — namely 6 — when t = 0. We shall show that f(t) = o*6, or what amounts 
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to the same thing, that the function g{t) = equals 0 for all values of t 

sufficiently near t = 0. For this it is sufficient to show that the derivative of 
g(i) exists and equals 0 identically in the neighborhood of < = 0. We have 

= U(< + s) — g{t) I = I + s) - | 

<C\f{t + s)- a'm I 

provided 1 1 \ and | s | are not too large. Fi-om (12.2) we have 

I (/« + a) - „•/(«) - Z «•>.(/«» = Z - O. 

Hence | | < C | A | € (s, 0 say where €(s, t) -->0 as — ► 0. Hence Ag/s — ► 0 

and therefore dg/dt = 0. 

Suppose in particular that b — 0. Then any solution of (12.2) which equals 
0 when ^ = 0 is identical with near t = 0. Suppose now thah A(c) = A(a). 
Then also satisfies (12.2) and hence = a* in a neighborhood of < = 0. We 
conclude (with the aid of (9.1)) that c' = a* throughout, hence that c = a. It 
follows that the mapping a A(a) is canonical. 

We have sho\vTi that ^ aVt possesses the uniqueness property over U when a 
is the image of an element a under the mapping a — » A(a). Since this mapping 
is canonical, we have established uniqueness Avhen a is any element in a certain 
neighborhood of 0. It is easy to see however that if uniqueness holds for > 

then it holds also for X(53 where X is a real number. Hence for arbitrary a, 
23 possesses the uniqueness property over U. 

We have still to show that the ypi are linearly independent. From (12.3) with 
t = 1, we have 

ah = 

over a sufficiently small nucleus V. If the \pi are not linearly independent over 
Vy we may suppose that + • • • + Cr~i ^r-i identically over some open 

subset F' of F. Then for every a such that a = (0, • • • , 0, (| a j small) we 

have ab = h which is impossible. 

Theorem (12.4) (van Kampen).* A Gr with a left-differentiable coordinate 
system satisfying a right Lipschitz condition is locally isomorphic to a local r-param- 
eter group with analytic canonical coordinates. 

Let x^y • • • y 1x3 the coordinate system of Gr . By (12.1) the mapping x — ► 
X = A(x) is canonical and hence it establishes a local isomorphism between Gr 
and a local group Gr with canonical coordinates x*. Let Xy y be elements in the 
nucleus U (existence domain of A{x)) and let x = A(a:), y == A{y). Since x* = <x, 
we have (7.1 and 7.3): 

(<x) (sy) (-<x) = 8 (e~'*y) - sy', say 
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where X is the linear transformation z — > [x, z]. Hence (9.9), x^y*x * = 2 /" 
where y' = A“'Hy). Thus 

(12.5) x^y* = y^* x^ where y' = e’^^y, y = A(y). 

Now let y = yf • • • yr^ where the yi are fixed elements in U and the a* are real 
variables. Let x be an element in U, Then 


= lira i (yf • • • yfx- yx). 

Od*^ «-*0 o 

Write y'y"^\n place of then transfer y’ to the left, step by step using (12.5). 
We obtain 

diyx) ,. 1 , 

= hm - Zpyx - yx 

da” .-.0 s 

where 

= z,= ... 

in which Xi is the linear transformation w — > [y* , w], y* = \(yi). Hence 


Now if X is a small enough j)ositive number, the elements y^ can be so chosen 
that y) = X5}; let the yj be so fixed. Then y is a function 0 of a\ • • • , a** alone. 
Moreover the matrices of the transformations -Yi are constants and hence Zp 
is a convergent power series <t>p in a ••• , Tf, in the eciuations 

(12.7) - E 


which (12.6) now become, we put x = 0, wc see that the derivatives dy/da^ 
exist and arc continuous. The matrix {dy* fda^) is non-singular at a = 0. 
In fact 



= = Hyi)' = X5;-. 


It follows that the correspondence a B(a) = y maps a nucleus of Gr homeo- 
morphically onto a neighborhood of the origin of a space Gr with coordinates 
a\ • • • , a**. Let us define a function a-x by the formula a*x yx^ y ^ 6(a), 
Then (12.7) becomes 


d(a-x) 

da^ 


2] ^*(a-x)<Aj(a). 


Since the are linearly independent and possess the uniqueness property over 
some nucleus of Gr (12.1), there exists (11.1) a product function ab converting 
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Gr into a local group for which a\ • • • , is an analytic coordinate system. 
Since (11.1) Gr is locally isomorphic to a local group with analytic canonical 
coordinates, it remains only to be shown that Gr is locally isomorphic to Gr . 
The correspondence a — > ^ (a) is in fact such an isomorphism. For, 

{${ah))x = ab-x = (6(a)) (b-x) = (0(a)d(b))x 

identically in x. Hence 6(ab) = d(a) 6(b) which completes the proof. 

Let us note that according to (11.1) the structure of Gr (hence that of Gr) is 
determined by the vector fields </>, . These in turn are determined solely by the 
transformations Xi hence, ultimately by the function [x, y] over Gr . Hence if 
we take Gr = G = a local group with analytic canonical coordinates, we obtain 
Theorem (12.8). The group-theoretic structure of a r-pararnetcr local group 
unth an analytic canonical coordinate system is completely determined by its com- 
mutator function. 

Theorem (12.9). Every left-differentiable canonical coordinate system satisfying 
a right Lipschitz condition is analytic. Hence in such a coordinate system the 
vector fields ypi are analytic. Products are given by the formula 

(12.10) ab = (o = a’, • • • , a'). 

Proof. I^et Gr have a coordinate system 2 with the stated properties. Gr 
is locally isomorphic to Gr with analytic canonical coordinates 2'. By (5.4) the 
isomorphism Gr — > Gr is linear in terms of 2 and 2'. Hence 2 is analytic. — 
Since 2 is canonical so that a' = ta (9.1), the canonical mapping applied to Gr 
is the identity; that is, a = A(a) = a. Hence (12.3) becomes 

3 a'6 = SaV<(o‘&) 

at 

which implies (12.10). 

13. Vector fields of class 1 

Let f, ri be vector fields of class 1 over an open set 72 in a space Sn with co- 
ordinate system • • • , a:”. The continuous vector field 



is the commutator of £, rj. Evidently 

(13.1) K, T?] = - [t7, il 
If Vy r, K, vl [Vy f], [r, f] are of class 1, then 

(13.2) [f, [rij f]] + [rjj [f, f]] + [f, K, v]] — 0 ' 

The verification of this well-known identity is straightforward. 
We now study the transformation 

(13.3) Tm = 
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where rj are of class 1 over R, Let z = 6**^ y = e^^x. Then since z 
when s = 0, 


(13.4) (I - {I - E 4%). 


y 


We could equally well have computed the s-derivative for arbitrary s. It is 
sufficient for our purposes to note that this derivative exists. 

We assert that the ^-derivative of dT/dso exists. The second factor in the 
right of (13.4) possesses a ^-derivative and it is sufficient to show therefore that 
the first factor does also. The existence of this derivative is a consequence of 
the relation 


(13.5) 


SI = 


dx^ 


(e-‘^e‘^xy = 



and the fact that the ^-derivative of dy’/dx'‘ exists (see (10.2)). 

We obtain an explicit formula for the <-derivative of dT/dso as follows. 


Let 


(13.6) 


dSo ’ 




Formula (13.4) now becomes 


(13.7) 


dTi, 

dso 


= r = E B)C’ = Z B)v\y) 


and (13.5) becomes 5* = 2^ B) D\ . Since the matrices B, D are inverses of 
each other, so arc their transposes. Hence b) = D\ . Combining this 

with (13.7) we obtain C* = ^ T'D\ . Now take the ^derivative of this last 
relation, multiply both sides by Bi , sum with respect to k and use the relation 
^Bk D\ — b\ , The result after a transposition is 

<>-) . 


Now 


dt 


- z 0 ^) 

f, \ dvr /u 


t{y) 


dpi _ d d{e%f ^ ^ ( dt(.w) \ 

h \ duf' /« 


dt dt dz' 


D) 


(see 10.2). 




toa-ir 




Hence 
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On substituting into (13.7a) we obtain finally 

(13.8) ^ 

We define a vector field by the formula 

(13.9) m)ovy^= EBjv^(e‘^x). 

i 

The B) (13.6) do not involve rj. It follows that it^)ori, regarded as a function of 
7j defined over the totality of vector fields of class 1 over 72, is linear in ri. 
Formulas (13.7) and (13.8) now become (with x omitted) 

(13.10) ^ T,.t = (<i)o,, 

( 13 . 11 ) ~-]r^ = ’'!• 

14. Closed systems of class 1 

Let fi , • ■ • , be vector fields of class 1 over R C ^Sn and let L (fi , • • • , J,.) 
be the totality of linear combinations of the with real coefficients. If the com- 
mutator of every pair of elements in L is in L, we shall call L a closed system of 

class 1. (It is understood of course that a definite coordinate system in Sn has 
been chosen.) 

Let f be an element in the closed system L(fi , • • • , Jr) of class 1 and let/)(0 = 
(((t()o(j)xy where x is regarded as fixed. We assert that the real-valued func- 
tions f}(t) are analytic. For, [J, Jy] = ^ Cjk(k where the C^9 are constants. 
Then, omitting the index t for the moment, and using- (3.11), 

f = (*««[?, f,] = E = E Ciuh . 

Thus for each f, the J] satisfy a system of linear homogeneous first order equa- 
tions with constant coefficients, and assume definite values when t = 0. Hence 
they are convergent power series in t, 

(14.1) //J, r) are in the closed system L (fi , • • • , Jr) of class 1 then 

{t^on = rj + <[J, rj] + [J, [J, ri]] + • • • , 

Proof. We have seen that i(t^o^^)x can be represented as a power series in t. 
We determine the coefficients. By (13.11) • 

= I mHi, {<]) = (t«)o[f, i€, m 
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Setting i = 0 and using the obvious relation = ft , we obtain the required 

expansion for r? = fi . It holds for arbitrary rj since and [f, f] are linear 
in f. 

Corollary (14.2). If f, rj belong to a closed system L (fi, • • • , fr) of class 1, 
then {t^)orj belongs to L. As a linear combination o/ fi , • • • , fr , (<?)<>»? has coeffi- 
cients which are convergent power series in t. 

Suppose that closure relations of the system L (f i , • • • , in (14.1) are given 
by K;. , ffc] = X be the matrix (cL). On putting f = in (14.1) 

we find that 

\ 

(14.3) 

j 

We shall make a useful application of this formula. 

(14.4) I.<et be real numbers such that 

(14.5) c\i = -4 , E (cl.cU + c'j.cU + cl,c‘ii) = 0. 

Let C™ = {cU- Then 

(14.6) ^ (e“'")pCA . 

h 

Proof. It follows from (14.5) that 

CnCk - C*c* = 2: CUC. . 

t 

Hence if we associate to each matri.v C* a vector field by the formula = 
23 da', we find that = — 23 dkki ■ Hence by (14.3) 

(14.7) ((lUo$,)‘- = 23 
The left side equals (see 13.10) 

(14.8) ^ = ~ 23 (c"'‘^V‘^'’e“^”);'x' = 23 {e~*^’"Cpd^'’))x’ 

OSq OSq j i 

from which (14.6) follows. 

(14.9) Let f, rj be vector fields in a closed system L = L(fi , • • • , fr) of class 1. 
Let X be the linear transformation f — > [f, f] of L into itself. Then 

(14.10) where ri' = e'^^^rj. 

Proof. Evidently the transformation defined in §13 is additive in s: 
Tt ,9 Tt,w = . Hence if we write y = Tt,, x we have (cf. 12.3) 

<“•“> I - ^ 

Now the expansion in (14.1) may be written (<f)o»j = 



608 


P. A. SMITH 


The vector field 17 ' = being in L by (14.2), is of class 1 . Hence is well 
defined and (14.11) implies that 


which, on replacing < by yields (14.10). 

Theorem (14.12). Let L (fi , • • * , {r) be a closed system of class 1 over an open 
set R of a space Sn with coordinate system x\ • • • , x"*. Assume that the {,• are 
linearly independent over R, There exists a Gr with an analytic coordinate system 
a\ • • • , a*" such that the function 

(14.13) a-x = ••• 

defines an effective realization (Gr , Sn). 

Proof. Let y = a-x. Then 


daP 


= lim - 
5 






- y). 


Replace by e®**^**, then transfer to the left step by step using 

(14.10). We obtain 


da^ 


= lim - {e'^^y - y), 


«-^0 8 


fp — ® 


-ollt 




where Xj is the linear transformation { — » [{, , {]. Thus 


d(a-x) 

da^ 


~ e**''’(o-x) =^p{a-x). 
dso 


From (14.2) fp is a linear combination of , • • • , fr ; its coefficients are power 
series in a\ • • - , ^ Hence 


(14.14) 


d(a-x) 

da^ 


11 <^p(a)|,(o-a;) 


where the (hi are analytic. From (14.3) we see that (d(a-x)/da^)aP-o = ^p{x). 
Hence if we put a = 0 in (14.14) we find that the matrix (</>p(0)) is the identity. 
Hence our theorem follows from (11.1). 

For later reference we shall compute the <t>i more explicitly. Suppose 
Xi^i = u.- , «;•] = HcUk . Let Ci = ( 4 ). Then e‘^% = • Hence 

when p > 1 , 

(14.15) fp = Z = DC®""’'’* ' • f* , 

(14.16) 4(«) = • ' • e-“''“^'->)p • 

When p = 1, ^x(o) = Si . 


16. The commutator 

We now examine more closely the commutator function [a, b] defined by 
(7.2), assuming the coordinate system of Gr to be canonical. We know that 
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[a, b] is linear in b. We now show that [a, b] is at least homogeneous in a. Let 
a = st. Then if we Uvse (7.2) and the fact that in canonical coordinates ta = a\ 
we have 

[ta, 6] = (((a)-b(iay) = / (a-'ba") = < A (a-’ba’) = <[o, 6]. 

OSo ^0 d(7o 

(15.1) /n analytic canonical coordinates 


[a, b] = ^b 

(ITq 


a o a , 


T = t . 


(15.2) 


Proof. Using the homogeneity of [a, 6] we have (17.3) 
a = ( — to)(s6)(^a) = s (6 + <[a, b] + [a, [a, 6]] +•••] = s6' say. 

Using the expansion (4.1) we obtain 

(5“'Wa')‘' = (b-\a-W)y = ((- sh)(sb')y = s{- b' + 5'*) + 

= st[a, b] + srp 2 + s“pii 

where pi and pa are power series in s, p^ a po\ver series in t. The coefficient of 
in (15.2) is zero. On evaluating (6““a“^6'') in a similar manner we see that, 
symmetrically, the coefficient of / in (15.2) is zero. Hence the only term of 
second degree is si [a, b]. Therefore, on putting s = twe obtain 

lim ] = [a, b], 

t-*o r 

Theorem (15.3). Let Gr be a local group with analytic canonical coordinate 
system a\ • • • , Suppose there exists an effective realization of Gr defined by 
the function 

(15.4) a-.r = 

where (i, • * • , fr arc vector fields of class 1 over an open set R in a space Sn with 
coordinate system • • • , .r”. Then the are linearly independent over R and 
L({i , • • • , f r) i8 closed. Moreover the linear correspondence a — > ^ a’f, between 
Gr and L is such that if a b rj, then [a, b] — > ’?]• 

Proof. If the are not linearly independent over R, we may suppose that 
fr ^ Cifi + • • • + Cr-ijr-i identically over an open subset 72' of R, Then for 
every a == (0, • • • , 0, a!") with | o' | sufficiently small we have a-x ^ x over R' 
so that the realization could not be effective. — Suppose now that a — > f = 
]C > 5 ry = 23 • Then e^^x = {ta)-x = a'-x, e^'^x = b^-x. Hence 

Tt,»x = = a“VaLx, 

or, by (7.3) and the homogeneity of oT^ba, 

Tt,$x = {sV)*x, 6' = 5 + t[a, 5] + • • • . 
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On taking the derivative of both sides of (15.4) with respect to s at s =* 0 we 
have (see 13.10, 15.4) 

Now take the derivative with respect to ^ at < = 0 using (13.11). We obtain 

15, ^] = z k . 

Hence L is closed and [o, 6] [$, r;]. 

(15.5) In an analytic canonical coordinate system, [a, 6] satisfies the identities 
(15.6) [a, 5] = - [6, a], [a, [b, c]] + [6, [c, a]] + [c, [a, b]] = 0. 

Proof. The given G, always possesses a realization (G,. , Sn) satisfying the 
hypotheses of (15.3) (the regular realization for example, hy virtue of (12.9)). 
The identities in question then follow by (15.3) from the corresponding identities 
(13.1) and (13.2). 

Corollary (15.7). [a, b] is linear in both a and b, 

(15.8) Let Gr , Gs be local groups with analytic canonical coordinates a* and 
respectively. Suppose there exists a local homomorphism t: Gr G, . 
Then s g r. Moreover, if r a = a', r 6 = 6', then [a, b] = [a', 6']. 

Proof. By (5.4) r induces a linear mapping of the space Gr onto G, . Hence 
5 can not exceed r. Moreover, since r(to) = to', we have 

(-<6)(-to)«6)«a)) = i ((-m(-ta')(tb')(ta')). 

Hence by (15.1), [a, b] = [a', 6']. 

16. Lie groups and algebras 

We shall say that local group G is an r-parameter Lie group if it is locally 
isomorphic to a Gr with left-differentiable coordinates satisfying a right Lip- 
schitz condition. To make it clear that this definition admits no ambiguity 
concerning the number r, we remark that if G is locally isomorphic to G« — a 
local group of the same type as Gr — then r = s. This is an immediate conse- 
quence of (15.8). 

An /--parameter (real) Lie algebra Lr is an r-dimensional vector space 
{a, b, • • • } over the field of real numbers, with a bilinear non-associative ‘‘prod- 
uct’' [a, b] satisfying (15.6). 

Suppose Gr has an analytic canonical coordinate system • • • , al. Then 
it follows from (15.5, 15.7) that if we use the commutator [a, b] for product, Gr 
is converted into an r-parameter Lie algebra. We denote this algebra by L{Gr). 

Let us now regard two Lie algebras as equivalent if they are isomorphic, and 
two Lie groups if they are locally isomorphic. Then the totality of r-parameter 
Lie groups falls into a sj’^stem Fr of equivalence classes and the algebras fall 
into equivalence classes ?r. 

To each element yr of Fr^here is associated a unique element I( 7 r) of ?r in the 
following way. By (12.4), yr contains a Gr with analytic canonical coordinates 
a\ • • • , al. We take for I(7r) that equivalence class of Lie algebras which con- 



FOUNDATION OF THEORY OF LIE GROUPS 


511 


tains L (Gr). It is of course necessary to remark that if Gr is a local group with 
analytic canonical coordinates • • • , and if Gr is locally isomorphic to Gr 
then L(Gr) is locally isomorphic to L(Gr). This follows from (15.8). 

(16.1) The correspondence yr 8(7r) is ono-one between IV arid ?r . 

Proof. We note first that the correspondence yr I(7r) has a single- valued 
inverse. For, isomorphism between L(Gr) and L{GI) implies local isomorphism 
between Gr and Gr . This is a consequence of (12.8). 

It remains to be shown that for every element b of lb there exists an element 
7 r of Fr such that l( 7 r) = Ir . For this it is sufficient to show that if Lr is a 
given r-parameter Lie algebra, there exists a Gr such that L(Gr) = Lr . 

We make a preliminary remark. A second method of associating a Lie algebra 
with a given Gr with analytic canonical coordinates a\ • • • , aMs the following. 
I^t (Gr , Sn) be an effective realization of Gr such that relative to some coordinate 
system • • • , .r” in Sn the functions (a-xY have continuous second derivatives 
with respect to • • • , Su(;h a realization always exists, — the regular 
realization, for example. The vector fields 


are of class 1 and 

(16.2) 







(The proof of (1G.2) is contained in (12.3) with replaced by and a' b by 
(ta)-x.) By (15.3), Ji, * • • , ?r are linearly independent and L(fi, * • • , {,.) is a 
closed system. Hence L(^i , • • • , fr) niay be regarded as an 7i-dimensional 
n-parameter Lie algebra (Gr) associated with Gr . By (15.3) Lj (Gr) is iso- 
morphic to L (Gr) 

From these remarks it follows by (14.12) that in order to complete the proof 
of (16.1), it is sufficient to show that in a space Sr with coordinate system 
• • • , there exist vector fields , • * • , ^r linearly independent and of class 1 
over some open set R and such that, as an r-parameter Lie algebra, L(fi , • • • , Jr) 
is isomorphic to the given Lie algebra Lr , the J\s being such that L is closed. 

Let ai , • • • , Or be a basis for Lr , and let [a,- , Ok] = ^ c)kai . It will be sufficient 
to find J*s such that [Jy , ^ c)kii , that is such that 

(16.3) 


To show that such J’s exist, it is sufficient to show that there exist vector fields 
, • • • , ^r in Sr which are analytic in the neighborhood of x = 0, are such that 
the matrix (<#>J (0)) is non-singular, and which satisfy the equations 

(16.4) _ _ _ _ 


For, if we take for (J}(x)) the inverse of the matrix (05(x)) we obtain vector fields 
Jy which satisfy (16.3) (the verification of this is straightforward). Since the 
matrix (Jy(0)) is non-singular, the J^s will be analytic and linearly independent 
in some neighborhood of x = 0 
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We shall show that the functions <l>] given by (14.16) (with a replaced by x) 
have the required properties. Evidently these functions are analytic and 
the matrix (4>)i0)) is the identity. To verify (16.4), suppose p < q. Then 
d<l>p/dx^ = 0. Hence, denoting the left side of (16.4) by ^ and writing 7* = x'Ci , 
we have 

(16.5) f. = = (e-"‘ • • . Cp • • • • 

Now on account of (13.1, 13.2) the numbers c}a satisfy (14.5). Hence we may 
use (14.6) writing it in the form 

= Z (e-^«)i(Cye-^-). 

i 

We use this formula in (16.5) to shift Cp to the left, step by step, giving m suc- 
cessively the values p — 1 , • • • , 0. We obtain 

<*■ = Z ••• ••• 

= Z ... = Y. 

i ik 

The proof in the case p > q is the same. When p — q both sides of (16.4) 
vanish identically (the right side because c)k = — clj), 

17. Local subgroups of Lie groups 

Let us regard a local group consisting of a single element as a “Go with analytic 
canonical coordinates^^ Then it follows directly from (5.7) and the definition 
of Lie group that every local subgroup of a Lie group is a Lie group. 

Let H be a local subgroup of a G, with analytic canonical cooi'dinates. Hy 
(15.7) H may be regarded as imbedded in a flat subspace of Gr . Regarded 
as a subset of the Ide algebra L{Gr), is evidently a subalgebra (this follows 
from (15.1)) and this subalgebra is precisely L{H). 

(17.1 ) If H is aflat subspace of Gr with analytic canonical coordinates a\ • * • , 
and if H, regarded as a subset of L(Gr) is a subalgebra if of L{Gr), then II is a 
local subgroup of Gr . 

Proof. Since canonical coordinates will remain canonical after undergoing 
a linear homogeneous transformation, we may suppose that H is the (a\ • • • , a'")- 
coordinate subspace of Gr . Now let \f/i be the vector fields defined by (3.1). 
We have (12.9) 

(17.2) ab = e-^'H (a = (a', . • • , a)). 

By (15.3), L(^i , ... , ^r) is a Lie algebra isomorphic to L(Gr). The isomorphism 
is given by; a • Hence the subgroup of L(^i , * * • , ^r) which cor- 

responds to H is precisely L(^i , ... , ^p). Since this subsystem is closed, it 
follows from (14.12) that the function 

a-b = where a == (a\ ... , a*", 0, ... ,0) 
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defines a realization of a p-parameter group Gp (which, as a space, is identical 
with H). Let denote the projection on the a*-axis of an arbitrary element 
a of (?r : a* = (0, • • • , a*, • • • , 0). It follows from (17.2) that when a eGp = //, 

(17.3) a-b = cti • • • ttpfc, hence a O = ai • • • Op . 

Now let a, c be arbitrary elements of H near 0, and let d = ca where ca is the 
group pioduct defined in the group Gp . From (17.3) we have 

• • • rfp = d'O = c-(a-O) = Cl • • • Cpfli • • • Rp . 

We draw th(^ following conclusion: consider elements of Gr of the form a\ • ' • ap 
where a, is an arbitrary element on the a*-axis and | a» | < 6, 5 small. The 
totality of these elements is a local subgroup of Gr . By (5.7) this local subgroup 
can be regarded as part of a linear subspace //' of G. Eh idently W contains 
the a-^ • • • , a^-axes. Hence //' contains H, It is easy to see that the dimen- 
sion of W can not exceed that of H, Hence W = H. 

(17.4) Suppose H is a local sui)group of Gr so that L{H) is a subalgebra of 
L(Gr). If H is normal (i.e. if, near 0,b tH implies aba~^ e H) then so is L{H) 
(i.e. b € H imiilies [a, b] € H) and conversely. The first statement follows from 
(15.1), the converse from (7.2). 


APPENDIX 

Let R be a spherical region in a euclidean space En , B its ])Oundary. Let a 
be a continuous mapping of i? = ^ in En such that for each point b in 5, 

the vector 6, ab, if it is not of length 0, makes an acute angle with the outward 
normal to B at h. Hieii R CZ <tR. 

Tlie proof can be l>ased on the concept of the degree of a mapping (see for 
example: T^efschetz, Algebraic Topology), Suppose that, contrary to the con- 
clusion, there exists a point x in R not covered by (tR. Using the boundary 
conditions for (t, it is easy to see that, without disturbing the relation x iaR, 
a can be made^o pass continuously into a mapping o-' which transforms R into 
itself and in particular leaves every point on B invariant. Since x is not covered 
by (t'R, the degree of o-', i.e. the algebraic number of times that aR covers /?, 
is zero. But by standard topological methods it can be proved that the degree 
of < 7 ' etpials the degree of the mapping B B induced by <t\ namely +1, This 
contradiction establishes the theorem. 

Columbia University. 
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COMBINATIONS OF CLOSURE RELATIONS 

By Otstein Ore 
(Received October 27, 1942) 

The present paper contains a study of the system of all possible closure rela- 
tions definable over a given set. It has already been shown by Garrett Birk- 
hoff [1] that this system may be considered to be a structure so that the inter- 
relations of the various closure relations indicate properties of this structure. 
One finds that the structure is a complete dual point structure satisfying the 
so-called Birkhoff condition. It is found furthermore that to every closure 
relation there exists a unique maximal closure relation relatively prime to it. 
From this result one obtains a condition for two closure relations to be com- 
plementary. The implications of the Dedekind law are studied briefly. The 
application of one closure relation after another is called the product of the two 
and a necessary and sufficient condition for the product of the two closure rela- 
tions to be a closure relation is given. 

It is shown that the automorphisms of the structure of closure relations are 
all induced by the one-to-one transformations of the basic set. By means of a 
general theorem on the homomorphisms of point structures all complete homo- 
morphisms are determined. To conclude there arc a few remarks about closure 
relations in which every point is closed or also determined by its closure. 

In another paper some similar investigations will be carried through for 
additive closure relations. 

1. Basic properties of closiure operations 

In the following S shall denote a fixed set. A correspondence F which asso- 
ciates with ev^ery subset A of S some unique subset A of aS 

A -> yf = r (A) 

shall be called a closure relation or closure operation when it has the three prop- 
erties: 

Closure: 

IdempoterU: X = A 

Increasing: A ^A 

, Order preserving: A\ 3 A 2 implies Ai ^ A 2 . 

The set A is called the closure of A under F and any such image set A is closed 
under F. The closure of the whole set is S and by an additional definition one 
prescribes that the void set 0 is closed. 

Let us mention a few simple properties which follow directly from the defini- 
tion of a closure relation: 

A set is closed if and only if A = A. 

514 
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The closure of a set A is the smallest closed set containing A. 

For the closures of sums and intersections of the sets in some family 5 (A*) 
of subsets of S one finds 

(1) Z 3 Z 

i i 

and 

(2) nx = 

From (2) one concludes further: 

The intersection of any family of closed sets is closed. 

An intersection ring of sets in S is a family of subsets which includes the inter- 
section of any two of its sets and a complete intersection ring contains the inter- 
section of any subfamily of its sets. An intersection ring of sets over S is defined 
to contain the sets 0 and S. This terminology permits us to express the fol- 
lowing basic result (see E. H. Moore [1]) : 

Theorem 1. In a clos7ire relation the closed sets form a complete intersection 
ring of sets over S. Conversely any closure relation is obtained from a complete 
intersection ring 9i(A) over S by associating with each set A the smallest set A in 
9? (A) containing A. 

« A set S in which a closure relation has been defined is also called a topological 
space and instead of a closure relation we may use the term topology. Any family 
of sets in N defines a topology through the complete intersection ring of sets 
over S which it generates. For a given closure relation any family of sets from 
which all closed sets can be obtained by forming set intersections is called a 
basis for the closed sets. As usual the complement of a closed set is an opeii set. 
The open sets form a complete sum ring of sets over S, and any family of open sets 
from which all other open sets can be obtained by summation is called a basis 
for the open sets. 


2. The structure of closure relations 

The system of all closure relations in a set becomes a partially ordered set 
by the following definition of an inclusion: Let Fi and Fo be two closure rela- 
tions and Fi(A) and F 2 (A) the closures of a set A in the two topologies. We 
shall say that Fi contains F 2 and write Fi ^ F 2 when one has 

Fi(A) 1 F2(A) 

for every subset A of S. From this definition one obtains: 

Theorem 2. The necessary arid sufficient condition for a closure relation Fi 
to contain another closure relation F 2 is that any set closed under Fi is 
closed under F 2 . 

Proof: When Fi contains F 2 one has for any subset A of S 
Fi(Fi(A)) = Fi(A) g F2 (Fi(A)) g Fi(A) 
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80 that 


ri(4) = r*(ri(4)) 


and ri(^) is closed under r 2 . This may also be stated that the complete inter- 
section ring 9?(ri) of closed sets under Ti is contained in the ring JRCFi) of closed 
sets under r 2 . Conversely since for any closure relation F the closure F(.4) 
is the least closed set containing A one must have 


Fi(A) ^ F2(A) 

whenever 

9I(F2) ^ 9t(F,). 

We prove next a result due to Garrett Birkhoff [1]: 

Theorem 3. The closure relations over a set form a complete structure. 

Proof: One sees that in the partially ordered set of closure relations the union 
VTi of a set of closure relations F» is the closure relation defyied by the sets 
common to all the intersection rings defined by the various F* . The intersection 
A Ft of the same closure relations is the closure relation defined by the complete 
intersection ring generated by all sets closed under any F, . 

The system of all complete intersection rings of sets over S form a structure 
in which the cross cut 0 9?2 of two rings and 5 R 2 consists of their common 
sets and the union U 5 R 2 is the ring generated l>y the sets in and . From 
the proof of theorem 3 one concludes: 

Theorem 4. The structure of all complete intersection rings over a set S is 
dually isomorphic to the set of all topologies in S. 

In connection with the definition of the cross-cut of several closure relations 
one should mention the following result: 

Theorem 5. Any intersection 

^ = n 

i 

of closed sets Fi(.4i) from a system {F,} of closure relations can be represented in 
the form 

^ = n r,(Z)). 

i 


Proof: Since 

TiiAi) =5 D 

one obtains 

F,(F,(A,)) = T,(Ai) ^ rm 

consequently 

n r<(^o = D 3 n T'iiD) 3 D 

i i 


SO that the theorem follows. Theorem 6 can also be stated in the form: 
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Theorem 6. The intersection A r,- of a system of closure relations is the closure 

i 

relation in which the closure of a set is the intersection of its closures in the various 
relations . 

The structure of closure relations has a universal element V containing all 
others. This universal closure relation is defined by the property that 

F(A) = S 

for every set A 5 *^ 0. Similarly the structure has a zero element contained in 
all others. This is the identical closure relation I for which 

1(A) = A 

for every subset A of ^S. 

The structure of closure relations contains maximal elements M contained in 
no other closure relations except V. Such a maximal closure relation must have 
an intersection ring of closed sets consisting of the trivial sets 0 and S and a 
single other closed set A. We shall call A the 'principal set of M and write 
M = . According to the definition of inclusion for closure relations one sees 

that a closure relation F is contained in the maximal closure relations 
where A is a set closed under F. Obviously one has: 

Theorem 7. Any closure relation is the cross-cut of the maximal closure rela- 
tions in which it is contained. 

The structure of closure relations also has minimal elements containing I 
and no other closure relation. Among the closed sets in a minimal closure rela- 
tion N one cannot have all maximal sets *S — a, where a is some element, because 
every subset is the intersection of such maximal sets and one would have N = I. 
But on the other hand if a closure is to be minimal it cannot omit from its closed 
sets more than one such maximal set. Thus we see that the minimal closure 
relations are those in which every set is closed except a single maximal set S — a. 
This can also Ixi stated in the form: 

Theorem 8. The minimal closure relations No are those in which every set 
except the point a is open. 

It should be noted that the dual of theorem 7 does not hold: Not every closure 
relation is the union of the minimal closure relations which it contains. To see 
this we observe that every minimal closure relation has among its closed sets 
all those which omit two or more elements of S and it is not difficult to verify 
that only closure relations with this property can be written as the union of the 
minimal closure relations they contain. 

A strucUire is called a point structure if every one of its elements is the union 
of the points or minimal elements it contains. If every element is the inter- 
section of the maximal elements in which it is contained the structure may be 
called a dual point structure. Thus we have: 

Theorem 9. The structure of topologies is a complete dual point structure. 

According to theorem 4 the structure of complete intersection rings is a com- 
plete point structure. 
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A closure relation T may contain certain maximal sets S — d among its closed 
sets, hence also certain points d which are open sets i.e. isolated points. We 
shall denote by 

Or « {d} 

the set of all isolated points for the closure relation T. This concept enters into 
the following considerations. 

Two closure relations Fi and r2 are said to be relatively prime when Fi PI r2 = I. 
This means that the intersection of the closed sets in the two closure relations 
constitute all subsets of S. Dually when Fi U F2 = F the corresponding inter- 
section rings of closed sets have no sets in common except 0 and S. We shall 
now characterize the closure relations which are relatively prime to a given rela- 
tion F. Let F n F* = I so that every set is the intersection of two sets closed 
under F and F* respectively. Since a maximal set S — a cannot be obtained 
as the intersection of two larger sets, one concludes that any such set must be 
closed either under F or under F*. But conversely when thii? is the case any 
set in the intersection of sets closed under F and F* so that we conclude: 

Theorem 10. Two closure relations F and F* are relatively prime if and only 
if every point is an isolated point in at least one of these topologies^ hence if 

Or "b Or* = S. 

From this analysis also follows that among the various closures relatively 
prime to a given closure F there exists a unique maximal one. This is the closure 
F' whose closed sets are generated by those maximal sets S — c which are not 
closed under F. Thus we can state: 

Theorem 11. To any closure relation F there exists a unique maximal closure 
relation F' relatively prime to F. This closure relation is defined by the property 
that the points in 

Or' = <S — Or 

form a basis for its open sets. 

From these results it is easy to derive the condition for a closure relation to 
have a complement in the structure of all closure relations. If F* is to be a 
complement of the closure relation F one must have 

r u F* = y, F n F^ = I. 

The last of these conditions states that F* shall be relatively prime to F, hence 
one sees that if a complement exists the. maximal relatively prime relation F' 
defined by theorem 11 must be such a complement, in fact maximal among all 
complements. Since F and F' shall have intersection rings of closed sets without 
common sets except 0 and S it follows that F can have no closed sets of the 
form S — C" where C' is a subset of the set Or' of isolated points in F'. This 
is equivalent to saying that no open set under F can be a subset of Or' so that 
we have: 
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Theorem 12 . There exists a complement to a closure relation T if and only if 
no set open under T is a subset of the set S — Or of all non-isolated points under T. 
If a complement exists there exists a unique maximal one containing all others, 
namely the maximal closure relation F' relatively prime to F. 

Using the ordinary structure terminology we shall say that a closure relation 
Fi is prime over another F2 or F2 is prime under Fi when Fi ID F2 and there exists 
no closure relation between Fi and F2 . This implies of course that there can 
be no complete intersection ring of sets between two such rings dti and 9t2 con- 
sisting of the closed sets in Fi and F2 respectively. Consequently it must be 
possible to obtain 9 i 2 from 9 ?i through the adjunction of a single set A2 to . 
Let us form the intersection A2 == A1A2 of A2 with some set Ai in dti . This set 
A 2 must belong to 9 ii because otherwise one could have adjoined A 2 instead of 
A2 to and one would have obtained a complete intersection ring between 9 Ji 
and 5R2 against assumption. Thus a closure relation F2 is prime under a clo- 
sure relation Fi if the ring 9i2 corresponding to F2 contains some set An which 
is not the intersection of other sets in 9?2 and is obtained by omitting A2 
from 9 ? 2 . 

An important property of the structure of closure relations is expressed in the 
theorem: 

Theorem 13 . Let Fi 3 1^2 be two closure relations, one prime over the other, 
and let F be an arbitrary closure relation. Then the closure relation Fi U F is 
equal to or prime over F2 U F. 

Proof: Let us denote by 9 ?i , SR2 and 9 i respectively the intersection rings of 
closed sets corresponding to Fi , r2 and F. According to the preceding remarks 
9 i 2 contains a single set A 2 not in 9 ii . The ring corresponding to Fi U F consists 
of the common sets in and 9 i and the ring corresponding to F2 U F of the sets 
common to 9 J 2 and 9 ?. If these two rings are not equal they can at most differ 
by the set A2 and theorem 13 follows. 

An immediate consequence of this theorem is: 

If the two closure relations Fi and F2 are both prime over Fi fl F2 then Fi U F2 
is prime over both Fi and F2 . 

From this so-called Birkhoff property follows as in a general structure that the 
following chain theorem holds: 

If two closure relations F 3 F' are joined by a finite chain of closure relations, 
each prime over the next, then any two such chains between C and C' have the same 
length. 

For a finite set S the number of closure relations in a complete chain from I 
to V is found to be 2 " where n is the number of elements in S, 

3. Analysis of the Dedekind law 

We shall turn next to the study of the so called Dedehind law 
( 3 ) A n (B U F) = B U (A n F), A 3 B 

in the structure of all closure relations in a set. It is not difficult to verify by 
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examples that this relation does not hold in general for closure relations. Let 
us establish what the condition (3) implies for the closed sets under the three 
closure relations in question. The sets which are closed under A D F are the 
intersections Ai-Ci where is closed under A and Ci under F. Therefore the 
sets closed under B U (A fl F) are those which are simultaneously closed under 
B and A fl F, i.e. the sets Bi closed under B which are representable in the form 

(4) 

The sets closed under B U F are those which are closed simultaneously under B 
and F 

D2 = B2 = C2 

hence the sets closed under A fl (B U F) are the intersections A 2 -D 2 where A 2 
is closed under A. If the relation (3) is to hold there must exist for every set 
of the form (4) some representation 

Bi = Ai*(7i = A2*/)2 • 

Since one can obviously assume that 

Ao = A(5i), Z>2 = (B U F)(B0 

we can say: 

Theorem 14. The necessary and sufficient condition for the Dedekind relation 
(3) to hold for the three closure relations A, B and F is that any set Bi closed under B 
which is the intersection 

B^ = AvC, 

of a set Ai closed under A and a set Ci closed under F shall also be representable in 
the form 

Bi = Av Cl = A(B,)-(bU r)(J5,). 

We shall use this theorem to obtain conditions for the Dedekind relation to 
hold identically in one of the three closure relations when the other two are fixed. 
Let us assume first that B and F are given clos\ire relations and we wish to deter- 
mine which properties they must have in order that (3) shall be fulfilled for all 
closure relations A containing B. In order to establish a necessary condition 
we shall take A = M^. as a maximal closure relation. Here A contains B if and 
only if the principal set Bi in A is a set closed under B. From theorem 14 one 
concludes that if an intersection BrCi is closed under B one must have 

Bi = B.-Ci = A(B,)-(bU r)(B,). 

There are only three possibilities, namely 0, S and B,- for the set A(Bi) and the 
first of these is excluded when we make the trivial assumption that Bi is not void. 
When A(Bi) — S then Bi becomes closed under r. Finally when A(Bi) = Bi 
one must have 

(5) 


B, = B,.C, = B,.(BUr)(Ba) 
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and this condition is seen to be satisfied in all three cases. But conversely when 
this condition (5) is fulfilled for all sets Bi the requirements of theorem 14 are 
also satisfied so that we can state: 

Theorem 15. The necessary and sufficient condition for the Dedekind law (3) 
to hold for all closure relations A containing B is that whenever the intersection 
Bi-Ci of a set Bi closed under B and Ci closed under F is itself closed under B 
there shall also exist a representation 

BvC, = DC^rCi). 

It may be observed further that if the relation (3) holds for all A one also has 
( 0 ) A = B U (A n r) 

for every A such that 

(7) B U r Z) A 3 B. 

Conversely when (G) holds for all A satisfying (7) the relation (3) is fulfilled for 
all A. 

Let us now assume in (3) that A and Y are fixed while B represents an arbitrary 
closure relation contained in A. A particular closure relation B contained in 
A shall be constnicted in tho following way. We denote by Bi = Ai Ci the 
intersection of a set Ai closed under A and a set C\ closed under V and adjoin 
Bi to the sets closed under A to obtain the intei*section ring of sets closed under 
B. Thus the closed sets under B are either closed under A or they have the form 

Bi - Ai A, C\ = ArC\ 

where Ai is an arbitrary closed set under A which is contained in Ai . Since 
we can assume A 5 *^ B the set Bi is not closed under A. Furthermore the set Bi 
is obviously the largest of all sets closed under B but not under A. From theorem 
14 one concludes that if (3) shall hold one must have 

= ,l,,ri=A(5i)(BUr)(Bi). 

The set B U T{Bi) cannot be closed under A because then Bi would become 
closed under A against our assumption. From 

(B U r)(B0 = a;. C l £ B ^ 

one concludes therefore that 

(B U r)(Bi) = Bi 

so that the intersection Ai • Ci becomes closed under F. Thus we have the neces- 
sary condition that every intersection ArCi which is not closed under A shall 
be closed under F and this condition is seen to be sufficient according to theorem 
14 so that we can state: 

Theorem 16. The necessary and sufficient condition for the Dedekind law (3) 
to hold for a fixed pair of closure relations A and F and for any closure relationB 
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contained in A is that any intersection Ai-Ci of a closed set Ai under A and Ci under 
T he closed either under A or F. 

Since this condition is symmetric in A and F we have also obtained the further 
result; 

Theorem 17. When 

A n (B U F) = B U (A n F) 
for every closure relation B contained in A one also has 

F n (B U A) = B U (F n A) 

for every B contained in F. 

Another observation to be made in this connection is that when (3) holds 
for all B contained in A one has 

B = A n (B U F) 

for every B such that 

A 3 B Z) A n F 


and the converse is also true. 

In the third and final case of the Dedekind law we shall investigate when the 
condition (3) holds for all closure relations F for a fixed pair of closure relations 
A 3 B. Let us suppose that Bi is a set closed under B but not under A. The 
closure A(5i) = Ai of Bi under A then contains Bi as a proper subset. We 
shall now select F = Mn as a maximal closure relation with the principal set 
Cl ^ 0 taken such that 

This means that Ci has the form 

Cl = Bi + Ai 

where A[ may be an arbitrary set contained in S — Ai , According to theorem 
14 one must have 

B, = AvCi = ^i-(B U r)(Bi). 

But since one only has the possibility 

(B U r)(B,) = Cl 

it follows that Ci is closed under B. Thus we have that for every set Bi closed 
under B but not under A all sets 

Ci<= Bi + A'l, ilj C S - A(Bi) 

must be closed under B. 

When this condition is satisfied the Dedekind law will hold for an arbitrary 
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closure relation F. If namely for some set Ci which is closed imder F and some 
set A I closed under A the intersection 

= Ai-Ci 

is closed under B then Ci has the form 

Cl = + A[ 

where Ai is contained in S — A(Bi) and Ci is closed also under B so that the 
conditions of theorem 14 are immediately satisfied. 

Theorem 18. The necessary and sufficient condition that the Dedekind relation 
(3) hold for a fixed pair of closure relations A Z) B and an arbitrary F is that for 
every set Bi which is closed under B but not under A all sets of the form 

Cl = + .4'i, .4'i C .S ~ MB,) 

be closed under B. 

There are a great number of laws related to the Dedckind law which can be 
analysed in the same manner and similar results ean be derived without difficulty. 
These investigations have also been carried through for the distributive law 

A n (B u F) = (A n B) u (A n r) 

and its dual but the results shall not be stated. 

In connection with the Dedekind law one ean also investigate when the 
analogue of the algebraic law of isomorphism holds. Let A and B denote two 
elements in some structure. The law of isomorphism states that there shall 
exist a structure isomorphism between the two (piotient structures 

(8) aUb/a^b/aRb. 

In algebraic systems in which this structure isomorj)hism holds it is usually 
established by means of the so-called regular structure correspondence^ which 
maj" be defined as follows. Let us denote by X and Y arbitrary elements in the 
two quotient structures so that 

(9) A U B 3 X D A, B =5 F Z) A n B. 

The regular structure correspondence is then defined by 

(10) X-^BflX, Y->AUy. 

It is not difficult to prove that these correspondences (10) establish a structure 
isomorphism (8) if and only if for every X and Y satisfying (8) one has 

(11) X = A u (B n X), y = B n (A u F). 

In the case of the structure of closure relations the two conditions (11) can be 
analysed by means of the results obtained in the theorems 15 and 16 and one 
obtains directly: 
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Theorem 19. The necessary and sufficient condition for the regular structure 
correspondence (10) to define a structure isomorphism (8) is that any intersection 
A\-Bi of sets closed under A and B he closed either under A or under B and also he 
representable in the form 

Ai-Bi = Ar(AUB)(Si). 

4. The product of closure relations 

The result of applying one closure relation after the other shall be called the 
product of the two closure relations. If Fi and r 2 are the two given closure 
relations we shall write 

Fi X F2(A) = Fi(F2(A)) 

The correspondence 

A ^ Fi(F2(A)) 

is an increasing and order preserving correspondence, but it is not always idem- 
potent, so that the product of two closure relations is usually not a closure 
relation. 

Under special conditions the product may be a closure relation and we mention 
first the following simple case: 

Theorem 20. When Fi 3 F 2 are two closure relationSy one containing the other , 
one has 

Fi X Fs = F 2 X Fi = Fx 
Proof: Since Fi 3 F 2 one has 

F2(Fi(A)) = Fx(A) 

because Fi(A) is also closed under F 2 . To prove the other half of the theorem 
we observe that from 

Fi(A) 3 FsCA) 

follows 

Fi(Fi(A)) = Fi(A) 3 Fi(F 2(A)) 3 Fx(A) 

so that 

ri(A) = Fx(F 2 (A)). 

Among the further properties of the product of two closure relations we 
mention the inclusions 

(12) . Ti U TsCA) 3 Ti X r2(A) Z> ri(A) + TM) ^ Ti f\r2(A). 

Only the first of these needs any proof and this follows from 

Ti U r2(A) 3 TsCA) 

by taking the Fi-closure of both sides and applying theorem 20. 
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Let us say that the closure relation T contains the product Fi X r 2 if 

T(A) ^ Fi X T2(A) 

for every subset A. In this case one sees that 

F(A) ^ Fi(A), F(A) ^ F 2 (A) 
so that we have shown : 

Theorem 21 . The union Fi U F 2 is the smallest closure relation containing the 
product Fi X F 2 . 

When this result is combined with (12) one obtains: 

Theorem 22. The necessary and sufficient condition that the product Fi X F2 
of two closure relations be a closure relation is that 

Fi X F 2 = Fi U F 2 . 

This in turn leads to another criterion: 

Theorem 23. The necessary and sufficient condition for Fi X F 2 to be a closure 
relation is that the Ti-closure of any Yy-closed set be T 2 -closed, 

Proof: If 

Fi(F2(A)) = F2(B) 

one has 

F2FiF 2(A) = F2(B) = FiFsCA) 

hence 

FiF2FiF2(A) = FiF2(A) 

so that the product Fi X To is an idempotent relation and therefore according 
to a previous remark, a closure relation. Conversely let Fi X F 2 be a closure 
relation, hence according to theorem 22 

Ti X r* = r, U i\ 

and the condition of theorem 23 is satisfied. 

If both products Fi X Fo and Fo X Fi shall be closure relations one obtains 
according to theorem 22 

Ti X r* = r* X Ti = I’l U Ti 

hence the order of the factors in the product is immaterial and we say that the 
two closure relations commute. Conversely if Fi and F 2 do commute one has 

(Fi X F2) X (Fi X F2) = (Fi X Fi) X (F2 X F2) = Fi X F* 

so that Fi X F 2 is an idempotent relation, hence a closure relation. Thus we 
can say: 

The necessary and sufficient condition for both products Fi X F2 and F2 X Fi 
of two closure relations to be closure relations is that Fi and F 2 commute. 
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When Ti and r 2 commute the Ti-closure of any r 2 -closed set is r 2 -closed and 
similarly the r 2 -closure of any Fi-closed set is Fi-closed. 

5. Automorphisms and characterization of the structure of closure relations 

Let us consider briefly the problem of determining certain characteristic 
properties of the structure of closure relations so that any structure with these 
properties is isomorphic to a structure of all closure relations over some set. 

We have already observed that every closure relation is the intersection of 
the maximal closure relations in which it is contained. This leads us to in- 
vestigate particularly the interrelation between various maximal closure rela- 
tions. The cross-cut M .4 fl is a closure relation with the closed sets 

{0, S,A,B,A B] 

where some of these sets may coincide. This shows that for a pair of maximal 
closure relations there can be at most one other maximal closure relation namely 
such that 

Ma.b 3 n Mb . 

Furthermore there are two other, usually non-maximal closure relations with 
the closed sets 


{0, S,A,A-B], {0, S, B,A^B\ 

containing the cross-cut of and Mb . Among the maximal closure relations 
one can introduce a partial order by writing 

(13) M^ > Mb 

whenever A > B, This partial order can also be introduced in a purely struc- 
tural manner by saying that (13) holds if and only if there exists another maximal 
closure relation M^ such that 

Mb 3 M^ n Me . 

Let us also mention that there exist minimal elements Ma containing no other 
maximal closure relation in the sense of (13). Every maximal closure relation 
Mx is uniquely determined by the set of all such minimal M® for which 

M^ > Ma . 

Clearly the set of all maximal closure relations by the inclusion relation (13) 
is a system isomorphic with the set of all subsets of S, This may also be ex- 
pressed structurally according to the Tarski-Stone theorem by saying that the 
set of all maximal closure relations forms a completely distributive complete 
Boolean algebra with respect to the inclusion (13). 

From these remarks one sees that if a stmeture is to be isomorphic to a struc- 
ture of all closure relations over a set, there must exist maximal elements and 
to any pair of maximal elements Mi and M 3 there can exist at most one other 
maximal element M 2 such that 

M 2 3 Ml n M 3 . 
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In this case we shall write Mi > M 2 . One must then impose such axiomatic 
conditions on the maximal elements of the structure that this defines a partial 
order of the set of all maximal elements, and furthermore such that this partially 
ordered set is a complete Boolean algebra. Thus by the theorem of Tarski-Stone 
just mentioned every maximal element becomes associated with a unique subset 
of some set S and conversely. Finally one must postulate that every element F 
in the structure is the cross-cut of the maximal elements in which it is contained, 
so that r becomes associated with a family of sets consisting of all the subsets 
of S which belong to the various maximal elements containing F. We shall not 
go into further details of such a theory. It may only be mentioned that a 
somewhat similar characterisation has been carried out by the author for the 
case of the structure of all equivalence relations over a set (Ore [1]). 

To conclude let us mention one result which is almost an immediate con- 
sequence of the preceding remarks: 

Theorem 24. The group of automorphisms of the structure S of all closure 
relations defined over a set S consists of all one-to-one correspondences of the set S 
to itself. 

Proof: Clearly any one-to-one correspondence of the set S represents an 
automorphism of 2. Conversely let us consider some automorphism a of 2. 
Under a any maximal closure relation M^ must be transformed into another 
maximal closure relation Ma^ . Those maximal closure relations Ma in which 
the principal set A = a is a single element have also been characterized struc- 
turally so that a must transform each Ma into Some other closure relation which 
we can denote by Ma» . This defines as a one-to-one correspondence of the 
set S and the automorphism a is seen to leave all Ma fixed. Since every Ma 
is uniquely determined by the set of Mo such that Ma > Ma it follows that every 
maximal closure relation, hence every closure relation remains fixed under the 
automorphism Thus we see that a coincides with the transformation 

0 of the set S, 


6. Homomorphisms of the structure of closure relations 

Let us turn to the determination of the homomorphisms of the structure of 
closure relations. We shall recall that a homomorphism a is a correspondence 
between the structure 2 and another structure 2“ such that every element in 
2" is the image of at least one element in 2 and such that 

Fi Ff , F 2 F2“ 

shall imply 

(Fi n T 2 Y = Ff n F2“ 

(ri U r,)“ = rr U r?. 

A homomorphism a, is said to be complete when the relations (14) hold for an 
arbitrary finite or infinite number of components. 

Let us consider first the so-called modular homomorphisms. We denote by 
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A some fixed closure relation and define a correspondence a of 2 to the sub- 
stmcture of all closure relations contained in A by putting 

(15) r r“ = r n A. 

Clearly this correspondence satisfies the fii-st condition in (14). In order that 
it shall satisfy the second condition it is necessary and sufficient that for every 
pair of closure relations Fi and r 2 one shall have 

(16) (Fi n A) U (Fa n A) = (Fi U Fa) n A. 

When this condition (16) is fulfilled for all Fi and Fa we shall say that A is a 
distributive closure relation and the resulting homomorphism defined by (15) is 
a modular homomorphism. 

All the distributive closure relations may be determined as follows: We 
assume that the two trivial cases A = V and A = I are excluded and denote 
by D some set different from 0 and S which is closed under A. The two closure 
relations 


Fi = Uc, , Fa = Me, 

are taken as maximal closure relations whose principal sets Ci and Ca are selected 
in the following manner: We take Ci as an arbitrary subset of D and define 

Ca == Cl + Ki 

where A'a is some non-void subset of S-D, In this case the set 

Cl = DCi = DC2 

is closed both under Fi fl A and Fa fl A hence under the left-hand side of (16). 
On the other hand the union Fi U Fa is the universal closure relation V so that 
the right-hand side in (16) is A. Thus we see that Ci must be closed under A. 
We have .shown therefore that a distributive closure relation must have the 
property that every subset of a closed set D 9 ^ S is closed. 

Conversely it is not difficult to verify that this condition is sufficient for a 
closure relation to be distributive. Let Fi and Fa be two arbitrary closure 
relations and A a closure relation with the property that any subset of a closed 
set D 5 is closed. In this case one sees that the sets closed under Fi fl A 
are those which are closed under Fi or A and similarly the sets closed under 
Fo n A are closed under Fa or A. Consequently the sets closed simultaneously 
under Fi fl A and Fa fl A are either sets closed under A or sets closed both under 
Fl and Fa so that the relation (16) holds*. The relation analogous to (16) for 
an arbitrary finite or infinite number of closure relations F* 

(17) V(F. n A) = (VF.) n A 

« « 

is also seen to hold when A is distributive. A closure relation A for which (17) 
always holds may be called completely distributive. Such completely distributive 
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closure relations are seen to define complete homomorphisms of the structure. 
We have shown therefore: 

Theorem 25. The necessary and sufficient condition for a closure relation A 
to be distributive is that every subset of a closed set D ^ S be closed. In this case 
A is completely distributive and the corresponding modular homomorphism is 
complete. 

The homomorphism (15) associates with each closure relation F the closure 
relation F PI A obtained from F by adjoining to the closed sets F (A) those sub- 
sets of r(^) which are closed under A. 

Tn connection with the distributive relation (Ifi) wc shall also analyze the 
dual relation 

(18) (Fi U A) n (F2 U A) = (Fi n F 2 ) U A. 

Any closure relation A which satisfies this relation (18) for every pair of closure 
relations Fi and F 2 may be called dually distributive. Any dually distributive 
closure relation defines a dual modular homomorphism through the correspondence 

(19) F F“ = F U A. 

Let us determine all dually distributive closure relations A. Again we omit the 
two trivial cases A = F and A = I. We denote by D some set different from 
S and 0 which is closed under A. Furthermore let Ci and C 2 be two different 
sets such that 

(20) D = C 1 C 2 , Cl 9^ D, C 2 9^ D. 

Two such sets Ci and C 2 can always be found provided D is not a maximal sub- 
set S-d' of S. One of them can be taken as an arbitrary set containing D. 
Next we define Fi and 1 % as maximal closure relations 

Fi = Mci , F 2 = Mc2 

with the principal sets Ci and C 2 . According to (20) the set D is closed under 
Fi n F 2 and A, hence under their union (Fj fl F 2 ) U A. Consequently D must 
also be closed under the left-hand side of (18). But aside from 0 and S the 
closure relations Fi U A and F 2 U A can only have the closed sets Ci and C 2 and 
these only when they are also closed under A. Thus in (20) both Ci and C 2 are 
closed under A and we have as a necessary condition for a closure relation A to 
be dually distributive that every set C containing a closed set Z) 5 *^ 0 of A must 
itself be closed under A. 

Conversely when this condition is satisfied the relation (18) will hold for all 
pairs of closure relations Fi and r 2 . If namely Ci and C 2 arc sets closed under 
Fl and F 2 respectively such that their intersection D = Ci • Co is closed under A 
then Cl and C 2 must also be closed under A so that D is closed under the left- 
hand side of (18). Also in this case one finds 

A(r.U A) = (AT.) U A 
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for an arbitrary set of closure relations Ti so that a dually distributive closure 
relation is at the same time dually completely distributive and the homomor- 
phism (19) is complete. 

The condition for a closure relation A to be dually distributive can be expressed 
in a somewhat different manner. When Z) is a set closed under A every maximal 
set containing D is closed. Consequently the sets closed under A may be 
generated by the sets S-d' where d' runs through all isolated points d' of A. 
Thus we see that the sets closed under A are those which contain the fixed set 

O'a = S - Oa 

where Oa is the set of isolated points under A. We state therefore: 

Theorem 26. The necessary and sufficient condition that a closure relation be 
dually distributive is that its closed sets consist of all sets containing some fixed 
arbitrary set Oa . Such closure relations are always dually completely distribuiive. 
We shall proceed to the determination of all complete homomorphisms of the 
structure of closure relations. The solution of this problem is derived as a 
consequence of an analysis of the homomorphisms of a general class of struc- 
tures. Let us assume first that S is some complete structure and a a complete 
homomorphism of 2. All those elements a in S which have the same image 
a* under a are seen to form a complete substructure Saa of S. We denote by 
ai and 02 respectively the universal element and the zero element of Soa so that 
all elements a having the same image a® lie between ai and 02 

ai ZD a ZD 0/2 . 

In particular let Ci be the greatest element in S having the same image e® as the 
zero element e of 2. Since a and a U ci will always have the same image one 
sees that for any a 

(21) ai ZD Cl . 

Next we suppose that S is a point structure so that every element a is the 
union of the set A, of those points pa which are contained in it 

a = y Pa 

PaC^a 

From Ui 3 02 one concludes Aai ^ A®, so that one can write 

Aai = Aa, + C 

where C is the set of points pe contained in ai but not in 02 . We denote by 

c = y Pe 

Pe'DC 

the union of all points pc contained in C, so that one has 

(22) tti = 02 U c. 

For any point Pc in c obviously 

02 n Pc = c, 


02 CZ 02 U Pc C Oi . 
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The homomorphism a can now be applied to these relations. One obtains 

a“ n pr = = a“ U vt 

and from these two relations one concludes 

Pc = e 

so that all points pc in c have the same image as e. But since a is a complete 
homomorphism and since c is the union of all pc one obtains further 

c = e . 

This shows that ei ID c where Ci is the maximal element with the same image 
as e. Thus one concludes finally from (21) and (22) that 

Ul = Ct2 ^ 

SO that two elements a' and a" have the same image a" if and only if 

a' U = a" U ei 

and we have proved our main result: 

Theorem 27. In a complete point structure all complete homomorphisms are 
dually modviar. 

A structure in which the finite chain condition is satisfied is always complete 
and it is easily seen that its homomorphisms must also be complete so that we 
can state: 

Theorem 28. In a point structure satisfying the finite chain condition all 
homomorphisms are dually modular. 

It had already been established that the structure of all closure relations 
over a set is a dual point structure, i.e. every element is the cross-cut of the 
maximal closure relations in which it is contained. From the dual of theorem 
27 one obtains therefore: 

Theorem 29. In the structure of all closure relations over a set all complete 
homomorphisms are modular, 

I have not been able to determine all non-completc homomorphisms although 
certain types of such homomorphisms have been found, for instance by the 
following construction: I^t So be some substructure of 2. We shall introduce 
an equivalence relation in S by writing 

Ti ^ 1^2 (mod So) 

piuvided there exists an element Ao in 2o such that (Ore [1]) 

Ti n Ao = r2 n Ao . 

One finds without difficulty that this equivalence defines a homomorphism of 
S if and only if to every pair Ti and r 2 of closure relations and every Ao in So 
one can find another closure relation Ao in So such that 

(23) ((r, n Ao) u (Fj n Ao)) n a: = (Fi u fo) n aJ. 

This condition is fulfilled for a substructure of So which has the property that 
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to every Ao in So also every A* is in So , where A* is the distributive closure rela- 
tion obtained from Ao through the adjunction of all sets Do contained in the 
closed sets Do S of Ao . Whether all substructures So satisfying (23) can 
be obtained this way is not known. Nor is it known whether all non-complete 
homomorphisms are of this generalized modular form. 


7. Point closures 


In closure relations some assumption is usually made about the closure of a 
point. The simplest requirement is of course: 

Closed points. Every point is closed. 

The general closure relations in which every point is closed are also seen to 
form a complete dual point structure S'. This structure S' is homomorphic to 
the structure S of all general closure relations and it consists of all closure rela- 
tions contained in the closure relation To in which the points are the only closed 
sets besides 0 and S. In this structure S' the maximal closure relations M a are 
those whose closed sets are 0, S the set A and all points. The "structural theory 
of these closure relations is practically the same as for general closure relations. 

Instead of assuming that every point is a closed set one can make the weaker 
assumption that every point is determined by its closure: 

Point determination. When d = b then a = b. 

This condition can also be stated in a different form which is often more 
convenient in its applications. To arrive at this reformulation let us recall first 
that a complete field of sets over S is a complete ring with the additional 
property that the complement S-A of every set A in 3i is also in the ring. Let 
us also recall that there exists a one-to-one correspondence between the complete 
field of sets over S and the partitions of S Such that each complete field 

consists of the sums of the blocks Bi of a particular partition 'ip of S. (Ore [1]) 
Let 5(i4m) be a family of sets covering the set S, i.e. every element a is con- 
tained in at least one set Am . We assume that the indices m of the sets Am in 
the family run through an index set M whose cardinal nuinl>er may be arbitrary. 
Since every such family of sets ^(Am) generates a least field of sets over S in 
which it is contained, there is also associated a unique partition ^(Dj/j) of S 
with every family I5(Am). The blocks Bmi in this partition may be obtained 
by the following construction. I^t a be an element in S and Mi the set of all 
indices mi for which the set Ami contains a. Similarly M 2 = S~Mi is the set of 
those indices mo for which Am, does not contain a. Consequentlv the fir^jf. 
the two sets 

H y Am, 

contains a while the second does not. Thus 


(24) 


— II Am, 


II Ami * 23 Am, 

miCtii m,c5— 


is a set containing a. Two sets Bm determined by two different elements Oi 
and 02 are seen to be either disjoint or identical so that when Mi runs through 
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all subsets of M one obtains a partition of S. The blocks (24) obviously 

belong to the field generated by On the other hand from 

follows that every set Am is the sum of such blocks so that the partition 
is the partition associated with the field generated by 5(^1 m). 

After these preparatory remarks we can state: 

Theorem 30. The necessary and sufficient condition that in a closure relation 
every point he uniquely determined by its closure is that the family of closed sets 
define a complete partition of S in which every block consists of a single point. 

Proof: If a and b are two different points with the same closure then they are 
both contained in the same closed sets Amx so that a and b must belong to the 
same block Bmx in (24). On the other hand if a and b have different closures 
then one cannot have simultaneously 

d 3 b, b ZD a 

because the closed set d • 5 would contain both a and h against the fact that d and 
b are the smallest closed sets containing a and b respectively. Thus when a and 
b have different closures they belong to different blocks B^i in (24). Theorem 
30 follows as an immediate consecpience. 

From theorem 30 one concludes that when Ti and r 2 are closure relations 
whose points are determined by their closures, the union Fi U r 2 whose closed 
sets are those common to Fi and F 2 will usually not have this property. This 
shows that for the set of all closure relations in which every point is determined 
by its closure the natural definition of a union breaks down. 

Yale University. 
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SOME REMARKS ON ALGEBRAS OVER AN ALGEBRAICALLY 

CLOSED FIELD* 

By C. Nesbitt and W. M. Scott 
(Received October 11, 1942) 

The theory of rings with radicals is an interesting and far reaching problem of 
modern algebra.^ In this paper we have examined some aspects of algebras 
which may have radicals and whose coefficient fields are algebraically closed. 
Some of the methods employed clearly could be used for less restricted algebras, 
but a full extension of the results requires the solution of a number of problems 
still under investigation.^ The authors feel that the theory of algebras over an 
algebraically closed field has some interest and value in itself, particularly in 
view of its immediate application to the representation theory of finite groups. 
Moreover, this restricted case is a valuable testing ground for theorems for more 
general rings. 

In the first part of the paper we have studied the concept of basic algebra. 
The basic algebras are semi-primitive subalgebras (i.e. modulo their radicals 
are direct sums of division algebras, in our case, direct sums of fields) which for 
the algebras under discussion play a role in some respects analogous to that 
of division algebras for simple algebras. Related to the basic algebras are the 
Cartan basis systems,^ and systems of elementary modules.* The commutator 
algebras of matrix representations of an algebra, or what is equivalent, the 
algebras of homomorphisms of the related representation spaces, can be analyzed 
in a rather simple manner. 

We shall say that a linear function ^ of an algebra a is symmetric, if for every 
a, € a, (p(al3) = In the case where a is over an algel)raically closed field, 

and is also semisimple, the characters of the irreducible representations of a 
form a complete set of symmetric functions of a. When a has a radical, this is 
no longer true. In Part 2 of the paper, we discuss symmetric functions of 
algebras with radical. 

In Part 3 of the paper the regidar representations are written in terms of 
elementary modules. 


* The following includes the second part of a dissertation written by W. M. Scott under 
the direction of C. Nesbitt, and accepted by the University of Michigan in January, 1941. 
[12], in the bibliography at the end, is the first part of the dissertation. A remark by R. M. 
Thrall, who read the dissertation, lead to the development of Part 1 of this paper. 

1 For some of the more recent developments, see the bibliography. 

* B. Vinograde has done some work in this direction. See Bulletin of the American 
Mathematical Society, vol. 48, No. 6, Abstract 167. 

* For a discussion of the Cartan basis system, see [11], §2. 

^ Elementary modules are defined in [12], §3. 
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I. Basic ALGEBRAsf 

1. Main concepts 

Let a be an algebra with unit element over an algebraically closed field K, 
and let 

(1) a = a* + n 

be a splitting of a into a direct sum of a semisimple subalgcbra a* and the radical 
n of a.^ We shall denote by 

(2) a* = a* + • • • + Cl* 

the uni(iue splitting of a* into a direct sum of simple invariant subalgebras, and 
the components of a 6 a under the splittings (1), (2) by 

a = a* + w 

(3) , * ^ . 

= ai + • • • + ajfc 

The radical n possesses the series 

(4) n 3 n® Z> • • • Z) n'~' 3 n' = 0 
of invariant subalgebras of a. 

We shall call a vector space V which has a ring b as left operator system and 
a ring c as right operator system a (b, c) space if, in addition to the usual operator 
relations, for every f € b, F, fee the associativity condition 

(5) (fx)f = i(xn 

is satisfied. The condition (5) implies that each f c c determines a b-homomor- 
phism, X —> Xf , of V considered as a b left space, and similarly each f e b de- 
termines a c-homomorphism of V considered as a c right space. If we use 
functional notation to denote b-homomorphisms of F, for example, write X — > 
/(X) = Xr, X‘^MX) = Xfi , then MX) = f^(f(X)) = /i(Xf) - X^i . Thus 
between elements of c and elements of the b-homomorphism ring m of F we have 
relations of form f — >/, fi -~>/i , ffi — ^/i/. This shows that c ishomomorphically 
mapped into the ring in' inverse to m. We shall call m' the inverse b-homo- 
morphism ring of F. 
liOt now 

(6) a = ai 3 a 2 =:> . . . z> Qr 3 (0) 

be a composition series for a considered as an (a, a) space. The analysis of the 
algebra a we are considering is simplified by the following theorem. 


t The notion of basic algebra has been discussed in lectures by R. Brauer. 
* For the proof that such a splitting exists, see, for example, [1], p. 47. 
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1.1 Let V he an irredticible (a, a) space,^ Then V is also an irreducible (a*, a*) 
space. 

Proof: nF is an (a, a) subspace of V. Then nF = (0) or F. If uF == F, 
then F = n’^F for r = 1, 2, • • • and this implies F = (0), in which case the 
theorem is trivial. The same remarks hold for Fn. If iiF = Fn = (0), then 
for a = a* + 1 ? € a, X c F, aX = (a* + ri)X = a*X) similarly Xol = Xa^. In 
this case the operators a. and a* produce the same effect on F, so that F irre- 
ducible as an (a, a) space implies F is irreducible as an (a*, a*) space. 

It is clear that a corresponding theorem holds for spaces having a as one- 

sided operator system. 

1.2 A composition series of a considered as an (a, a) space is also a composition 
series of a considered as an (a*, a*) space. 

Proof: Each composition factor group in the series is an irreducible (a, a) 
space and by 1.1 is then an irreducible (a*, a*) space. 

1.3 Let V be an irreducible (a, a) space (0). Then there exists a unique index 

pair (k', X), X = 1,2, • * • , or k such that Fa* = F. 

Proof: By 1.1, F = a*Fa* = , Each a^Faif is an (a*, a*) 

subspace of F, and so is eithei- (0) or F. At least one of these subspaces is dif- 
ferent from (0), say a* Fa* 9^ (0). If F = a^Fa* contains another subspaco 
ap Vcia 7*^ (0), then ap Fa, = a* Fax , and since a^ Cy — SpyCp this gives a con- 
tradiction, and the theorem is proved. 

We shall say that an irreducible F is of type (/c, X) if F = afFa? . 

1.4 Let V be an irreducible (a, a) space ^ (0) and of type (#c, X). Let e^,ab 

{a, b = 1,2, • • • , /p) denote a set of matrix units for the simple algebra a* . Then 

there exists a vector X = c^.nAVx.ii € F such that c*.oiXcx,i& (a = 1, 2, ; 

6=1,2, • • • , /x) form a K-basis of V, 

Proof: The unit element c« = c*,a« of a^ is a left identity operator, and 

e\ = y^iii cx.N, is a right identity operator for F. If F 5 *^ 0 e F, e,tYe\ = F, 
so that for some p, q, c*,ppFcx.,<, 5*^ 0. But c^.ppFcx.^,, - c,.pi(c*,ipFcx.qi)ex.i<, , 
so c*,ipFcx, 9 i = X 9 ^ 0. Moreover, c^.nXcx.u = X. Since at = Kck^h , 

a* = Ke\,hk it follows that F' = A>*,„iAcx.i6 is an (a*, a*) 

subspace 9^ (0) of F, and since F is irreducible, then F' = F. This shows that 
the elements e^,axXe\,ii {a — 1,2, • • • ,f^,b= 1,2, • • • , /x) give a /C-basis for F. 

1.5 An irreducible (a, a) space ^ (0) and of type (k, X) is the direct sum of f\ 
irreducible a left spaces and, is also the direct sum of irreducible a right spaces. 

Proof: F = Fi + • • • + F/^ where Fd , (d = 1, 2, • • • , /x) is the a-left space 
with basis e^,a\Xe\,\d {a = 1, 2, • • • ,/«). Fd is evidently an irreducible at = 
Ke^^ij space and so is an irreducible a space. Similarly, F = 
TFi + • • • + IF/^ , where IVr is the irreducible a right space with basis eg,eiXe\,ib 
(6= 1,2, ...,/x). 

It will follow from a later result (cf. 4.1) that for F as in 1.5 a* is isomorphic 
to the inverse af-homo morphism ring of F. 

• An irreducible ( 0 , 0 ) space is one which does not contain a proper (a, a) subspace. 

^ 3py (Kronecker delta) = 0, m hit “ !• 
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In the following we shall denote the type of the composition factor gronp 
dtt/ati+i by (ku , Xu), {u = 1, 2, • • • , r), and residue classes by < • • • >. 

1.6 Let <fiu> 9^ <0> be chosen from aw/ati+i {u = 1, 2, • • • , r) such that 

0U = . 

Then the elements 

u 1 > 2, • • • , r 

lit ® 1>2, •** j 

^ = 1,2, ,/x. 

form a K-hasis of a. 

Proof: Since <Pu> 5^ <0>, 2^ = 1, 2, • • • , r it follows that , 02 , • • • , 0r 
are linearly independent. Since by 1.4 the elements form a basis 

for att/aw+i, the elements (7) give a basis for a. 

This basis has been referred as the Cartan basis s\^stem in [5], [11], [12]. In 
regard to this basis an element a e a may be expressed as 

(8) OJ ^^u,a.b hab(^a)eic^,al 0u C\^,lb • 

The additive group formed by the matrices vS3m(q!) = (hab(a))ab was called an 
elcmentarij module of a in [12], and denoted by . 0u and $u will also be said 
to be of type {ku , X„), that is, of the same type as the corresponding composition 
factor group nu/aw^-l . The number of composition factor groups in (6) which 
are of type (k, X) is denoted by . These c«x were called the Cartan invariants 
in [5], [11]. 

Elements 0u chosen as in 1.0 we shall (^all primitive elements of a. We observe 
that the system , • • • , is chosen with regard to a particular splitting (1) 
and a particular composition sia’ies (0). 

1.7 Let 01 , 02 j • • • , 0r be a system of primitive elements of a. Then a = K0i + 
K02 + • • • + K0r is an algebra over K. Any other system 71 , • • • , 7r of primitive 
elements of a yields an algebra which is isomorphic to a. 

Proof: a is evidently closed under addition; it remains to be shown that it is 
closed under multiplication. 

Let , • • • , 0i„ denote the m = Cp, elements 0u of type (p, cr). Then every 
element a of a such that ep,iiae<,,ii = a is contained in K0ij^ + • • • + K0i^ , 
as one sees from (8). Now let 0u , 0v be such that Ku = p, Xp = <r. Then 0u0v = 
ep,ii0u0vea,n , and so is contained in K0ii + • • • + K0i^ , and hence in a. This 
shows that a is also closed under multiplication and so is a subalgebra of a. 

Let 7i , • • * , 7r be a second system of primitive elements chosen with respect 
to the composition series (6) ; then 71 , • • • , 7r are linearly independent. Fur- 
ther, if 7 p is of type (p, <7), then yv = Cp.uypep.u , and by the above paragraph is 
contained in K0i^ + • • • + K0i^ . It follows that a = K0i + • • • + K0r = 
-!>... + Kyr . This shows that any two systems of primitive elements 
chosen with respect to the same composition series (6) and same splitting (1) 
yield the same algebra a. 
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If now we have another composition series 
(60 a = bi 3 ba 3 • • • 3 br 3 (0) 

different from (6), a theorem of Brauer’s shows that we may select complete 
residue systems Pu for the aw/au+i and for the bv/K+i such that each Pu is the 
same as some Qv Let 5 6 Pu = Q® , then for some p, q, 5*^ 0, and we 

may take fiu = yv = • Then the system jSi , • • • , /3r of primitive 

elements with regard to (6) and the splitting (1) is the same as the system of 
primitive elements 71 , • • • , 7r with regard to (60 and (1), and each is a basis 
for the algebra a. 

Finally, if we had another splitting 

(9) a = a*' + n 

different from (1), the matrix units e^,ij of a* are congruent modulo n to matrix 
units el.tj- of a*'. Then if ft , • • • , /9r is a system of primitive elem9nts with 
regard to the splitting (1), 0u = (w = 1, 2, • • • , r) form a system of 

primitive elements with regard to the splitting (9) and the correspondences 
Cift + • • * + Crft Cifii + • • • + Crfir , Cu € K, show that the basic algebras 
K0i + . . . + Kfir and Kff[ + . . . + X/3r are isomorphic. 

We shall call the algebra a determined by any system of primitive elements 
of a, the basic algebra of a. 1.6 shows that the basic algebra is unique up to 
isomorphism. 

1.8 5 has a unit element. 

Proof: As the beginning of a composition series for a, we may take a = Ci 3 
C2 3 • • • 3 cjfc where = a* + • • * + aj + n. Then c^/c^+i ~ a* , and we may 
choose as the primitive element corresponding to this factor group. Then 
e = is the unit element of a. 

2. Connections between representations of a and a 

In the following we shall always assume that our representations arc such that 
the unit element of the algebra represented is an identity operator on the cor- 
responding representation spaces. This excludes the possibility of representa- 
tions with 0-constituents. Also, as it is customary and convenient, we shall 
consider equivalent representations to be identical. 

2.1 There is a (1-1) correspondence between the representations of a and those 
of a. If 21 is a representation of a, and S is the corresponding representation of 5, 
then 21 and S have corresponding structures. 

Proof: Let 21 be a representation of a, and let V be the representation space 
of 21. Let 

(10) F = Fi 3 Fa =) . . . 3 F, 3 (0) 

be a composition series for F considered as an a-left space, and 


• [3], Th. (1.2A). 
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let <Yh> 9^ <0> be an element of Vh/Vh+i- Then for some Vh and 
^Ph.oaYh 7^ 0, hence since ep^,aa = , Xh = ep^,iaYh 7^ 0. It follows 

that 

(11) <Xh> = ‘ <ep^,2iXh>, ••• , <ep,Jp,iXh> 

is a /f -basis of VhIVh+i . Repeating the process for each of the factor groups 
Vh/Vh^i we obtain a If -basis of V consisting of vectors 

Xh,a ^pf^,alXh y h 1 , 2 , 

( 12 ) 

a == 1, 2, • • • where Xh = e.p^^nXh = -Y;,,i . 

Now let a = K^i + • • • + Kfir , and recall that for each primitive element 
there is an index pair (#f, X) such that 0u = e«,ii/3uex.ii . Then, an easy cal- 
culation shows that 


(13) Xx, ... ,A% 

is the /v-basis of a vector space V which has a as left operator system. Then V 
is the representation space of a representation S of d corresponding to the repre- 
sentation ?( of a. We observe that if Vr = KXr + KXr+\ + • • • -+- KXt then 

(14) F = Fi 3 F 2 3 . . . Z) f < Z) (0) 

is a composition scries for the d-space F. 

Conversely, if we have a representation 2 of d, we may assume that a basis 
adapted to a composition series of the representation space F of 2 has been 
chosen in the form (13) such that for each Xh there is some Vh for which = 
GphMXh (/i = 1, 2, • . • , 0- We form a basis for a representation space F of a 
b}" adding to the basis of F, vectors 

epf,,aiXh a = 2, ... ,/r where Xh = 

= 1, 2, • • • , <. 

and requiring the associativity condition that for a, e a 
(16) a(fiXh) = (a0)Xh . 

We observe that this is just the inverse of the process of passing from a-spaces 
to d-spaces. 

In the above method of obtaining an d-space F from the a-space V we used a 
particular composition series of F, and a particular choice of residues Xh • The 
methods used in 1.6 adapted to the case where a is a left operator system only, 
shows that F is independent of the choice of composition series for F or of the 
residues Xh . Similar remarks hold for the inverse process of passing from an 
5-space F to an a-space F. It follows that there is a (1-1) correspondence be- 
tween the a-spaces and the 5-spaces, and consequently a (1-1) correspondence 
between representations of a and those of 5. 

An examination of the process of pavssing from the a-space F to the corre- 



540 


C. NESBITT AND W. M. SCOTT 


sponding fi-space F, and of the inverse process, shows easily that the representa- 
tions 21 and ft have corresponding irreducible constituents, corresponding in- 
decomposable constituents, corresponding Loewy constituents,® etc. In fact, 
if we calculate 21 by the basis (12), of F, we have the following scheme: 


(17) a(Xi.i , . . . , ; • • 

= (A"i,i , • • * , ; 


• • ; z,a , 




^.4n(a) 

A2iia)A7i{a) 


while for ft we have, using (13), 
(18) a(Zi , . . . , Z,) = (Z, 


,-4a(a)Af2(a) • * * 


,Z,) 


'An{a) _ 

-4 21 (a) .^122 (a) 






Au(a)j 


(An(«)i4(2(o£) • • • .4^(5:)] 

If we calculate the matrix in 21 which corresponds to a we find that in each Aij{a), 
the only coefficient different from zero is that in the upper left corner, and 
recalling that Xh,i = Xh we sec that this coefficient is ^l,j(a:). Thus, to obtain 
S from A we may take the matrices of 21 corresponding to the elements a and 
‘deflate’ them by striking out all rows and columns except those passing through 
the upper corners of the simple parts 2lty . The simple parts 21,- /(ft,,) are linear 
combinations of the elementary modules ^^w(§u), and if 2li, = , 

where the are fixed elements of K, then S,, = This completes 

the discussion of 2.1. 


3. Classes of algebras 

An equivalence relation among algebras over K may now be set up as follows. 
We say that a is similar to 5 (and write a ^ b), if the basic algebra d of a is 
isomorphic to the basic algebra b of b. It follows at once that the algebras over 
K are classified by this relation into disjoint classes of equivalent algebras. 

2.1 shows that all algebras belonging to a particular class have corresponding 
representations. In fact, if a ^ b, we shall have correspondences of the follow- 
ing form: a-space V d-space V ^ b-space W ^ b-space W. The representa- 
tions 21 and S obtained from V, W respectively, may be written with corre- 
sponding simple parts 21,-, , SJi, , but these may differ in their dimensions (see, 
for example, 2[, S in (17) (18)). 

* For a discussion of Loewy constituents, see [3], §5. 

*®ThiB may be seen by computation of 21 and 2L by means of (8), (17), (18). See also 
1121, Th.4. 
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The following theorem indicates that we may define multiplication of classes 
by taking as the product of two classes, the class containing the direct product 
of any pair of representatives of the two classes; 

3.1 // a = b X c then a = b X c/ 

Proof: Let , j32 , • • • , be a system of primitive elements for b, and 
7 i , * • • , 7 g a system of primitive elements for c. Then one may verify that 
fiiyj = 1, 2, • • • , p; j = 1, 2, • • • , g) is a system of primitive elements for 
b X c. The algebra generated by these elements ffiyj is b X c. 

4. Commutator algebras 

Let V be an a-lcft space, and let 

(19) V = Vn + * * * + Vui + * * • + Vgl + • • ' + Vgsg 

denote the decomposition of V into a direct sum of indecomposable a-spaces 
where Fpi = yp 2 = * * * = Fp*^ . I^t a' denote the algebra of a-homomorphisms 
of F; a' is again an algebra with unit element over K, We consider a' also as a 
left operator system of F.^^ If a e a, a' e a'y X € V then 

(20) a'iaX) = a{a'X). 

In terms of representations we have that if F as an a-sj^ace produces the repre- 
sentation ?I of a, and as an a'-space produces the representation ?!' of a', then 
21' is the commutator algebra of 21. Here 21 need not be a faithful representation 
of a, but 21' is faithful for a'. It is to be noted that a' depends on the space F, 
and, as we shall see below, its structure may vary considerably with different 
choices of F. 

The main theorem on homomorphism algebras (or what is equivalent, com- 
mutator algebras) is 

4.1 The a-homomorphism algebra a' of an a-space V of form (19) may be written 
as the direct sum 

(21) a' = Ui + • • • + dp + n' 

where dp denotes a simple algebra of a-homomorphisms o/ Fp = Fpi + • • • + FpSp , 
and n' is the radical of a'.^^ 

Proof: Denote by Cp.pi an element of a' which maps Fpi onto Fpp isomor- 
phically, and maps Vra , where the pair (r, a) 9 ^ the pair (p, 1 ), onto zero. In 
particular, let Cp.n (p = 1, 2, • • • , g) effect the identity mapping of Fpi onto 
itself. Let ep.ip be an element of a' which maps Vra onto zero for (r, a) 9 ^ (p, p) 
and Fpp onto Fpi in such a way that ep.ipep.pi = ep.n . Then Cp.p, = 6p.piep.ip 

“ In place of this, E. Artin strongly favors using the inverse algebra of a' as a right 
operator system, in which case the commutativity relations (20) is replaced by an asso- 
ciativity relation (see (6)). We choose, however, in this section to take a' as left operator 
system, as this seems a little more directly related to the idea of commutator algebra of a 
representation. 

“ The material of this section follows rather directly from ring theory established by 
other writers. See, for example, Brauer [2], lectures on the theory of rings by E. Artin 
(forthcoming), and the reference in footnote 2. 
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maps Fp, onto pp y aiici maps ODto zcrOj (t’j (pj FurtliGrj ^p,pq^ 9 ,uv 
Bp„8^uep,pv (Sab the identity mapping for a = b, and the 0-mapping for a ^ h). 

We observe that each €p,pp is a primitive idempotent of a'. For, if Cp.pp = 
Cl + (' 2 , where e[ , ej are mutually orthogonal idempotents 5*^ 0 of a', then 
Vpp = Cp.ppFpp = e[Vpp + c^Fpp would be the direct sum of the a-spaces e[Vpp , 
C2Fpp , contrary to the assumption that Vpp is indecomposable. We next ob- 
serve that Sp = XrfP.Q-i simple algebra of degree s] over K. Also 

2 p-i ^p^pp is a decomposition of the unit element c' of a' into a sum of 
mutually orthogonal primitive idempotents. It follows that Si 4- . . . -f- Sp 
is a semisimple subalgebra of a' which is isomorphic to a'/n' and (21) results. 

4.2 Let ai ID a2 3 • • • 3 3 (0) denote a composition series of a' considered 

as an (a', a') space, and let he a composition factor group of type (p, <r), 

p, «r = 1, 2, • • • , or gf. Then there is an element 7^ in such that (1) y„ maps 
Vai into Vpx and, maps all other Vra into 0, (2) a^/av+i = ap<7'>fii^ . 

Proof: This is an immediate consequence of 1.4 applied to the irreducible 
(a\ a')-space av/al+i . We have from 1.4 that yl € exists such that ep.ii7vC<r.ii = 
y'v and that (2) holds. But the homomorphism Op.nYpC^.n maps into Fpi , 
and Vra onto zero if (r, «) ^ (o', 1), so that (1) also is satisfied. 

By applying 1.5 we may obtain a Cartan basis for a', and by means of its 
elements define a system of elementary modules of a'. 

Wo call the a-space F formed by taking one Fpp from each set of isomorphic 
indecomposable subspaces of F, the reduced space of F. We may assume 

f = F„ + • • . + F,, . 

4.3 The basic algebra of the Orhomomorphism algebra a' of the a-space V is the 
a-homomorphism algebra of the reduced space V' of F. 

Proof: The primitive elements yt , v = 1, 2, • • • , gr, (cf. 4.2) generate the 
basic algebra a' of a'. It follows from (1) in 4.2 that each element 7^ gives an 
a-homomorphism of F. We have only to verify that every a-homomorphism 
of V' is linearly dependent on the 7^ . e' = u identity homo- 
morphism of Then any homomorphism ^ of F satisfies 6 = = 

y^a.ir Cp, 11^6^,11 . 6 may be extended to a homomorphism of F by setting 

^•Fra == (0) for a 7^ 1. As a homomorphism of F, 0 is 

linearly dependent on the primitive elements yv . 

Theorem 4.1 provides some information concerning the irreducible constituents 
of the commutator algebra 21'. Since 21' is a faithful representation of a', 
there appears in 21', corresponding to the simple algebra fip in (21), an irreducible 
constituent ^p of degree Sp (p = 1, 2, • • • , ^). It has been shown elsewhere that 
the multiplicity of 5p etiuals the K-dimension of Fpi Thus to each distinct 
indecomposable part Up of % there corresponds an irreducible part 5p of 21' such 
that the degree of 5p is the multiplicity of Up in 21, and the multiplicity of 5p in 21' 
is the degree of Up . 

For a simple, and hence also for a semisimple, the commutator algebras of 
faithful representations of a are all similar in the sense of §3. However, this 
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may not be true if a has a radical, as the following example shows. Let a be 

§1 0 0\ 

^ 32 l v ^2 0 j as faithful 

0 0 v^i/ 

representations, where , .^ 2 , $21 denote elementary modules of 1 X 1 matrices. 
The commutator algebra of % is of form S = ^ , and for 93' is S' = 

2Wi 0 0 \ 

0 9D?i 0 I where the 50?,- are elementary modules consisting of 1 X 1 

SW 3 0 w 

matrices, and 3)?2 5*^ 2)li . Here S is not similar to S'. 

We may obtain, however, the following theorem which is almost obv^ious 
from the results derived in §§2, 3. 

4.4 If a is similar to b, and the a-space V corresponds to the h~space W then the 
a-homomorphism algebra a' of V is similar to the h-homomorphism algebra b' of W. 

Proof: It is sufficient to show that the theorem holds for the a-space V and 
the corresponding a-space V. We consider the reduced spaces F, F (cf. 
4.3). I^t 

f ■+ F 2 + • • • + F, ; F = F, + F. + • • • + F, 

be decompositions of F, F into direct sums of distinct indecomposable sub- 
spaces. Let c' be the identity homomorphism of F, and Cp the a-homomorphism 
which maps Vp identically on itself, and Fx on (0), X ^ p. Then for any a' € a', 
a' = e'a'e' = 2Zp,<r , where dpa = Cpae^ maps Fp into Fp , and Fr on (0), 
r 7 ^ <T, We take composition series 

F, = F! =) F? => • • • O f!, ; 

and apply the method of §2 to obtain bases of the form (12) for F<r and Fp 
namely 

= 1 , 2 , • • • , ^3 

Al,„ = e„.aiXi , (e= p, a) 

« = 1, 2, ••• ,/.* 

Here the Xi = , h = 1 , 2 , • • • , U form a basis for F» , If now, under 

, XI ^ YU V,, then 

(22) e,^,aiXk —*■ e,^,a\Yh 

in particular, 

A* — ♦ Cfj.uFJ 

which shows that e F, . Let us denote the fi-mapping of F which takes X\ 
into Yi {h =‘ 1, 2, • • • , f.) by a,, . Then a' = is an fi-mapping of F 

determined by the a-mapping «' of F. Inversely, we may start with an fi- 
mapping of F, and use the relations (22) to obtain an a-mapping of F. It is then 


an algebra over K having ?1 


0 \ 

\^1 ^> 2 / 


and © = 
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easy to verify that the a-homomorphism algebra of V' is isomorphic to the 5- 
homomorphism algebra of V, and from 4.3 it then follows that the a-homo- 
morphism algebra of V is similar to the a-homomorphism algebra of F. 

II. Symmetric Functions of a 

5. Preliminaries 

Brauer, Nakayama, and one of the authors have discussed in [5], [11], [9], [10], 
a class of algebras which they called symmetric algebras. An algebra is called 
symmetric if in a, considered as a vector space, there exists a hyper- 
plane which contains all commutator elements aff — 0a oi a but does not 
contain a one-sided a-ideal other than (0). Here we shall discuss hyperplanes 
of a which contain all commutator elements, such a hyperplane we shall 
call a symmetric h>T3erplanc. However, we propose a slight change of 
language. We shall say that a function of a is linear symmetric, jf in addition 
to linearity, ip{a0) = <p{0a) for all a, /S c a. A symmetric hyperplane yields 
a linear symmetric function of a, and conversely. For if the symmetric 
hyperplane h consists of all elements a € a such that ^(a) = 0, ^ a linear 
function, then the condition that all commutators a0 — 0a appear in h implies 
that \p(a0) = \l/(0a). In our discussion it is more convenient, generally, to 
speak of linear symmetric functions of a rather than of the corresponding sym- 
metric hyperplanes. For brevity, let us now speak of symmetric functions, it 
being understood that these shall be linear. 

The characters of the representations of a form an important class of sym- 
metric functions of a. 

We shall have occasion to refer to the regular representations of a which we 
now define. Let €i , €2 ,*••,€« be a basis for a. For every a in a we have 
equations 

ekOL = r«(a) ei 

a €k = Smkioc) tm 

where the coefficients rki{a)^ 8,nk{ot) lie in K. The first regular representation, 9i 
of a is given by the homomorphism a — > R{a) = (r,;(a)) and the second regular 
representation, ® of a, by a S{a) = (5»,(a)) where t, j denote row and column 
index respectively. It has lieen shown that an algebra is symmetric if and only 
if there exists a symmetric non-singular matrix T which transforms 9i into 

6. Symmetric functions of a and of a 

Here we shall prove 

6.1. There is a (1-1) correspondence between the symmetric functions of a 
and those of the basic algebra 5 of a. 

Proof: Let ^ be a symmetric function of a, then (p maps all commutators 


» [11], p. 6M. 
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ajS-jSa of a on zero. We use here as basis of a the Cartan basis system (7). 
A commutator determined by two of these basis elements is of form. 

We distinguish three cases: 

1) Neither of the pairs _ ** , ~ is satisfied. Then 7 = 0 . 

2) One of the pairs, say the first, is satisfied, and the other is not. Then 

3) Both pairs are satisfied. Then 

If in case 2) we take e^^,ci0ve\^,id to be the element e\^,bd we obtain y = 
if a 5 *^ d or Xt* hence 

(23) <p(eKuM0u(\^,id) = 0, if a 7^ d or Ku Xu . 

As a special case of 3) we take fiu to be of unmixed type {ku , KuY^ and e«^.cAPx^.id 
to be c*„. 6 a , and obtain 7 = c*„.aii!3ue,c«.ia — . Thus for /Su of unmixed 

tyr)e 

(24) ~ ^(f'iCuM0u^KuAb) • 

Let us denote by Cuvw the multiplication constants of the elements (Buiu = 
1 , 2 , • • • , r), that is, 

r 

(25) 0U0V — Cuvw^w • 

UT— I 

We shall now define a function ^ of a which, in addition to being linear, satisfies 
the relations 


(26) 


^(fiw) = 0 if I3w of mixed type'* 

^(/3u,) = <p(e,^,a\ffwe,„,ia) if of unmixed type. 


the latter relation according to (24) being independent of a. Then since (p{y) = 
0, for 7 as in case 3) we obtain successively: 

^ Cuvw^Ku,al^w^Ku,l€^ ~ 
w V 

Cuvw&vo) ~ ^(5-) f^vuy&y) 
to V 

~ ^(Pv0u)» 


A quantity of type (k, X) is of mixed type if « X, and is of unmixed type if « « X. 
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Here and fivffu are of unmixed types {ku , (#c» , Kv) respectively. If, 

however, 5 *^ 0 is of mixed type, then = 0, and the first relation in (26) 
shows that in this case also i^ipupv) = This shows that the symmetric 

function ^ of a determines a symmetric function ^ of a. The inverse process is 
now evident, and the proof of 6.1 is completed. 

I^et us call the function of a defined by 

= trace 

where is an elementary module of unmixed type, the character of . Then 
we may show 

6.2. Every symmetric fxinction of a is expressible as a linear combination of the 
characters of the elementary modules of unmixed type. 

Proof: If ^ is a symmetric function of a, then for a ea 

fp(a) = ^(23 hab(a)et^,ai0ue\^,ib)y 

OtbiU 

and by (23) this gives 

a. to 

where now the range of summation for w is determined by the elements jSiv of 
unmixed type. It follows from (24) and (26) that 

(27) v(a) = Z 

to 

and 6.2 is proved. 

If ^ is a symmetric function of a, then the symmetric function of a, which 
according to 6.1 is determined by is ^(/®u>)^io . 

7. Center elements and symmetric functions 

From 6.2 it follows that the number q of linearly independent symmetric 
functions of a is at most equal to the number s = SJ-i of elementary modules 
of unmixed type. If g = s we say that the algebra a is completely permutative. 
For a completely permutative algebra a the character of each elementary module 
of unmixed type is a symmetric function of a. 

Let us denote by p the rank of the center of a. Since for an element f of the 
center /fu(f) = 0, of mixed type; = Cw{^)8ij where Cu»(f) e/f, for 

of unmixed type, then p ^ s.^^ For a completely permutative algebra p ^ 
q = s. The inequality may hold. For example, take 

^ ^ (ll 

where the denote elementary modules, such that are distinct irre- 

ducible constituents of 21, and belongs to the radical. Then the characters 
of ^ are symmetric functions of a, and q = s = 2, while p = 1. 


»• [12], Th. 9. 
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One may, on the other hand, construct cases where q is less than p. Consider 

^ 1 

*5 ^^4 APl 

^§6 ^>7 0 

where again the v^, denote distinct elementary modules. Here s = 4. Three 
linearly independent elements a, /3, y of the center are obtained taking: 

for a, Hi(a), Ihiot) to be unit matrices, and //»(a) = (0), i 9^ 1,2; 
for jS, Ihi0) to be a unit matrix, and = (0), i 9^ 5; 

for 7, Ih{y) to be a unit matrix, and Hi{y) = (0), i 9^ 6. 

Any symmetric function of a is a linear combination of the characters of vS3i , 
vS^2 , $6 , and v^6 . The characters of ©b , and ©e are unsymmetric, and it follows 
that g = 2. 

Nakayarna'® has shown that for a symmetric algebra there exists a (1-1) 
correspondence between symmetric In^perplanes and elements of the center, and 
hence p = In fact, let T = ifa) = T' be a symmetric matrix which trans- 
forms the first regular representation, R, into second regular representation, S, 
that is, 07^ = \ T \ 9^ 0 . Let €1 , * * * , €« again denote a basis of a, and set 

€,• = • If V? is a symmetric function of a, then is an element 

of the center of a. Conversely, if is an element of the center of a 

symmetric algebra a, then a symmetric function v? of a may be defined by = 
0{€j). For the first of these statements it is not necessary that the symmetric 
matrix T be non-singular. 

8. The case p = s 

We shall show, 

8.1 In order that the rank p of the center of a should equal s = it is 

necessary and sufficient that a) there be no elementary modules of a of mixed type and 
h) a he completely permutativc, g = s. 

Proof: i) An element f of the center is of form f where 

^(,r) ^ 1 of unmixed type (#Cu , If the number p of 

linearly independent center elements equals s, then each of the s elements 
is an element of the center. In particular, e* = e«.aa is an element of the 
center. If now there were a basis element fiu of mixed type (k, X), we would 
have Ck/Ju = Pm , while puC^ = 0. Thus, if p = s, there are no elementary modules 
of a of mixed type. 

It follows easily that the basic algebra a is commutative. For if 
are both of type (#c, k), we have, since these elements are in the center. 

^ ^ ^ic,al P10 Py Py Pvf,^Ktlb 


W Cf. [9]. 
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and multiplying both members on left and right by e«,ie , we obtain 
28) jS A = . 

(28) evidently holds also when have different types say (k, k) and (X, X), 

and so a is commutative. 

Since a is commutative every linear function of a is symmetric. In particular, 
we obtain 5 linearly independent symmetric functions ^,0 by setting 

(29) ^«;(/?v) = 0, y 9^ w; ipw{M = 1 (w; = 1, 2, • • • , s). 

Then 6.1 shows that there exist s linearly independent symmetric functions of 
a, so that a is completely permutative. 

ii) If there are no elementary modules of mixed type, then all Cartan basis 
elements are of unmixed type and the basic algebra a is of order s. If further 
a is completely permutative, then it follows from 6.1 that there exist 8 linearly 
independent symmetric functions of a. Hence every linear function of a is 
symmetric (in particular, the functions (29)) which implies that a is commuta- 
tive. Then by reversing the argument in i) we find that the rank p of the center 
of a is s. 

From the above proof it is evident that the theorem might have been stated in 
the form: The rank p of the center of a is equal to s ^ if and only if the 

basic algebra a of a is commutative. 


9. Blocks 

In foregoing papers, irreducible representations, characters, Cartan basis 
elements and other entities have been classified according to ‘^blocks’ These 
blocks correspond to invariant subalgebras which arc direct summands of a, 
and we shall identify the “blocks’^ with these summands. Let be such a 
block, and let Sr = cw where the summation extends over Cartan invariants 
associated with Assume now that the rank pr of the center of is equal 
to Sr . By 8.1, has Cartan basis elements of unmixed type only. If con- 
tains elements of type (k, k), then all elements of are of type (k, k), since the 
elements of type {k, k) form a direct summand of We have proved 

9.1 If the center of a block has rank Sr == 2x cxx , then all elements of 
are of the same unmixed type. Moreover, is completely permutative. 

Let us now take for a the group ring F of a finite group G formed with respect 
to a suitable modular field Let F^’^^ now be a block of F, and let , • • • , 
Fy ^ , and Zi , • • • , Zx^ denote the modular and the ordinary irreducible represen- 
tations of G belonging to F^^\ It may be shown that the rank pr of the center 
of F^^^ is equal to Xr.^^ Each ordinary representation Z may be taken as a 
modular representation Z. We shall show: 

See [61, §9; [12], §6. 

« Cf. [6]. 

See, for instance, the discussion of blocks by R. M. Thrall, On the decomposition of 
modular tensors II, (forthcoming). 
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9.2. The block of the group ring F is completely permutative if and only if 
all the ordinary representations Zi belonging to remain irreducible when taken 
as modular representations. 

Proof: Only if, qr denote the number of linearly independent symmetric 
functions of F^’^^ F^’^^ is a symmetric algebra,^® so , and qr = Sr by 

hypothesis. From 9.1 it follows that F^^^ has elements of just one type, say 
{k, k), and Sr = . Then F^"”^ has only one irreducible representation, which 

we denote by . Further, l^i has F« as its only irreducible constituent, Zi 
duFn , where the notation is to indicate that F* appears du times as constituent 
of 2i , The relations 

*r 21 

(30) Pr Xt “ Cue ~ ^ V din 

i-1 

show that din = 1, t = 1,2, • • • , Xr , that is, Z** is irreducible. 

If, Any two ordinary irreducible representations Zi , Zy of F^’^^ may be con- 
nected by a chain Zi , Za , • * • , Zb y Zj such that neighboring members have at 
least one modular irreducible constituent in common. It follows that if the Zi 
are each irreducible as modular representations, then there is just one modular 
irreducible representation F« of F^’^^ and Zi = Fn y din = 1» ^ = 1, 2, • • • , Xr . 
Then (30) holds, and F^’’^ is completely permutative. 

10. Sjunmetric algebras 

In case a is a symmetric algebra, the question arises as to whether the basic 
algebra a is also symmetric. In terms of symmetric functions an algebra a is 
symmetric if there exists a symmetric function of a which does not map any 
right ideal of a on zero other than the 0-ideal. 

10.1. An algebra a is symmetric if and only if its basic algebra a is symmetric. 
Proof: Let us suppose a is symmetric and that ^ is a symmetric function of 
a which docs not map any proper right ideal of a on 0. Let ip be the correspond- 
ing symmetric function of a, and assume that the principal right ideal r generated 
by 

a = ^ hab{oi)en„,alPu^,lb 
u,ab 

is mapped on 0 by and that A:d(a)e,..«ij8.ex,,w ^ 0. Since f = a-ex,.dii3»e,,.i««r, 
we have from (23), (26) 

«>(?) = Kd(a)e,„ciPxffye,„u) 

X 

= = 0 
X 

where now the summation runs through the fix of type (k» , X,). This holds for 
y = 1, 2, • • • , r, and it follows that the principal right ideal of a generated by 


[11], p. 667. 

« [ 6 ], ( 6 ). 
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a = KdMfix 7*^ 0 is mapped on 0 by which gives a contradiction. Then 
a is symmetric if a is. 

If a is symmetric, let ^ be a symmetric function of a which does not map any 
right ideal of a on 0. If the corresponding function ^ of a maps the principal 
right ideal of a generated by 

a = CuPu ^ 0 
u 

on 0, then the principal right ideal of a generated by a would be mapped on 0 by 
the symmetric function <p. This shows that a is also symmetric. 

III. Regular Representations 

11. In this section a study is made of the simple parts of the regular represen- 
tations 5R and 0 of a. By the method used in [11] it is possible to obtain a 
reduced form^* of the regular representations by using as a basis the Cartan 
basis system ordered in a suitable manner. For the sake of brevity, the compu- 
tations will be made only for the basic algebra a; from the results for a it is easy 
to infer what the corresponding computations for a itself would give. 

To obtain a reduced form for the second regular representation (S of a, the 
basis elements /8 m, w = 1, 2, • • • , r are arranged as follows: 

(i) The /8 m are classified according to the blocks to which they belong.^^ 

(ii) Sets Bp are formed by taking all such that Xu = p. 

(iii) In the set Bp are taken first the elements which do not belong to the 
radical (there is only one, namely then those which belong to tl, followed 
by those which belong to n^, and so on. 

Let us use pp as subscript for the first /8 m of Bp , and qp for the last element, so 
that /8p, = ep.n . 

A detailed discussion of the splitting, under such an arrangement of the basis 
elements, of the regular representation into indecomposable and irreducible con- 
stituents has been given in [11] so here only the results will be stated. As a 
consequence of (i), the second regular representation, 0, of a decomposes into 
parts which in fact are the regular representations of indecomposable two- 
sided ideals. Each set Bp forms a basis for a right ideal of a, and the S* de- 
compose into indecomposable constituents iBp corresponding to these sets Bp . 
By the arrangement (iii) each such indecomposable constituent Sp of @ is split 
according to its upper Loewy constituents^^ and is in reduced form. 

The elementary modules of a are of first degree, that is, they consist of 
1X1 matrices. The elementary modules- corresponding to the /8p^ = 
6p,n(p = 1, 2, • • • , &) are the irreducible representations of fi. We shall now 
study the matrix in Sp corresponding to the element a = J?*(a)i8* . Let 


** For the statement of the meaning of reduced form of a representation, see [12], In- 
troduction. 

** fiu , fiv belong to the same block if there is a chain , * * * , /3b , j9« , such that neigh- 
boring elements have at least one type index in common. 

[11], Th. 3; 
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€ Bp j t/ll 611 


( 31 ) 


Otfiv = X) tly(a)PyP, = ]C { 53 ftv(a)Cyvu) Pu 

y-Pit^ tt-Pp \y-P«, / 

~ Euv(,Oi^^u • 


We observe that Cyvu = 0 except when (#cy , Xy) = (#Cu , /c^). Further, if we 
denote by r, the power of the radical to which I3x belongs, then from (31), 
Ty + Tv ^ Tu . Then Cyvu = 0 unless Ty ^ tu — . This gives that Euv{a) = 

Cu,vuftw{ct) where (ku, ,\„,) = (ku , Kv) and t,o ^ tu — t^ . In particular, when 
u = Vy (ku, , Xv,) = (kv , Kv) and Tu, = 0, hence u? = , and Ewiot) = Hp^^{a). 

Also, when i; = pp , (31) becomes 


^•/^Pp = i Hx ( a)fix 

*-Pp 

so that Eiip^(^ot^ Ji m 

The module ^uv , consisting of the matrices Euv{ol), is a simple part”® of the 
indecomposable constituent Sp of o corresponding to the basis elements of Bp . 
The computation of the regular representation of a merely replaces the ele- 
mentary modules of the basic algebra a by the corresponding elementary 
modules of a, and so we obtain 

11,1. The indecomposable constituent SBp of the regular representation (S of a 
may be written with simple parts Swv, (?^ = Pp , Pp + 1, * • * y Qp yV ^ w). 


a?P = 




Pppp 


K^^qpPp ’ • * ^QpQpJ 


where the simple part (S«v is of type {ku , #cv), and is a linear combination 2^,® Cxcvu^w 
of elementary modules of type {ku , Kv) which belong to n’’"', Tu, g tw — Tv , In 
particular, dw = $p^^ , Sup^ = tspu . 

Remarks: lAit t = Tg^ , that is, t is the highest power of the radical which con- 
tains a basis element of the set Bp . Let 2h denote the upper Loe\vy constituent 
of 3Sp which corresponds to n* . Then if we split 3Sp according to its upper 
Loewy constituents, we obtain 


r?o 

? 1,0 


?i.i • • • 


For the definition of simple part of a matrix algebra, see [12], Introduction. 
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where the non-zero simple parts of ?m,i belong to n* with i ^ m — j. The first 
Loewy constitueht ?o is the irreducible representation of and from 11.1 it 
follows that is of form 



where , • • • , are the elements of Bp which belong to n^. Then there 
exist elements of a for which the corresponding matrices in are of form 


2t-k,0 


(32) 


8<-i,o • • • 

... . 


where the parts 8«_<r.o in the first column may be arbitrarily chosen. If a is a 
quasi-Frobeniusean algebra^^ then 8i,o contains just one elementary module of 
type (p, P*) (where * denotes a permutation of 1, 2, • • • , fc). If a is symmetric, 
then ?<,o consists of one elementary module of type (p, p). 

Analogous statements may be made in regard to the simple parts of the inde- 
composable constituents of the first regular representation. 

The University op Michigan. 
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OPEN ADDITIVE SEMI-GROUPS OF COMPLEX NUMBERS* 

Bt Eikar Hills and Max Zorn 
(Received March 3, 1943) 

The main object of the present paper is to determine the open, connected, 
additive semi-groups of the complex number plane. These sets are important 
as parameter manifolds of one-parameter semi-groups of linear transformations 
which have been studied in detail by one of us.^ It is shown that these param- 
eter manifolds depend on the upper semi-continuous solutions of the in- 
equality^ 

+ fc) ^ ^(fi) + 

the function <p being defined on the ray f > 0 or on the whole line. The semi- 
group consists of all numbers J + irj with tj > (p(i). 

Finally we show that every open semi-group is the maximal domain of exist- 
ence of a one-parameter analytic semi-group of linear transformations defined 
on a suitable Banach space. 

It is obvious from the definition of a semi-group (see below) that the complex 
numbers may be replaced by any two-dimensional vector space over the real 
number field. Furthermore it turns out that our considerations apply with 
minor modifications to n-dimensional vector spaces, and many intermediate 
definitions and results are valid in still more general cases. We may present 
this more general form of the theory, together with a study of closed semi-groups 
and with additional facts about the structure of open plane semi-groups at 
another occasion. 


1. Definition and structural properties 

Dealing with complex numbers as elements of a two-dimensional vector space 
A = A 2 over the reals we define 

1.1 A semi-group S of the {group-) space A is a subset of A which (i) is additive^ 
(ii) possesses in every neighborhood of 0 an element different from 0.^’^ 


* Presented to the American Mathematical Society November 28, 1942. 

^ See E. Hille [5] in the list of references at the end of the present paper. 

2 This inequality has been studied by R. Cooper [4]. He assumes defined for all f 
and proves that a solution which is monotonic for large positive (negative) ^ has the prop- 
erty that tends to a finite limit when ( —> 4-®o(— ®®). He also shows that an odd 

solution is of the form and an even solution is nowhere negative and gives examples of 
discontinuous measurable solutions. 

* There exist additive sets which do not satisfy (ii). Assuming the set to be a convex 
domain, E. Hille has shown that it is the maximal domain of existence of a one-parameter 
analytic semi-group of linear transformations on Z/i(— x, x) to itself. His construction is 
entirely different from that given in §3 below. 

* If the group space is finite dimensional, A — An , we suppose that a metric is introduced 
in An , for instance the ordinary Euclidean one, and that the metric defines the neighbor- 
hood topology. We denote the length of a by 1 o [ . In the present paper n ■■ 1 or 2. 
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The closure S of a semi-group S is likewise a semi-group. The following 
observation — which is capable of considerable generalization — ^is basic for our 
theory. 

1 .2 To every semi-group S of A there exists a vector h 9^ 0 such that the ray pb, 
p ^ 0, is in the closure of S. 

Indeed, there must exist a sequence {Uj), Oj 9^ 0, aj e S with lim aj = 0. 
The unit vectors cLj/\ aj\ must have at least one limit point in A and without 
loss of generality we may assume lim ay/| aj\ = h whore 1 = | 6 | 0. For 

p ^ Owe determine a sequence of integers Uj such that Uj > 0, lim Uj \aj \ = p, 
for instance, ny = [p/| ay |] + 1. The relation pb = (lim rij ] ay |) (lim ay/| ay |) = 
lim UjOj shows that pb is limit of a sequence from S. 

1.3 An open semi-group S is the interior of its closure S, 

In other terms : if a point of A has a neighborhood on which S is dense it must 
be an element of S. Or, if a point x of A does not belong to aS, then every 
neighborhood Ux contains an open set which is not void and has no points in 
common with S. 

To prove this we take a neighborhood Uo of the O-element such that x — (7ois 
in Ux] in this neighborhood there will be a vector y which, together with a whole 
neighborhood Vy , is contained in both aS' and f "0 . The non-void open set 
X — Uy is contained in Ux , but has no points in aS’; for if x — u were in S, x = u + 
{x — u) would be, which is not true. This proves our lemma. 

We note that the proof of this lemma extends literally to Hausdorff groups, 
but in this paper we shall use it only for .42 and Ai . 

An important consequence is 

1 .4 For an open semi-group S we have S + S C S. 

Since the closure of a semi-group is a semi-gioup, S + Sis first of all contained 
in S] and with every vector s + s we find a whole neighborhood C7, + s in this 
set; in other words, every point of S + S is an interior point of S and therefore 
contained in aS itself. 

1.5 For an open , semi-group S at least one vector b 9^ 0 exists such that with s all 
vectors s + p5, p ^ 0, are elements of S, 

It suffices to choose the vector 5 in S which is furnished by 1.2 and then to 
apply 1.4. Since S is open, a whole neighborhood of s and in particular all 
points s + with | 17' | < ^(s), for suitable €(s) > 0, will belong to aS. We may 
therefore state: 

1.5.1 For an open semi-group S there exists a vector h 9^ 0 and a function c(s) > 0 

such that with s all vectors s + 17' > — €(s), are contained in S, 

2. Representation by inequalities 

For the sequel it will be useful to introduce the symbol ~ <x> with the conven- 
tions — oo-f-(— <x))=—oo-(-)7 = — 00 and 17 > — 00 for all real numbei*s 17. 
Using ^ as a common letter for — » and reals we state without proof : 

2.1.1 A set {17} of real numbers which contains with every 17 all ri' with 17' > 77 — 
€(17), 6(17) > 0, may always be described by an inequxility 17 > ^. 
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2.1.2 An inequality ^ ^ is equivalent with the fact that rji > (pi , rj 2 > (P 2 
implies t/i + 172 > ^3 • 

Returning to the open semi-groups we introduce a vector a, not colinear 
with 6, such that every vector may be written in the form fa + ryb.® For every 
element s = ^a lib oi S all vectors s' = {a + ri'b, for a suitable c(s) > 0 and 
all rt' > ri — e(s) are within S. The ordinates rj of the elements in S which have 
the abscissa f fulfill thus the condition of 2.1.1, and we may say: 

2.2 An open semi-group consists of all vectors fa + 776, where f runs through a 
subset T of A I and rj satisfies ri > (p 

We denote a set which in this manner is determined by a set T and a function 
^ on T as the ‘‘restricted product” (T, (p). 

2.3 In order that the set (T, (p) be additive it is necessary and sufficient that 

(i) T is additive, 

(ii) v9({) satisfies the functional inequality 

2.3.1 «^(fi + { 2 ) ^ ^(ii) + 

If ft-a + riib are in (T, <p) then (fi + (2)^ + (m + is in (T, (p) exactly if 
(i) fi + (2 is in T, (ii) ryi + ^2 > ^(fi + $2) is implied by Vi > (P (ft)- The first 
of these conditions is additivity of T, the second is equivalent with the inequality 
2.3.1 by virtue of 2.1.2. 

2.4 In order that the restricted product (T, <p) be open in A it is necessary and 
sufficient that 

(i) T is an open set in Ai = {f}, 

(ii) the function <^(f) is upper semi-continuous in the sense that for real a the 
set of all ^ for which ^(f) < <r be open in Ai , 

Note that by virtue of (i) we might ask instead that the set be open in T. If now 
(T, (p) is open, and rj > <^(f) there will be numbers c, 6 > 0 such that for [ f' — 
f I < €, I ry' — ry I <3 the vectors f'a + Ty'6 are in (T, (p), or ry' > v?(f'). The 
numbers f' are in T and constitute an Ai-neighborhood of f, which shows that T 
is open in . If 7y is less than a real number a we see that in this neighborhood 
v?(f') is less than <t by choosing ry' = ty in ry' > ^(f'). Conversely, if conditions 
(i) and (ii) are satisfied, and for rj > ^(f), let us choose a 5 > 0 such that 
<^(f) < >/ •” 5; since <p is supposed to be upper semi-eontinuous and T open there 
will be a whole neighborhood 1 f' — f | < € which is in T and where ^(f') < iy — 
5. Therefore ^(f ') < ry' will be true for | f' -• f | < c, | ry' — ry | < 3, which means 
that (T, (p) is open. 

2.6 In order that (T, (p) have in every neighborhood of 0 an element 0 it is neces- 
sary and sufficient that 

(i) there exists at least one point of T in every Ai-neighborhood of 0, 

(ii) lim g 0. 

{-*0 

* If we work with complex numbers we may apply a rotation and if necessary a reflection 
to aS such that o — 1, 6 * and such that there are points in S with abscissas greater than 
aero. 
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We are using the definition = sup,>o inf.|{j<« and leave 

the proof of this lemma to the reader. Note that the first condition does 
not necessarily produce an infinity of points in every Ai-neighborhood of 0; 
this will however be the case if the set T is open in Ai . Altogether the condi- 
tions marked (i), valid jointly if (T, <p) is or is to be an open semi-group, add 
up to the statement that T is an open semi-group of the one dimensional vector 
space A I . 

2.G An open semi-group T of A i is one of the three sets: { > 0, { < 0, ? c Ai . 

Proof. The closure T of T contains a ray p(ztl), p ^ 0, according to 1.2; 
if it contains an additional element v(:tl), v < 0, it contains all real numbers 
{ = (nv + p) (±1). (Note that we have just determined all closed semi-groups 
of Ai .) In view of the generalization of 1.3 the semi-group will be the interior, 
with respect to Ai , of one of these three sets, which proves our theorem. 

Combining this with the conditions marked (ii) we obtain the following de- 
scription of the open semi-groups. 

2.7 After introduction of a suitable basis a, b an open semi-group consists of all 
vectors ^ a + with rj > where 

(i) { varies over one of the three sets $ > 0, if < 0, or Ai , 

(ii) the function <p has real numbers or — as values, is upper semicontinu- 
ous, satisfies the inequality 2.3.1 ayul the condition hn}5-*o <p(f) ^ 0. Vice 
versa, any restricted product satisfying conditions (i) and (ii) will constitute 
an open semi-group of A2 . 

In this paper we record only such information about semi-groups as we need 
for the analytic developments of the following section. The next four state- 
ments suffice for our purposes. 

2.8 An open semi-group S is connected. 

We show right away that S is arc- wise connected by exhibiting for any two 
elements f of S a polygon which connects them and is contained in S. 

The construction is possible because the upper semicontinuous function has an 
upper bound p > <p(^) on the interval f 1 ^ J ^ {2 . The polygon is then made 
up by the following three — possibly degenerate — arcs: 

(i) { = {1 > V = m + ^(m — m) ; 

(ii) f = {1 + ^({2 - fi), T, = p; 

(iii) { = & , V = M — p). 

2.9 An open semi-group S is simply connected. 

Let C be a simple closed curve consisting of points in <S; we have to show that 
a point c inside of C, that is, a point which cannot be connected with arbitrarily 
far points by an arc which does not intersect C, is necessarily contained in S. 
Indeed, consider the ray c — pb, p ^ 0. This ray will intersect C at a point 
«o = c — P06 of S, and that implies, by virtue of 1.5, that c = So + pob is in S. 

2.10 If S is not the whole plane A2 there exist points whose distance from the set 
S is > 0. 
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That is so because S is the interior of its closure. 

2.11 If S is not the whole plane it does not contain the 0-element. 

For with 0 all sufficiently small vectors would have to be in S, and every vector 
is a multiple of arbitrarily small vectors. 

3. Maximal parameter sets 

In this paragraph we shall prove an existence theorem for analytical semi- 
groups of linear bounded transformations on a Banach space to itself. Some 
preliminary explanations and definitions of the concepts involved are in order. 

Let £ be a Banach space of elements x,y, • ^ , and let E* be the adjoint space 
of linear bounded functionals defined on E. Let S be a set of complex numbers 
5 = <7 + zr and let {T,} be a one-parameter family of linear bounded trans- 
formations on E to E defined for s e S. 

3.1. {Tg] is said to he a semi-group if 

(i) the set S is additive, and 

(ii) T/TtX = TtTgX = for all x eE and all s, t e S. 

3.2. T, is said to he holomorphic in S if (i) S is a domain, and (ii) the complex 
valued functions L{T»x) are holomorphic in S for all x eE and all L t E*. S is 
said to he the maximal domain of analytic existence of T» if every accessible boundary 
point of S is a singular point of at least one of the functions L{Tsx).^ 

This definition of maximal domain of existence disregards completely the 
possibility of quasi-analytic or more general non-analytic continuation of T, 
valid for all elements of E. We also disregard the possibility of finding an 
analytic continuation of T, valid on some subspace of E. Simple examples of 
both possibilities can be found. 

N. Dimford^ has found a simple criterion for holomorphism in S: 

3.3. A necessary and sufficient condition in order that T, he holomorphic in S 
is that the difference quotient {l/h)(Tf,^h — Ts)x, s c s + /i c S, shall converge 
strongly to a limit when h 0 for every x tE. 

We shall now prove® 

3.4. Given an open additive set S in the complex plane such that s = 0 belongs 
to S — S, i,e., S is an open semi-group in the sense of definition 1.1. Then there 
exists a Banach space E and a one-parameter family \T»\ of bounded linear trans- 
formations on E to E defined for s in S such that (i) {7\} is a semi-group in the 
sense o/ 3.1, (ii) T, is holomorphic in S, and (iii) S is the maximal domain of analytic 
existence of T, . 

That aS is a domain was stated in 2.8. 

We shall give two .slightly different constructions. In the first we take for E 
the set of all functions /(z) bounded and holomorphic in S and define 1|/(2)|1 == 

• That is, to the accessible boundary point sq should correspond at least one function 
L(T»x) and at least one rectifiable arc C in 8 ending at So such that the radius of convergence 
of the Taylor expansion of HT,x) about « ■« si on C tends to zero when «i -♦ so along C. 

’ See E. Hille [6], pp. fi-7. 

* We exclude the case in which S is the whole finite plane since the existence of analytical 
groups is well known. 
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sup^.fl I f(z) |. This is a normed linear vector space complete in its metric. We 
then define Tef(z) = f(z + s) for s € S, This is clearly a semi-group in the 
sense of 3.1. In order to prove (ii) we use the criterion given in 3.3. We have 
the lemma 

3.5. If s and s + h belong to S, we have 

II (mifiz + s + h)^f(z + s)] ~ f'(z + «) II < 2 1 /I I [5(s)r II /(^) II 

for I /i I < id (s) where d{s) is the greatest lower hound of the distance of z + s from 
the boundary of S when z ranges over S and s is fixed in S. 

The lemma can be proved with the aid of Schwarz^s lemma hut Cauchy's 
integral gives a more direct proof. We have 

r [/(2 + s + h) - f(z + s)] - f'(z + s) = f ^ 

h 27^^ Jc {w — z — syiw -- z — s — h) 

where C is a circle interior to S with center iit w = z + s which also contains 
z + s + h. From this representation the inecjuality is an immediate conse- 
quence and 3.5 implies 3.4 (ii). 

We note that S is a simply-connected domain which omits the interior and 
boundary of a suitably chosen circle, by 2.10. Hence E contains all functions 
which are bounded and holomorphie outside a suitably chosen circle. Of greater 
interest to us is the fact that E contains elements which have S as their natural 
domain of existence. Such elements can be constmcted as follows. Let w = 
F(z) be a function which maps S conformally on the interior of the unit-circle, 
I ii? I < 1 , and let JZ? be a power series having | ti? | = 1 as its natural 

boundary and such that | an | < . Then 2^* an [^( 2 )]" is an element of 

E having S as its natural domain of existence. 

In order to prove (iii) we now argue as follows. We denote by Eo the -linear 
sub-space consisting of all functions f{z) in E such that limn-oo/C^n) exists where 
Zn € S and 2 n 0 when n — > 00 , being a fixed preassigned but otherwise 
arbitrary point-set. We denote this limit arbitrarily by /(O) when it exists. 
Then the convention Lof/( 2 )] = /(O) defines a linear bounded functional on E^ 
such that I Lo[/] | ^ || / |1- We note that for a fixed « in S and any /(g) in E we 
have f{z + s) eEo so that Lo[/(2 + s)] == /(s). The Hahn-Banach theorem 
having been generalized to complex-valued functionals by F. Bohnenblust and 
A. Sobczyk [3], we can extend the functional Lo with unchanged norm to all 
elements of E, We have consequently Lo[Taf{z)] = f{s) for every /(z) cE and 
all s in S, It is obvious that Lo[Tgf{z)] is holomorphie in S as is required by 3.2. 
But we have just seen that there are elements of E having S as their natural 
domain of existence. For such a choice of f(z) the function Lo[Ttf(z)] = /(s) 
has S as its natural domain of existence. It follows that S is the maximal do- 
main of analytic existence of T, . This completes the argument in the first case. 

For the second construction we consider instead the space Ei of functions /(z) 
holomorphie in S such that 

ii/wii = {IL i/(z)r dcoj* < 
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We note that if ^(z) e E, the space of bounded holomorphic functions in S, and 
if z = a has positive distance from /S, then (p{z) (2 — a)~^ e Ei . Furthermore, 
this function will have S as its natural domain of existence if ^(2) has this 
property. It is easy to see that Ei is a Hilbert space and a fortiori a complex 
Banach space. 

From this it follows that every bounded linear functional defined on Ei is 
given by the formula 

Lim] = / 

where ^(2) is any clement of Ei . A particular case of this formula should be 
noted. It has been shown by S. Bergmann [1] and S. Bochner [2] that there 
exists a kernel K(tj 2) such that 

/(2) = fJ^K(t,z)mdu>, 

where the integration is taken with respect to t. Here f{z) is any element of 
El , K(t^ z) depends only upon S but not upon /(2), K(ty 2) = K{Zy t)y and for 
fixed t in S, K{ty z) is an element of Ei . Hence we may choose ^(2) = K{a, 2), 
where a is a fixed point in S, and obtain a functional La such that La[f{z)] = /(a). 

We now define Tgfiz) = f{z + s) for/(2) eEi , s e S. This definition satisfies 
3.4 (i). But 

L[T,fiz)] = / fjiz + s)^) du> 

and this is clearly a holomorphic function of s in *S so that (ii) also holds. 

Suppose now that So is an accessible boundary point of S and suppose that the 
maximal domain of analytic existence of T* should include So Then there must 
exist a small fixed neighborhood of s = in which all the functions L[Tsfiz)] 
are holomorphic. But if we choose in particular L = La , then La[TJ{z)\ = 
f{a + s), and all these functions must be holomorphic in the neighborhood in 
question, no matter how we choose a in S and/(2) in Ei . But this is impossible 
as we see by taking for/(2) a function having S as its natural domain of existence 
and choosing a sufficiently near to the origin. Hence S is the maximal domain 
of analytical existence of 7 \ and the second construction has been completely 
verified. 
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ON A PROJECTIVE INVARIANT OF A NON-HOLONOMIC SURFACE 

By Hsibn-Chuno Wang* 

(Received November 9, 1942) 

!• Introduction. The purpose of this paper is to give a projective invariant 
of a non-holonomic surface in a three-dimensional space. This invariant can be 
regarded as an analogue of the projective linear element of an ordinary surface, 
since it has a geometrical meaning similar to the latter. Analytically, as we 
shall show below, it is the (piotient of the product of two quadratic differential 
forms by the square of a Pfafiian form. While there arc projectively distinct 
ordinary surfaces which have the same projective linear element,^ we shall 
prove in our case the main theorem that two non-holonomic surfaces have the 
same invariant when and only when there exists a collineation or a correlation 
carrying one surface to the other. 

2. Canonical frames and the projective linear element of a non-holonomic 
surface. Let x, y, 2 be a set of coordinates in a projective space of three dimen- 
sions. A non-holonomic surface S is defined by an equation of the form^ 

(1) A(x, y, z)dx + B{x, y, z)dy + C(x, y, z)dz = 0. 

Geometrically it associates to every point A of the space a plane tt through the 
point. The plane x is called the tangent plane of /S at A. There are in general 
two directions on ir through A having the property that the tangent plane at a 
neighboring point A' of A 011 any of these two directions -intersects tt along AA'. 
We assume these two directions to be real and distinct and call them the asymjh 
totic directions. The two lines through A along the asymptotic directions are 
called the asymptotic tangents,^ 

Following Cartan we take as a projective frame* a set of four linearly inde- 
pendent analytic points A, Ai , A2 , A3 such that | AA1A2A3 | = 1. To each 
point of the space we attach the most general family of frames AA1A2A3 satisfy- 
ing the conditions: 1). A coincides with the point; 2). AAi , AA2 are the two 
asymptotic tangents. Such a frame depends on the coordinates of A and a set 
of '^secondary parameters’' which determine the frame within the sub-family 
attached to the same point A. The totality of these frames attached to different 
points of the space satisfies a system of equations of the form 

* The author wishes to express his thanks to Professor Shiing-shen Chem for his valuable 
suggestions. 

1 E. Cabtan, Sur la deformation projective dea surfaces, Annales Ec. Norm. Sup., (3) 
37(1920), pp. 269-356. 

* E. Bompiani, Suite varietd anolonome, 1, 2, Rend. R. Accad. Lincei, serie VI, 27(1938), 
pp. 37-n52. 

* E. Bompiani, ibid. 

* E. Cabtan, ibid. 
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( 2 ) 


^dA. = (JqA *4" coqAi CO0A2 “h (joqAs ) 

dAi = (ji}iA -j- coiAi -f“ 0 J 1 -A 2 4" ) 

dA2 ~ 032 A ~\~,^Ai 4~ 0^A2 4" c*>2^3 y 

<dAz = waA 4 ” wJAi 4 ” W8A2 4 " W8A3 


with the relation 

(3) 6)0 4“ ^*>1 4” ^2 4“ c*>3 “ 0. 

For simplicity we shall write, in what follows, to* for coj , z = 1, 2, 3. Since the 
lines AAi , AA 2 remain fixed when A is fixed, it follows that to? , coj , to? , col are 
linear combinations of co\ 0 ?“, co^. But the asymptotic directions are given by 

a)=U a)coi 4 "t*>t *^2 = t) 

so that CO? is a linear combination of co^, co® and to® a linear combination of co\ co’ 
only. We can therefore put 

COl = ho? 4" C<j?y CO 2 = h*0? 4“ c*co^, 

(4) 

601 = CIO? 4“ 4" y<i?y CO 2 = /3*60^ 4“ «*60^ 4" 7*60^. 

From this family of frames we shall choose a sub-family characterized by 
invariant conditions. Let us denote by 5 the symbol of differentiation under 
which only the secondary parameters vary, the coordinates x, y, z of the point 
A remaining fixed, and by d a symbol under which all the variables vary. For 
simplicity of notation we write 

(5) coJ(D) = coj 03K8) = 2 , j = 0, 1, 2, 3. 

Then we have 

( 6 ) Co 4" 4" ^2 4“ ^8 ~ 0, 6 ^ = = Cl = e? = e? = ej = 0 

It is well-known that the Pfaffian forms in (2) satisfy the “equations of 
structure” : 

' («*)' = [(<o!! - <o\W] + [co’coj] + 

(«*)' = [(coo — co*)<o*] + [co'coj] + [co’toj], 

(«*)' = [(«0 — co|)co’] + [w’coi] + [co^col], 

* (cO*)' = [(coi — C03)c0l] + [toico*] + [coicol], 

(co*)' = [(<0* — co|)co|] + [coaco*] + [coacof], 

(cO*)' = [(coi — COa)(0|] -J- [coiw‘] 4 * [cofeo*], 

^ (coa)' = [(coa — coi)coa] + [coaco*] + [coacoj], 


( 7 ) 
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from which it follows that 


( 8 ) 


^ 1 3 U 2 / 0 2^ 2 2 3 

00) = (6o — ei)o) — Csw , o« = \^o ■“ ^2;co — ezo) , 

5c0* = (Co — = (ci — 63)^1 4“ €lO)^, 

s 3 / 2 ^8\ 3 , 0 3 It 2 2 , 0 2 2 8 

00)2 ~ (^2 — ^z)0)2 4" ^20) , 00)1 — — € 2 ) 0)1 4“ — 63^1 y 

5c02 = (€2 — €i)o)2 4“ ^0^ — 630)2. 


Equations (4) and (8) then give 


bh = (e} “t” C2 — ®o — ®*)^» 
Sb* = (ei + el - eS - el)6*, 


5a = (2el — e* — el)a, 


(9)<^ 


5a* = (2el - el - c})a*, 


[ 5|3 = (el — co)/3 + e? — e|6, 


5c = e* ”1” Cib -f" (e! — eo)c, 

Sc* = cl + e\b* + (el - eS)c*, 

Sy = (el + e\ — el — e\)y 

+ ela + elp — etc, 
5y* = (el + el - el - elh*’ 

+ ela* + cl/3* — elc*, 
5/8* = (el - el)/3* + el - elb*. 


We shall suppose that the tangent plane of the non-holonomic surface depends 
on three essential parameters. Then we have 


bb* 9^ 0 . 


Equations (9) show that we can choose the secondary parameters such that the 
following conditions are satisfied : 

66* = 1, c ^ = 0, 


i.e. 


( 10 ) 


0)1 = bo)\ 


2 1 I ^ 3 

0)1 = ao) 4“ , 


3 1 1 

0)2 = ^0) , 

1 * 2 I * 3 

0)2 = a o) 4- 7 w . 


To keep these conditions unaltered, we must have 


(11) 6i 4“ ^2 = Co 4" ^3 = ^8 = ^8 = ” ^2 = 0. 


Equations (8) then become 


( 12 ) 


8o)^ — (co — Ci)w^, 

^ 5a)i = (ei — 63)0)1 , 

5o)i = 26 i0)i , 


5 o)^ = (60 — 62)0)^, do )^ = 26oO)^, 
do )2 = (62 — 6|)a)2 , 

5o)2 = — 2610)2 • 


The family of frames for whieh the conditions (10) are fulfilled is called the 
family of canonical fraynes. The canonical frames at a point A depend on three 
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secondary parameters. By making use of relations (12), we can verify that the 
expression 


(13) 


da^ = 


/ 2 3 

{CjJ 0)1 


8 2x/ 1 8 8 K 

0 ) 0)2 ■” W 0 ) 2 ) 




is the quotient of two differential forms in x, y, z and is independent of the 
secondary parameters. It is therefore a projective invariant of the non-holo- 
nomic surface, which we shall call its projective linear element. 


3. Geometrical interpretation of the projective linear element. To interpret 
the f)rojective linear element geometrically, we employ a notation due toFubini.^ 
Let Pi , P2 be two analytic points. We denote by \P\P7\ the analytic line with 
Pluckerian coordinates ecpial respectively to the minors of the matrix || P1P2 || . 
Furthermore, if [PiPi] and [P1P2] define two lines, then the scalar product 
S[PiP2]\PiP2\ stands for the determinant | P1P2P1P2 \ . Thus two lines [P1P2], 
[P1P2] intersect if and only if 

S[PiP2\lP[P2] = 0. 

For a canonical frame AA1A2A2 the lines AAi and .4.42 are the asymptotic 
tangents at A, Let us put 

= [.4.4,], k - [. 4 .I 2 ]. 

The asymptotic tangents , ^2 at a neighboring point A' of .4 are given by 
the Taylor^s expansions 

li = [AAi] + [A dAi] + [dAAi] + h\[A <fAi] + 2\dA dAi] + [((% + • • • 

i = 1, 2. 


It follows that 

51111 = (w'wi — co%i) + (3), 

Skl2 = (O) - CO W2) + (3), 

51112 = — co^ “H (cO^C02 — 0)^ 0)2) — Wdo? -f- C0^(c0o W3) CO^COl ”1“ CO^CO?} ”1" (3), 

SI2I1 “ co^ 4“ (co^co, — CO^COi) -f“ ^[do)^ 4" C0^(c0o 4" COs) 4" co'coi 4" co^col} 4" (3), 

where (3) denotes a sum of terms of at least the third order. A line X,?, 4“ X2i2 
through A on IT intersects h if and only if 

>S(XiZi 4" X2i2)Zi = 0, 

i.e. 

Xi ^ SUfi 

Xa ShlV 


• G. Fubini bt Cech, G6omHrie projective diffirentialle dee surfaces, Paris, 1931, pp. 4-6. 
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Similarly, a line pih + through A on v intersects I 2 if and only if 

pi SI2 12 

The four lines h, k y li , I 2 determine four points on the line of intersection 
of the tangent planes at A and A'. The cross ratio H of these four points is 
found to be 


^ X2 _ 
P2 Xi 


8 2x/ 1 3 Z U 
0) a>2 ““ w 0 J 2 ) 

( 9 ^^ 


= da\ 


Hence the projective linear element can be interpreted as follows: 

Let h and k be the asymptotic tangents at A, and A , A be those at a neighboring 
point A' of A not on tt. Then the four lines ky ky A, A intersect the line of inter- 
section of the tangent planes r, tt' at A, A' in four points whose cross ratio is equal 
to do. 


4. The main theorem and two lemmas. Two non-holonomic surfaces which 
are projectively equivalent have the same projective linear element. It is 
easily verified that this remains true if they are related by a correlation. Our 
main theorem asserts that the converse also holds. We shall formulate it as 
follows: 

Theorem. Suppose S and S be two non-holonomic surfaces whose tangent 
planes depend on three essential parameters. If there is a correspondence between 
S and S such that their projective linear elements are equal, then there exists a 
collineation or a conelation carrying S to B. 

Before proving the theoiem, we shall establish two lemmas. 

I^EMMA 1 . Let S and S he two non-holonomic surfaces huving the same projec- 
tive linear element and R be a family of canonical frames AA 1 A 2 A 3 of S such that 
at each point there is one and only one frame of R. Then there exists a family R of 
canonical frames AA 1 A 2 A 3 of S having the same property and satisfying either 
the conditions 



j 

r 1 

-1 

2 -2 


3 

-3 

3 

-3 

3 -3 



w 

= CO , 

CO = CO J 


CO 

= CO , 

COl 

= COl , 

C02 = C02 , 

(14) 

j 

1 

1 2 

-2 

1 -1 


0 

8 

-0 

-3 



1 


= COl , 

C02 = (02 , 


COO 

— C08 = 

= coo — 

' C*^3 , 


or the conditions 









f 1 


-3 

2 

-3 


3 

-3 

8 

-2 3 


\o) 

— 

"-C02 , 

CO = — 

COl 

y 

CO = 

—•CO , 

COl = 

— CO , C02 

(140 ■ 

1 ^ 


-2 

1 

-1 


0 

3 

-0 .3 





— COl , 

C02 = — 

C02 

y 

COO “ 

C 03 = 

COo — COS , 



-1 




where and wj (i, j = 0, I, 2, 3) are the Pfaffian forms corresponding to the two 
families R and R of frames respectively. 

Proof: We first take R to be the family of all the canonical frames attached 
to different points of the space, and let {i, j = 0 , 1 , 2 , 3) be the Pfaffian forms 



NON-HOLONOMIC SURFACE 


507 


in (2) satisfied by frames of this family. From the identity of the projective 
linear elements 


(15) 


/ 2 « 8 2\/ 1 8 8 1\ /-2-8 -3-2\/-l-3 -3-l\ 

(o) coi — w ci >2 "■ w oi%) __ (w wi — 0 ) a>i)(co 0)2 — co 0)2) 


we have 


3 .3 

CO = pco . 


The third equation of (12) shows that we can choose a sub-family of R such that 
(16) co^ = J)®. 


Making use of this equation, we have, from (15) 


/ 2 3 3 2n/ 18 3 1\ /-2-3 3-2x/-l-3 3-l\ 

^17; VCO (0l — C0C0lj(C0C02 — CO CO 2 ; = COi — C0C0i;(C0C02 — CO C02j 


from which it follows 


(18) 


(co^co^)^ == (co^a>‘) 


2 


SO that co\ ia are multiples of co^ or co^. On the other hand, forming the bilinear 
covariant of (16), we get 

[(cOo — CO3 — Wo + W8)c0*l + ^6 — * 0 [w^CO^] —^6 — = 0 

where 6 is defined by 

COl = 6(0^. 


The above equation holds, only when 

( 19 ) <00 “■ C08 (wo — W3) = Xco^, (b — i^[co’co^] — ^6 — == 0 . 


From (12) and the relation 

5(coo — coj) = — 263 Co^, 

we see that we can make 


<^20) 


1-1 0 8-0-3 

CO = CO , COO CO 3 = COo ““ C08 . 


When these conditions hold, the family R of frames is such that to each point 

in space there is attached one and only one frame of R, In other words, there 

is a one-to-one correspondence between the frames of R and R, 

From equations (18) and (20) we get 

2 , -2 

CO = d:co . 

According as the upper or the lower sign holds, we shall divide the discussion 
into two cases: 



568 


HSIEN-CHUNG WANG 


Case 1. = w. Then we have 

(6 - b)(bh + 1) = 0. 

If 6 = 6, equations (14) follow as a consequence of (17) and the equations already 
obtained. If 56 + 1 =0, we change the family of frames R to the family R* 
of frames A*AiA*At , related to AAiA 2^3 as follows: 

A* = A, At=\A,, = At=--A^. 

0 

The two families R* and R then satisfy the relations (14'). 

Case 2. We have then (b + b)(bb — 1) = 0. For the case 

6 + 6 = 0, equation (17), together with the change of frame 

A* ^ A, At = Ai, At = -A,, At = Ai 

gives (14), while for the case 66—1 =0, equation (17), together with.the change 
of frame 

A* = A, At = -J/li, At = hAi, At = -A^ 

0 


gives (14'). Thus the lemma is proved. 

Lemma 2. Suppose there be two families of canonical frames AA^A^Az, 
AA 1 A 2 AZ of two non-holonomic surfaces S and S respectively. If the relations 
(14) hold, then we have 


•( 21 ) 


0-0 1 

Wo = Wo , W1 

0-0 1 

W2 — W2 f W3 


-1 2-2 


Wl , 

W2 = W2 , 

-1 

2 -2 

W3 , 

Wg = W3 , 


3-3 0-0 

W3 — W3 , Wl — Wl , 

0 -0 
W8 — , W3 . 


Proof. Since the relations (14) hold, we take their bilinear co variants and 
obtain 



1 

— Wl — 

Wo + Wl)w^] + l(w3 

— W8)w^] = 

0, 


[(««• 

2 

— W2 — 

WO + W2)W^] + [(wg 

— W3)w®] = 

0, 



3 

— W8 — 

Wl + W 3 )W^] + [(wj 

- w;)w^] = 

0, 



3 

— W8 — 

W2 + W8)w^] + [(W2 

— W2)w*] = 

0, 


[(«; 

, 1 2 
+ 6"* 

-0 1 -2x li 

— Wl — - W8)W J 






+ [(W2 + 6w3 “ 

- W2 — 6w8) 

A + 

2[(«J — Wj)«'] =» 0, 

i(«i 

— W* — 

wi + W 2 )(aw' + 7 w*)] + [(wi — 

6a>» — 

Wl 6w|)w*] = 0, 

[(«* 

1 

— Wl — 

W 2 + wl)(a*w^ + 7*w®)] + [(w 2 - 

1 X 

-r* 

— W* + ^ wi)w‘] = 0 
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where 5, a, a*, 7, 7* are given by (10). From (22) we can put 

f ® 1 -0,-1 ^8 -1 1 « 1 1 3 

0)0 — wi — Wo + wi = rw , 0)8 — 0)3 = ro) + lua , 

0 2 “ 0 I — 2 3 “2 2 ji{ 2 I - ♦ 3 

0)0 — 0)2 — 0)0 + 0)2 = r^O) , 0)8 — 0)3 =■ T^O) + W 0) , 

' -® ® 2 , 7 * 3 -0 0 1 ♦ 1 

0)1 — 0)1 = oro) “t- ow 0) , ' ^ * 


(23) 


— 0 0 ^ jk 1 I ^ 3 

0)2 — 0)2 = r r^O) + 7 - l« 0 ) , 

b b 


— ws = i + 0 («*&>* + vm ) + 


1 3 

^1)0) . 


Taking the bilinear co variant of the first two equations of (23), we obtain 
r2[(o)i — 0)l)o)^] + [(o)2 — bo)z — 0)2 + 60)3)0)^] + [(w3 — 0)3)0)*] 


(24) 


= [{dr + r(o)o — o)S) }o)*] + r ^6 — ^ [o)V], 
2 [(o )2 — 0)S)o)^] + ^ W3 — W? + ^ 0)3^ 0)^j + [(W3 — 0)S)o)*] 

= [{dr* + r*(«S - wj) )«*] + r* (ft - ^ [«V]. 


A comparison of the coefficients of [w'to*] on both sides of (24) gives 
(25) r* = (46* - l)r, 


6* 


from which we get 

(26) ib* - 46* + l)r = 0. 

Suppose that 6* — 46* + 1 0. It follows from (26) and (24) that 


r = r * = n = n * = 0 . 


The relations (23) then become 

01 -0-1 1-1 0-0 
0)0 — 0)1 — 0)0 — 0)1 , 0)3 — 0)3 , 0)1 — 0)1 , 


0 2 
0)0 — 0)2 


-0 -2 
0)0 — 0)2 , 


2 -2 
0)8 = 0)8 , 


0 -0 
0)2 = 0)2 


-0 0 1 3 

0)3 — 0)3 = fDO) , 


from which, by forming the bilinear covariants, we get d = 0. If this is the 
case, the lemma is established. If 6* — 46* + 1 = 0, while a and a* do not 
both vanish, we still have, on account of (25) and the last two equations of (22), 


r = r* = 0. 


From these equations, the lemma can be established as above. 
It remains for us to consider the case 

(27) a = a* = 6* - 46* + 1 = 0. 
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Let 

[dr ^ nco^ + r 2 fi? + rao)^, dr* *= r\<a + rjw^ + rjco®, 

] 0 t J . * 4. 8 

(coo — coi = aico “1“ ~T oaco . 

Then equations (24) give 

iu* Q — 36^ = n + rai , iu(b — ^ — rt + r*a 2 , 
(29) / / / \ 

§w* “■ ~ 

from which we have, by making use of (24), 

u u* = 0. 

Then equations (23) take the following form: 


r 0 1 - 0,-1 ^3 -1 1 

coo — coi — coo -f- coi = rco , o^z o)z = ro) , 


(30) 




coi — coi = orco , 




0 2 “0 *2 5fc3 “2 2 

COo ~ C02 Wo + ^2 = / w , Ws — coj = r'^CO", C 02 — C 02 = r 

0 

I -® ® 1- 3 

(cOs — C 08 — ^VO) . 

Now the Pfaffian forms co^ are not arbitrary. In fact, by taking the bilinear 
covariants of the first two equations of (10), we get 

7 ^6 + [co^co^] + 6[(co} + C02 — coo — co|)co^] + [(coi + 6co3)co®] = 0, 

7* (b + J^[coV] + i [(col + C02 — CoS — coajco^] + |^^C02 + ^ col^co®J = 0. 

Thus we can write 


( 31 ) 


CO? + 6 c 03 = 7 + (•*•)"“ + ( • • • )c*>^, 

CO? + ^ col = 7* ^6 + 0"* + (’ ‘ + (* • 


Two cases must now be considered separately — the case y = y* = 0 and the 
case by which y and y* do not both vanish. In the former case, we get r r* ^ 
t; = 0, the derivation of which involves a long calculation, whose details we omit 
here. In the latter case, we assume, for definiteness, 7 0. By forming the 

bilinear covariant of the identity 

r*(wi — CO?) — 6r(w3 — cog) s 0 

we obtain 


y {(ft + I) rr* + (y + ^ »•**)} [«‘« ] + (. • .)[«V 


] + (• • = 0 . 
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This equation, together with equations (25) and (27), also gives 

r = r* = y = 0. 


Our proof is therefore complete. 

Proof of the main theorem. Let S and S be two noii-holonomic surfaces 
having the same projective linear element. From lemma 1, there are two 
families of canonical frames of S and S respectively such that either the condi- 
tions (14) or the conditions (14') hold. In the former case, lemma 2 shows that 
S can be transformed to S by a collineation. In the latter case, we introduce 
plane coordinates by putting 


a — —*[.4^11.42], = [ 4 .Au 43 ], a2 = — [AA243], as = [4142A3]. 

Then «, ai , 02 , as satisfy the equations® 

ft 33 3 3 

aa = — co3a — wsai — coia2 — oj as , 

j 2222 

oai = — 6)3a — wsai — ojiOs — 03 dz , 

< 

(102 — — OJsd — C*J2ai — COlOo — 03 as , 

^ 0000 

aas — — 03sd — 032^1 ““ 03\a2 — 03 as 


and lemma 2 gives 

r 3 .0 2-0 1 

— C 3 z = Wo ) — W3 = COi , — W8 

0-1 1-2 0 

— W 2 = Ws , — Wl = C*J 2 , — Wi 


-0 0 -0 2 -I 


W2 , 

— 03z 

= W3 , 

— W2 = Wi 

-2 

0 

-8 


W3 , 

— Wo 

= W8 , 



which proves that the non-holonomic surfaces S and B are related by a correla- 
tion. Hence our main theorem is proved. 


Tsing Hua University, 
Kunming, China. 

« G. Fubini bt Cech, ibid. p. 220. 
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ON THE IMPORTANCE OF THE RELATION [(A, B), (A, C)] 

< (A, [(B, C), (C, A), <A, B)] BETWEEN THREE 
ELEMENTS OF A STRUCTURE 

By Henry LOwio 
(Received January 8, 1940) 

If A, B, and C arc elements of an arbitrary structure then we have always 

(1) [(A, B), (A, C)] g (A, KB, C), (C, A), (A, B)]). 

(We will use in this paper the terminology and notation introduced in the 
paper (TI); the marks < and > shall exclude the equality.) If the structure is 
especially a so-called Dedekind structure then in (1) the ec^uality holds always 
i.e. the equation 

(2) [(.4, B), (A, C)] = (.4, m C), (C, .4), (.4, B)]) 

is generally valid. (Sec for instance (II), p. 413, equation (4).) In this paper 
we inquire whether conversely every structure in which the equation (2) is gen- 
erally valid is a Dedekind structure, and how those structures in which (2) 
is not generally valid are characterized. 

Theorem 1. If A, B^ and C are elements of a structure, and between the cross- 
cuts {B, C), (C, .4), and (A, B) there is at least one relation of inclusion then (2) 
is valid. 

Proof. If for instance (B, C) ^ (C, .4), then we have obviously {B, C) ^ 
(i4, B) too. Therefore it is sufficient to consider the two cases {B, C) ^ (C, A) 
and {C, A) ^ {B, C). 

1. Let {B, C) be ^ (C, i4). In this case we have 

[(B, C), (C, A), (A, B)] = KC, A), (A, B)]; 

from this equation ensues immediately the asserted equation (2). 

2. Let (C, i4) be ^ (B, C). In this case we have obviously 

[(B, C), (C, A), (A, B)] g B 

whence 

(A, l(B, C), (C, A), (A, B)]) S (A, B), 

and consequently 

(A, [(B, C), iC, A), (A, B)]) g [(A, B), (A, C)]. 

But the last inequality implies together with the inequality (1) the asserted 
equation (2). 

Theorem 2. If between the elements A, B, and C of a structure there is at 
least one relation of inclusion then (2) is valid. 
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Theorem 2 ensues immediately from Theorem 1; 

There are non-Dedekind structures in which nevertheless (2) is satisfied for 
arbitrary elements Ay 5, and C. We have for instance the 
Theorem 3 : In any non-Dedekind structure of the fifth order (2) is gerierally 
valid. 

Proof. If 2 is a non-Dedekind structure of the fifth order then we can 
(see (I), §6) denote its elements by P, Q, R, S, and T in such a way that the 
following inequalities hold: 

P <QyP <RyP < SyP <T; 

]r < SyR <T; 

S < T, 

From (3) it is directly evident that between any three elements of 2 there is 
always at least one relation of inclusion. Now it ensues immediately from 
Theorem 2 that Theorem 3 is tme. 

Theorem 3 will be still further generalized in the following. 

Theorem 4. There are structures in which (2) is not generally valid. 

Proof. We consider a set A consisting of 9 elements Ey Ly Af, AT, Xi , Y, Z, 
Xy F, Now we will establish between these elements of A the following 24 
proper relations of inclusion: 

^ E <LyE < My E <NyE <Xiy E <YyE <ZyE <F; 

L <YyL <ZyL <F] 

M <ZyM <XiyM <XyM <F; 

\ N <XiyN <XyN <YyN <F; 

]Xi < X,Xi < F; 

Y < F; 

Z <F -, 

_ X <F. 

One persuades himself easily that by the establishments (4) A becomes a partly 
ordered set. (See also figure on p. 575.) Moreover this partly ordered set is 
even a structure, and cross-cut and union of any two distinct elements 6f this 
structure can be found from the table on p. 576. 

According to this table we have 

[{X, Y), (X, Z)] = [AT, M] = , ■ 

and 

(X, [(F, Z), (Z, X), (X, F)]) = (X, [L, M, N]) = {X, [Z,.N]) = (X, F) = X. 
Hence 

[(X, F), (X, Z)] ^ (X, [(F, Z), (Z, X), (X, F)]). 

In the structure A considered here the equation (2) is consequently not generally 
valid. (On the other hand one can easily persuade himself that the triples 
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X, Y, Z and X, Z, Y are the only triples of elements of A which do not satisfy 
the equation (2).) 

In the following the marks E, L, M, N, Xi , Y, Z, X, F, and A shall have 
always the significance stated. 



Theorem 5. If A, B, and C are elements of an arbitrary structure S then the 
set A' of the 9 elements E', L', M', N', Xi , Y', Z', X', F' defined by the equations 


( 5 ) 


E’ = {A, B, C) 

L' = (S, C) 

M' = (C, A) 

N' = {A, B) 

- X[ = [(C, A), {A, fi)] 

Y' = KA, B), (B, C)] 

Z' = [(5, C), (C, A)] 

X' = (A, 1(5, C), (C, A), (A, B)]) 
i F' = [(5, C), (C, A), (A, B)] 
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18 a substructure of w, and if we assign to every element of A the corresponding accented 
element of A', then this correspondence is a homomorphism between A and A'. 

To prove Theorem 5 we have to demonstrate that the table below continues 
to be valid if we replace all elements appearing in it by the corresponding 


■ 

£ 

B 

K 

N 


B 

z 

X 

B 

u 

£ 

■ 

B 

M 

N 


B 

z 

X 

B 

£ 

B 

£ 

B 

Z 

B 

P 

B 

z 

B 

B 

B 

M 

£ 

£ 

■ 


» 

P 

z 

X 

B 

U 

N 

E 

£ 

£ 

B 

B 

B 

p 

X 

B 

K 

B 

£ 

£ 

M 

N 

B 

P 

p 

X 

B 

B 

B 

£ 

B 

£ 

N 

N 

B 

B 

B 

P 

B 

z 

£ 

B 

M 

£ 

M 

B 

B 

P 

P 

z 

X 

£ 

£ 

M 

N 


N 

M 

B 

P 


p 

£ 

B 

M 

K 


B 

Z 

X 

B 


0 

E 

B 

M 

N 


B 

Z 

B 

B 

B 


accented elements. As this demonstration involves no difficulties we will 
content ourselves to prove the equation [X', F'] = F\ 

We have obviously X' ^ (C, A). Hence 

[X', F'] ^ [(5, C), (C, A), (A, B)] 

or 

(6) [X', F'] ^ F\ 

On the other side we have X' g F' and F' ^ F', and consequently also 

(7) [X', F'] ^ F'. 
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(6) and (7) yield the equation 

[X', F'] = F' 

we have wanted to proven. 

Theorem 6. (Lemma.) Let to every element U of a structure S be assigned 
an element U' of another structure S', where this correspondence is a homomorphism 
between 2 and 2'. If V < V implies < V' then the given homomorphism is an 
isomorphism. 

Proof. If U ^ F, and between V and V there exists a relation of inelusion 
then we have, according to the supposition, also T' 9 ^ V'. But if we have 
V 9 ^ V without a relation of inclusion existing between r and V then we have 
certainly 

(r, V) < u. 

Therefore we have, according to what we have supposed in Theorem G, also 

(r', F') < 

The last inequality implies that also in this case V' 9 ^ F'. Hence to distinct 
elements of 2 correspond always distinct elements of 2'. 

Theorem 7. If A ^ F, and C are elements of a structure 2 which do not satisfy 
the equation (2) then the homomorphism between A and A' existing according to 
Theorem 5 is an isomorphism. 

Proof. According to Theorem G it is sufficient to demonstrate that none of 
the inequalities (4) turns into an equality if we replace both its sides by the cor- 
responding accented elements. Aloreovcr we can restrict ourselves to prove the 
13 inequalities 


' E’ 

< 

L', 

E' 

< 

M', E' < N', 

V 

< 

Y', 

V 

< 

Z', 

M' 

< 

Z', 

M' 

< 

X'u 

N' 

< 

x[, 

N' 

< 

Y', 

V' 

Ai 

< 

X', 




Y' 

< 

F', 




Z' 

< 

F', 





< 

F', 





because the other inequalities coming into question, namely the inequalities 

' F' < X(, F' < 1', F' < Z', F' < X', F' < F', 

L' < F', 

(9) \ M' < X', M' < F', 

N' < X', iV' < F', 

. Xi' < F' 

ensue from the inequalities (8). The discussion shall be divided into 4 steps. 
1. If the equation F' = L' were valid we should have 

(A, B, C) = (B, C) 



578 


HENRY lQwIQ 


and consequently 


(S, C) ^ u, B); 

hence, according to Theorem 1, the elements Ay By and C would satisfy the 
equation (2), contrarily to the supposition of Theorem 7. In corresponding 
way we can refute the hypotheses E' = M' and E' = N', 

2. V = y' or {By C) = [{Ay B), {By C)] would imply {Ay B) ^ {By C). Again 
it follows from Theorem 1 that the hypothesis is absurd. Similarly also the 
hypotheses L' = Z', M' = Z', M* = X[ , N' = Xi , and N' = 7' yield contra- 
dictions. 

3. According to the supposition of Theorem 7 we have X[ X\ 

4. If the equation X' = F' were valid then we should have 

{V, X') = {V, F'), 


and consequently 


F' = L', 

This would contradict what we have proved under 1 . Just so from the hy- 
pothesis y' = F' we can derive the equation F' == A/', from the hypothesis 
Z' = F' the equation F' = X', and by this a contradiction to what we have 
proved under 1. 

Now the following Theorems 8, 9, and 10 are evident. 

Theorem 8. Any structure in which the equation (2) is not generally valid 
contains at least one mh-structure of the ninth order having the same property. 

Theorem 9. Any structure of the ninth order in which the equation (2) is not 
generally valid is isomorphic with the structure A. 

Theorem 10. In any structure of at most eighth order the equation (2) holds for 
arbitrary elements Ay B, and C. 

Theorem 10 represents the announced generalization of Theorem 3. 

It is evident that we could investigate the equation 

(10) {[Ay B]y [Ay C]) = [Ay {[By C]y [C y A]y [Ay B])] 

dually corresponding to the equation (2) exactly in the same way as we have just 
explored the equation (2). Yet, while the Dedekind axiom 

[{Ay [By C])y {By Q] = {[A y^ {B y C)], [By C]) 

is identical with its dual counterpart the corresponding assertion about the 
equation (2) is not true. 

Theorem 11. In our structure A the equation (10) is generally valid. 

The proof follows easily from the dual counterpart of Theorem 9. Of course 
Theorem 11 can also be verified simply by the table on p. 676. 

Theorem 12. The assertion thxit in a structure the equation (2) holds for arbitrary 
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elements f A, J5, and C, and the assertion dually corresponding to this assertion are not 
equivalent. 

Proof. See Theorem 11. 

Prague 
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ON THE THEORY OF PARTIALLY ORDERED LINEAR SYSTEMS AND 

LINEAR SPACES 

By Dimitky Wassilkoff 
(Received February 8, 1943) 

In the present work we consider some problems concerning the theory of 
partially ordered linear systems and linear spaces, which have been developed 
by F. Riesz, H. Fi’eudenthal, L. Kantorovitch, M. Krein, Sh. Kakutani and 
others. The main purpose of this paper is to reveal the r61e of a group of axioms 
analogous to the so called Axiom of Archimedes (or Eudoxe) for real numbers. 
The strongest of these axioms — ^Axiom A — determines a class of partially ordered 
linear systems which proves to be rather important in various aspects of the 
theory. 

§1 contains the complete list of notions and axioms which we shall deal with 
in the following. As to the elementary properties of the linear system con- 
nected with the ordering^ we refer chiefly to H. Freudenthal [1] and L. Kantoro- 
vitch [2]. 

§1. Notations and definitions 

Let E = {:r, 2 , * • • j be a linear system (an Abelian group with real numbers 

as operators [3]) and a 'partially ordered set, i.e. between some pairs of elements 
X, y, of E {x 7 >^ y) relation x < y is defined which satisfies the usual conditions: 

1. X < y and y < x are inconsistent; 

2, X < y and y < z imply x < z. 

We shall use the following notations: 

X > y denotes that y < x, 

X ^ y (or y ^ x) denotes that either x < y or x y. 

x\\y denotes that x ^ y and neither x < y nor x > y takes place; we say 
that x and y are incomparable, 

X € M denotes that x is an element of the set M, 

X l M denotes that the set M does not contain x. 

Ml d M 2 (or M 2 ^ Ml) denotes that Mi is a subset of M 2 (Mi and M 2 may 
coincide). 

Ml ^ M 2 (or M 2 ^ Ml) denotes that x ^ y, whenever x e Mi , y € M 2 . 

N{M) denotes the set of all a: ^ 91?. 

H{M) denotes the set of all 1 / ^ 91?. 

We introduce the notation E^iJET) for the set H{P) (resp. N(P)), where O 
is the null-element of the linear system E. Every element of E’^ (resp. ET) 
except 0 is called positive (resp. negative). 

Every element x 6 H^) is called an upper hounds abbreviated: u.b., of the 
set M. Every x e N(M) is called a lower bounds abbreviated: l.b., of 9)?. 

The set M is bounded if there exist an u.b. as well as a l.b. of M. 


^ We always Say “ordering” instead of “partial ordering.” 
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The element x is the least upper hound, abbreviated: l.u.b., of the set M if 
a: c H{M) and a; ^ H{M), 

The element x c N{M) such that x ^ N{M) is called the greatest lower hound, 
abbreviated: g.l.b., of M. 

The l.u.b. (g.l.b.) of the set M we denote by sup M (resp. inf. M), If M 
contains only a finite number of elements a:i , a:2 , • • • , a-r , then we use the no- 
tations 


sup M = a;i V V • * * V Xr . 
inf M = a:i A a;2 A • • • A Xr . 

Ml U M2 {Ml n M2) denotes the union (resp. the intersection) of the sets 
Ml and M2 . 

UAfa {C\Ma) denotes the union (resp. the intersection) of the system of sets 

a a 

{M.}. 

Ml ~ M2 denotes the set of such x that x e Mi , x e M2 . 

Ml dz M2 , where Mi , M2 are subsets of a linear system, denotes the set of 
the elements x dz y, where a* and y range through Mi and M2 respectively. 

\M, where M is a subset of a linear system and X is a real number, denotes the 
set of elements Xa:, where x € M. 

If X is an element of a linear system then Dx denotes the set of elements \x, 
where — 00 < X < + ^ . 

The subset of Dx consisting of \x with 0 < X < + 00 is denoted by Rx . 

If M is an arbitrary subset of a linear system E then L{M) denotes the linear 
hull of M, i.e. the minimal linear subsystem E' C E which contains M. 

Return to our system E, The following axioms are ahva.ys supposed to be 
satisfied: 

Axiom I. x < y implies x + 2 < t/ + z for every z tE. 

Axiom II. If x < y then for every number X > 0: Xx < Xy. 

Axiom III. For any two elements x eE, y € E there exists a z e E such that 
z X, z y. 

The system E which satisfies Axioms I, II and III is called a partially ordered 
linear system. 

Let be a linear subsystem of E, E' itself necessarily satisfies Axioms I 
and II (it is possible, of course, that every two elements of E' aie incomparable)* 
As to Axiom III it may be fulfilled or not. We say that E' is a proper subsystem 
of E if E' satisfies Axiom III. 

Furthermore we shall use some of the following axioms: 

Axiom H*. For every x > 0 the set Rx has no u,h,^8. 

Axiom H. For every x ^E the set Dx is not hounded. 

Axiom R. If for a given .t 1 1 0 the set Rx has an u,b, then there exists also a hb. 
of Rx . 

We say, for instance, that the system E is Eg {Eh,r) if E satisfies Axiom H 
(resp. Axioms H and R). 



582 


DIMITRY WASSILKOFF 


It is easy to see that every Eg is Eg*^ The system Eg* that is not Eg vfe 
call weakly homogeneous. The system Eg we call homogeneous. We say that 
is a regular system if E Er , HE is weakly homogeneous and regular then 
we call it weakly Archimedean, If E is Eg,R then we call it Archimedean. 

It is easy to see that the weakly Archimedean and Archimedean systems can 
be characterized respectively by the following axioms; 

Axiom A*. If for a given x eE the set Rx has an u. b, then necessarily x ^ 0 
or X \\0; in the latter case Rx has also a Lb, 

Axiom A. If for a given x eE the set Rx has an u. b. then necessarily a; ^ 0. 
We introduce also 

Axiom B*. E contains such an element w > 0 that every x eE can be represented 
in the form x = \ u — x\ where X ^ 0, x' € E'^, 

Axiom B. E is a Banach space the unit sphere of which has an u.b. 

Axiom C*. Every finite subset M of E has a l.u.b, and a g.l.b. 

Axiom C. Every subset M of E that has an u.b, has a l.u.b. 

The system Er* is said to have an axial element u. The system Sc* is a lattice 
according to the terminology of G. Birkhoff [4]. We call E closed if E is Ec-“ 
Remark 1.1. There is an essential difference between Axioms H*, H, /?, 
A*y A and Axioms B*, B, C*, C. The axioms of the first group are cogradient, 
i.e. every proper subsystem E' CZ E is, for instance, Eg if E itself is Eg . The 
axioms of the second group do not possess this property. 

Remark 1.2. In Axioms H*, R, A* and A we can replace Rx by its subset 
[nx], where n = 1, 2, • • • . In fact, if 

^ 2 /> 

X 2 ^ y 

and a, are non-negative numbers with a + = 1 then 

oiXi ^ ay 
0 X 2 g 0 y, 

whence 

axi + ^X 2 S ay ^y ^ {a + ff)y = y, 
i.e., every N(y) (as well as every II(y)) is convex. Suppose now that 

nx ^ y 

for n = 1, 2, • • • . By Axiom III y can be chosen in E~^, i.e., the inequality 
holds for n = 0 too. If X ^ 0 is arbitrary, then X = n + a, where n is a non- 
negative integer and 0 g a < 1, and we have \x = {n + a)x = [(1 — a)n + 
a(n + l)]x = (1 — a)nx + a {n + l)a:. Since 

nx ^ y, 

(n + l)x g y, 


* Such systems are usually called complete. 
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we obtain 


Xo: = (1 — a)nx + a{n + \)x ^ y, 

§2. Positive linear functions 

Tlie real function l{x) defined on E is called linear if for arbitrary xi e E, 
xi € Ey X2 e E and numbers Xi , X2 

l(XlXi + X2X2) = \ll(Xi) + X 2 Z(X 2 ). 

Theorem 2.1. Let E' he a linear subsystem of Ey V a linear fimciion defined on 
E'. There exists a linear functioti I on E such that l(x) == Z'(x), whenever x 6 E\ 

Theorem 2.2. Let E' be a linear subsystem of E. If E' 9 ^ E then there exists 
a linear function I such that I 9 ^ 0 and l(x) = 0, whenever x c E' . 

Theorem 2.3. For every Xo e E there exists a linear function l(x) on E such 
that l(xo) = 1. 

These theorems arc the analogues of the well known theorems in the theory 
of linear functionals in Banach spaces and can be proved in essentially the same 
way. 

The following lemmas will be useful. 

Lemma 2.1. Axiom III is equivalent {Axioms I and II being fulfilled) to each 
of the following conditions: 

(a) E = L{E*y, 

(b) Every x tE can be represented x = x' — x", where x' 6 E^y x" c E^, 

(c) If a linear function l{x) vanishes identically on E^ then 1 = 0, 

Proof. Axiom III is evidently equivalent to (b). The equivalence of it 
to the other conditions can be proved according to the scheme 

(b) (a) (c) (b). 

The first and the second steps are also obvious. Suppose (b) is not fulfilled. 
Then the linear, subsystem E' consisting of the elements x' — x", where x' e E^, 
x" € E^y is a proper subsystem of E and does not coincide with E, Therefore 
there exists a linear function I 0 such that Z(x) = 0 for all x c E', 

Lemma 2.2. If E is a finite-dimensional system then Axiom III is equivalent 
to the following condition: 

(d) E^ contains an inner point of E in the sense of the natural topology in E,^ 

Proof. Obvious, since in this case (d) is equivalent to (a) in Lemma 2.1. 

The linear function p{x) on E is called positive if p 3 ^ 0 and p(x) ^ 0, when- 
ever X € E^. 

Theorem 2.4. Let E be a weakly homogeneous systerUy E' an arbitrary proper 


* By the natural topology of the n-dimensional linear system E we understand the 
unique topology in E with respect to which the linear operations in E are continuous. It 
can be introduced by the norm: if x = then I1 x 1| *■ 1» where jxi , Xj , 

Xn| is the basis of E. 
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subsystem of E, p' a positive linear function on E\ There exists then a positive 
linear function p on E such that p(x) = p\x) for every x e E', 

Proof. Consider the totality X) of Q'U complex-valued functions (t(x)(x in E), 
with I (r(x) I ^ 1. We introduce a weak topology in S defining the neighbour- 
hoods in S as follows: a number e < 0 and a finite aggi’egate of elements XitE 
(i = 1,2, • • • , r) are fixed and the neighbourhood J7(<ro ; , • • • , ; c) of <ro(a:) 

is defined as the set of such a{x) that 

I <r{xi) - I < « (t = 1, 2, • • • , r). 

Let K denote the unit circle in the complex plain. Then 2 is the topological 
product (in the sense of A. Tychonoff) of the spaces Kx , where x runs over E, 
and every Kx is 

2 = n , Ks = K. 

X 

• 

Since K is bicompact, 2 is also bicompact [5]. 

2 contains the subspacc consisting of the functions i(>{x) = where l{x) 
is an arbitrary linear function on E, It can be easily verified that is closed in 
2, consequently $ is bicompact itself. 

Let Xfi be an arbitrary positive element of E, If xq e E' then we denote by 
UxQ the set of the functions <p(x) — with l{xo) ^ 0. If xo e E' then we denote 
by ITxo the set of such (p{x) = that Z(xo) = p'(xo). It follows from Theorems 
2.1 and 2.3 that II^ 5^ 0 for every x > 0. It is also easy to see that each n* is 
closed in 

• Consider an arbitrary finite system of the sets liar 

Uxi , IIx, , • • • , llr„ {xi > 0; i = 1, 2, • • • , n). 

If £" does not contain any of the elements Xi , X 2 , • • • , x) , then the function 
(p(x) = 1 belongs to every 11*. (i = 1, 2, • * • , n). If some of x* belong to E' 
then we may suppose that {xi , X 2 , • • • , xjt} d E' {k ^ n). We take the finite- 
dimensional subsystems Ei = L(xi , X 2 , • * • , Xn) and E 2 = L(xi , X 2 , • • • , x*) 
of E, 

There exists a positive linear function pi(x) on Ei that coincides with p^x) 
on J? 2 . Assume the contrary: there would exist then an xo € , Xo > 0, siich 

that 1) necessarily pi(xo) > 0, 2) xo is the limit (in the sense of the natural 
topology in Ei) of a sequence of elements ym < 0 {ym eEi, m = 1, 2, • • • )• 
Since Ei is a proper subsystem of Ej the set Et = E'^ fl Ei contains an inner 
point yo of Ei (by Lemma 2.2). Then — 2/0 is an inner point of ET = jE?" fl . 

Since ET is evidently convex and x© belongs to the boundary of E T, we have 

^(“”^ 0 ) + (1 — a)xo ^ 0, 
whenever 0 < a g 1, whence 

- Xo ^ yo. 


a 
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(1 - «)/ a takes on all positive values when a ranges through the semi-interval 
(0, 1]. We see that yo is an u.b. of Rxq , xo being positive, contrary to the hy- 
pothesis that E is Eh* • The existence of pi is proved. If l(x) is an arbitrary 
linear function on E that coincides with pi on Ei then (p(x) = belongs to 
every = 1, 2, • • • , n). 

We have proved that the intersection of an arbitrary finite system of closed 
sets Ux (x > 0) is not empty. Since is bicompact, there exists <p(x) = 
that belongs to every IT* (x > 0). 

It follows immediately from the definition of IIx that p(x) is a positive linear 
function coinciding with p'{x) on E'^ — E'^ 0 E', Since E' is a proper sub- 
system of Ey i.e. E' = L{E'^) (by Lemma 2.1), we obtain 

p{x) = p\x) 

everywhere on E\ Theorem 2.4 is proved. 

Applying Theorem 2.4 to the case E' = , p'(Xxo) = X, where xq is an 

arbitrary" positive element of a weakly homogeneous system E, we obtain 
Theorem 2.5. // E is Eh* then for every o'o > 0 there exists a positive linear 

function p{x) such that p(xo) = 1. 

I^et z be an arbitrary element of E incomparable with 0. According to Lemma 
2,1 y z can be represented in the form 

2 = X - y, 

where x > 0, y > 0.^ Consider the elements 

2 ' (a) == — ox + y, 

2"(/3) = a: - /8y 

and denote by a (resp. t) the least upper bound of the a (resp. /3) such that 
«'(«) ^ 0 (resp. z''(l3) ^ 0). Since 

2'(0) = y > 0, 2"(0) = X > 0, 

2'(1) = -X + y = -z\\0, z''{l) = X - 2 / = z (I 0, 

we obtain the inequalities 

0 ^ <7 g 1, 

0 ^ T g 1, 

Lemma 2.3. Let E be Eh, and z tE incomparable with 0. Then either 

<7 = 1 (t = 1) 

for every representation of z as the difference of two positive elements or 

<F < I (resp. r < 1) 

for every representation of z. 


< This representation is evidently not unique. 
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In the first case, R, has an u,h. {resp, a Z.6.) and for each positive linear function 
V{x) 

p(z) g 0 (resp. p(z) ^ 0). 

In the second case, Rg has no u.b.*s (resp. Lh.^s) and there exists a positive linear 
function po(x) such that 

Po(z) > 0 (resp. po(z) < 0). 

Proof. 1. Suppose that 

z = X — y (x > 0 , y > 0 ) 

and the corresponding <r = 1. It follows from the definition of <t that for every 
€ > 0 

- (1 - €)x + 2 /^ 0 , 

whence 

€X — X + y 0, 
z = X -- y ^ ex, 

^ Z ^ X. 

€ 

Since c > 0 was arbitrar}^ we obtain 

Rz ^ X. 

Quite analogously r = 1 implies Rg —y. 

2. If Rz ^ Xo (Rz S yo) and p(x) is an arbitrary positive linear function then 

p(Xz) = \p(z) g p(xo) (resp. ^ p(yo)) 

for every X > 0, whence 

p(z) ^ 0 (resp. p(z) ^ 0). 

3. Suppose that 

z = X - y (x > 0, y > 0), 

cr and r being arbitrary. Take £" = L(x, y) and define a linear function p' on 
putting 

p'{x) = 1, p'{y) = ^ 0, 

where 17 is not yet determined. It is easy to see that p'(w) thus defined is a 
positive linear function on E' if and only if ij satisfies the inequalities 

S ^ . (®) 
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We have, indeed, for every e > 0 

z'{a —() = — (<r — e)x + y ^ 0, 
z"(t — t) <= X - (t - e)y ^ 0 . 

If p' is non-negative on = E* D E' then 

p'{z'{<T — «)) = — 0 - -f « -I- ^ 0, 

p'{z"{r - «)) = 1 - (r - «), ^ 0. 

Putting t — » 0, we obtain 

— <T -f ^ 0, 

1 — T1J ^ 0, 
or 

^ V = -• 

T 

The necessity of (o) is proA'ed. It is not more difficult to prove the sufficiency 
of it. (o) includes also the case r = 0 if we put 1/0 = -f » . 

Suppose that there exists a representation 

z = X - y {x > 0, y > 0) 

for which <t < 1. Then it is possible to choose tj satisfying (o) and such that 
a ^ 7] < 1. By Theorem 2.4 p' can be extended to a positive linear function 
p on E. We have 


p(z) = p'iz) = p'(x - y) = 1 - y > 0. 


If for a certain representation of z 

z = X — y 


{x > 0, y > 0) 


T < 1, then 1 /t > 1 and we can choose »? > 1 satisfying the inequalities (»). 
Then 

p{z) = p'{z) = p'ix - 2 /) = 1 - 7? < 0, 


where p is po.sitive linear function on E that coincides with p' on E' 

Combining the results 1., 2. and 3., we obtain the statements of our Lemma. 

§3. Archimedean systems and systems of real functions 

Let Ehe Ea . The following lemmas state some characteristic properties of 
Archimedean systems. 

Lemma 3.1. E is Ea if and only if for every x > 0 the null-element 0 is the 
g.l.h. of the set Rx . 
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Proof. Suppose that E ia Ea • For every x > 0 

0 < Rx. 

It suffices to show that 

y ^ Rx 

implies 

2/^0. 

If 

2/ g Xx 

for arbitrary X > 0 then 

ny g X, 

where /li = 1/X can take on all positive values. According to Axiom A 

y ^0. 

Conversely, assume that 0 = inf , whenever y > 0. If for a certain x tE 
there exists an u.b. of Rx then we may suppose that y is positive. 

Rx S y 

implies obviously 

X ^ Riy 

and by our hypothesis 

X ^ 0, 

i.e. Axiom A is fulfilled. 

Remark 3.1. It is almost evident that generally 0 = inf {X^x}, where x > 0, 

a 

Xa > 0 and inf {X^,} = 0. 

a 

Lemma 3.2. E is Ea if and only if X„x ^ y, X„ — > X, imply \x g y. 

Proof. The sufficienc}" of the condition is almost evident. If 

Rx ^ y 

then 

Ry X 
and 

^ —X. 

\ i-y) ^ -X. 

n 


For Xn = 1/n we have then 
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Taking n — » oo we obtain then 


0 ^ —X 
or 

X ^ 0, 

i.e. Axiom A is fulfilled. 

Conversely, suppose that E \s E a and consider elements xeE, y tE and a 
sequence {X„} converging to X such that 

Xn* ^ y (n = 1, 2, • • •)• 

Without loss of generality we can assume that {X„} is a non-decreasing se- 
quence, i.e. 

X» = X «n » 

where «i ^ S • • • and <„ — » 0(n — » oo). If this is not the case, then we take 
a non-decreasing subsequence {X„J CZ |X„) instead of {Xnl; if {X^l does not 
contain any such subsequences then we represent X„a: as (— X„)(— x) and consider 
the sequence {— X»}. 

We have 


(X - <„)x ^ y, 

\x — y ^ «„x. 

Since —*■ 0(n —+<»), 

0 = inf {e„x; n = 1, 2, • • • } 

and consequently 

Xx — 2/ ^ 0, 

Xx g y, 

as was to be proved. 

Lemma 3.3. If E is an Archimedean system, then for every z || 0 and every 
representation of z as the difference of two positive elements 

z = X — y (x > 0, y > 0) 

there is always <r < 1 and t < 1. 

Proof. Suppose that there exists an element z tE incomparable with 0 
that can be so represented 

z — X — y (x > 0, y > 0) 

that, for instance, <r = 1. It follows from the definition of e that for any a„ < 1 

-an® + y ^ 0 (n = 1, 2, • • • )• 
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Putting ttn l(w «) and applying Lemma 3.2, we obtain 

— 3? + y ^ 0 

which is impossible, because -“X + y== 

As to the inequality 

r < 1 

it can be proved in the same way. 

Let P = {p} be an arbitrary set, F an arbitrarj^ linear system of real functions 
/(p) defined on P. We define the natural ordering of P: /i < /2 if /i(p) ^ 
/oCp) for all p € P and /i(po) < / 2 (po) for at least one po c P. We assume that for 
every two functions /i € P, /2 € P there exists a function /a € P such that /s ^ /i , 

U = /2 • 

Theorem 3.1. F is an Archimedean system. Conversely^ every Ea is iso- 
morphic to a system of real functions defined on some set P with the natural ordering. 

We say that the partialh" ordered linear system P = {x} and Pi = {y} are 
isomorphic if there exists a one-to-one correspondence y = <p{x) between the 
elements of P and Pi such that ip{\iXi -f- X 2 a' 2 ) = Xiv?(a;i) + \^{x 2 ) and Xi < X 2 
implies tp{x\) < (p(xo) and vice versa. 

Proof of Theorem 3.1 . The first statement is almost trivial. Suppose that 
there exist /i e P, /2 € P such that 

X/i ^ /2 

for all X > 0. We then have 

Wp) ^ Mp) 

for everj’ p t P. Since X > 0 is arbitrary, this inequality implies 

Mp) g 0, 

i.e. /i ^ 0 in the sense of the natural ordering of F. 

Let E be an arbitrary Archimedean system. Denote by P the totality of all 
positive linear functions on E. To every element x tE we let correspond the 
function /i(p) = p(x) defined on P. 

The correspondence 

X -^Mp) 

is a homomorphism, 

ax + fiy -*fax+fiy(p) = P^ox + 0y) = ap{x) + ^p(y) = o/,(p) + ^y{p). 

Furthermore it is biunivoque. It is sufficient to prove that /, ^ 0, whenever 
X ^ 0, i.e. for every x 9 ^ 0 there exists a positive linear function po such that 
/i(po) = Po(x) 5^ 0. For a; > 0 or a: < 0 it follows from Theorem 2,5, For 
x [| 0 it can be deduced from Lemmas 2,3 and 3,3, 
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Let X > 0. Then for every p c P fx(p) = p(x) ^ 0 and by Theorem 2.5 there 
exists a po € P such that/*(po) = po(x) > 0, i.e.y^,: > 0. 

We must show that for every x l fx > 0, i.e. there exists such pi e P that 
fxipi) = Pi(x) < 0. It follows from Theorem 2.5 in the case x < 0 and from 
I^emmas 2.3 and 3.3 if x 1| 0. 

Thus we see that x > 0 if and only if fx is positive in the sense of natural 
ordering of P = {fx}. 

§4. The structure of weakly Archimedean systems 

Lemma 4.1. If the weakly homogeneous system E is regular {i.e, is Ea*) then 
for every 2 || 0 and every representation 

z = X — y (x > 0,y > 0) 

either <t and r are equal to or a < 1 and r < 1 simultaneously. 

Proof. Assume 2 1 1 0 and 

z = X — y (x > 0, p > 0). 

Suppose that <r = 1. According to Lemma 2.3 Rz has an u.b. Since E is 
regular, there exists also a l.b. of Rz . Applying the same Lemma 2.3, we 
conclude that r = 1 . 

T = 1 implies (7=1 analogously. Lemma 4.1 is proved. 

Let E be Ea* and p an arbitrary positive linear function on E. Denote by 
Wp the set ol z tE for which 

p{z) = 0 

and by W — the intersection of all Wp , 

W = n Wp. 

p 

W is evidently a linear subsystem of E and every element of W is incom- 
parable with 0. 

It follows from Lemmas 2.3 and 4.1 that W consists of the elements z tE, 
3 1 1 0, for which D, is bounded and for every representation 

z = X — y (x > 0, y > O) 

<r — T = 1. 

As to the elements 2 || 0 that do not belong to W, for every such z and each 
representation 

z = X — y (x > 0, y > 0) 

<r < 1 and T < 1. By Lemma 2.3 for a given 2 || 0, ziW, there exist such 
Pi € P, Pi « P that pi( 2 ) > 0, pi( 2 ) < 0. 

Lemma 4.2. If E is Ea»,c» then E is an Archimedean system. 
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Proof. Suppose that £ satisfies Axiom A* and is a lattice. If x and y are 
elements of E such that 


Rx ^ y 

then according to Axiom A* we must have either 

X ^ 0 


or 


x||0. 

In the second case we would have 

\(y V 0) = (\y) V 0 ^ xV 0 

(see [1]), where 2/ V 0 > 0, for all X > 0 which contradicts Axiom A^. Lemma 
4.2 is proved. 

Let R = {r} be an arbitrary set and G a linear system of real functions g(r) 
defined on R, We introduce a generalized natural ordering of (?: a subset P d R 
is fixed and gi < g 2 denotes that gi(p) ^ g^ip) for all p € P and gi(po) < g 2 (po) 
for at least one po « P. 

We call P the fundamental subset of R, 

We assume that G satisfies Axiom III. 

Theorem 4.1 . G satisfies Axiom A*. G is Ga if and only if g = 0 is the unique 
function that vanishes identically on the fundamental subset P d R, 

• Conversely, every Ea* is isomorphic to a linear system of. real functions G = {(;} 
defined on some set R with a generalized natural ordering. The functions g eG 
that correspond to the elements of the subsystem W d E are those that are equal to 0 
identically on the fundamental subset P d R, 

Proof. If g\^G, g 2 ^G satisfy the inequality 

Xgri ^ gn 

for any positive X then necessarily 

9i(p) ^ 0, 

whenever p tP. Consequently, the following cases are possible: 

1) Cl = 0 if CiW = 0 (r « ff); 

2) Cl < 0 if there exists a po « P such that Ci(po) < 0; 

3) Cl II 0 if Ci(p) — 0(P «P) and ci('’o) ^ 0 for at least onero tR —P. We 
see that Axiom A* is fulfilled. 

G satisfies Axiom A if and only if the third case (ci || 0) is excluded, for which 
the following condition is necessary and sufficient: there exist no g eO such that 
C 0 and c(p) ^ 0 (p « P). 
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Let E be an arbitrary system satisfying Axiom A*. Suppose that 
B = {xo , Xi , • • • , a:, , • • • }, Xp € v < d, 

is a transfinite sequence of elements such that 

1 ) = L(B\ 

2) for every ordinal v < ^:Xy€ Z/({a;^}), where 0 ^ /i < Vy 

3) there exists an ordinal t?' < t? such that W = L{[xv\), where 0 ^ j' < t?'. 
Denote by P the set of all positive linear functions p on E and by Q the set 

of such linear functions q on E that 

q(xp) = 0, 

whenever g < t?. It follows from the definition of W that P D Q is empty. 

We introduce the notation JR for P U Q. To every x € E we let correspond 
the function gx(r) defined on P = (r}, 

^ Qxir) = r(x). 

We have evidently 

oix + fiy gax+0v(r) == r(ocx + fiy) = ar(x) + fir{y) = ag^ir) + figy{r). 

Introduce the generalized natural ordering of G determined by the fundamental 
subset P CL R. We shall prove that a: > 0 is equivalent to gx > 0. It follows 
from Theorem 2.5 that x > 0 (x < 0) implies gfx > 0 (resp. < 0). Suppose 
that X II 0. If X € IF then there exist such pi e P, p 2 e P that gr*(pi) = pi{x) > 0, 
gx{p 2 ) = P 2 {x) < 0. If x c W then gx{p) ^ p{x) ^ 0 {p e P), but for at least 
one qo eQ: gx(qo) = go{x) ^ 0. In both cases || 0. 

Incidentally, we have proved that the correspondence x gzij) is biunivoque. 
Theorem 4.1 is proved. 

Let JS be the factor system E © IF — the system of classes x = x + IF, where 
X € P. -S is a linear system. We define an ordering of as follows: 

Xi < X 2 if there exist such Xi € Xi , X 2 € X 2 that Xi < X 2 . 

Applying Theorem 4.1 it is easy to see that this is an actual ordering of jS, 
i.e. the relation of order defined between the classes xi , X 2 does not depend on 
the choice of the representatives Xi , X 2 . 

Theorem 4.2. E is an Archimedean system. 

Theorem 4.3. If E is the direct sum of IF and a stibsystem Ei C P, i.e. for 
every x e E there exists the unique representation 

X = z + y, zeW, ytEi,’’ 

then El is an Archimedean system and the ordering of E can be re-defined as follows: 
Xi < Xi if for Xi = zi yi , Xi = Zi yt yi < yi . 

One can easily prove these theorems applying Theorem 4.1. 


• This is not the case in general. 
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§6. Closed systems 

A very important class of partially ordered linear systems is that of closed 
systems. 

Axiom C guarantees the existence of the l.u.b. for every set M CZ E that has 
an u.b. Suppose that a wset M d E has a Lb. Then the set N{M) is not empty 
and has u.b.’s (each a: e ilf is one of them). Consequently there exists sup N{M) 
which is evidently the g.l.b. of M, We see that the set M has inf M if it has a 

l.b. 

The following lemma will be useful. 

Lemma 5.1. Let E be Ec . For any two subsets Mi C E, M 2 C E that have 
u.b,^s and X > 0 



sup 

{Ml + M2) 

= 

sup Ml + sup Mi , 



sup {XMi) 

= 

X sup Ml 

Proof. 

Since 






Ml + Mi 

< 

sup Ml + sup Mi , 

we have 






sup 

{Ml + Mi) 


sup Ml 4- sup Mi . 

On the other hand 






Ml + Mi 

< 

sup (Ml 4- Mi) 

implies 






Ml 

^ sup (Ml 

+ 

Mi) - Mi, ■ 


sup Ml 

g sup (Ml 

+ 

Mi) — M 2 , 


M2 

g sup (Ml 

+ 

Mi) 4- sup Ml, 


sup M2 

^ sup (Ml 

+ 

M 2 ) “• sup Ml 

and 





sup 

Ml 4- sup M2 

^ sup (Ml 

+ 

M 2 ). 


The proof of the second equality is not more difficult. 

Theorem 5.1. Every closed system is Archimedean. 

Proof. Suppose that E is Ee and E contains such elements x and y that 

Rx ^ y. 

If « = sup Rx then by Lemma 5.1 for an arbitrary X > 0 

X« = sup (Xff,). 


• If is not closed then these equalities hold, whenever the right sides exist . 
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Since X/2, = 72, , we have 


whence 



2 = 0 . 

Consequently 

Rx^O 

and in particular 

r ^ 0, 

as was to be proved. 

Let E be an arbitrary partially ordered linear system. We say that the 
partially ordered linear system Ei is the extension of E if E is isomorphic to a 
subsystem JSJ' fl J?i . If Ei is closed then vre say that Ei is a dosed extension of E. 

The problem of the existence of closed extensions of partially ordered linear 
systems has been studied by A. Youdine [6]. The following theorem contains 
the solution of the problem from another point of view. 

Theorem 5.2. The necessary and sufficient condition for the existence of closed 
extensions of a partially ordered linear system E is that E be Archimedean. If E 
is Ea then among all closed extensions Ei of E there exists a minimal one R such 
that every other Ei is the extension of S. 

Proof. The necessity of the condition follows from Theorem 5.1 and the 
cogradiency of Axiom A. 

In order to prove the sufficiency of the condition we shall use the results ob- 
tained by H. M. MacNeille who extended the Dedekind’s method to arbitrary 
partially ordered sets [F]. 

Suppose that E is Ea and let R be the totality of all ‘"cuts” (S, T) in E. The 
cut (S, T) is the pair of subsets S CZ E, T d E such that 

1) S, T are not empty, 

2) S = N(T) and T = H{S). 

The ordering o'f tl is defined as follows: 

(/S, T) ^ (S', T') if S C S' (consequently T =) T'). 

The partially ordered set tl — we call it closure of E — possesses the following 
properties: 

1. jS is closed, i.e. it satisfies Axiom C. 

2. The correspondence 

X — > (Sx , r*), 

where Sx = N(x), Tx = H{x), is an isomorphism’ between F = {a;} and the 
subset E' d consisting of cuts of such kind. 

’ Since algebraic operations are not yet defined in we understand here by iso- 
morphism simply an ordering-preserving one-to-one correspondence. 
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3. If a subset M CZ E has the l.u.b. (g.l.b.) a e jB then the I.u.b. (resp. g.I.b.) 
of the set M' C tl corresponding to M and considered as the subset of tl is the 
cut {Sa , Ta) corresponding to a. 

4. Every closed partially ordered set Ei that contains a subset E^ isomorphic 
to E contains the subset £2 3 En isomorphic to If 

X — > <p{x) € £ 2 , 

where x € E, ( € are these isomorphisms, then for { = (Sx , Tr) 

<p(x) = 

We shall consider £1 as consisting of some elements f set into a one-to-one 
correspondence with the cuts (*S, T) which will be denoted by 

^ - ( 5 , T) 

or 

^ Sy 

where S is the lower class of the cut (S, T). The elements f corresponding to 
the ‘‘rational’’ cuts (Sx , Tx) will be identified with the elements x e E, f ^ f ' 
denotes that S C aS' if f ^ S, S\ 

Denote by © and X the systems of all sets S and T respectively. We shall 
use the following properties of the sets Sc© (to everyone of them corresponds 
the dual property of the sets T c I). The properties l°-4° hold for every partially 
ordered set E, the other ones deal with algebraic operations in E. 

1®. The sets aS c © can be characterized by the following properties: aS is not 
empty, has an u.b. and 

aS = W(//(aS)).® 

2®. If X € aS and x' < x then x' c S, 

3°. If { A^a } is an arbitrary subsystem of ® and the intersection aSo = H S a 

a 

is not empty then aSo c ©. 

4®. For every non-empty set M d E that has an u.b. there exists the minimal 
set of the system ©—denote it by [M \ — that contains M and [M\ = N{H{M)). 
5°. llx tE and X > 0 then for every aS c © the sets aS -f- x and \S belong to ©. 
6®. If aS c ©, T c J and X < 0 then XS eX and XT c ©. 

7^, If the subset M d E has an u.b. then [M + i/] = [9)?] + y and [XM] == X[Af], 
whenever y eE and X > 0. 

8®. Every aS c © is a convex set. 

The property 1® can be easily deduced from the definition of the cut. 

2® is evident. 


• It is obvious that for every M d E M d N(H(M)), 
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® is isomorphic to J? (if ^ Si denotes that Si C Si) and the closedne&s of 
£ is based upon 3® which therefore is worth proving. Suppose that So is not 
empty. Then it has an u.b., since So C Sa and Sa has one. For every Sa 

So C S„ = iV(//(S„)) 

and consequently 

^(So) 3 H(S.), 

whence 

iV(//(So)) e A- (//(S„)) = S„ . 

Since Sa was arbitrary, we have 

N(H(So)) C So . 

On the other hand it is evident that 

N(H(So)) => So . 

According to 1® So « ®. 

The fust part of 4® follows immediately from 3®: [3/] is the intersection of all 
S that contain M. Let us prove that [.V] = N{H{M)). Consider the sets 
[A/] = n S and S' = N{H(M)). They both belong to ®. Since 

.S3M 

M C S', 

we have 

[M] C S'. 

On the other hand 

M <Z [A/], 

whence 

//(A/) =) //([A/]) 
and 

S' = NiH(M)) C Ar(//([A7])) = [A/]. 

Consequently 

[M] = N{H{M)). 

5® and 6® can be easily proved with the use of 1®. 

If M has an u.b. and y tE then 

[Af] + y M + y. 

Since [A/] + y belongs to ® by 5®, we have 

[Af] + y 3 [A/ + yl 
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Suppose that there exists such x c [M\ + y that xi[M y]. Siuce 

X = a + y, 

where a e [M], we would have 

a f[M + y\ — y. 

The set [M + y] — y belongs to ®, and contains M. Consequently 

[M + y] — y Z5 [Af] 3 o 

and that contradicts our hypothesis. The second part of 7® can be proved in a 
similar way. 

We now prove 8®. Let xi , xt be arbitrary elements of the set S. Then 

xi ^ r = H{S), 

= H{S), 

i.e. 


xi ^ y, 


Xi ^ y, 

whenever y e T. If X and n are non-negative numbers with X + n = I then 

Xxi ^ Xy, 


and 


ftXi ^ yy, 


Xri - 1 - #1X2 ^ Xy -f = (X + iJt)y = V- 
Since y tT was arbitrary, 


\xi -|- ixxt ^ T 


or 

Xxi -h 11X2 « N(T) = S, 

as was to be proved. 

Lemma 5.1. For every cut (S, T) in E there exists inf (T — S) which is equal 
to 0 if and only if E is Ea . 

Proof. Without restricting generality we can suppose that OeA. If it 
were not so, we could “translate” the cut taking (5 — xo , T — xo) instead of 
{S, T), where Xq e S. 

It is evident that T — S ^ 0. Suppose that T — S '^.z. In order to prove 
that 0 is the g.l.b. of T — S, we must show that a g 0. 

r - 5 ^ 2 


implies 


S + z^T 
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or 

S + zc: S. 

It is easy to see that 

S nz d S 

for every integer n. Since 0 € S, we have in particular 

0 + {uz\ d S, 

[nz\ d S, 

{nz] g T, 

It follows from Remark 1.2 that 

R. ^ T, 

whence by Axiom A 

2 S 0. 

If E is not Ea , i.e. E contains an element z positive or incomparable with 0 
such that Rt has an u.b., then it is not difficult to see that the cut (S, T), where 
S = [Rz], does not possess the property stated in Lemma 5.1. 

.^ifter these preliminaries we can prove Theorem 5.2. We shall show that 
it is possible to define the algebraic operations in £ in such way that £ converts 
into a partially ordered linear system containing E with the a priori given opera- 
tions as its subsystem. 

Definition O. If Si j ^ S 2 then we put 

+ ^2 [Si + 4S2]. 

If i (S, T) then 


~ {XS, XT) 

ifX>0, 

H (A^(0), Hm = 0 

>' 

II 

P 

Xf ~ (XT, XS) 

ifX <0. 


£ with the operations just defined is a linear system. Let 

( Si , V S2 , ^ S3 

be arbitrary elements of £. 

I* (f + 17) + f = f + (^ + f). 

According to Definition 0 

(f + ^) + f ^ ll^i + 'S2] + Ss], 

f + (17 + f) - [Si + [S2 + S3]]. 
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we have 


whence 


aSi 4“ 5^2 Cl [Si + &], 


Si + aS 2 + S3 C [Si + S2] + Ss , 


[Si +• S2 + S3] C [[Si + S2] + S3]. 


On the other hand, if 


a* € H(Si + S2 + Sa), 


X ^ Si 4- S2 + S3 , 


and by 4° 


•We see that 


whence 


X — S3 ^ Si 4 * S2 

« 

““ S3 ^ [Si 4 * S2], 

^ ^ [Si 4 “ S2] + S3 
^ ^ [[Si + S2] 4 - S3]. 

H{Si 4. S2 4 - S3) C //([Si 4 - S2] + Sa]), 


[Si + S2 4 - S3] = N{H{Si + S2 + S3)) 


Consequently 


3 NmilSi + S2] 4- Sa])) = [[Si + S2] + S3]. 


[[Si 4 - S2] + S3] = [Si + S2 4 “ Sa]. 


Analogously we can obtain 


whence 


[Si 4 " [S2 4 " S3]] = [Si 4 “ S2 4 * Sa], 


[[Si 4 - S2] 4 - Sa] = [Si + [S2 4 - Sa]] 


(f + 1?) 4 - f = t 4 - (17 + f). 
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II. { + 1? = )? + 

We have, indeed, /Si + Sa = <82 + Si , whence [Si + S2] = [Sa + Si]. 

III. 0 ~ N{0) is the null-element of il, i.c. f + 0 = f for every 
{ e or [S -f iV(0)] = S. 

If X t S, y € N{0) then x + y ^ x. According to 2° a; + y e S. We .see that 

S -f- iV(0) C S, 

whence 

[S + iV(0)] C S. 

Conversely, since 0 « A(0), we have 

S = S -h 0 C S + N(0) C [S -I- A(0)1. 

IV. For every ^ e il there exists such that J f = 0. 

Let ^ ~ (S, T). We shall show that 

-I = (-l)f ~ {-T, -S). 

According to Definition O 

i + -f~[s + (-r)] = [s-n 

Since S— T^O or S— TcN (0), we have 

[S - T]CZ N{0). 

Lemma 5.1 gives ' 

inf (T - S) = 0, 

whence 

sup (S — T) = 0. 

We obtain x ^ 0, whenever x ^ S — T, i.e. 

H(S - T)(Z H{Q), 

whence by 1® and 4® 

[S - r] = iV(ff(S - T)) 3 W(iV(0)) = Ar(0). 

We obtain 

[S - Tj = iV(0) 
or 

{ + -{ = 0 . 

V. l-f = {, 

that is obvious. 

VI. X0«{) = (Xm){ for arbitrary real numbers X, and $ ~ (S, 70. 
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If either X or m is equal to 0 then the equality is obvious. Consider, for 
instance, the case: X < 0, ^ > 0. Then X^x < 0 and by Definition 0 

o-- (m<S, ixT), 

X(m«) H^s)), 

(Xm){ ~ ((XM)r, (Xm)S). 

We see that X(/xi) and (X/x){ correspond to the same cut, i.e. X(Aif) = (X/i){. 
One can consider the other cases analogously. 

VII. (X + /x){ = XJ + /xf, where { ^ S and X, n are arbitrary. 

If one of the numbers X, /x is equal to 0, then the equality is obvious. Con- 
sider the case: X > 0, /x > 0. According to Definition O 

(X + /X){ (X + ll)Sy 

It is evident that 


(X + m)5 CZ \S ”1“ /xS. 


Conversely, if x € XS + mS, i.e. 

X = Xxi + , 

where Xi € S, X 2 c 5, then 


According to 8° 

and 

We obtain 
consequently 


» = (X + 

Xz — - Xt 4- ^-7— ^ 

A + fl X + M 

X = (X + /x)X8 € (X + /x)aS. 

\S + flS Cl (X -|- fl)Sy 
[\S + /xS] = XS + r (X + m)S. 


Using I, II, IV and VI we can reduce the other cases to the one just considered. 
VIII. X(f + r?) = Xf + X17. 

Let f ^ (Si , Ti)y 17 ^ (S2 , T 2 ). The case: X = 0, is trivial. Suppose that 
X > 0. We have 


Mi + 1?) ^ x[Si + S2], 
Xf + X17 ~ [XSi + XS2]. 
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It is evident that 

XSi + XSi — \(Si + S2), 

whence by 5® 

[XSi + XSi] = [X(Si + Si)] = X[Si + Si]. 

The case: X = —1, follows essentially from IV. The case: X < 0, can be 
considered as the combination of the previous ones. 

Suppose now that 

f ~ Si , ri Si, f ~ S3 
and { ^ ij, i.e. Si C S* . Then 

Si + S3 c Sj + S3 , 

whence 

[Si + S3] C [S3 + S3] 
or 

{ + r g 1? + f. 

If X > 0 then 

SiC S2 

implies 

xSi c XS 2 . 

Since X$ ~ XSi , Xi; ~ XS 2 , we obtain 

Xf g X*;. 

We have proved that E satisfies Axioms I and II. Axiom III is also fulfilled, 
because E being closed is a lattice and for any two ^ e E, ti e E there exists = 
{Vi?. 

The operations in E introduced by Definition 0 being applied to the elements 
of E (we identify E with the set of “rational” cuts in E) coincide with the o 
priori given operations in E. This statement follows immediately from the 
evident equalities 

Nix) + N(y) = Nix + y), 

fXAf(x), X > 0, 

iV(Xx) = j Ar(0), X = 0; 

l.X^(®), X < 0, 


whep *, y are arbitrary elements of E. 
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Suppose that the algebraic operations are defined in E so that E becomes a 
subsystem of E, It follows from Lemma 5.1 that the operations in J? necessarily 
coincide with those introduced in Definition O. This proves Theorem 5.2. 

Remark 5.1. The main result and the methods of this paragraph slightly 
modified hold for partially ordered groups. Axiom A for the multiplicative 
group (? = {o} can be formulated as follows: 

If for an element a eG the set {a”; n = 1, 2, • • • } has an u.b, then a ^ e, where 
e is the unit 


§6. Systems Eb* 

Let E he Eh* • The following lemma states some characteristic properties 
of axial elements. 

Lemma 6.1. Each of the following conditions is necessary and sufficient in order 
that u eE be an axial element of E: 

(a) For every x e E the inequalities 

—\u ^ X S \u 

hold, whenever X > 0 is sufficiently large [8]. 

(jS) For every x eE the inequalities 

— w ^ yx S u 

hold, whenever y > 0 is sufficiently small. 

Proof. If u is an axial element of E then for every x eE 

X = Wi — a:', 

-a: = W'u - .r", . ’ 

where X' ^ 0, X" ^ 0, a;' eE^, a;" eE^. Taking X ^ max {X', X"}, we have 

— XtA ^ X ^ \u. 

The converse is obvious. 

(a) and {0) are evidently equivalent. 

Remark 6.1. Every Eb* contains an infinity of axial elements. It is evident 
that if u is an axial element of E and v > u then v is also an axial element. 
Lemma 6.1 gives 

Lemma 6.2. Let u be an axial element of E and v > 0. Then v is also an axial 
element of E if and only if 

\U ^ Vy • 

whenever X > Ois sufficiently small. 

Theorem 6.1. E is Eb* if and only if E'^ contains a bounded set V such tha 
every x eE'^ can be represented in the form x = Xy, where X'^O^y eV. c 

PliooF. If E is Eb* then we put 

where u is an axial element of E. 
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Conversely, if E'^ contains such V then every w ^ F is an axial element. 
Theorem 6.2. A weakly Archimedean system E is Eb* if and only if the factor 
system E = E Q W is Eb*- 

The proof follows immediately from the definition of E (§4). 

Theorem 6.3. An Archmidean system E is Eb* if and only if its closure E is 
Eb*- If it is so, then the axial element of E can be chosen in E. 

It is easy to verify these statements using Remark 6.1. 

Theorem 6.4. If E is Eb*,c* then every axial element u e E is a unit in the 
sense of H. Freudenthal, Le. u A x > 0, whenever x > 0. 

Proof. Assume the contrary. We would have an element x > 0 such that 

A X = 0. 


Then for every X > 0 


and 


(Xu) A X = 0 


Xu + ic = (Xu) V ^ 

Owing to Lemma 6.1 X > 0 can be chosen such that 

Xu ^ X. 

« 

Therefore 

(Xu) V ^ == Xu 

and we obtain 

Xu + X = Xu, 


[ 1 ] 


X = 0, 

which contradicts our hypothesis. 

Remark 6.2. The converse is not true: there exist lattices that have units 
and do not contain axial elements at all. 

Let u be a fixed axial element, y eE and a an arbitrary positive number. 
Consider the set Ua{y) consisting of the element x with 

— (a — €)u ^ y — X ^ (a — e)u, 

where € > 0 depends on x. Every such set we call interval in E, Introduce 
the notation 21 for the totality of all intervals in E, 

Theorem 6.6. A topology can be defined in E satisfying the conditions: 

1. E converts into a Trspace [9]; 

2. algebraic operations in E are continuous] 

3. 21 is the basis of the space E; 

if and only if E is homogeneous. If E is Er then the needed topology can be 
generated by a norm. 
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Proof. Suppose that E is not homogeneous, i.e. E contains an element 
z 7 ^ 0 with 


Xi ^ Dg ^ xt . 

Then for every ^ > 0 

II Xi ^ n^Dg ^ ii^X2 . 

Since im^D, = Z), , 

i/xi ^ Djt ^ 1x^x2 . 

Putting II small enough in order that 

— u g nxi ^ u (i = 1, 2), 

where w is a fixed axial element of E^ we obtain 

^ixu ^ IX Xi ^ ixu 

and 

-~ixu ^ Dg ^ ixu . 

Since in these inequalities we can take ix as small as we please, Z>, and z in 
particular belong to every C"^(0). Therefore 1. cannot be fulfilled. 

If E is Eff then we define for every xeE 

II X l|w = sup {ix; —u ^ ixx ^ u] [8]. 

For every x €E || a; ||u is finite. It is an immediate application of Axiom H, 
Lemma 6.1 gives that || a; ||u = 0 only if x = 0. Furthermore it is evidently 

ilXxllu = |Xl||a:||„, 

II a: + 2 / 1|„ g II a; ||„ + || y 1|« . 

We see that |1 a: i|u possesses the properties of the norm, we call it u-norm. 
It is evident that Ua{y) is the (open) a-sphere with the center y in the sense of 
u-norm. This completes the proof of the theorem. 

In the following we shall understand by “t<-completeness”, “u-convergence” 
etc. the corresponding notions based on the u-norm. It is evident that if u and 
t> are different axial elements of E then u-norm and r-norm are topologically 
equivalent. 

Remabk 6.3. If £ is a u-normed lattice then 

II X ||« = sup {m > 0; u I a: I g u) = inf {X > 0; | a: | ^ Xu}, 

where 


I X I = X V (-*) 


[ 2 ]. 
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It is easy to deduce from this remark the following 

Lemma 6.3. If E is u-normed and closed, x is the u-limit of a sequence {xn] (Z E 
then {ajn} converges to x in the sense of L. Kantorovitch [2]. 

Theorem 6.6. If E is u-normed and closed then E is u-complete. 

Proof. Suppose that {a:„) is such that for ever}" 6 > 0 

\Xm — Xn\ ^ €11, 

whenever m and n are sufficiently largo. According to [2], Theorem 20, 
{Xn] has the limit x in the sense of L. Kantorovitch and the inequalities 

— g Xm — OTn ^ €U 

imply 

— €U^X — Xn^€Uy 

that means x is the w-limit of {x„}. 

§7. Partially ordered Banach spaces 

In this paragraph we consider partially ordered Banach spaces, actually those 
the unit sphere of which has an u.b. and a l.b.® 

We assume that E is Eb • 

Lemma 7.1. Every Eb is Ea* ond the w.6. of the unit sphere is an axial element 
of Eb . 

Proof. Eb satisfies the condition of Theorem 6.1 if we put V equal to the 
intersection of with the unit sphere. Every u.b. of the unit sphere is an 
u.b. of V and consequently is an axial element of Eb . 

The a priori given norm in E w’c call iNT-norm. The topological and metrical 
properties of E based on the W-norm such as “closure’’, “boundedness” etc. are 
called “A^-closure”, “iV-boundedness” etc. 

Lemma 7.2. Axiom B is eqtiivalent to the following condition: E is a Banach 
space ordered in such a way that E"^ contains an N-inner point. 

Proof. Denote by S{y] a) the (iV-open) a-sphere with the center y. If E 
is Eb , i.e. 

S{0; 1) ^y 

then 


y - S(0; 1) = y + S(0; 1) S 0. 


• Such is, for instance, the space C of continuous functions x(0, 0 ^ f ^ 1, with the 
natural ordering and the norm 1| a: || « max | x(t) j. On the contrary, the space Lp(p ^ 1) 
of measurable functions a;(0, 0 ^ ^ ^ 1, with summable | x{t) does not satisfy A.xiom B 

/ r y 

if 11 X 11 i J 1 x(t) dij^ and x <y denotes that x(t) ^ yil) almost everywhere on [0, 1) 
and x(t) < y(t) on a set ^ C [0, 1] of positive measure. 
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Since y + <S(0; 1) = S{y, 1), we obtain 

S{y) 1) ^ 0, 

y is an AT-inner point of E^. 

Conversely, if y is an 2V-inner point of E'^, i.e. 

S{y, e) ^ 0, 

then 


S{y, e) = 2/ + 5(0; «) = y + *5(0; 1) ^ 0. 

We obtain 


5(0; 1) = -5(0; 1) %-y, 
6 


as was to be proved. 

Lemma 7.2 gives [10] 

Lemma 7.3. If E is Eh then every positive linear function p{x) on E is N- 
continuous. 

Theorem 7.1. Eb is Archimedean if and only if E^ is N -closed. 

Proof. Suppose that E is Ea,b . Let y be an arbitrary point of the N- 
boundary of E'^ and u an A'-inner point of 7?^. Since E^ is convex, every 

ay + (1 — a)u 

with 0 ^ a < 1 belongs to i.e. 

ay + (1 — ot)u ^ 0, 

whence 


y -j- w ^ 0. 

a 

By Lemma 3.2 this inequality holds for a = 1 which gives 

2/^0. 

The sufficiency of the condition can be deduced from Ijcmma 3.2 in an ele- 
mentary way. 

Theorem 7.2. Let E be Eb • If E is weakly Archimedean then every point 
y of the N -boundary of E^ belongs either to E^ or to W. 

Proof. It follows from Ijemma 7.3 that W is A'-closed in Ea*,b and conse- 
quently ^ © TT is a Banach space if we put || x |] = inf { || a: ||; a; € x}. 

It is also easy to see that S is Eb , 

If § = 2/ + ^ l^hen y € E^ (use Theorems 4.2 and 7.1).. If y = 6 = IT then 
y c IT; y 9 implies y tW, y € E'^y as was to be proved. 

If E is Eb,h then the w-norm can be defined in E, According to Axiom B 
every AT-bounded subset of E is bounded which implies that the iV-topology in 
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E is generally stronger than the w-topology. They are obviously equivalent if, 
conversely, every bounded subset of E is AT-bounded. Since every bounded 
subset M d E can be included in an interval of the system 21, we thus obtain 
Theorem 7.3. If E is a homogeneous Eb then the N -norm in E is topologically 
equivalent to the u-norm if and only if the intervals in E are N-bounded. 

We say that the A^-norm is non-decreasing if 

— y^x^y 

implies 


ll^ll ^ II 2/ II. 

Lemma 7.4. The N- and u-norms are topologically equivalent if and only if the 
N-norm is topologically equivalent to a non-decreasing norm {in particular y is non- 
decreasing itself). 

Proof. Obvious, since the ?/-norm is non-deereasing and any two non- 
decreasing norms are topologically equivalent. 

According to the results obtained by AI. Krein ([10] and [11]) the A-bounded- 
ness of the intervals in E is equivalent to the following condition imposed on the 
adjoint space E: 

Every linear functional f e E can he represented 

f= hr - h2y 

where hi , Jh are positive linear functionals y i.e, hi{x) ^ 0, whenever x e E^ (i = 1,2). 

Mathematical Institute of the 
Academy of Sciences of the U.S.S.R. 
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HOMOLOGY WITH LOCAL COEFFICIENTS 

By N. E. Steenrod 
(Received January 26, 1942) 

1. Introduction 

In a recent paper [16] the author has had occasion to introduce and use what 
he believed to be a new type of homology theory, and he named it homology with 
local coefficients. It pro^^ed to be the natural and full generalization of the Whit- 
ney notion of locally isomorphic complexes [18]. Whitney, in turn, credits the 
source of his idea to de Rham’s homology groups of the second kind in a non- 
orientahle manifold [13]. It has since come to the author’s attention that 
homology with local coefficients is equivalent in a complex to Reidemeister’s 
Vberdeckung [10]. 

Since this new homology theory (which includes the old) seems to have such 
wide applicability, a complete review of the older theory is needed to determine 
to what extent and in what form its theorems generalize. The object of this 
paper is to make such a survey. The general conclusion is that all major 
parts of the older theory do extend to the new. In addition the newer theory 
fills in several gaps in the old. The most noteworthy of those is a full duality 
and intersection theory in a non-orientable manifold (§14). 

For the sake of completeness, some of the results of Reidemeister have been 
included. The new approach and new definitions make for easier and more 
intuitive proofs. They lead also to results not obtained by Reidemeister. The 
most important is a proof of the topological invariance of all the homology 
groups obtained.^ In addition developments are given of the subjects of multi- 
plications of cycles and cocycles, chain mappings, continuous cycles, and Cech 
cycles. 

Part I contains an abstract development of systems of local groups in a space 
entirely apart from their applications to homology. Any fibre bundle over a 
base space R [18] determines many such systems in R (one for each homology 
group, homotopy group, etc., of the fibre). These are invariants of the bundle. 
They should prove to be of some help in classifying fibre bundles. 

Part II, which contains the extended homology theory, presupposes on the 
part of the reader a knowledge of the classical theory such as can be found in the 
books of Lefschetz [7] and Alexandroff-Hopf [1]. 

I. LoCAt. GROUPS IN A SPACE 

2. Notations 

We shall be dealing throughout with an arcwise connected topological space 
R. For any point x of /?, let F* be the fundamental (Poincar^) group of R with 

* It is not determined however whether or not the combinatorial invariant called ** tor- 
sion’* by Reidemeister [9] and its generalizations by Franz [4] and de Rbam [14] are true 

topological invariants. 
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X as initial and terminal point. If A is a curve from x to y, the class of curves 
from X to y homotopic to A with end points fixed we shall denote by a symlx)! 
such as a^y . Its inverse is denoted by a7i or ay^ . The elements of Fx are 
abbreviated ax , 0x , etc. The class axy determines an isomorphism Fx Fy 
(denoted by axy) defined by axy{fix) = ayxPxOCxy . In keeping with this notation, 
the product axffx means the element of Fx obtained by trav ersing first a curv^e 
of the class a* then one of I3x • As is well known, the combination of two iso- 
morphisms fiyziaxyiyx)) is the isomorphism (axy0yt)(yx). 

3. Local groups 

We shall say that we hav'o a system of local groups {rings) in the space R \i (1) 
for each point x, there is giv^en a group (ring) G* , (2) for each class of paths axy , 
there is given a group (ring) isomorphism G* — > Gy (denoted by axy), and (3) the 
result of the isomorphism axy followed by ^yt is the isomorphism corresponding 
to the path axy^yg . 

It follows from the transitivitv' condition (3) that the identity path from x to 
X is the identity transformation in Gx . A further consequence is that the inverse 
of the isomorphism axy is ayx . By (2), a closed path ax e Fx determines an 
automorphism of G* . From (3) it follows that Fx is a group of automorphisms 
of Gx . The invariant subgroup of Fx acting as the identity on G, is denoted 
FI . Since, by (3), 

<^xy{l^x{oLyx{g))) ~ {^y3&x0t.xy){g) ^ Q € Gy , 

it follows that 

( 3 . 1 ) OLxv{&x{g)) = [cCxv{^x)]{(Xxy{g))y g € Gx . 

We shall say that the sj'stem {Gx} is simple if every Fl = Fx . If this happens 
for one x, it will be true for all. If {Gx} is simple, the isomorphism axy is inde- 
pendent of the path from x to y. Choosing a fixed point o as origin, we find that 
each Gx is uniquely isomorphic to Go . Thus the local system consists of one Go 
and as many copies of Go as there are points x ^ Q, 

Two systems {G*}, {ffx} are said to be isomorphic if, for each x, there is an 
isomorphism </>x of Gx onto Hx such that 

^!/(ofxy(fi^)) ~ Ofxy(0x(^))> g € Gx . 

We shall deal only with properties of systems which are invariant under isomorph- 
isms. In each case the proof of invariance is trivial and will be omitted. 

It was proved in §2 that the collection {F*} is a system of local groups. It 
is simple if and only if it is abelian. 

In some instances a sj^stem {Gx} will consist of topological groups. The 
isomorphisms axy will then be continuous. In the following pages we shall 
omit continuity considerations whenever such are reasonably obvious. 

We shall consistently attempt to reduce the study of a system to the study of 
what occurs at one point oi R. As a first step we have 
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Theorem 1. If G is a group (ring)y o a point of R, and yp a homomorphism of 
Fo into the group of automorphisms of Gy then there is one and only one system 
{G*} of local groups (rings) in R such that Go is a copy of G and the operations of 
Fo in Go are those determined by p. 

For each point a; c /?, choose a class of paths \ox , choosing \oo = identity. 
Let Gz be a group (ring) isomorphic to G. Associate this isomorphism with X;co . 
If axy is a path, we attach to it the isomorphism Gx Gy defined by 

^* 1 /( 17 ) ~ Xoy[(Xoa<>fxyXyo)(Xxo(g^))]. 

The second operation is the automorphism of G attached to KxOixvhyo « Fo by 
Since ^ is a homomorphism, the transitivity condition (3) holds. 

If {Gx\ is a local system, and <t> an isomorphism of Go into Go such that a<t> = 
ipa for a € Fo y map G* Gx with the operation <l>x(g') = Xox(<#>(Xxo(^')))- It is 
easily verified that {<t>x] establishes an isomorphism between [Gx\ and {Gx}. 
This proves the uniqueness and completes the theorem. 

4. Automorphisms 

I^t {Gx}, {Ax} be two systems of local groups, and suppose that A* is a group 
of automorphisms of Gx in such a way that, for any axy , we have 

(4.1) ^ry((^(y)) ~ 0[xy(a)(axy(g))i O C Ax , g € Gx . 

Then {A*} is called a system of local automorphisms 0 / {G*} . By (3.1), it follows 
that {Fx} is such a system for any {G*}. 

Let A\ be the subgroup of Ax acting as the identity on Gx . By (4.1), {A]} 
is a system of local groups. It follows that, under the natural isomorphisms 
Ax/AI — ► Ay/ A\ induced by Ax Ay , [Ax/ A\\ is a system of local automorph- 
isms of {Gx}. 

If A is a group, and, for each x, A is a group of automorphisms of G* such that 

(4.2) aLxy(0>(g)) = ®(ttacy(fi^)), Ct € A, g € Gx , 

we shall call A a group of uniform automorphisms of {Gx}. If a system {Ax} 
of local automorphisms is simple, then any one of its groups is, in a natural way, 
a group of uniform automorphisms of {Gx}. If Fx or Fx/Fl is abelian, we have 
such a group of uniform automorphisms for any {G*} . 

As in Theorem 1, complete knowledge of a system of automorphisms is obtain- 
able from knowledge of what occurs at a single points 
Theorem 2. Let A be a group of automorphisms of G with only the identity 
acting as such in G (i,e. A^ = 1). Let obea point of R, and let Fo be represented 
as a group of automorphisms of G in such a way that the automorphism a(a(a''^ (g))) 
of G is in A for every a € Fo , a e A. Then there is one and only one system {A,} 
of local automorphisms of {Gx} such that the collection (Fo , Go , Af) is isomorphic 
to (Fo , G, A). {Ax} is simple and therefore A is a group of uniform automorph- 
isms of {Gx} if and only if the automorphisms of Fo and A in G commute. 

By Theorem 1, the system {G,} is completely determined. By assumption 
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the automorphism aaoT^ is a unique element of A. Thus each a determines an 
automorphism of A, and Fo is a group of such. By Theorem 1, the system {A*} 
of local groups is completely determined. For a € A* , ^ e , we choose a path 
ttor and define 

= otoxiaxo{a){axo{g))). 

Clearly (4.1) will hold once we have proved the right side to be independent of 
aox . This is shown as follows. 

0xo(oiox(oizo(^)(oCzo(g)))) ~ (oiox0xo)(oCzo(^)(oixo(g))) 

~ [(^oz^zo)(oixo(^))(o(ox^xo) ]((^x^xo)(^xo(g))) 

= 0xo((i)(0xo(g))» 


6. Operator rings 

If G is an additive abelian group, the set // of all homomorphisms of G into 
itself forms a ring under the operations 

(a + b)(g) = a(g) + h{g), {ab){g) = a{b{g)), a,btH,g € G, 

A group A of automorphisms of G forms a multiplicative subgroup of //. It 
generates a subring A* of H with unit = identity. If the sym})ol a{g) be abbre- 
viated by agy this multiplication oi g tG by the scalar a « A* obeys the usual 
laws: (a + b)g ag + bg, (ab)g = a(bg), Ig = 0^ = 0, a(g + g') = ag + ag\ 

One may therefore speak of linear combinations, linear independence, and bases 
in G relative to A. 

We shall say that the system {Ax} is a system of operator rings for the abelian 
system |Gx} if, for each x, Ax is a ring of operators for Gx , and for each path 
axu , we have 

Oixyi^^g) ~ ^xy(P'^OCxy{g) ^ U € Ax y g ^ Gx • 

The analogue of Theorem 2 is proved with only slight modifications. If a system 
of operator rings is simple, we are led naturally to the concept of a uniform opera- 
tor ring for {Gx}. 

For any {Gx}, the system {F* } of group rings of {Fx} is a system of operator 
rings. If Fx or Fx/Fi is abelian, the group ring of Fo or factor ring thereof is a 
uniform operator ring for {G*}. 

6. Dual systems 

Two abelian systems {G*}, [Hx] of local groups form a pair with respect to a 
third [Kx] if, for each x, Gx and Hx form a pair with respect to Kx (i.e. a multi- 
plication gh k IB given which is linear in each factor) in such a way that, for 
each path axy , we have oixvigh) = otxi,{g)otxy{h) . Analogous to Theorem 1 , we have 

Theorem 3. Let G, H form a pair with respect to K, and let Fo be realized as a 
group of automorphisms of each of G, H, K in such a way that a(gh) = a(g)a{h) 
for a €Fo f g eGj h tH. Then there is one and only one set of systems {G,} , {Hx], 
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[Kz] such that the first two form a pair with respect to the thirds and Go y Ho , 
Ko and the aviomorphisms Foform a set isomorphic to the given G, H, K, Fo . 

By Theorem 1, there are unique systems {G,}, {Hx]y [Kx] corresponding to 
G, K and the operations of Fo in these groups. In the construction of all 
three systems let us use the same collection of paths \ox (see proof of Theorem 1). 
Under the isomorphism of Gx , Hx , Kx with G, H, K attached to Xox the multi- 
plication in the latter groups carries over into a multiplication in the former. 
The relation axyigh) = axv(g)axy(h) for g eGx j h ^Hx is proved by using the 
property a{g'h*) == 0 L{g')a{h^) of the closed path a = \oxCXxyhyo where g\ fe' corre- 
spond to g^ h under Xox . Any other allowable product which agrees with the 
constructed product in Go , Ho will likewise agree in G* , Hx since both products 
are invariant under the translation along Xxo . 

Of particular interest is the case of character groups. 

Theorem 4. If K = real numbers mod 1, G = o discrete, or compact, or locally 
compact separable group, and Fo is realized in two arbitrary ways as a group of 
automorphisms of Ko and Go respectively, then Fo can be realized in one and only 
one way as a group of automorphisms of the character group H of G satisfying 
ot{gh) = a{g)a(h). Thus to given systems {A*}, {G*} is attached a unique system 
[Hx] of character groups. 

The character a(h) is defined to be the one with the value a(cr^(g)h) on any g. 
The remainder of the theorem is readily verified. 

It is to be noted that K admits but one non- trivial automorphism, namely; 
i Thus there are as many character systems of a given system {G*) 

as there are factor groups of Fo of order 2. If it should be desirable to have a 
unique character system, it would be natural to choose [Kx] to be simple. 

7. Local groups under mappings 

Let R, R' be two arcwise connected spaces and 0 a continuous map 72'— > R. 
Let F, F' be their fundamental groups relative to base points o, o' such that 
^(o') = 0 . If (Gx} is a system of local groups in R, then 0 induces in 72' a system 
[Gy] as follows. The group G[ is chosen isomorphic to Gx where x = 0(y). 
The isomorphism is denoted by The path ciyg in 72' maps Gy isomorphically 
on G1 according to the rule 

(7.1) otytig) = gtG’y. 

The transitivity condition is immediately verified. 

The existence of the induced system is apparent in view of Theorem 1 and the 
fact that the homomorphism F' —* F realizes F' as a group of automorphisms 
olG,. 

The induced system has numerous properties which we list without proofs. 

(a) If {(?*) is simple, so is {O';}. 

(b) . [Gy] is simple if and only if F' is mapped by ^ on the subgroup F‘ of F 
leaving G, fixed. 
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(c) . If [Gx]^ {//*} are paired relative to {/C*}, then likewise the induced 
systems in R\ 

(d) . If {Ax} is a system of local automorphisms or operator rings for [Gx], 
then likewise the induced systems in R\ 

(c). If A is a group of uniform automorphisms or a uniform operator ring for 
[Gx], it is also one for the induced system. 

It follows from (b) that, if is the covering space of R corresponding to the 
subgroup of F, the induced system is simple. Thus any system in R can be 
considered as the continuous image of a simple system in some covering space. 

It is natural to inciuire under what circumstances a given system in 72' is 
induced by one in R. For this it is necessary and sufficient that ( 1 ) the kernel 
F' of the homomorphism F' F shall act as the identitj" on , and (2) the map 
of the subgroup F'/F' of F into the group of automorphisms of G^ shall admit 
a homomorphic extension to F. 

8. Special local groups 

Because of their importance in the work of Reidemeister, we shall discuss 
certain local systems based on the fundamental group F of /?. 

Let F^ be an invariant subgroup of F, and let ff = F/F'. Let 8 be an abelian 
group. Let G be the set of functions from ff to 8 . If two such functions are 
added by adding functional values at each element of ff, G becomes an abelian 
group. A function/ eG is called a restricted function if /(a) = 0 except for a 
finite number of a € The restricted functions form a subgroup G' of G. 
The structure of G (G') can be described as the unrestricted (restricted) direct 
sum of as many copies of 8 as there are elements of ff. If 8 = integers and 
F^ = 1 , then G' is the ordinary group ring of F. 

If 8 is a ring, we define a multiplication of two functions/, ^ € G' by 

f X g((x) = ^fifiapr^)g{l3)y a, ^ e 3F. 

Since the functions in G' arc restricted, the sum is finite; thus G' is a ring. If 
8 = integers, this product is the usual one in the group ring. 

The group F can be realized in three natural ways as a group of automorphisms 
of the groups G, G'. For anv 7 € F, we define three operations on a function 
/€G(G 0 by 

Lyf(a) = f(y-^a), Ryf(a) = fiery), Tyfia) = fiy-^cry), a € 5*. 

Then Lyf, Ryf and Tyf are in G (G'), and are called the left translation, right 
translation, and transform of / by 7 , respectively. It is easy to verify that Ly , 
Ry , Ty are automorphisms of G (G'), and that LyLi = , RyR^ = Ry^ , and 

TyTi = Tyt . The subgroup acting as the identity for both L and R is F\ 

In the case that 8 and therefore G' is a ring, the left and right translations 
are not ring automorphisms. However the transforms are: Tyif X p) = 
(Tyf) X (Tyg). 

It follows from Theorem 1 that, corresponding to each of the three ways that 
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F can act on G ((?')» we have a system of local groups. These we denote by 
{(?*}, { } , {Gl]y and similarly for G\ The last of these, { G^J } , is a system of 
local rings, whenever 8 is a ring. 

Since 9 is associative, LyR^ = R^Lyf, Therefore, by Theorem 2, the left 
translations form a group of uniform automorphisms of {G, }, and likewise for 
the right translations of {G* }. Then, as in §5, the group ring of F is a ring of 
uniform operators for these s^’^stems. 

Under the automorphism of G (G') defined by <l>f(a) = we have 

<t>Lyf = Ry4f. Therefore, by means of an isomorphism exists between {G* } 
and {G^}. 

In the work of Reidemeister on homotopy chains, 9 = integers, = 1, so 
that G' is the group ring of F. The coefficients of the homotopy chains belong 
to the local groups {G*^} (these are not rings), and the ring of uniform operators 
is likewise G' where left translations are used. This distinction between the two 
usages of the group ring of F is necessary for a comprehension of^ the subject 
of homotopy chains. 


II. The combinatorial theory 

9. Chains with local coefficients 

Let {G,} be a system of local abelian groups in a space R which is decomposed 
into a cell complex’ K, A g-cell of K is denoted by incidence by cr < <r', and 
incidence numbers by We suppose as usual that 

• (9.1) = 0. 

In each cell a we choose a representative point x(<t) and abbreviate the symbol 
Gx(<r) hy Ga . A g-chain of K is a function^ / attaching to each oriented g-cell a 
an element /(d) c G^ with the property /(— a) = —/(d). Chains are added by 
adding functional values. They then form a group isomorphic to the direct 
sum of the groups G^ for all ^-cells <t. 

If <r' < <r, we may choose a path in the closure of a joining x(<t) to a:(<r') and 
obtain therefrom an isomorphism G^ Go' which is denoted by K'o . In order 
that ho'o shall be independent of the path, we postulate that the closure of each 
cell is simply connected. A second consequence of this and the transitivity 
condition is 

(9.2) ho"o'ho'o == 


* For the sake of simplicity we suppose K is finite and closed. The extension of the 
subsequent results to relative complexes, open complexes, and to the finite and infinite 
chains of locally-finite complexes will be obvious. 

* We shall abide by the functional notation throughout. This will prove to be as con- 
venient as the classical linear form notation. We abandon the latter since it has algebraic 
implications more prejudicial than suggestive in the present discussion. 
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By means of the isomorphisms h, we can define the boundary 9/ and co- 
boundary 8f of a g-chain /: 

The sums extend over the ^-cells which (a) have (7^“' as a face, (b) are faces of 
These new functions are g — 1 and (g + l)-chains respectively. It 
follows from (9.1) and (9.2) that ddf = 0, 56/ = 0. Therefore cycles, bounding 
cycles, homology and cohomologj^ groups can be defined as usual. 

A special convention for 0-cycles is necessary. We shall agree that any 0- 
chain is a 0-cycle. Note that the Kronecker index (i.e. the sum of the coeffi- 
cients of a 0-chain) has no meaning unless the sj^stem \Gx\ is simple.^ 

Finall}^ it is to be remarked that we obtain a completely isomorphic situation 
if we choose new representatives y{<y) in each a. The isomorphism is established 
by means of a path x{cf) to y{(T) in a for each o-. 

10. Automorphisms of chains 

Let A be a group of uniform automorphisms or a ring of uniform operators of 
{Gx}. For any chain / and a tA, define (a/)(<T) = af{a) for each cr. Then 
af is a chain, and A appears as a group of automorphisms or a ring of oper- 
ators of the group of g-chains for each g. 

Since the operations of A commute with translations of the Gx along paths, it 
follows that the operations of A on the chains commute with d and 5. Therefore 
A appears as an automorphism group or ring of operators of the groups of cycles, 
cocycles, boundaries, coboundaries, and consequently of the homology and 
cohomology groups. 


11. Multiplication of chains 

It should be noted that a cycle with local coefficients is locally a cycle in the 
ordinary sense; for, in any simply connected open set U (e.g. the star of a vertex), 
isomorphisms of the local groups can be set up with a fixed group (using paths 
in U) in such a way as to transform each chain with local coefficients into an 
ordinary chain mod {K IJ) so that the boundary relations are preserved. It 
follows that any operation on ordinary chains which is a sum of local operations 
can be carried over to chains with local coefficients. We have seen that this is 
true of the boundary operator. We shall see that this is also true of products of 
cocycles, products of cycles and cocycles, and intersections of cycles. The 
linking number like the Kronecker index is not of this category. 


^ Classical homology with a single coefficient group G is isomorphic to homology with 
coefficients in the simple system of local groups determined by G, 
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In a comprehensive paper of Whitney on products [17], it is proved that, corre- 
sponding to cells o-f , o-y , 0-^^® in iv, there is an integer ^^Y'k such that 

(Fi) if <Ti , o-y are not both faces of then = 0, 

(r2) for all p, q, ^, j, k, 

(Fa) for all q and j, = 1. 

Although the last two conditions appear not to be local in nature, they are so 
by virtue of the first. 

Let {(?,} be a system of local rings with units. If /*" and/' are p and g-chains 
respectively with coefficients in {Gx\, we define their cup product to be the 
(P + g)-chain 

(11.1) r = Zo- 

Here we heve abbreviated the isomorphism of the local group of on that of 
by hk^^'.i . The sum extends over the faces <ri , a*j of The 

relations 

(Pi) uf is zero on any which has not both a face inf and a face inf, 

(P 2 ) B(f^ uf) = r ur + (- 1)7" u r, 

(P3) luf^f 

follow from the relations (F), the transitivity of the /I's (9.2), and the preserva- 
tion of the products in Gx under an /?. In (P3), I is the 0-cocycle which attaches 
to each vertex V the unit of Gv . Since h is a ring isomorphism, itpreser\Ts the 
unit; therefore 81 = 0. It follows just as in Whitney [17] that a product is 
definable for the cohomology classes with the usual properties. The as.sociative 
law and the commutation rule for the special products in a simplicial com[)lex 
are given local proofs. Once invariance under subdivision has been established 
(see §16), the same laws will hold in a general complex. 

For the cap product, we shall suppose that {Hx} are paired with re.spect 
to \Lx], Given a g^-cochain (coef. {Gx}) and a (p -f 9)-chain (coef. 
[Hx\)y we define their cap product to be the p-chain 

(11.2) f n 

with coefficients in {Lx}. The sum extends over those j, k for which am , <T; 
are faces of Just as before, we obtain 

(Qi) f n is zero on any f which with no of is a face of a of 
m d(r n - (- mr ng^^+fn dg^^\ 

In order to obtain an analogue of (F3), we shall take the special case where 
[Lx] = [Hx] and \Gx} is a system of operator rings for [Hx) (see §5). Then 
the 0-cocycle I is defined, and we have (Q3) I ng^ ^ g^. 
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Under the same assumption, it can be shown that 
(f Uf) n n (/ n 

for cocycles /*, f and a cycle 

The uniqueness of the products in the following sense can be proved. Sup- 
pose is another set of F’s for which the relations (F) hold. Corresponding 
to the two sets of F’s is the Whitney operation A (Theorem 8, [17]). Let 
be the coefficient of in the product Define A with 

equations analogous to (11.2) using A in place of F. Then the Whitney relations 
(R) (loc. cit.) with chains in place of cells can be proved to hold. It follows 
that the two sets of F^s determine the same products among the homology and 
cohomology classes. 


12. Duality 

Let L be the group of real numbers mod 1, and let \Lx] be the corresponding 
simple system in K. IjqX (Gx) and [Hx] be character systems of one another 
with respect to {Lx}. Since {Lx} is simple, a 0-cycle/^ with coefficients in {Lx} 
may l)e regarded as a 0-cycle with coefficients in L. It possesses therefore a 
Kroneeker index (= the sum of its coefficients) which we denote by if). As 
usual if) = 0 is eciuivalent to ~ 0. The scalar product of a g-cochain f 
coef. |Gx} and a q-chain coef. {Hx} is defined to he the Kroneeker index of 
their cap product: 

(12.1) inL. 

Iff^ and g^ are zero except on a single a, then, by F3 is the product/'((T)gr*(a). 
Therefore, due to the linearity, the scalar product of arbitrary/®, g^ is the sum of 
products of corresponding coefficients. It follows that the groups of g-cochains 
and g-chains are character groups of one another. 

For any Q-cochain/® and {q + l)-chain p®^^ we obtain from Q 2 that 

( 12 . 2 ) ■ 

It follows now in the usual way (see Whitney [17]) that the q'^ cohomology 
group coef. {Gx} and the homology group coef. \Hx\ are character groups 
with the scalar product as the multiplication. 

13. Intersection in an orientable manifold 

Let K be an orientable simplicial n-manifold and let K* be its dual. Denote 
by 3)(r the cell of K* dual to the oriented simplex a ol K relative to a fixed choice 
of the fundamental M-cycle Z" with integer coefficients. Let {Gx} be a system of 
local groups to be used as coefficients in both K and /v*. Let the coefficient 
groups of c and 2)(r be the group G* where x is their common point. Then for 
any chain/ of K (cochain/* of K*), the equation 

(13.1) rO<r) = /(<r) 
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defines its diuxl cochain (chain) of K* (K) of the complementary dimension. This 
isomorphism between the two groups of chains has, as usual, the property 

(13.2) (a/)* = (— l)®a/*, q = dimension of /. 

It follows that the homology group coef. [Gx] and the (n g)*^ cohomology 
group coef, {(?»} are isomorphic. 

In case {Gx) is a system of local rings, we have as in §11 a multiplication 
defined for the cochains of K*. The isomorphisms just established between the 
chains of K and cochains of K* enable us to carrj’^ over the product in K* into 
an intersection in K. We define the intersection of two chains /i , /2 of K to be the 
dual of the cup product of their duals: 

(13.3) /.o/s = (/T u/?)*. 

(Compare Whitney [17], p. 422, formula (19.9)). It follows that a system of 
local rings in an orientahle manifold determines an intersection ring^of cycles iso- 
morphic to the ring of cocycles {same coefficients) under the operation of dual. 

As is well known, the ring of integers is a ring of operators for any group G 
which commute with any automorphism of G. The ring of integers is therefore 
a uniform operator ring (§5) for any [Gx]. The equation (11.1) may be in- 
terpreted as defining the cup product of a cochain with (simple) integer coeffi- 
cients and a cochain with local coefficients {Gx). The relations (P) still hold, 
and these together with the associative law lead to the conclusion that the 
cohomology ring with simple integer coefficients constitutes a ring of operators for 
the cohomology groups coef. {Gx}. 

The dual of this last result is that the intersection ring of an orientahle manifold 
with simple integer coefficients is a ring of operators for the homology groups coef. 

[GA- 


14. Intersection in a non-orientable manifold 

In a non-orientable manifold K there is no 7i-cycle with simple integer coeffi- 
cients. One cannot therefore determine the orientation of uniformly over K 
so that (13.2) holds. A customary device is to use integers mod 2 as coefficients 
so as to restore the basic n-cycle and escape orientation difficulties. The 
resulting duality and intersection theory is a bit weak due to the inadequacy of 
the coefficients. A more ingenious device has been used by de Rham [13]. 
We shall see that a suitable use of local coefficients permits a full development 
of De Rham’s notion and leads to a complete and satisfying duality and inter- 
section theory in a non-orientable manifold. 

Since K is non-orientable, the elements of its fundamental group F divide into 
two classes according as they do or do not preserve orientation. Those which 
do form an invariant subgroup of index 2. Let T be the group of integers. 
For each integer t e T and a € F, let a{t) be or — < according as a is or is not in 
In this way F is a group of automorphisms of T. Let [Tx] be the corre- 
sponding system of local groups given by Theorem 1. We shall say that chains 
with coefficients in {Tx} have twisted integer coeffijdents. 
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Let G be an abelian group and let F be represented as a group of automorph- 
isms of G, Let Q be the direct sum of two copies of G (i.e. the group of pairs 
> Q^))- Identify G with the subgroup of elements of the form (g, 0 ), and call 
G the real part of G, The subgroup G' of elements of the form ( 0 , g) we call the 
imaginary part of G, The product of {gi , g2) with the complex number a + ib 
(a, b are integers) is defined by 

( 14 . 1 ) (a + ib){gi , g^) = {agi - bg ^ , ag2 + bgi). 


It follows immediately that the complex integers form a ring of operators for the 
group G, and that each element of G can be written uniquely in the form g\ + 
ij9i 1 92 real). If we set 


( 14 . 2 ) 


ot(gi + m) = 


<^{9y) + ^«(fi^2) 
a{gi) - ia{g2) 


if a 6 F\ 
MaiF\ 


the automorphisms of F in G are extended to G. For smy complex integer a + 
define a(a + ib) = a zL ib according as a is or is not in Let T be the ring 
of complex integers, and let {Tx\ be the system of local rings corresponding to 
T and these automorphisms. It follows that { 7 x} is a system of operator rings 
for the system corresponding to G and the automorphisms ( 14 . 2 ) (see §5). 
We refer to { as the complex extension of {Gx) . 

If G is a ring, and the elements of F are ring automorphisms, we define a 
product in G in the usual way: {gx , g2){g \ , ^2) = {gm - 9292 , 9291 + ^19^2). 
The equations ( 14 . 2 ) define ring automorphisms of G. Furthermoi'e the ele- 
ments of T associate and commute with the multiplications in G. Thus {G*( 
is a system of local rings with { 7 x 1 as a system of operator rings. 

We shall use { Gx} and { 7 x) as coefficients for chains of K and cochains of /v*. 
The group of /i-cycles of K coef. { 7 x| is infinite cyclic. A generator is con- 
structed as follows. Choose an oriented w-cell a and let Z"(o’) = dbz in 
(because of a(i) = zti, the sign of i has only a local significance). If 1 o-' | is 
any other n-cell, choose a path a of ri-cells from tr to | o-' | (successive cells having 
an (n — l)-face in common). The path a determines an orientation <r' of 
I <r' I concordant with that of <7. Now define Z”((r') = a(Z"(<^))- In words: the 
orientation and coefficient of o-' are determined by translating along a path a 
both the orientation and coeflicient of Translating along a second path A? 
will either produce the same orientation and the same coefficient or reverse the 
sign of both according as is or is not in Thus the chain is inde- 
pendent of the paths chosen in its construction. It is a cycle since, in any 
simply connected domain, it is a cycle. The usual argument shows that any 
n-cycle of K coef. {Tx} is an integral multiple of Z”. Thus the fundamental 
n-cycle of K has pure imaginary coefficients (or equally well, twisted integer 
coefficients). 

If € is an oriented simply-connected neighborhood in K, Z”(€) will be the 
coefficient Z”(< 7 ) of an n-cell <r in € oriented concordantly with €. Corresponding 
to a ^-cell a eK and an oriented neighborhood € of <r, there is in the usual way a 
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unique orientation of the dual cell in K*. If f is any g-chain of K coef. 
{Gx]y we define its dual to be the (n ~ g)-cochain/* in K* coef. {^r*} defined by 

(14.3) 

It is to be understood that/(<r) is in Gx and Z'*(c) is in T* where x is the point 
common to a and Since reversing the orientation of c changes the sign of 

both sides of (14.3), /* is independent of the choices of the e’s. The dual of a 
chain /* in /v* is given by 

( 14 . 4 ) r{<T) = ' 

Since Z”(€)Z”(€) = — 1, we have that any chain is the dual of its dual. The 
dual of Z" is the unit 0-cocycle I, The dual of a real (imaginary) chain is 
imaginary (real). The formula (13.2) now follows for the dual in a non-orient- 
able manifold; for it is a statement of local properties, and (14.3), (14.4) differ 
from (13.1) locally by a constant factor. As in §13, it follows that the homol- 
ogy group coef. {^x} ond the (n — cohomology group coef. {Qx\ are iso- 
morphic. Using (13.3) to define the intersection, we obtain a homology ring 
isomorphic to the cohomology ring whenever the coef. {Gxl form a system of 
local rings. In any case, the homology ring coef. j 7x1 forms a ring of operators 
for the homology groups coef. [Gx]- 

Since G is the direct sum of its real and imaginary part, any chain is uniquely 
a sum of a real chain and an imaginary'’ chain. The operations d and 8 preserve 
the property of being real or imaginaiy. Therefore the homology and co- 
homology groups decompose into direct sums of their real and imaginary parts. 
Since passing to the dual interchanges real and imaginaiy, we obtain the following 
results. The q^^ homology group coef. {Gx} (coef. {Gx}) is isomorphic to the 
(n — q)^^ cohomology group coef. {G,} (coef. {Gx}). The homology classes coef. 
{Gx} (i.e. the imaginary ones) form a ring isomorphic to the cohomology ring coef. 
{Gx} . The intersection of two real cycles is imaginary. The intersection of a real 
and an imaginary cycle is real. 

It is to be noted that the results of this section a]iply to an orientable mani- 
fold. The absence of orientation reversing paths in no wise invalidates the 
constructions. We have in this way a single theoiy including both types of 
manifolds. 

The classical approach to intersection is to define directly the intersection of a 
p-chain/ of K with a ^-chain g of K* to be a chain of the subdivision of K. We 
may do this here as follows. If er is a p-simplex, or' an {n — g)-face of a and € 
an oriented neighborhood of a, define <ro®«(7' relative to e in the usual way. Then 
define the intersection chain /og to have on (rolDtcr' the value — /(<r)^(®,or')Z’*(€). 

16. The Poincarg duality 

If we assume that {G*} , {Hx\ are character systems of one another with respect 
to the simple system {L*} of mod 1 groups, we may combine the results of §12 
with those of §13 and §14 to obtain; The homology group of the manifold K 
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coef. [Gx\ (coef. \Gx\) cLnd the (n— homology group coei . [Hx] (coef. {//*}) 
are character groups of one another; the multiplication is determined by the scalar 
product {f^ ng) where f is a q-chain of K and g is an (n — q^chain of K*, 

The results simplify in the orientable case if we note that {Gx} and [Gx] are 
isomorphic, as also are [Hx\ and {Gx}. In the non-orientable case, the results 
simplify if we note that {//'} ({//x}) is the character system of [Gx] {[Gx]) 
with respect to the system [iJx] of twisted mod 1 groups associated with the 
simple system [Lx]. 

Before leaving the subject of duality, let us observe that the notion of local 
coefficients has nothing to add to the duality theorem of Alexander. A vital 
step in the argument of Alexander is the following: A cycle in the closed set R 
in the n-sphere is a cycle in aS” and is therefore the boundary of a chain in aS”. 
Such a statement is valid only if the system of local coefficients used in R is part 
of a system in aS”; as aS" is simply-connected (n > 1 ), the system of local coeffi- 
cients must be simple. 


16. Chain mapping and subdivision 

A chain transformation is a homomorphism of the groups of chains of one 
complex on those of another which commutes with the boundary or coboundaiy 
operator or interchanges them (as in the case of the dual). This definition has 
meaning of course when local coefficients are used. All that we need to deter- 
mine here is that chain transformation “aS*’ with local coefficients exist in the 
usual circumstances. 

Let a cell mapping K' K be given which preserves the relation of incidence. 
Let {Gx} be a system of local coefficients in K, and let {G^} be the induced system 
in IC (sec §7). If a' <r, there is an attached isomorphism G[> -^G^ . A chain 
of K' which is zero except on a single < 7 ' we call an elementary chain. Let /' be 
an elementary chain andfia) 9 ^ 0. If the image a of tr' has a lower dimension, 
we define the image / of /' to be zero. If o-, cr' have the same dimension, the 
image / of /' is zero except on <r, and /(a) is the image of /'((t') under the iso- 
morphism G^ — > G<, . An arbitrary chain of /v' is uniquely a sum of elementary 
chains. Its image is defined as the sum of the images of its elementary parts. 
The resulting chain mapping we denote by r. The inverse cochain mapping r' 
attaches to an elementary chain of K the sum of the elementar}" chains of K' 
mapped into it by r; we then extend t preserving linearity. That r (r') com- 
mutes with a (5) is proved by firet establishing it in the usual way for elementary 
chains (of course (7.1) is used), and then applying the linearity of a (5). 

It is necessary to use in K' the induced system {Gy} in order that r, r' shall 
exist in all dimensions. This is seen as follows. Let F' be a vertex of /C' and 
Y its image. Assuming r, r' defined for the elementary chains of F, F^, we ar- 
rive at an isomorphism G\ * Gv . Therefore {Gy} is the system induced by 
{Gx} over the 0 -dimensional part of Suppose this is known for the g-dimen- 
sional part of K\ Any closed {q + l)-cell is simply-connected, there is there- 
fore just one system of local groups defined over it which agrees with a given 



624 


N. E. STEENROD 


system on its boundary, and that one is simple. We conclude that the given 
system and the induced system agree on each closed {q + l)-cell, and finally over 
the whole of K\ 

If K* is a subdivision of the simplicial complex fC, we then have two systems 
in K': the given system {(jx) for K, and the system {Gx] induced by the map 
K' K defined by mapping each vertex of K' into a vertex of the simplex of K 
containing it. The two systems are isomorphic. The isomorphism is set up by 
using the line segments which join each point to its image point. The proof of 
the invariance under subdivision of the groups of K and their multiplications 
may now be completed in the standard way (see for example [17]). 

17. Continuous cycles 

Let {(?x} be a system of local groups in a space R. A continuous chain in R 
is a collection composed of a complex a continuous map </> of iv in R, and a 
chain Z in K with local coefficients in the system {(?i} induced by 4> and {Gx}. 
If Z is a cycle, the collection (K, Z) is called a continuous cycle. The boundary 
of {K, <t)y Z) is (K, <i>, dZ), Tw’o continuous chains (/v, , <t>i , Zi) {i = 1, 2) are 
added by forming the abstract sum Ki + K 2 y defining </> = </>< on Ki , and adding 
Zi to Z 2 . Two continuous cycles are homologous if there exists a chain (A', 0, Z) 
such that K ZD Ki and K 2 ,<!> — <hi on Ki , and dZ = Zi — Z 2 . The cycles of a 
fixed dimension divide up into homology classes. Two classes are added by 
adding representative elements. In this way we define the homology groups of 
R based on continuous cycles with local coefficients {Gx). That they are 
topological invariants of R and the system {Gxj is an immediate consequence of 
the definition. 

If R is the space of a complex, these groups of R, are isomorphic to those of K 
with the same local coefficients. The identity map of K attaches to a chain 
Z of A the continuous chain (A, <t)i , Z) of R, This chain mapping commutes 
with d, and therefore induces homomorphisms of the groups of A into those of 
R, That these are isomorphisms follows from the lemma: If (A', Z') is a 

chain with boundary of the form (A, <t>i , Z), then there is a chain Zi of A such 
that 6 Zi = Z, and the difference (A', 0, Z') + (A, , — Zi) bounds a continuous 

chain in R, The lemma is proved in the usual way by using the simplicial 
approximation theorem to construct a map of the product complex A' X / 
(7 = (0, 1)) into R, The needed chain is found in /v' X 7 with local coefficients 
in the induced system. 

18. Cech cycles 

The only difficulty in the way of extending local coefficients to Cech cycles is 
that of constructing a system of local groups in the nerve A of a finite open 
covering when such a system is given in R, It is clear that the former must be 
chosen so as to induce the given system in R under the natural map R K. 
If R is sufficiently complicated, it is possible to construct in 72 a local system 
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which is not induced by a local system in any nerve. ^ Therefore we are forced 
to restrict ourselves to a system [Gx] induced in /Z by a system {(/*) in a fixed 
nerve We then admit only those coverings which are refinements of K^y 
and we use in them the local groups induced by their natural projections into 
/C®. With this modification, the definitions of the Cech homology and cohomol- 
ogy groups and their multiplications proceed as before. 

If R is the space of a complex Ky a local system in K is one inK = K^, Using 
invariance under subdivision, one proves in the customary way (see [15], §9) 
that the groups of K and the Ccch groups of R are isomorphic, and the isomor- 
phisms preserve the multiplications. We are thus led to a proof that the homol- 
ogy theory (coef. {G*}) of a complex K is a topological invariant of the space 
K with the local groups {G*}. 

19. tJberdeckung 

In a complex K choose a reference point o (preferably a vertex), and for each 
cell c let aa be a ])ath in K from o to a point x{<t) in a. If a' < o-, let aae' be a 
path in the closure of a from x(<r) to x(y). The closed path abbre- 
viated by As elements of the fundamental group F of K (origin o), the 

7 ’s have the property 

(19.1) 7air'7a'<r'' = 7<ro- for (t" < (t' < O’. 

By meaas of the a’s, we map isomorphically the chains of K with local coef. 
{Gx} into ordinary chains with coefficients in Go as follows. The transform / 
of the chain / with local coefficients is defined by /(a) = By means 

of this isomorphism, we define operators d, d for chains / by: df = df, 8f = df. 
From (9.3) we obtain 

dJW) = 

Thus the system of ordinary chains (coef. Go) with the special operators d, 8 are 
isomorphic to the system of chains with local coef. {Gx) with the ordinary 
operators d, 8, They determine therefore isomorphic homology groups. It is 
a corollary that the homology groups determined by d, 8 arc independent of 
the choices of the a’s. 

The system/, d, 8 just described is called an Vberdeckung of K by Reidemeister 
[10; 11]. An advantage of this approach is that it lends itself more readily to a 
computation of the homolog>^ groups. One may attempt to simplify the inci- 
dence matrices Wi(T\yoo' , with elements in the group ring of F, by the usual 
methods of transforming bases and consolidation (see W. Franz [2]). 


• This is the case if R is not locally simply-connected, and if {G*} is the system [Gj^] 
of local group rings of §8. 
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20* Zero and l-dimensional groups 

If the fundamental group F of X and the operations of F in Go are given, then 
one may compute the 0 and l-dimensional homology groups without further 
knowledge of K, Choose a basis ai , • • * , of F and a basis n , • • • , r, for the 
relations in F (each r is a product of a^s representing the unit). Construct a 
2-complex K' consisting of one vertex o', one edge for each ai (likewise denoted 
by a,) with both end-points at o', and, for each r,* , a 2-cell Ei whose boundary 
is the product r,- of the a\s. Clearly F is also the fundamental group of K\ 
The operations of F in Go determine local coefficients in K' leading to 0 and 
l-dimensional homolog}" and cohomology groups which we shall prove isomorphic 
to those of K, By the duality of §12, it suffices to prove this for the homology 
groups. 

Define a map 0 of K' into K so that </>(o') = o, <f>(ai) represents a, , and 4> is 
continuous. It is readily seen that a map ^ of a complex in K is homotopic 
to a map which, on the l-dimensional part Kx of F", can be expressed as a 
product 0^" of <f> and a map of F^ in F' wffiich maps each vertex into o' and 
each edge into a product of a’s. Thus every continuous 0 and 1-cycle is homol- 
ogous to one of the form (F"', <t>, Z) (see §17). It is a further consequence that 
the 0-cycle Z bounds in F' if (F', </>, Z) bounds in F. This show-s that the 
homology groups of F and F' are isomorphic. To prove the same for the 1- 
dimcnsional groups, w’e must show" that a homology relation in F of the form 
d(F, ^', f{E) — g) = (F', 0, Z), w"here E is a 2-cell and \l/'{dE) is a product r of 
the a’s, is a consequence of the relations in F'. Let E be regarded as a hemi- 
sphere of a 2-spherc and let E' be the other hemisphere. The map 0" of the 
equator in F' extends to a continuous map 0" of E' in F'; for the product r is 
expressible in terms of the r, . The map 0' of E and <l>\f^" of E' define a map 
0' of in F, and thereby a 2-cycle (#S^, 0', f(E) = f(— E) = g). Thus d(F', 
0', f{E') = g) = (F', 0, Z), and 0' factors into 00". 

Using the above results we may describe the 0-dimensional groups quite easily. 
Let Go be the subgrou]) of elements of Go which are fixed under every auto- 
morphism a € F. Fhe cohomology group of K is isomorphic to the group Go . 
I^t Go be the subgroup of elements of Go expressible in the form ^i{ai(gi) — ^») 
where e F, gi e Go . The 0^*' homology group of K is isomorphic, to the differ- 
ence group Go ~~ G” . 

It is worth noting tliat a continuous image of an n-sphere (n > 1) in F deter- 
mines a group of spherical /i-cycles for any local coefficients; for the sphere is 
simply connected. However these cycles* may or may not bound according to 
the structure of the system of local groups. Consider, as an example, the pro- 
jective plane and the double covering of it by the 2-sphere 5*. With twisted 
integer coefficients (§14), the 2-cycles on form an infinite cyclic group and are 
nonbounding. The even multiples of the generator are images of the 2-cycles 
on with integer coefficients. Yet with simple integer coefficients in P*, the 
mage of every 2-cycle on ^ is bounding (algebraically zero). 

The Univebsity of Michigan 
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NON-COMMUTATIVE CHAINS, H 

By William W. Flbxnbb^ 

(Received April 1, 1943) 

Non-commutative chains of dimension two are here set up for a finite abstract 
system and by means of them an abelian “homology group'* m is found in the 
spirit of the author’s earlier definition of the Poincar4 group as a homology group^. 
The group m 2 is subdivision invariant and, furthermore, each finite simplicial 
complex determines a family of systems all having the same ai 2 . At the end 
of this paper ^2 is computed for some simplicial complexes including the lens 
spaces. For the lens spaces /i 2 is always the identity. 

A recent paper by Hopf^ has obvious points of contact with this one: each 
2-syllable of this paper has as boundary one of the “loop paths” defining the 
“homotopy boundary” of the 2-cell in question in the sense of Hopf; if the C of 
(1.2) below is a cycle, the chain El\ + * * * + is a Hopf spherical cycle. 

1 . The abstract system S consists of “cells”, each having associated with it an 
integer called its dimension, and an operator F (meaning boundary) whose 
domain is the set of cells of S and whose range is a subset of the “chains” of S. 
The cells comprize the neutral cell, 1, and n-dimensional cells (n-cells, Ei) in 
finite number for n = 0, 1, 2, 3. It is convenient to suppose that 1 is an n-cell 
for each n. 

By an n-chain when n = 0, 1 (but not 2, 3) is meant a class of “words” in the 
sense of the theory of non-abelian groups with a finite number of generators, 
subject to the relation EE~^ = 1, the letters of a word being n-cells or their 
inverses, for instance: 

(1.1) C = {E?,y^(E7,r ••• 

The inverse of a chain and the product of two chains are then defined in the 
obvious way.^ For the cell 1 and for zero and one-cells E, FE is defined as 
follows: 

FI = 1 

FE^i = 1 for zero-cells Ei 

FEi = E\{E\)~^ for one-cells where ii , 12 depend on 

As in N.C., E\ and (F?j)“^ are called the outset and finish of E\ . A word (1.1) 
has property </> if it = 1 or if the finish of (£q)*’ for ^ = 1, 2, • • • , a — 1 is the 

^ Presented to the Society, December 1341. 

* W. W. Flexner, Non-commutative Chains and the Poincar^ Group, Duke Journal 8 
(1941) pp. 497-505. Here referred to as N.C. 

* Hopf, Heinz, Fundamentalgruppe und zweite Bettische Oruppe^ Comment. Math. Helv. 
14 (1942) pp. 257-309. 
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inverse of the outset of The outset of is called the outset of 

& and the finish of is called the finish of C\ The system S is now sub- 

jected to condition T of N.C. p. 498 making S connected. If & has property 
outset and finish C is said to be a one-cycle on E^, The one-cycles on 

form a subgroup Zi of the group of one-chains. 

To each 2-ccll £< a one-cycle FE\ on some fixed zero-cell, call it w, is now 
associated. (This FE\ bears to the boundary defined in N.C^, p. 498, call it 
PE\ , the relation FE\ = aPE\a ~^^ where a is a 1 -chain having property 0 and 
outset co). If Oi is a one-cycle on w and Ei is a 2-cell or the inverse of a 2-cell 
the following symbolic combination Hi of a* and Ei is called a 2-syllable: 

Hi = 

The inverse and boundary of Hi are defined to be 

HJ^ = 

FHi = ai(FEi)a7\ 

If C and D arc *'words” composed of 2-syllables, for instance, 

C = (a,EV,a7')(chET,a7^) ... {a^EVaT^), 

D = ■ ■ ■ {htyj‘.b7\ 

let CD = (ai£::|ar') • • • (a.f;i;a7‘) (6, £,’][; bf) • • • (b.E’I'bJ^) and 
FC = (oiF£l|ar’) • • • {a.FE\%^). 

Then 

F(fiD) = (FC){FD). 

If subjected to the following relations between the syllables these words form 


the group (?2 of two-chains; 



(r.l) 


1 

(r.2) 


(Ffi.)n,(Fl 2 .)-‘ 

(r.3) 

a, 107 * = 

1 , € Si . 


Definition 1.3. If b is a one-cycle on u and C is defined by (1.2), then 
(1.4) bCb-' = (b<hE:\aT%-') • • • (bo.£^:o7‘6“‘). 

Theorem 1 .5. If C is a 2-chain, b is a l-cycle on u and 0=1, then bCh~^ = 1 . 

Proof. The relations r which are used on the r.h.s. of (1.2) to reduce it to 1 
can be used similarly on the r.h.s. of (1.4) and will reduce 6 C 6“' to 1. 

Definition 1 .6. That two words C and D arc identical as words mil be written 
C ^ D, that they define the same element of will be written C = D. 

Theorem 1.7. If C = D then FC = FD, 

Proof. The operator F applied to the l.h.s. of the relations r gives the same 
result as when applied to the r.h.s. 


Xk = ± 1 , 

yk = =tl, 
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This shows that FC depends only on the element of C 2 defined by C. Those 
elements (7 e 6? for which FC = 1 form a subgroup %2 of (?2 called the group of 
two-cycles of S on w. 

Theorem 1.8. Each C commuies with every D . 

Proof. By (r.2) C D C-^D~^ = {FC) D 

= D since C is a cycle 
= 1 by (r.l). 

Corollary 1.9. The group is abelian. 

For each 3-cell of S let F&i be a unique element of Z 2 . The elements C of 
which can be defined by words all of whose syllables are of the form 

a(F6,)®a”\ q = dbl, a € Zi 

make up a subgroup, r/ 2 , of Z 2 . The factor group m 2 == 22/3*2 is called the 
second homology group of non-comniutaiive chains of S on co. 

f 

2. If S is a system then S is a system and is called an elementary subdivision of 
SU Sis related to S as follows. The elements of S are obtained from those of S 
by I'cplacing a single p-cell of by two p-cells Y and Z and a (p — l)-cell X, 
p = 1, 2, 3. If Fi is a cell of S such that Ei 9 ^ E and FEi does not contain F, 
then FEi in S is the same as FEi in S, If in 5 

(2.1) FE = GLy Gy L (p l)-chains for p > 1; G a vertex and L the 

inverse of a vertex for p = 1, then in S 

(2.2) FX = FL 

(2.3) FY -^GX 

(2.4) FZ = X‘'L. 

If FFi in aS contains F, FFi in S is the same as FEi in S except that E is replaced 
by YZ,^ 

If aS' is obtained from aS by a finite sequence of elementary subdivisions, aS' 
is called a subdivision of S, 

Theorem 2.5. If S is an elementary subdivision of aS, S and S have the same 
groups M 2 . 

Corollary 2.6. If S' is a subdivision of Sy S' and S have the same groups M 2 . 
In future all cycles will be “on unless exception is specifically made and the 
following notational conventions will be adhered to: 

Script capitals, except (?, 2 and f/, for 3-cells; 

the printed capitals F, /, X, F, Z, for 2-cells and their inverses; 

other printed capitals, except F, for 2-chaiiis; 

small latin letters for one-chains; 

small greek letters, except ir, r and m, for zero-cells and their inverses. 

4 For p — 2 this should be compared with N.C. p. 499, II. If in N.C. substitutions are 
made as shown below, the two definitions correspond: FE — > CiFE FE' — ► CtFE'Ct^f 

FE" FE", ' This shows that the distinction is a notational one. 
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3. Proof of Theorem 2.5. The groups of S will be distinguished by a bar. 
The proof that /X 2 = ik is then made in the three cases: p = l,p = 2, p = 3. 
When p = 1 the one-cell e is replaced by the one-cells y and z and the vertex f. 
Formulas (2.1)-'(2.4) become 

Fe = y\ Ff = F\ Fy = Fz = 

If E is a 2-cell, FE in S is obtained by replacing e in FE of S by yz. Each 
2-syllable of (?2 is of the form a a 2-ccll of S, o € 2i • If « contains y 

or z non-trivially it contains both together as {yzY"^ for otherwise a cannot be a 
one-cycle. Hence the 2-chains of E become 2-chains of aS' when yz is everywhere 
replaced by c. Thus in this case there is an isomorphism rZi = %2 such that 
I{f 2 = % and so /i 2 = M 2 . 

4. p = 2. is replaced by F, Z and x where if 


(4.1) 

FE = gm, 

then 

(4.2) 

Fx = Fm 


(4.3) 

FY = gx 


(4.4) 

FZ = x~^m 


Make 

a change of basis for the 2-chains of C 2 

such that 

(4.5) 

Y 



J -^J 

\i J 9 ^ F is a 2-cell of S, 

where 

J? is a new symbol playing the role of a 2 

l-cell of E and such that 


FE = FE. 

Lemma 4.0. If C €%2 and Y has been eliminated from C by (4.5), there is a D 
containing neither x nor Z and such that D = C, 

Proof 4.7. If the word C has a syllable M = axbJb~^xr^a~\ where J is a 
2-cell of S, (4.4) gives that x = m{FZy\ Hence 

M = amFZ~^mr^a~^iambJb~^yn~^a~^) amFZnr^aT^ 

= amZ~^m~^a~\ambJb~^ni~^a' ^)amZm''^a''^ by (r.2). 

So C has equals containing no x. Among these there is at least one word having 
the fewest syllables containing Z. Let D be such a word and suppose s is the 
number of its syllables containing Z. If s = 0, lemma 4.6 is proved. If there 
is a syllable aZ^oT^ in the word 5 (g = =fcl), there must be another syllable 
b Z'^^IT^ the X of whose boundary cancels the x in the boundary of a Z oT^ in 
FD = 1. As there is no loss in assuming g = 1, 5 can be written: 

(4.9) D ^ U{aZ a“')F(fr 2r'6"')W where [7, F, W are elements of (?, . 
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Let FU = u, FV == v, FW = w. Then 

FD = u{a x~^m d~^)v(b rrT^x h~^)w = 1, 

and ar\ 6 = 1 so a = j; 6. Therefore 

[D = U{vhZ 6“V)F(6 Z~^b~^)W 
(4.10) i = UV(b Z b~^)V~^V(b Z-^%-^)W 

[ = UVW, 

which contradicts the hypothesis that D in its original form had s a minimum. 
Hence s = 0 and 4.6 is proved. 

li C €%2 and ^ as a word is free of x and Z, let tC be the chain of %2 obtained 
by replacing £ in d? by E in tC, To see that rC depends only on the element C 
and not on the word C chosen to represent that element, observe that all steps 
(r.l), (r.2) and (r.3) which can be made for C can be reproduced for tC except 
those involving x and Z. But (4.8) and (4.9), (4.10) show that lemma 4.6 has 
the effect on the original word C of replacing a: by m and then replacing Z by 1. 
Hence if m and 1 are used in rC where x and Z were used in C and if FI be written 
m“*m, the transformations of the word C can be duplicated throughout the 
word tC. 

Now if C € Z 2 , replacing E by FZ = E will yield a chain C € %2 such that 
tC = (7, so t%2 = Z2 . It is immediate that t is a homomorphism. If f)f is 
a 3-cell then FtK in S is by definition FtK in S with E replaced by FZ = E, 
So rEtK = and r^FX = FX, whence 7 “'% = % and so*" m 2 == M 2 when 

p = 2. 


6. p = 3. 6 is replaced by and X. 


(6.1) 

II 

(5.2) 

FX = FL 

(5.3) 

F^f = GX 

(5.4) 

II 


If C €%2 obtain rC by replacing X everywhere by L. By (5.2), tC\s a unique 
element of Z 2 . If C c Z 2 , then C € Z 2 and rC = C so r is a homomorphism 
such that rZ 2 = Z 2 . Since X 9 ^ 91, a 3-cell of S implies FX is the same in 
S and S, t{FX) - FX\ Also 

rF 91 = t{GX) F& 

rFg = t{X-^L) = 1 = FI, 

so C € implies tC , whence C 5 ^ . It remains to show that r'"^y2 C (f2 
from which and M 2 = M 2 will follow. 


L. van der Waerden, Moderne Algebra, Berlin 1930, vol. 1, p. 136. 



NON-COMMUTATIVE CHAIN’S, II 


633 


Adopt the following notation for 2-syllables of S. 

Qi = biJ where Ji X, is a 2-cell of S or its inverse, 

Ai = a,X®’a7\ where Qi = ±1, 

Ti = aiV^Oi^. Then if 

(5.5) C = 12oAifti • • • AA 

(5.6) = iloTiQi • • • FA . 

Take (7 € and C «uch that tC = C. Then C can be written in the form 
of the r.h.s. of (5.6) and C is giv'en by (5.5). But (5.4) yields X = L{F^)~^ so 

(5.7) C = • • • [a,(LFrV'a7l«, . 

If (5.7) be further expanded by definition 1.3, C becomes a product of syllables 
of the three kinds: 12, , T, , a,F^^'‘'‘a7^ = A, . But N.C. p. 501 formula (3.3) 
now applies if 

A, be represented by the 6, of N.C., 

12* be represented by a,- for some i, 

r,- be represented by a,* for the remaining i. 

Then (N.C.3.5) yields C = g\ and hi will be a product of terms 12^ and Fy. 
But with hi occurs hT^ so by (r.2) each lu may be replaced by a product of terms 
Filk and FFy . Hence each h^bihj^ of (N.C.3.4) is luAJiT^ e [f 2 so 

(5.8) C = D C with Z) e [>' 2 . 

Since by hypothesis C ^ C is a product of terms where is a 3-cell or 

its inverse. If fK' &, FDC is the same in S and S; if 3C = §, FdC = F(^y,^ 
in S, so in all cases C € Tti . Hence, by (5.8), C and c ifi , which com- 
pletes the proof of theorem 2.5 and its corollary, 2.6. 

6. Now suppose K is a finite simplicial connected 3-complex. It will be shown 
in this section that a system S can be associated with /v , not in a unique manner, 
but so that the group /X 2 of S is uniquely determined by K, From 2.6 it then 
follows that fjL 2 is unchanged by subdivision of K, Therefore for in (see N.C.) 
and /U 2 , S bears the same relation to K that an “abstract complex^^ bears to K 
for the ordinary homology groups. 

Let the p-cells of S be the p-cells of for p = 0, 1, 2, 3. Take co to be some 
vertex of K, If a is a 1-cell, set Fa = where y are the end points of a 
in either order. If is a 2-cell, let c, d, e each be a one-cell on the boundary 
of E (or the inverse of such a one-cell) such that ede is one of the six cyclic orders 
of the one-cells around E that has property 0. Let 6 be a one-chain with prop- 
erty 0 outset 0 ) and finish equal to the inverse of the outset of c. Then 

FE = h{cde)h’-\ 
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If S is a 3-cell, let 

F& = qi= ±h 

whei*e the Ji are the four faces of S, bi is a one-cycle and FF& = 1. That these 
conditions on F& can be satisfied is easily proved by an example (see no. 13 
below). They can in fact be satisfied in many different ways for each &. 

A fi 2 being thus defined for Ky it remains to show that m 2 is independent of 
the particular application of the rules just given for finding S from K, This 
is the result of theorems 6.1, 6.5 and 8.1. (Theorem 8.1 depends on 2.6.) 
Theorem 6.1. Let xbe a one-chain of S having property <^, outset w and finish 
Then if S is obtained from S by replacing FJ = j in S by PJ = xjx~^ in S 
for each 2-cell J, and, for each 3-cell S, replacing 

(6.2) F& = (aiJiaT^) • • • (a, J,a7^) in S by 

(6.3) P& = {b\J\bi^) • • • (b,JJ)7^) in S, where 

bi == X aiX^^y 

then jjL'iiS) = M 2 (S). 

This theorem shows that m 2 does not depend on the particular point co. 

Proof of Theorem 6.1. Use a bar to distinguish the groups and boundary 
operator of S, To each syllable Qi = aiJiuT^ of *S assign the syllable 

rQi = biJibJ^ of S. 

Then 

(6.4) P(7ili) = xFilyX^\ 

If t(12A • • • Hm) is set equal to (rf2i)(rS22) • * * (rSl«), (6.4) shows that rZ 2 = Z 2 • 
Since x(FH)ax~^ = (xFUx~^)(xax~^)y (r.2) and (6.4) show that 

riFQiik FUT^) = (xF9.ix~')Tn2{xFQT'x~') 

= (Frl2i)r02(fVtt,)"^ = T(12il22«r'), 

so tC, C 6 Z 2 , is a unique element of 32 , and r is a homorphism of 32 into 32 . 
Now by (6.2) and (6.3) tF& = P& and P& = F&y whence M 2 = a «2 . 

Theorem 6.5. If S is obtained from S by replacing^ for a single 2-cell E of 
Sy FE = e by PE = xex~^ where x c Zi , and replacing E where it occurs in the 
boundary F& of three-cells & by x^^Ex in P&y then M 2 (*S) = M2(/5). 

Since replacing e by is a trivial change, this theorem shows that m 2 is inde- 
pendent of the particular choices of the boundaries of the 2-cells. For instance 
if FE = a{rst)ar^ and PE = b{8tr)b''^y putting x = br'^^oT^ brings the change 
under 6.5. 

Proof of Theorem 6.5. In chains of S replace E wherever it occurs by xEx~\ 
where is a new symbol such that PS = e. This trivial change of basis for 
the 2-chains of S makes the cycles and boundaries of S formally identical with 
those of S. 
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7, Theorem 8.1 below shows that /xo does not depend on the particular choice 
of the boundaries of the 3-cells made in determining S from K. The following 
purely algebraic lemmas arc used in its proof. 

Lemma 7.1. If in a free multiplicative group the element E 9 ^ I contains, in 
normal form, (N.C.pp. 497-8), no repeated letter, then 

(7.2) D'^ED = E 

implies that the element D is a power of E. 

If Z) == 1 the lemma is trivial, so assume that D 7 ^ I, and suppose that D is 
given in normal form by 

(7.3) D = hi •• • bpCp^i • * • • • • 67^ 

where q > p and Cp+iC^ 9 ^ 1. Suppose further that, in normal form, 

(7.4) E = 0 x 02 ••• an 
where 

(7.5) a, = af^ implies i = j. 

Then 


(7.6) 


* * * ^p+ihp * * ' hi ai • • • anhi * • • hpCp^i • • • Cqh 


67’ 


== ai • • • On . 

Hence either, case 1, Ui = 61 , or, case 2, a~^ = 61 , since the l.h.s. of (7.6) must 
be reducible to the r.h.s. which is normal. 

Case 1. If ai = 61 , (7.6) 3'ields 

62 • • • hpCq • • • Cp-^-ihp • • • ^2 02 • • • (X7^0x62 * * ’ hpCp^i * • * Cqhp • • • h2 

(7.7) 

— 02 • • • OnOi 


and for the next step in the reduction of the l.h.s. it is necessary that either 
02 = 62 or 07^ = 62 . But if o7^ = 62 , then 61 = 67^ which contradicts the 
normality of (7.3). Hence 02 = 62 and another step similar to that from (7.6) 
to (7.7) is possible and so on. After p steps there result 

(7.8) hi = O; , I ^ i ^ Py i = j mod n, 
and 

(7.9) Cq^ • • • Cp+iOf^-i • • • OnOi • • • arCp^i • • • Cq == Or 4-1 * * * OnOj • * • Of 
where 


(7.10) p = ^ + r, s integral, 0 ^ r < n. 

Again normality of (7.3) gives Or 9 ^ c^+i , so 


(7.11) 


Cp+l = Or4.l 
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and 

• • • dndl • • • (lrar+lCp+2 * * * CpCp+i 

(7.11.1) 

= ar+2 • • • dndl • • • Qr+1 • 

Then Cp +2 = ar +2 and a further step is possible. After q — p such steps 

(7.12) Ci = ay , p < i ^ q, i — j niod n, 
and 

(7.13) Cq • • • Cp+i^m+l * ' * dndl • • • ^mCp+i ’ ’ ’ Cq — ^m+l ' ' * anai • • • (Ifn 
where 

(7.14) q — kn + in, k integral, 0 ^ m < n. 

So by (7.14) Cp+i = Um+i . But by (7.11) Cp+i = Ur+i so, using (7.5) m = r 
and by (7.10) and (7.14) 

(7.15) 5 — p is a multiple of n. 

Using (7.8) and (7.12) with (7.15) 

(7.16) = ar = Urn = Cg . 

But if p r*^ 0, (7.16) contradicts the normality of (7.3), so p = 0 and by (7.15) 
3 is a multiple of n. This with (7.12) proves the lemma in case 1. 

Case 2. Replacing (7.2) by D~^E~^D = and renaming the letters of the 
word E so that E = a^^a^ii • • • ar^ makes case 2 formally the same as case 1 
and so provides, in case 2, a proof of the lemma for and hcmee for E. 

Lemma 7.17. Lemma 7.1 holds if (7.2) is replaced by D^^E D = E~^, 

The proof is just as before except that in the formulas whose numbers follow 
the right hand side must be replaced by its inverse: (7.6), (7.7), (7.11.1), (7.13). 
Corollary 7.18. If E is as in lemma 7.0, D ^E D = E ‘^ implies iS = 1. 

8. Theorem 8.1. If S is obtained from S by replacing 
F& = (6i/i6r') • • • (b,JJ)7') in S, 

where & is a Z-cell of S, Ji is a 2-cell of S or the inverse of such a 2-cell by 

(8.2) P& = {ciJl\cT^) . • . (c4Ji;cr^), 

where ki , k 2 , ks ,ki is a permutation o/ 1, 2, 3, 4 and r, = dbl, then P 2 = At 2 . 

Proof. Here the groups %2 and %2 are identical so the proof can be made by 
showing that ^2 ^ ffi • For this it is sufficient to show that FS e Th and P& €^ 2 , 
which can be done by finding one-cycles p and q such that 

(8.3) (pFSp-‘)(g/?g=“0 = 1, 

for then F6> = p~^qP6>'^q~^p t (fe 

and PS = q~^pF&^'p~^q e tFt . 
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Suppose that ri = 1. (If it were ~1 the notation could be changed by re- 
placing by its inverse). Let 

U = {b2J2b2')(bMJ^)(bAJ4bT')- 


and write FU = u. 

Take a 

such that fca = 1 

in the permutation ki 

> > 

kz 

, ki . 

Let 

V = 

(cijjjci^) (Ca. 

-^Ji:z\c7ix) 

if 

a 

> 1 


V = 

1 


if 

a 

= 1, 

Let 

W = 

(Ca+lJka+\^a^l) • ' 

■ M\c7^) 

if 

a 

< 4 


W = 

1 


if 

a 

= 4. 


Write FV = v and FW = w. Then 
F& = biJibT^U 

F& = VciJicT^W = VciJicT^V’^VW = vciJicT^v~WW. 

Let 

(8.4) G = (bT^F&-%)ici^v'^F&vci), 

Comparing (8.4) and (8.3) shows that a proof that (? = 1 will prove theo- 
rem 8.1. But G = (bT^Lr%)(cT^v~WWvci) contains no 2-cells except J 2 , /s 
and J 4 . Hence G is a chain of the .subsystem S of S containing the zero and 
one-cells of S and J 2 y Jz , Ja but no other 2-cells and no 3-cells at all. By the 
inverse of subdivision, using theorem.s 6.1 and 6.5 as often as necessary, S can 
be replaced by S' in which J 2 , Jz , Ja are united to form a single 2-cell E, 
Theorems 2.5, 6.1, 6.5 show that ^ 2 ( 8 ) ~ M 2 ('S'). So proving that 1 x 2 ( 8 ') 1 

will show that m 2 (*§) = 1 and hence that the G of (8.4) considered as a chain 
of S is in (f 2 . But S has no 3-cells so this is tantamount to proving that G = 1 
in S, Finally, since S is a subsystem of S, G = 1 in S implies G = 1 in S. 
So everything hinges on .showing H 2 (S') = 1, which is the result of the following 
theorem. 

9. Theorem 9.1. If S is a stjstem having a single 2-cell E and no 3-cells, then 

fJL2(S) — 1, 

Proof. By theorem 6.1 there is no loss of generality in assuming that co 
is the outset of FE. Let FE = e = xyz, where x, y, z are one-cells of S or their 
inverses. Since JK is a simplex, x, y and z are distinct. Theorem 9.1 is equivalent 
to the following lemma. 

Lemma 9.2. If 

(9.3) D = (aiE^^aZ^) ••• (a,i?®*a7^) where qi = =bl, 

defines an element 0 ^ Z 2 for the S now under consideration, then D = 1 . 

Proof. Suppose the of (9.3) are in normal form. If 

(9.4) ai * be% r = =bl, 
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then 

(aiEV) = 

so it may be assumed that no a* in (9.3) can be written in the form (9.4). Now 
since x and its inverse must occur equally often in (9.3) (because FD = 1) s 
must be even. If s = 2, FD = (aie^^aT^)(a 2 e'^^aT^) == 1 so ai'^aie’^ar^a 2 = 
and, by either lemma 7.1 or 7.17, a^^ai = e* and qi = ~gf 2 . Therefore D = 
(a 2 E^a 2 ^)(a 2 E'^^a 2 ^)(a 2 E~^a 2 ^){a 2 E~~'^^a 2 ^) = 1 which proves lemma 9.2 for s = 2, 
As hypothesis of an induction assume that S is such that all 2 -c 3 ’'cles of aS 
(having no a* in form (9.4)) which can be written in less than s syllables define 
the identity of S 2 , i.o. if // is a cycle of less than s syllables, H = I, This 
hypothesis has just been prov ed for 5 = 3. The D of (9.3) represents a cycle 
of 8 syllables. Suppose one of these syilables, 12, contains a one-cell in which 
is not or 

(9.4.1) Q = bmcE^c~^m~^b~^ where t contains no w. 

Since ce’c”^ = 1 implies c = 1 which is impossible, the m in 12 must, in FD = 1, 
cancel the m in some other syllable of D, i.e. for some 12 

(9.5) D = M(b??icE^c~'m~'b^') N {dmgF/g~^7n~^(r") T 
where il/, N, T are 2-chains, r = ±1 and 

(9.6) b'^^nd = 1 when FN = n, 
for otherwise FD 5 *^ 1. Using (9.6) in (9.5) 

(9.7) D = 3/[6?n(cEV')((7EV')'^''&~']A^?'. 

If the boundary of the chain in the square brackets is 1, Z) = 1 by hypothesis 
of the induction. If not, the bracket can itself play the role of the expression 
(9.4.1) and the steps (9.5)-(9.7) can be repeated for the same m until either 
the hypothesis of the induction can be used or /) = pm^D'nr^p~^j where D' = 
QiiE^^ht^) • • • {h,E^*h7^)j r, = dbl, FD' = 1. Though D' is not necessarily a 
chain, it is convenient to introduce it as a symbol (see definition 1.7) and to 
define FD' in the obvious way. Now D' contains m fewer times than Z>, all 
hi have propert}^ <^, a common outset and the finish 

If D' has a letter m' which is not or the same process may be 

applied to m' in D' as was to m in D. Since pmD'mT^p'^ is a cycle of S the same 
use of the hypothesis of induction can be made at the new steps as was made 
before. Eventually either lemma 9.1 is. verified or Z) = uDu~^, where D = 
(kiE^^kT^) • • • {ksE^‘k7^) and pi = ±1 and all ki have property a common 
outset O' and finish and are made up of the letters x, y z. Like Z)', D is not 
necessarily a chain. 

Suppose or is the outset of y. Then xki is a cycle on co and so is a one-cycle 
of S and must, in normal form, be {xyzY* = a» an integer. Therefore 
xDx^^ is a chain such that 


xDx^^ = = ET^E^^FT^^ • • • EF^E^^E'''^^ 
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is a cycle of S and so F(xDx~^) = 1 which implies + p 2 + ps + * • • + p, = 0 
which in turn implies xDx"^ == 1. But D = ux~^(xDx~^)xu^ == * = 

1 by (r.3). If a were the outset of 2 , similar reasoning would give xyDy^^x~^ = 1 
and Z) = 1 again. If (t were a>, then 5=1 directly and so 5 = 1. Now the 
hypothesis of the induction has been proved for s on the assumption that it 
holds for s — 1, so the proof of lemma 9.1 and hence of theorem 8.1 is complete. 

10. In this and subsequent sections the theory just developed will be applied 

to some particular simplicial complexes. By corollary 2.6, the n-sphere S" 
can be considered to be composed of two n-simplexes, F" = {ooai • • • an} and 
Z” = {fiofii * • • fin] where the identifications of lower dimensional simplexes 
given by ••• a,p} = [fiiQfii^ ••• p < n, have been made. So, 

n for> 2, the two-cycles of are the two-cycles of the /^-simplex F” and there- 
fore hi 2 {Y^) = 1 implies = 1. But for n > 2, = 1 implies 

=1. It follows that M 2 (I^^) = 1 implies = 1 for n > 2. 

Now and F^ = ^ can be treated together. Adopt the notation: 

Co = {aia2} = lfiifi2}’'\ Cl = {aoa2} = {fi(ifi2}~\ Co = {aoai) = {fiofii}~\ 

OLi = {a»} = {fii]~^, 0) = ao , 

Feo = cxiaJ^j Fei = aoa7\ Fe 2 = ooar^, 

FF = €2eoeT\ FZ = FM = YZ, 

By theorem 2.5, F and Z and Ci can be replaced by E where FE = 1 and F^ = E. 
Then C 2 and co can be replaced by e where Fe = aoa7^ So it follows that the 
cycles of and are E^, and so m 2 (S^) is the infinite cyclic group whereas 
M 2 (c^) ~ 1. It follows that M 2 (S'') = 1 for n > 2. Since 1 is the only 2-cell of 

and it follows that M 2 (S”) = 1 forn < 2. 

11. Let Af be the complex composed of >S“ and an S' (called c) having the 
single vertex ao in common with (see no. 10). Fc = aoao^' = 1. Then 
M 2 (Af) is the free abelian group with the infinite set c^Ec~\ t integral, of gen- 
erators. (Notice that (c^£'c’"')(c*Zr'c~*) = 1 implies t = s.) 

Let iV be a complex like M except that c bounds a 2-cell X : FX = c. Then 
c^Ec~'^ = X^EX~'^ = X^X~^E by theorem 1.8, whence cEc~^ = E, Therefore 
ix 2 (N) is the infinite cyclic group. 

12. Let K be the torus with vertex w, one-cells a and 6, and 2-cell F, where 
Fa = F6 = wcu”', FE = aT^lT^ah, The only 2-cycle is the identity so M 2 is 
the identity for the torus. 

13. Lens spaces.® Take p 3-simplexes ®o , , • • • , @p-i such that 

® H. Seifert and W. Threlfall, Lehrhuch der TopologiCy Berlin 1934, p. 210. 
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has on its boundary the 2-simplexes Ai , Bi , Ci , Z>» and the one-simplexes 
, bi , Ci , di , Ci , fi with boundary relations: 

F®i = AiBiDiCi^ FAi = , FB* = d7%ei , 

FCi = e7y.<i7‘ , FD.- = e7‘(67‘c<f7‘)e.- . 

Group the tetrahedra radially about the one-simplex 6 = 6o = 6i = • • • = &j>-i 
so that 

(13.1) fi = 6i+i , Ci = di+i , Di = e7^fiB7l-ifi^ei 

if subscripts are reduced mod p. Thus grouped the tetrahedra form a ^‘lens’\ 
The simplexes Ci compose one face of this lens, the simplexes Ai the other. 
If p and q are relatively prime and q < p/2, subject one lens face to a rotation 
of 2irg/p and identify it with the other. This amounts to letting 

(13.2) di = j ~ di^q j fi == > Ci ~ A i^^ . 

Since the numbers A: = 0, 1, • • • , p — 1, are distinct mod p, the effect of 
(13.1) and (13.2) on the one-simplexes can be summed up in 

di = dj hi == bf €i = fi—l ~ 1 = di^q = 1. 

The number i on the extreme right is to be understood as an abbreviation for 
fi where r is a fixed letter and i is a variable subscript. Subscripts are to be 
reduced mod p. 

Then for the lens space (p, q), 

+ l)B7Ui + l)“*i]A7+\ 

(13.3) jFAi = aii -q + - q) 

= (i - qT^bi. 

The system S determined by the equations (13.3) (plus easily deduced boundary 
relations for the one-cells, here omitted) is now simplified by repeated use of 
theorem 2.5. First let 

(13.4) Xi = r‘(i + l)B7«(i + ir'i. 

I. Replace @o , and Aq by &i where 

F&i = F(®o@,) = AoBoXoB,X,A7,^ . 

Replace Si , @ 2 , and Ai, by S 2 where 

F&2 = F(Si®2,) = AoBoXaB,X,B2,X2,AT^ , 

and so on up to and including the replacement of &p-i , and A(p_ 2 ), by 

&P -2 where 

F&p-t = F(§;>_3@(p_2)j) = ^ 0 ( 50 X 0 • B(p_®)4X'(p_2)4)A7p-«« . 

Replace Ao , A(p_i)j and o by J where FJ = F(A7p-i)aAo) and 
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F&p^2 == i4o[(-BoXo B(p^2)qX(p^2)q)A(^l^l)qAo]Ao^ 

= {BqXo * • ■ B(p^2)qX(p^2)q)J 

by theorem 1.8 since the square bracket is a cycle; and, similarly, 

F(Si(p^l)q = J B(p^i)qX{p^i)q . 

Replace 6p_2 , &(p-i)q and J by S where 

(13.5) = BoXoBqXq • • • B(p^l)qX(p^l)q, 

There now remain of the 3-cells only 6, of the 2-cells only the Bi , and of the 
one-cells b and t, z = 0, 1, • • • , (p — 1). 

II. Now it is possible to eliminate all but one 2-cell and all the one-cells but 
b and [(p — 1)^], which last will also be written (— ^). Let 

(13.6) Z*, = (-g)-V+‘-"(l + kq)BTU,il + 

Since it is an immediate consequence of (13.3) that 

(13.7) ^(B(*+i), • • • 5rp-.),) = (A^)"V-*-‘(-9) 

using (13.7) on (13.6) and then (r.2) on the r.h.s. of the result gives, by (13.4), 

(13.8) X*, — B(k-^l)q • * * B(p^i)qZkqB(p^l)q • • • • 

Now using (13.8) to eliminate the X’s from (13.5) gives 

(13.9) F& — BoBq • • • B(^p^l)qZoZq • • • Z(p-.l)g . 

Let Drq be defined by 

(13.10) Drq = BiBi^ • • • Bi^rq • 

Lemma. ZoZq ^ • Zrq ^ + rq)D7q\l rq)-^b^’^-\^ 

Proof by induction on r. For r = 0, this is (13.6), so assume the lemma 
for r < k. Let * 

S = (Zo • • • Z,*_i),)Zt, = (-9)-‘ {[&*'■'’(! + (* - l)q)DaLu,(l + (* - l)g)~'6'’"*l 

.[t»+*-p(i + kq)BTU,(l + A:g)-‘6'^*-‘]}(-g). 

By (13.3), (1 + (fc - l)g) = 6(1 + kq)(FBi+,,r^ so 

S = (-g)-^6*'-'’+‘(l + kq)D7^il + *3)-‘6’’-*-\-g), 

which proves the lemma. 

It is a consequence of the lemma that 

(13.11) ZoZ, • • • Z(^«, = i-qr\l + (p - l)g)Z)7i-i)«(l + (P “ 

(13.12) If 1 + ng s 0 mod p 

then 

1 4- (p — 1)2 ■* (p — » — l)g mod p 
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and 

1 + (» — k)q s (p — k)q mod p 
for everj' k, so, by (13.10) 

(13.13) l)j “ • Bx^tri—iygBoBq • * • B [p^n)q * • • 

B(p-l)qBl+(n-l)q ••• Bl^. 

But F{Bi ■ ■ ■ Bi+(„_1),) = (1 - ?)"*6"(1 + (n - l)g), so (13.13) becomes 

= (1 - (?)-‘6"(l + (n - l)q)BoBq • • • 

(13.14) , 

B,p_«,(l+ (n - l)9)-’b-"(l - q). 

Now combining (13.14), (13.11) and (13.9) and noticing that (1 — g) s 
(1 + (p — 1)9) mod p yields 

(13.15) F& = BqBq ■ ■ ■ B(p_,),[(-g)-‘6"(-g)(B„B, • • • B,p_„,)-‘(-g)-‘5-"(-<7)]. 

The elimination of cells now takes place in (p — 1) .steps. I^ct Go = Bo 
and at the k'^*' .stej) replace Gk-i and B*, and (kq — q) by Gt , where FGu = 
F(Gt-iBkq). Then letting ( 7 (p_i), = G and ( — 9)“‘6(— g) = y, (13.15) becomes 

(13.16) FS = Giy^G-Yl, 
and, trom the definition of G 

(13.17) FG = r/”. 

From (13.17) it follows that vi is the cyclic group of order p. Notice that 
by (r.2) and (13.17) 

{y'^’^GY'-”) = y'GY'- ' 

Any 2-cycle, H, is a combination of syllables of the type and if H ^ 1, 

somewhere in H there must be an adjacent pair 

M = (y^Gy^*W(rY') 

or the inverse of such a pair, s ^ t mod p, so that H = LMN, But by (13.16), 
M(y^F£Y^) = 

If ?i + < s s mod p this shows that M . M n + t s mod p, 

M(t/'Firoi/-‘)(p’+‘F%-"-‘) = (y‘Gy-‘){iY**CrY""~% 

If 2n + t = s mod p this shows that M c % . Otherwise a third step is made 
and so on. But by (13.12), n and p are relatively prime. Hence there is 
a k such that kn + t ^ s mod p, and so after k steps it results that M 
Hence H and LN determine the same element of /i2 . Now the argument 
applied to H can be applied to LN and so on until eventually it follows that H 
defines the same element of H 2 as the identity. This shows that for the lens 
space (p, q)y m is the identity. 


Cornell University 
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SOME REMARKS ON SET THEORY 

Bt P. Erd5s 

(Received February 1, 1943) 

This paper contains a few disconnected results on the theory of sets. 

1. Sierpinski^ proved that under the assumption of the continuum hypothesis 
there exists a single valued function f(x) whose inverse function is also single 
valued and which maps the sets of measure 0 into sets of first category and whose 
inverse function maps the sets of first category into sets of measure 0. He 
stated the problem" whether a function exists which has the above property and 
also the following one: It maps the sets of first category into sets of measure 0 
and its inverse function maps the sets of measure 0 into sets of first category. 
Thus the function would interchange the sets of measure 0 and the .sets of first 
categor 3 ^ We shall prove that such a function exists. Our proof will be very 
similar to that of Sierpinski: we will of course assume that the continuum 
hj'pothesis holds. 

Construction of f{x): It can be .^hown^ that a transfinite sequence Ga of Gs 
sets of measure 0 and a transfinite seciuence of Fa sets of first category exists 
(a < , Hi is the first ordinal numlier of the third number class) having the 

following properties: 1) Gi U Gi PI Fi = A (R denotes the set of all 

real numbers), 2) every set of measure 0 is contained in some G„ and every set of 
first category is contained in some Fa 3) Aa = Ga — Ga fl U G^y = Fa — 

fi<a 

Fa n U F '0 both have the power of the continuum, for every a. We evidently 

/3<a 

have Gi = U J5a , Fi = U . Hence we can construct a function f(x) 

tt > I at > 1 

in such a way that /(Aa) = Ba for every a > 1, and that/ f(x) = x for every x. 
The function /(a:) is clearly a single valued function whose inverse /“* (-r) is also 
single valued. Since, in addition f(x) coincides Avith its inverse, we have only 
to show that /(.r) maps both the sets of measure 0 onto sets of first category, 
and the sets of first category onto sets of measure 0. But both of these state- 
ments are obvious. For let G be any set of measure 0; by assumption G CZG a 
for some a and /(G) C U F^ , which is a set of first category. Similarly let F 

fi<cc 

be any set of first category; by assumption F CZ Fa for some a, and /(F) CZ U 

fi<a 

which is a set of measure 0: This completes the proof. 

n. Let m be a cardinal number. Two sets A and B in Euclidean space are 
called m-equivalent if thej' can be split into m summands A ^ UAa y B UBa , 
AaiC\ A ai = H Ba^ = 0, and Aa = Ba> (The sign ^ denotes congruence.) 

— - - ■ " ' ■ ■ • / 

^ W. Sierpinski, Fund. Math. Vol. 22, p. 276-278. 

* Ibid. 

» Ibid. 
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Banach and Tarski^ proved that in three space any two sets containing open 
sets are finitely equivalent, and that on the line and the plane any two sets 
containing open sets are countably equivalent. 

Professor Tarski® communicated to me the following result of Lindenbaum: 
There exist 2"" linear sets no two of which are countably equivalent. This result 
was never published, and Tarski does not remember the details of the proof. 
I have succeeded in proving that if m is any cardinal number < c, then there 
exist 2*" linear sets no two of which are m-equivalent. I do not know whether 
my proof differs from that of Lindenbaum, but I have thought it might be worth 
publishing, since the result has some interesting applications. 

First we remark that it is easy to construct 2'* subsets of an infinite set A of 
power n such that the symmetric difference (x — y)U (y — x) of any two subsets 
X and y has the power n. It is sufficient to divide -I into n mutually exclusive 
subsets of power n, and to consider the unions of all these subsets. 

Let now {a^} be a Hamel base (a < is the smallest ordinal belonging 

to the power of the continuum.) and let < w, , w, the smallest ordinal 

belonging to 2"") be a family of subsets of this Hamel base such that the symmetric 
difference {A^^ — A^^) U {A^^ — A^^) has always the power c. Denote by 
the set of real numbers of the form where the Ck are rational numbers 

and the ak belong to A^ . Xow we show that for and are not 

m-equivalent. We can clearly assume that A^^ contains c elements not contained 
in . A being a set of numbera and x an arbitrary number, let us denote by 
^4 + ^ the set of all numbers 2 + a: where z belongs to .4 . Also we denote by 
A^^^ the reflection of A with respect to y. It suffices to show that if {a*^} and 
{2/0} are two sets of power m (S < coa , cua is the smallest ordinal number belong- 
ing to m) then the union of all the sets + x^, f <loes not contain . 
And this is clear for if we denote by the elements of the Hamel base necessary 
to express the .T0 and the 1/0 (the power of the at is clearly ^ m) our set U t/^j^ + 

j can therefore be generated by the elements of and by at most m 

other elements of the Hamel basis; while is generated by the elements of 
, and the latter set contains c elements which do not belong to . This 
completes our proof. 

m. A set B of real numbers is said to be of absolute measure 0 if it is finitely 

equivalent to a subset of an arbitrarily small interval. It is said to be of absolute 

measure a if for every € it is finitely equivalent to a subset of an interval of 

length a + €, and a subset of it is finitely equivalent with the interval of length 
6 

a — €. 

It is well known that the power of Lebesgue measurable sets mod null sets is 
of power c, but that the power of Lebesgue measurable sets is 2®. Tarski’ 

* Banach and Tarski, Fund. Math. Vol. 6, p. 244-278. 

® Oral communication. 

• Tarski, Fund. Math. Vol. 30, p. 218-253. This paper contains the definition and all 
the properties used of absolute measure used in this proof, 

’ Oral communication. 
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posed the problem: What is the power of absolutely measurable sets mod sets of 
absolute measure 0? (It is of course clear the power of absolutely measurable 
sets is 2®.)® We are going to prove that the power in question is 2®. 

First it is clear that it suffices to prove that the power of all sets in the interval 
(0, 1) mod sets of absolute measure 0 is of power 2^. For if we take any set A 
in (0, 1) and translate it by 1, take its complement in (1, 2) denote it by 
then A B has absolute measure 1, hence if -Ai and A 2 arc not congruent mod 
sets of absolute measure 0, Ai + Bi and A 2 + B 2 are also not congruent. This 
is a strong indication of the truth of our theorem, since it is well known that the 
power of all sets mod sets of T^besgue measure 0 is also 2^ 

To prove our theorem it clearly suffices to show that there exist in the interval 
(0, 1) c disjoint sets whose absolute measure is not 0, for by taking all possible 
sums of these sets we clearly get 2*^ sets no two of which are congruent mod sets of 
absolute measure 0. 

Let now {a*} be a Ilamel base with ai = 1. Split it into c disjoint sets of 

power c. Denote these sets by . We define the sets as follows: x e ii 

and only if 0 ^ a: ^ 1 and x == , the c, rational and different from 0 

and ai < a 2 < • • * , cia,,V^ . (For i < kaa, does not have to belong to .) 

We are going to prove that the disjoint sets R^ are not of absolute measure 0. 
In fact we shall show that R^ is not finitely equivalent with any subset of (0, §). 
For suppose that R^ is finitely equivalent with a subset of (0, i). This would 
mean that there exist sets U\ , , * • • , t/r whose sum is the interval (0, i), 

and real numbers , Xo , • • • , 1 / 1 , 1 / 2 , * • • 2/i , ^ ^ = t, such that, R^ is 

contained in U + x, , T , the sets U < are supposed to be mutually exclusive. 
IaA ajt be the a a of largest index which occurs in the rej) resent at ion of the x, and 
yj and denote by those elements of R^ in whose representation the of 
largest index has an index > k. Then if w is an element of R'^ and w e Ui + x* 
there exists a 2 c Ui with z = w — Xi, hence z € R^, also if w e there again 
exists a 2 € U j with 2 = 2i/j — iv hence z tR^ . Similarly if 2 c we have 
2 + X, € and 2yj -- z € R'^ , Thus we see that (Z?^ fl I^)+x, = Z20n(C^, + x,) 
and (Z?^ n U = Z2^ fl hence we conclude that R'^ fl (0, §) is finitely 
equivalent to R^ = R'^O (0, J) U Z?J fl (|, 1). On the other hand a translation by 

= i shows that R’a 0 (0, i) ^ H (0, i)) + i = RJ 0 (i , 1). Thus 

R$ n (0, J) would be finitely equivalent with R^ fl (0, J) U (Z?^ fl (0, ^)) + 

A general theorem of Lindenbaum and Tarski® shows that this is not possible, 
which completes our proof. 

Sierpinski^® constructed a set k of real numbers of power c whose complement 
has also power c, and such that if fc = fc' then the power of A:' fl (Z2 — k) [as before 
R denotes the set of all real numbers] is <c. It is easy to see that if we define R^ 
as in III but remove the restriction 0 ^ x ^ 1. Our set R^ has the required 
property. 

• This statement follows from the fact that there exist sets of absolute measure 0 having 
power c. 

* Lindenbaum and Tarski. 

W, Sierpinski, Fund. Math. Vol. 19, p. 22-28, 
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We ai'e going to prove that Sierpinski’s theorem can not be improved i.e. 
if m is a power <c there exists a number xq such that k + XqD R -- k has power 
Let ya be any set of real numbers of power m, and suppose that our 
theorem does not hold. Then both k + ya C[ R — k and (/? — fc) + !/« fl A: 
have power <m for all a. Therefore since = m it is easy to see that there 
exists SLZ ek and aweR-'k such that z + ya ^k and w + ya ^ R k for all a. 
But then clearly xo — w — z has the required property, which completes our 
proof.^^ 


rV, Let/(x) be a continuous function in the closed interval (0, 1). 
by E the set for which 


K /(» + h) -fix ) ^ 


Denote 


Jarnik^^ proved that E is not countable. We are going to give a very simple 
proof that E is of power c. (It is easy to see that the complement of E is an , 
thus from the fact that E is not enumerable it immediately follows that E is of 
power c.) 

Let Xq be a number < 1 for which lim*'-^^ i . We can of course 

h 

assume that such a number exists. Let N > and consider the 

1 — Xo 

set of numbers for which ^ N, Consider the greatest such y and 

y - Xq 

denote it by y^ . Clearly y^r < I, Hence evidently 


/(y.v + ft) - S{ys) ^ ^ 
h 


h <0. 


Thus yx belongs to E, Also we have f(yx) — f(x) — N{ys — x), hence for 
Ni > N 2 y yNi < yN 2 • Thus the power of points ys is c, which completes the proof. 

Professor Anthony P. Morse communicated to me the following proof of 
Jarnik^s theorem which he obtained some time ago : Choose k so that if we put 
g(x) = f(x) — kx we shall have g{0) > g(l). Now take any number c such that 
g(0) > c> g(l). There clearly exists an x such that g{x) = 0. Let Xcbe the 
largest such x. It is easily seen that 


and hence 


/i-^+o h . 


A-^0 a 


^ it. 


Thus Xc belongs to E, The power of points Xc is clearly equal to that of the 
continuum, which completes the proof. 

University of Pennsylvania 


This proof is due to Mr. P. Lax. Oral communication. 
Jarnik, Fund. Math. Vol. 23, p. 1-8. 
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In my paper **0n the divergence properties of the Lagrange interpolation poly- 
nomials,^' (Annals of Math. Vol. 42, (1941), p. 309-315) I stated that, if xq = 

COS - IT {p and q odd), and the fundamental points of the interpolation are the 

roots of the Tchebicheff polynomial 7’n(x), then there exists a continuous function 
f{x) such that lim Ln(/(xo)) = "-c . 

Dr. Schonberg has pointed out that the proof there given is not correct. 
There is a trivial error in lemma 1; namely, it is possible that xl”'^ = 
Nevertheless it is possible to save almost everything, practically without modify- 
ing the proof. We prove the following slightly weaker. 

Theorem. There exists a continuous function f{x) such that if Xo = cos ? ir, 

<1 

where p and q are odd, then lim | Ln(f(xo)) | = oo . 

Proof. We need 

Lemma 1. If xj^^ ^ then | | > ^for m ^ n. 

Proof. As in the paper. 

Everything is now unchanged until the bottom of page 311. We have there 


fix) = 


n-n, **\/lOg n' 


where €« = ±1 and will Idc determined later; the definition of /«(x) is the same 
as in the paper. 

LnifP 2 ixo)) = 0 still holds (p. 313 top). It suffices to show that, for r > n, 
/r(^ifc”^) = 0. And this is true, for otherwise either 


which is impossible since (21 — 1, r) = 1, or we have 

and \ xl'^ - xi”^ \ < , 


which does not hold by lemma 1. 

Define now «„ =* signum L„(vi(a:o)); then clearly 

and the rest of the proof is unchanged. 

At present I cannot decide whether a continuous function /(x) exists such that 
lim Lnifixo)) — 00 , or whether a continuous /(x) exists with lim Ln(f(xo)) == a, 
where a ^ f(xo). 
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Added in proof. By a more careful analysis, I can now show the following 
theorem : Let E he any dosed set, then there exists a continuous f(x) such that the 
limit points of Ln {f(xo)) is precisely the set E, The set E can consist of the point 
4- 00 alone. This of course is a generalization of the result mentioned before. 

In my paper **0n some asymptotic formulas in the theory of factorisatio numero- 
rum^^ (Annals of Math. Vol. 42, (1941) p. 989-993) the main theorem is stated 
incorrectly. The correct statement is as follows: 

Let 1 <ai < 02 < • • • be a sequence of integers such that for some p, "7 

Oi 

^ log Oi 

= 1 and 2 ^ — ^ converges and not all the a<’s are powers of Oi. Denote by 

Oi 

f(n) the number of factorisations of n into the OiS. We consider order in other 
words aia 2 and Oa-Ui are different factorisations. Also /(I) = 1 . Denote 
F(n) = Then we have 

f 

F(n) = cn^(l + 0(1)). 

The proof remains entirely unchanged: in fact this theorem is the one really 
proved in the paper. 

It might be of some interest to investigate what happens if the conditions of 
our theorem are not satisfied. There are three cases: I. 23?-.i “i diverges for all 


k. Then it is easy to see that lim 


F{n) 


Qi 


n* 


= 00 for all k. 


II. For all values of k for which converges -7 < 1. Clearly, 

Oi Oi 

^1 

there exists a p such that for every €, " 77 , converges but ^ -p™. di- 

Oi Oi 

verges. We can easily see that ~ converges and is <1. For if — 

Oi Oi 

diverged we would have, for suflSciently small e, > 1 ; and since, for large 

k, A < 1, there would exist a ko such that ~ ^ — which contradicts 

a^ Oi 

the hypothesis. 

Now we show that 


( 1 ) 

and 

( 2 ) 


lim ^ = 0 
n" 


lim 


m 

n»“* 


1 F(u^ 

Suppose ( 1 ) does not hold. Write ^ — A <1 and c — lim sup , 
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We have 

F(u) = i,F (-) + !, 

i-i \a,/ 

so that 

^7- S c Z 3 ? + 0(1) < Ac + 0(1) 

t-1 0>i 

for sufficiently large u. This is possible only if c = 0. (2) can be shown by 

similar arguments. 

III. There exists a p such that "^ = 1 , but diverges. It 

di di 

seems likely that in this case 


lim 




0 . 


But I am only able to prove that 

(3) lim ^ » 0. 


Suppose that ( 3 ) is not satisfied. I.et the greatest lower bound of 
be c (c > 0 ). Choose k so large that 


F(n ) 

(n + 1)' 


log Oj ^ 

•■■I di pC 


Denote by g{n) the number of the factorisations of M-as the product of the a, 
for i ^ fc, and let G{n) = g{u). Clearly forj/n G{m) = F(m). Thus 

for m ^ dk 


0(m) ^ 

(m + 1)' = 


Next we prove that for all m 


( 4 ) 


G(n) 

in + 1)'' 


^ c 


where Z*-> (f*' ^ P)* 

di 

Clearly (4) holds for all n ^ o* . We prove ( 4 ) by induction. Assume it for n: 
we shall prove it for n + 1. We have 




+ 1 . 
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Therefore 


G(n + l)^^^± 

(n + 2y - ""hai’ ~ 


which proves (4). Thus lim ^ c. (We know from my paper that the 

hX 

limit exists.) 

Put h{s) = 23<-i “I then clearly 

di 

1 f' 9(n) 

2 - h(s) ” n* • 


Therefore a simple calculation shows that if lim exists the limit equals 


(4/Tr 


2p' - 2’ 


which proves (3). It is eas\" to construct sequences a,-, with ^“..i =1, 

di 

Z -.-1 -—T' = “ and 

(5) lim ^ = 0. 

But I can not prove that (5) holds for all such sequences a,- . 

Professor Hille has given the following result. (Acta Arithmetica Vol. 2, 
p. 140) : Let pi < Pi < • • • be a sequence of primes, and let ai < oa < • • • be the 
integers composed of the p’s. Denote by /(n) the number of factorisations of n 

1 

into the product of the a's, and let F(n) = If 2^?Li "7 = 1 then 

di 

lim = ( P ] . His proof (which uses the theorem of Wiener Ike- 

\ 1-1 di / 

_ log di 

hara) seems to appl}'^ only if < oo. If (5) is always true in case iii, 

di 

Hille’s result would follow even if T)?-! "V"* = ^^ • 

di 

Recently I found in the literature a few results, which I proved in ray paper 
‘^Elementary proof of some asymptotic formulas in the theory of partitions’' 
(Annals of Math. Vol. 43). On p. 447 I prove the following result: Denote 

by Pr{n) the number of partitioas of n into powers of r then lim ~ 2To^* 

This result was proved by Mahler (London Math. Soc. Journal, Vol. 15, p. 123.) 
Mahlers proof is completel}^ different from mine. He also obtains 


-»n(n-l)/ 


< Pr{rz) < C2 


where r" ^ z < F'ijx + 1). 
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On p. 448 I prove the following two results: 

I. Let ai < 02 < • • • be a sequence of integers of positive density a, the a^s 

have common factor 1. Denote by p(n) the number of, partition of n into the a^s. 

Then log p(n) iry/\an. 

II. Let Oi < 02 < • • • be a sequence of integers .such that every large integer 
is the sum of different o’s. Denote by P(n) the number of partitions of n into 
different a's. Then log P(n) ^ ir\/ \an. Similar results were proved by K. 
Knopp (Schriften der Konigsberger Gel. Ges. Math, und Nat. Klasse, 2 Jahr. 
Heft. 3 1925). His proofs are quite different from mine and are more complicated. 

University of Pennsylvania 


Addendum 
By Eikar Hille 

The objection raised by Dr. Erdos to formula (4.3) of my paper ‘‘A Problem 
in ‘Factorisatio Numerorum’ is well founded. However, the results on pp. 
139-'! 40 are entirely correct if the basis P contains only a finite number of primes 
. When the basis is infinite it is necessary to assume that lim.^^o f (s; P) > 2 
where f(s; P) = nr-i [1 — Pi^] ^ and (To = tro(P) is the abscissa of convergence 
of the infinite product. This assumption implies that the equation f (s; P) = 2 
has a root p(P) which exceeds <ro . If this assumption is satisfied, formulas 
(3.8), (3.9), (4.1), ](4.3), and (5.1) remain valid. If, instead, f (cro; P) = 2 so that 
p(P) = (To , the Ikehara-Wiener theorem does not apply; the analysis breaks 
down completely and cannot be saved by assuming that {*'( 0 ^ 0 ; P) is finite. 
Though formula (4.3) still makes sense, it is at best unproved. If {"((To; P) < 2, 
the formula becomes meaningless and it is not enough to replace p(P) by <ro 
since Erdos has proved [formula (1) above] that in this case F{n) = ©(n*"®) while 
it is not necessarily true that ^'( 0-0 ; P) is infinite. 


Yale University 
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ANALYTIC AND MEROMORPHIC CONTINUATION BY MEANS OF 

GREEN’S FORMULA 

S. Bochnbb 

(Received April 28, 1943) 

Poincar4 was the first to apply methods of potential theory to the study of 
analytic functions in several complex variables.^ Using his method of “balay- 
age” he proved for the entire space that meromorphic functional elements whose 
difference is holomorphic where they overlap can be merged into one meromorphic 
function. Later Cousin extended the result to the more general case of a poly- 
cylindrical domain, but he used the method of iterating the classical Cauchy 
integral in one complex variable. 

In the present paper we will use a greatly simplified approach to Poincare’s 
original method, and our main purpose is to show that his theorem is closely 
connected with the theorem of Hartogs that every analytic function in several 
complex variables can be continued from the connected boundary of a domain 
into its whole interior. The connecting link is Green’s formula for general 
harmonic functions and a related version of Cauchy’s formula. The first appli- 
cation of this method to Hartogs’ theorem is due to Fueter. Hovv^ever Fucter 
has a very involved approach to the method from the standpoint of quaternions 
and other Cayley number systems. Our starting point is the ordinary Green’s 
formula, and the specialized results will follow from the fact that an arbitrary 
differential operator with constant coefficients, being commutative with the 
Laplacean, is also commutative with Green’s integral \vhich is the operational 
inverse to the Laplacean. This approach will yield old and new results in very 
general versions and will also permit us to extend Poincare’s theorem to functions 
on the torus. 

Chapter I 

Stokes’ Theorem 

1 . We will consider a Euclidean space ^ ^ 3. If A is a pointset then A 
denotes its closure and A some neighborhood of A (no matter how small). 

^ For references to the theorem of Poincare-Cousin see the article by H. Behnke and 
P. Tullen, Theorie der Funktionen mehrerer komplexen Veranderlichen, in Ergebnisse 
der Mathematik, volume III, pp. 64-67 ; for references to the theorem of Hartogs see the 
same article, p. 50, and two more recent papers by R. Fueter in Commentarii Mathcmatici 
Helvetici, volume 12 (1939), pp. 75-80, and volume 14 (1942), pp. 394-400. 

Added in proof. Sept. 1943. Formula (53) of the present paper and a proof of 
theorem 5 based on it have just been published by Enzo Martinelli, Sopra una dimon- 
strazione di R. Fueter per una teorema di Hartogs, Comm. Helvetici, 15 (1942-3), sub- 
mitted Jan. 1943. The present author may be permitted to state that these results have 
been presented by him in a Princeton graduate course in Winter 1940/41 and were sub- 
sequently incorporated, in a Princeton doctorate thesis (June 1941) by Donald C. May, 
entitled: An integral formula for analytic functions of k variables with some applications. 
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Virtually all our pointsets will be simplices or finite unions of disjoint simplices. 
Whenever a symbol like 5, C, D will be introduced to denote one or several 
simplices then the same symbol lyill also be used to denote the corresponding 
pointset. If B (or C, D) is an m-dimensional simplex in En , then it will be 
always implicitly understood that B is a topological map of the closure E of 
the rectilinear fundamental simplex S in E^ and the mapping transformation is 
defined and of class one (with regard to differentiability) in S. All functions 
introduced will be likewise of class one unless more restrictive assumptions are 
explicitly stated. It will be sufficient for our purposes to express Stokes' 
theorem as the formula 

(1) / d<p d\pi • • • d^m-i I *p d\l/i • • • . 

Jb J c 

The scalars , • • • , are defined in B and C is the set of the (m — l)-di- 
mensional faces of B. The simplex B is oriented and the orientation of C is 
related to the orientation of B by the well known combinatorial rule. By 
algebraic addition the formula extends readily from a simplex to a (finite) 
simplicial manifold. In particular, if D is a simplicial domain in En with 
boundary S, and Xa , a = I, • • • , n, is a vector field in 6 , then 


( 2 ) 

where 

(3) 

(4) 




XaO 


a 

9 


dvi = dji • • • 

< 7 “ = (—1)“ • • • d^a-id^a+i • • • d^„ ; 


or, omitting the symbol of summation with respect to a, 


(5) 


L 


dXa 


dvt 


= / XaCr". 

J B 


The symbols (3), (4) are external differential forms, and the symbol (3) will 
be the ordinary Euclidean volume element if D is cooriented with ; this will 
be always assumed. 


2. We consider m-dimensional simplices Bi, • • • , B« and (m — l)-dimensional 
simplices Ci , • • • , C'r , each in a fixed orientation and all disjoint, and we assume 
that each Cp is a face of one or several Bg and that each (m — l)-dimensional face 
of each Bq occurs among the Cp . We introduce the incidence number which 
is 0 if Cp is not a face of Bq and otherwise is +1 or —1 depending on whether 
the given orientation of Cp coincides with that of Bq or not. 

If we put 


( 6 ) 


B = Bi -h • • • + Bt y 


C = Cl + • • • + c. , 
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if the functions , • • • , ^m-i are scalars in B, if is given in 5^ , g « 1, •••,«, 
and if we put 

(7) = Z p = l, •••r, 

1 

then (1) implies 

(8) X) • • • d^m-i = d^i • • • #m-l » 

P-I JCp 1 

In order to assimilate relation (8) to the original relation (1) we introduce the 
concept of a conglomerate function. We take any functional elements <pq , 
q = 1 , • • • , each defined separately on Bg (or Bq) without any interrelation, 
and we call the whole set a conglomerate function on B (or B); we denote it 
either by <p or more explicitly by {<Pq\. If \iPq] is defined on B, then the func- 
tional elements (7) give rise to a new conglomerate function, the lat^tcr defined 
on C. The new function will be called the saltus of (p on C. We can now in- 
terpret (1) to mean (8) if (p in dipdxpi • • • d^m-i is any conglomerate function and 
the other <p in tpdxpi • • • is its saltus. The concept of conglomerate func- 

tions unifies the common notions of ‘‘discontinuity” and “boundary value.” 
In fact, if B is a simplicial manifold, then on any “internal” Cq which separates 
simplices Ba, Bb , the saltus of <p is =fc(<^a — tph) and on any boundary face Cq 
which borders on only one Be , the saltus is ih^p itself. 

3. We are now going to state a lemma of a special nature. If B and C are 
defined as before, and is a conglomerate function on B then for m ^ n — 1 
we will investigate the change of the integral 

J ' ip d^i • • • 

B 

for a small deformation of B. It will suffice to consider a deformation in which 
only one vertex (and the faces containing it) are involved. We denote this 
vertex by and its deformed image by A[ . Consider all those among the 
simplices Bi , Bo , • • • which contain the vertex -4o and denote them by Bi , • • • , 
B/x. Similarly denote by Ci , • • • , Cx all faces containing A^ . By B^ , g = 
1, • • • , Ml we denote the deformed image of Bq , by B, we denote the m-dimen- 
sional complex which is the combinatorial product of .4o and Cp , in this order 
of combination, and finally we denote by Sq the (m + l)-dimensional simplex 
which is the product of Ao and Bq . We now t;laim that the difference 


(9) ^ f Vqdfl • 

90 -O Bq 

• • — Z f ^td4>i "• d4>m 

g— 0 ^ Bq 

has the value 


( 10 ) if d^qd4>x-- 

^Sq 

•#«+Zf ••• #« 

pmmO •'Bp* 

where on C is the saltus of {<pq] on S. 
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The proof consists in a simple combinatorial analysis. Consider any fixed 
simplex Bi with vertex Ao and write it combinatorially as A 0 A 1 A 2 * • -A^ where 
Ai , • • • , Am are other vertices. We now introduce the (m + l)-dimensional 
simplex Si , namely the simplex 

(11) aJAoAi • • • Am . 

Its m-dimensional faces in natural orientation are the sum of 

( 12 ) A0A1A2 • • • Am - ASA1A2 • • • Am 
and 

( 13 ) A0A0A2 * * * Am A0A0A1A3 • * * Am 4 “ * * • dz AoAqAi • • • Am— 1 . 

Now, (12) is simply Ri — B[ , As for (13), its first term is the product of Ao 
with A0A2 • • • Am . The latter is the negative of eipCp , for some p, where cip 
is our previous incidence coefficient. Thus the first term in (13) is —eipB'p for 
some p. The same holds for any other term in (13). It is always —eipBp for 
some p, the sign being always negative whether it was originally positive or 
negative in (13). The equality of (9) and (10) follows now by applying Stokes* 
formula to Si and its boundary, and to any other Sq and its boundary, and 
then adding up over those Sq which correspond to all those Bq which contain 
the given vertex Ao . 


Chapter II 

Analytic Functions of Real Variables 

4, Greenes formula. The most familiar general version of Green’s formula is 

’’•r - /,(^c - 

and we are adding the kindred formula 

The function G is 


( 16 ) 


2 — n 


(ZCf. - Xaf) + Hi^, X), 


where (f, x) is analytic in En X En ; the function / is a function on 5, where 
Z) is a simplicial domain with boundary B; the symbol A denotes the Laplacean 
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the lower value 0 occurs when x is a point of En — D whereas the upper value 
ytif{x) occurs when x is a point of D; and yn is the constant 



which constant is the (n — l)-dimensional volume of the sphere f i + • * • + 
{n = 1. For X outside D our formulas are direct consequences of (5) if Xa = 

/ ^ — G = / fr > X in D they are obtained from the same 

O^ct ^sa 

values Xa by first excising a small sphere with center at x and then letting the 
radius of the sphere tend to 0. 

If jy(f, x) = 0 in (16), that is 

(19) G(i, x) = 

Zt — 71 a 

then G is harmonic, that is a solution of A(? = 0. If in addition /(f) is also 
harmonic then (14) reduces to 

Until further notice, the symbol G will always denote the Newtonian kernel (19). 

S.^reen^s integral. We now consider a fixed set of simplices (6) and we 
specify that the dimension of B shall be n — 1. AVe will call a conglomerate 
function {fq} on B harmonic if each/, is harmonic on Bg . With such a con- 
glomerate harmonic function /(f) we now set up the integral 



The complement En — B decomposes into a finite number of domains Di , • • • D| , 
. The domain is unbounded, the others are bounded. The bounded 
ones may be absent; this will happen if E does not decompose the space En - 
The union Z>i + • • • + Dt + will be denoted by D, and we will treat D 
as if it were a union of simplices. Integral (21) defines a harmonic function 
Ft(x) in each D,. , r = 1, •••,<, oo. In this sense, {Ft(x)} is a harmonic con- 
glomerate function on D. 

Theorem 1. If f(Ji) is a harmonic conglomerate function on B, then each 
Fr(x) can he continued analytically across each Bq bordering on Dr , and the saltus 
of F(x) on Bq is fq{x). 

For the proof it may be assumed that B is just one simplex. We deform B 
into another simplex B' with the same boundary as £ in such a way that B' — B 
shall be part of the boundary of a simplicial domain D. The ‘‘side’’ of B on 
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which D is situated will be termed “positive,” the other “negative.” If x lies 
on the negative side of B it lies outside D and thus by (20) we have 



Integral (22) however can be continued across B into D. Denoting this con- 
tinuation by we obviously have for x in D the relation 

(23) F^(x) - fi’(x) = 1/ 

However, again by (20), this is fix), and thus the theorem is proven. 

Theorem 2. If also the saltus of /({) vanishes identically on C, then each Fr 
can be continued into D, 

More generally, if a small deformation of a vertex of B enlarges a component 
Dr into a domain Dr , and if the saltus of fi^) vanishes on all those Cp which contain 
the vertex Ao , then Fr(x) can be continued from Dr into Dr . 

If we introduce the symbols Bq , Bg , B^p and Sq as in section 3, then by sec- 
tion 3 the expression 



Now, (24) is yniFix) — F\x)) where the integral F'(x) is what will become of 
Fix) if B is replaced by its deformation B\ The sum (25) is naturally 0, and 
(26) is oaf = 0 on B^p, that is if the saltus of / vanishes on Cp . Thus Fix) = 
F'(x), but F'ix) exists in Dr , and this proves our assertion. 


6. Analjrtic continuation. We are now viewing the expression (21) as an 
operation 

(27) Fix) = LfiO 

which transform a function in B into a harmonic function in D. We claim that 
this operation is commutative with partial derivation. 

Theorem 3. If fii) is harmonic in B then 




658 


S. BOCHNER 


More generally if the mltus of /({ ) and its partial derivatives of order g N vanishes 
on C, then 

(29) LA/ = AZ/ 

where 

qP 1 + ...+P,J. 


(30) 


A/^ Z 


I'lH +*►« ** dfi' • • • 

with constant coefficients a. 

Remark. It should be noted that in Theorem 2, the saltus of /has to vanish 
identically on the open set C, whereas in Theorem 3 the saltuses have only to 
satisfy the boundary condition of vanishing on the (n — 2ydimensional set C. 

Proof. Obviously (29) follows from (28) by induction on N. In addition 
to the symbols <r“ as defined by (4), we now introduce symbols in the fol- 
lowing way. For a < (i we put 

= (— ^d^i ••• d^a-id^a+i df/s-idfo-fi ••• dfni 

for a = we put = 0; and for a > we put = — cr^*. The basis for 
our proof is the identity 

From this we deduce that the quantity 

5,(3 


'df dG _ ^ d‘f d^G 


dG ^ 


)■ 


equals the quantity 

(33) 
where 

(34) 


(/•AG - G-A/)a* - '£dv>a-o^‘, 


^ _fdG df 

OKa O^a 


Now, since ^ ^ , the difference 

dXfl d(i3 


7»(l 


dfo dXfi ) 

is the integral of (32) over B, By the equality of (32) and (33) this is 




and by section 2 this will vanish if the saltus of each v?a vanishes on C. By 
(34), it is enough to assume that /, ^ , • ■ • , ~ has vanishing saltus each. 
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We note a natural consequence of Theorem 3. 

Corollary. If the conglomerate function /({) is harmonic and the solution of 
A/ = 0 and if the saltuses of f and of its partial derivatives of order ^ N vanish on 
C then F{x) is likewise harmonic and a solution of AF = 0. 

We will say that a differential operator AF of type (30) has the uniqueness 
property if any analytic solution of AF = 0 which is defined in the complement 
of a bounded domain and vanishes at infinity is identically 0. Such an operator 
is for instance 


(35) 


dxl 


+ 


dxi 


for m < n. In fact, if a function F(xi , • • • , ojm , Xm+\ , • • • , Xn) is defined in 
the complement of a bounded domain in En then there exists an (n — m)- 
dimensional neighborhood of values (rrl+i , * * • , J^n), such that for each of those 
values, F{xi , • • • , Xm , x^+i , • • * , x„) is defined in 


— 00 < < 00 , M = 1, • • • , 

By our assumption it is a harmonic function in the entire (xi , • • • , Xm)’Space 
and vanishes at infinity. Hence it is identically 0 in the latter variables; but 
being analytic in all n variables, it vanishes identically in all variables. 

Theorem 4. If a conglomerate function /({) is harmonic in B and the solution 
of an equation Af = 0 with uniqueness property; and if the saltuses of /(f) and of 
its partial derivatives of order S N vanish on C then the following propositions hold, 

(i) If the component Doo of En B borders on a simplex Bp from both sides then 
fp{x) = 0. 

(ii) In particular^ if B does not decompose the space then f(x) = 0. 

(iii) If a simplex Bp separates from Dr then fp{x) can be continued into all 
of Dr, 

(iv) In particular, if E is the connected boundary of a bounded domain D then 
f(x) can be continued {uniquely) into all of D, 

Proof. Ad (i) and (ii). By the hypotheses of the theorem, F^{x) vanishes. 
But, by Theorem 3, in crossing over from D^ into via Bp , F{x) jumps by 
dbfpix). Hence /p(x) = 0. 

Ad (iii) and (iv). On Bp , F(x) has the saltus fp(x). Therefore Fr{x) — 
F^{x) = Azfp{x), However, F^{x) = 0. Thus, near Bp , Fr{x) coincides with 
±fp{x). However, Fr{x) exists in all of Dr . Therefore /p(x) exists in all of Dr. 

Now consider the space £ 2 * , fc ^ 2, of the real variables Xi, yi, • - , Xk , yk 
and put Za - Xa + Wa . If f{zi , • • • , 2 jt) is an analytic function of the complex 
variables 2i ,•••,«* , then in particular its real and imaginary parts each satisfy 
the system of equations 
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Each of these equations has the uniqueness property. Also a simultaneous 
solution of them is harmonic in (a;i , yi , • • • , , yk)* Hence we obtain the 

following special case of theorem 4, (iv). 

Theorem 5. If an analytic function of several complex variables is defined in 
the connected boundary of a bounded domain^ then it can be continued uniquely into 
all of the domain. 


Chapter III 

Analytic Functions of Complex Variables 

7. Complex space. We will now consider systematically the space E^k of k 
complex variables = fa + irja . All occurring functions will be likewise 
complex-valued. In particular a harmonic function will be one whose real and 
imaginary part are each harmonic. Replacing the pair of real variables f, rj by 
the conjugate complex quantities f = f + ir;, f = f — we have 

(37) dfdf = 2id^rj 
and therefore 

(38) dfid^i • • • dfkd^'k = (2i)^d^idrji • • • d^kdrjk . 

If any two of the 2k real factors on the right side of (38) are interchanged, the 
symbol changes its algebraic sign. However, if any two blocks of terms df adf a , 
dffid^p are interchanged the sign is not altered. It will be worth while to intro- 
duce the differential form 

(39) 0? = dfidfi + • • • + dfkd^k . 

It is an ^‘algebraic'^ area element, and not the scalar square of a length element. 
As for its (external) powers w = wco, of = • co, • • • , it can be easily seen that 

( 40 ) of = kldfid^i • • • dfkd^k 
and that, for each a, 

( 41 ) dhdt<J‘~^ = \<»\ 

As for the theorem of Stokes, we note that (1) remains valid for all occurring 
functions being complex- valued. In particular, if D is a domain with boundary 


B, then 

• 

(42) 

II 

€ 

1 

and 


(43) 

1 r dYa k f V 

k Jd dfa Jb 
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We now put 

(44) V = 2G 

where G is the function (16). Thus in the special ca.se (19) we have 


(45) 

(46) 


^ = fg - g« 

(L\h-=:0\y 


In the general case (16), on putting 

Afg ofg 

we obtain, as analogues to (14) and (15) the formulas 


(47) 

and 

(48) 
Since 

we have 

(49) 








dfg3f„y“ 


(2x0 


0 Jb^ df a “ kJoV df „ df„ df „ df.y " * 


4 ^ 

dfdf d{“ dij* 


4 z = !:(-,+ - A. 

g-idfadfa g-1 \d{a dijo/ 


Thus, since V is harmonic, if we also assume that /is harmonic, then (46) leads 
to 


L (2x07(2, 2) or 0, 

which is the analogue to (20). It should be observed that (50) is genuinely 
different from (20). All that can be said is that for real/, relation (50) is “the 
real part^’ of relation (20). The difference will be significant for general point- 
sets By and will in fact lead to an improvement of Theorem 4. 
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8. Cauchy’s formula. Now, if in particular / is an analytic function in 
Zi, * • • yZk alone, thus 

dZa 


(61) 


0 , 


a = 1, 


, fc, 


(which assumption in particular implies that / is harmonic) then (50) reduces 
to the very simple formula 


(52) 




dr« 


If we write the formula in full we obtain 
Theorem 6. If f(z) is analytic in D then the formula 


(53) 


(2«)* Jb (fo - - zf)y 

0 


holds for z in D. 

This is a generalization of Cauchy's formula in one variable, however with 
the peculiarity that in the cases k^ 2 \ve are considering, the integrand contains 
20 explicitly. Thus to start with it is not at all evident that the integral will be 
independent of let alone be f(z). 

Now take a point (^i , • • • , Zk) in D and replace in the integral (53) the con- 
jugate point (li , — • , Zk) by a point (z'l , • • • , z[) in the vicinity of the conjugate 
point. The right side of (53) will then be a function 

l^iZi , * * * f Zkj Zi y ***) ^k) 


in 2k complex variables. By Theorem 6, the function 


(54) 


F(zi , • • • , r/t; z'l , • • • , 4) - f(Zl y ••• yZk) 


vanishes on the manifold zi = Zi , • • • ^ h • This implies that (54) vanishes 

identically, that is 

f(zi , yZk) ^ F{zi , ••• yZk;ziy - • yz'k). 

J{ow assume that D contains the origin, and let zi , — • , be the origin. Then, 
at least for points z near the origin we have 

( 55 ) fU) — f f(^)i'ad^aO) 

(2in)^ Jb [(n - 


( 2 in)^ Jb [(fi 2i)fi + • • • + (fjfe — 2|.)fib]* 


This formula is much closer to Cauchy's one-variable formula than (53) is, 
however the integral (55) does not necessarily converge in all of D. The domain 
of convergence can be described geometrically, but the description would be of 
no consequence in the present context. 


9. Cauchy’s integral. As an analogue to (21) we now introduce the integral 
(56) 
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for an analytic conglomerate function /(fi , • • • , f *) in 5. We first of all have 
the following analogue to Theorems 1 and 2. 

Theorem 7. The saltus of the conglomerate function (66) on B iafiz). 

Also if the saltus of /(f) vanishes* identically on all Cp containing a vertex Aq 
of By then a small deformation of Aq leads to analytic continuation of FAZy z) from 
Dr into Dr, 

The following theorem is an analogue to Theorem 3 with 


(57) 


A/ = 


dz0 dXfi dyff ’ 


but it is a great improvement on Theorem 3, insofar as it does not involve a 
boundary condition on the derivatives of /. 

Theorem 8. If the saltus of /(f) vanishes on C, then F is analytic inzi y • • • , , 

dF 

that is y — = 0, ^ = 1, • • • , fc. 

dZfi 

AlsOy in D^ the functional element F^{z) is identically 0. 

For use in the proof, we introduce the symbol wliich is the differential 
form arising from 


(58) dfidf 1 • • • dlkdh 

by dropping df« and by we denote the symbol arising from (28) by dropping 
both dfa and dU if « /3, and the symbol 0 if a = jS. Now 


(59) 


{k - ])! dzp Jb (fc - 1)! 


but the integral is, identically in /, V, 


(60) / iVj + ± 

a-1 \ afa/ a-1 Ofa 

In our case we have AF = 0, and we also have df. s"^ = 0 since / is inde- 
pendent of both fa and f^ . Therefore, by Stokes’ theorem, (59) is 



s 




and thus (59) vanishes if the saltus of / vanishes on C. The second half of the 
theorem has been proven in section 6. 

Finally we prove the following analogue of Theorem 4. 

Theorem 9. If the conglomerate function /(fi , • • • , f fc) is analytic in B and 
if its saltus vanishes on C, then the follomng propositions hold: 

(i) If the component D^ borders on a simplex Bp from both sides thenfp{i) = 0. 

(ii) //, in particular y B does not decompose En , then /(f) = 0. 

(iii) If a simplex Bp separates D^ from Dr then /p(f ) can be continued inio all 
of Dr . 
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As a special conclusion we observe that if the set of all zeroes of an analytic 
function /(fi , • • • , fjt) contains a bounding cycle of dimension 2A; — 2 then the 
function vanishes identically. 

As a counterpart to this property we observe that if /(fi , • • • , f/t) is 0 
everywhere on the boundary 5 of a domain D then / 5*^ 0 everywhere in D, 
In fact is analytic in a neighl>orhood of B and therefore it can be continued 
into all of Z). 


Chapter IV 


Integrability Conditions 


10. We are interested in the system of equations 


(61) 


^ - /«(2, 2), 

dZf dZa ' 


a = 1, • • • , A:, 

f 

ay 0 = 1 , • • •, ky 


in any domain D in . The functions /« are given and the function / is 
a desired solution. The system is in some respects similar to the classical 
system 


(62) 


K 

dXa 


= fa(x), 


dja 

dXff dXa ’ 


a = I, • • • , n, 

a,/J= 


in a domain D in En . Assuming all functions /„ to be analytic in x or ( 2 , 2 ) 
respectively then either system has an analytic solution in a neightorhood of a 
point. For (62) this follows easily if all fa{x) are expanded in power series. 
Also if the functions fa{x) contains additional analytic parameters then so does 
the solution/. Hence we may conclude the existence of local solutions of (61) 
by viewing Zi , • • • , I* as independent variables and Zi , • • • , Zib as parameters. 

As for solutions in the large, we will first prove a theorem which will apply 
to either system (61) or (62). The theorem will not be needed, but the proof 
will be based on an application of Green’s formula which apparently has not 
been noticed before. After that we will prove another theorem for the system 
(61). It will be the exact counterpart within the scope of the general Green’s 
integral to Cousin’s method as based on the. classical Cauchy’s integral. 

Theorem 10. If D is a simplidal domain with boundary By if [fa] is given 
in D and if either system (61) or (62) has a solution in By then there also exists a 
solution in D. 

We will treat only system (62) for system (61) the proof is analogous. With 
the given functions /« in J5 and the solution / in 5 we set up the integral 


dG ^a 


dO 
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By formula (15), if / exists in all of D, then F(x) — f(x). Now take a fixed 
point a:" in D and a sufficiently small neighborhood D' with boundary S'. If 

it is sufficiently small, then there exists a function g{x) with ^ in D' such 

that, for X in D', 


y.g(x) = / 

Jb* d^a 




The reader will now easily see that our theorem will follow from the following 
Lemma. If the boundary B of a domain D consists of two disjoint parts, 
B = B' + B'\ if f in B* and g in 5" are each a solution of (62), then for x in 
En — D, the partial derivatives of the function 




€ 


vanish identically. 

In order to provo the lemma we note that the partial derivative of the given 
expression with respect to x^ , for x outside D, is 


~ f f a- ^ f 
J B ' d^a df 3 J a'' 


d^G 


o I 
7 + 


/ 

D 


d^G 


dVt 


By (31) this is 





On applying Stokes’ theorem to the integrals over B, this turns out to be 



and this in its turn is obviously 0. 


11. An existence theorem. We will now prove a genuine existence theorem. 
Theorem 11. The system (61) has a solution if the domain D is a general 
polycylinder, that is the topological product of a domain in each of the variables 
2i , •• • , Zk separately. 

The theorem will follow from a lemma on functions in the plane of one complex 
variable 2 = x + iy. 

If (p{z, z) is analytic in D, then the integral 

(») 

dF 

is analytic in z, I and = ^( 2 , z). Also if <p depends analytically on additional 

oZ 

parameters, then so does F. 
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For z outside D the integral (63) is obviously analytic in z and other param- 
eters and independent of I. Hence, in order to prove that the stated properties 
of F(z, z) hold in the neighborhood of a point 2 ° in D we may assume that D 
is an arbitrarily small neighborhood of If the neighborhood is suflSciently 
small then there exists a function ^(z, z) of which z) is the derivative with 
respect to z, and thus we have to prove the properties of F{Zj z) only in the 
specialized case 


(64) 





If we introduce the Newtonian kernel 


7 = log I f - z 




then (64) is 

2in Jv df 

Now’, formula (48) which we have claimed only for k 2 also holds for A; = 1 . 
Thus, for z in D, we have 

(66) 2 ) = ~ £ 4> + F(z, 2). 


But the boundary integral is independent of z, and this proves our lemma. 

We are now going to prove Theorem 11. Since we are going to apply induc- 
tion on k, we will have to prove our theorem in the sharper form that some 
solution of (61) depends analytically on any parameters occurring in . We 
assume the existence of a solution of 


(67) 


dZ0 


= /fl(2l , Si ; 22 , 22 , 


. 2* , Zk) 


in /3 = 2, • • ■ , k; with 2 i , Si as parameters. Denoting the solution of (67) by h 
and introducing the new function g = / — h, then the system (61) reduces to a 
system 


dzi 


gi{2i ; 2i , 22 , 


, 2%) 


Iff _ _ ^ 

dZ2 dZk 


and this system is solvable by our lemma. 


Chapter V 

Meromorphic Fimctions in Euclidean Space 


12. A simplified problem of Mittag-Lefider type. We are now returning to 
the topic of Chapter II, and the symbols Ci , • • • , Cr ; Bi , • • • , B, ; Di , • • • , Dt , 
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shall have the previous meaning. In addition to the incidence number Cp, 
between Cp and Bq we also introduce the incidence number rjqr between Bq 
and Dr . An elementary combinatorial statement (“the boundary of a boundary 
is zero”) implies the relation 

a 

( 68 ) 53 = 0 

fl-i 

and its validity is not impaired by the fact that the domains Dr are not neces- 
sarily simplices. We furthermore introduce an arbitrary pointset aS having the 
following properties: it is closed and nowhere dense, and if R is any domain 
then R — S (that is R — R-S) is also a domain. The set aS will be termed an 
“exceptional” set. Obviously if a harmonic function <pmR -- S has an analytic 
continuation in all of R then the continuation is unique. If such a continuation 
exists we will say that “the singularities of <p at aS are removable” or that 
exists in (all of) fi,” or that ‘V is analytic in /^.” 

We now assume the existence of a harmonic function v?r in Dr — S, for each 
r = 1, * • * , and we further assume that for each Bq the saltus 

00 

(69) /« = S VoTiPr 

T-1 

is analytic not only in Bq — aS but in all of Bq . We therefore may introduce 
the conglomerate function 



Also, the saltus of {fq} in Cp is defined as 


— 53 ^pqfq ““ ^ ^ ^pqVqr^fT 

q q T 

and owing to relation (68) it turns out to be identicall}" 0. Thus we may apply 
Theorems 1, 2, 3 and we obtain the following result. 

Theorem 12. If the conglomerate function {<pr} is defined and harmonic in 
{Dr — >S}, and if its saltus {fp} has none other than removable singularities in B, 
then the same saltus will he produced by the harmonic conglomerate function (70) 
which has no singularities whatsoever in {Dr}- Also, if {^r} is a solution of a 
system of differential equations with constant coefficients, 

(71) = 0, 

then {Fr} is also a solution. 

Thus, the functional elements 

— ^1 = ^2 — = ... = 

define a function ^ with the following properties. It is one functional dement in 
En — S, it is harmonic and a solution of (71), and in each Dr , the difference ^ 
is analytic without exception. 
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A seemingly striking situation arises, if the system (71) has the uniqueness 
property, and the set S is bounded. Being analytic outside a bounded domain, 
the function ^ must be analytic in the entire space and therefore (pr ^ ^ — Fr 
has only removable singularities in Dr each. However, it should be noted that 
in this case, to start with, <p„ itself has to have an analytic continuation in the 
entire space. Now, let Bx be one of our faces lying in the boundary of . 
If it separates from then the saltus of ^ is = 0, and thus naturally 

has no singularities. If however, Bx separates from another domain Dc , 

then the saltus is zk {(p^ — (pe) and if it is assumed to be free from singularities 
then so is <pc itself. In other words: if we introduce the closet set Si + • • • + />< , 
and if we consider its interior Do and the frontier Bo ; then our assumption 
requires explicitly that in a neighborhood Bo the function itself shall have 
no singularities, and only for ^^nternaP* faces B^! is the explicit requirement less 
stringent. If such a face separates two domains Da , Db then the assumption 
requires only that the saltus (pa — <pb shall have no singularities. The theorem 
then allows the conclusion that actually the singularities of each (pr itself are 
removable everyw^here in Dr . 


13. A simplified problem of Weierstrass type. Everything else being as 
before, we consider a conglomerate function ) with the following properties. 
Each ^t(^) is analytic in Dr and different from 0 in A — S, The “multiplica- 
tive” saltus 

is by assumption analytic everywhere in Bq , and in the neighborhood of every 
point of Dr — S the function log yprix) and its partial derivatives of first order 
both harmonic and a solution of (71), the latter having uniqueness property. 
For fixed a, we introduce the conglomerate function 


<Pr(x) = ^ log 

OXa yt 

and by Theorem 12 it is analytic in Gr . Thus, for fixed r there exist analytic 
functions Fi{x), • • • , Fn(x) in Dr such that 


/ IT 

to. - 


a = 1, 


, n. 


On expanding ^ in a power series in a neighlx)rhood of any point in Dr , the 
reader will easily convince himself that every ^r(^) is different from 0 in all of Dr . 


14. The theorem of Cousin. 

set up the modified integral 


Returning to the topic of section 12, we now 


7n M-l Jb'/ \ d(a O^a/ 
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extended only over the ‘‘internal” faces B''. Our present setup implies that 
we require the saltus function fq to be analytic throughout Bq only in case of 
internal faces, with no assumption made about the other faces. 

Theorems 1 and 2 will permit the conclusion that for each Da whose closure is 
contained in Do the corresponding functional element Fl has no singularities in 
Da , and if two such simplices have a face in common, then again 

(72) K-<Pa = K-<Pb. 

Therefore if a number of such simplices Da , Db , • • • are the simplicial subdivision 
of a subdomain D^ of Do , then the functional elements (72) merge into a function 
in D° — S. However it must not be assumed that will be a solution of 
(71) because {tpr] is. All that can be said about the function (or functions) 

- Av? = AF" 

is that it is harmonic without singularities in D‘^ (and indeed in D^), We may 
now pose the problem of constructing a harmonic solution of the “unhomo- 
geneous” system 

AH = A" 


for any harmonic in any (or some specialized type of) domain D^. If such a 
solution exists then — // will have in D^ the same properties as were stated 
in Theorem 12 for the function itself. 

A classical case arises if En is the space E^k of the variables Za — + Wa , 

a = 1, • • • , fc. Each <pr shall be a mereomorphic element in Dr , that is a 
quotient of two analytic functions in 2 ^ 1 , • • • , Zk alone; with aS being the union 
of the zero-sets of the denominators. The system (71) is 


(73) 



dip 

dZk 


= 0. 


Theorem 11 will n*ow give in substance a new proof for the classical theorem of 
Cousin about merging meromorphic elements in a polyc^^linder into one mero- 
morphic function. 


Chapter VI 

Meromorphic Fimctions on Torus Space 

16. Greenes formula. We consider the locally Euclidean n-dimensional 
torus Tn with all periods 1 : 

Tni 0 ^ Xa <ly a = 1, • • • , n. 

Stokes' theorem (1) for ordinary or conglomerate functions remains in force. 
The scalar ip has to be strictly a function on the torus; that is, as a function in 
En it has to be strictly periodic in each variable Xa with period 1. However, 
any quantity ^ appearing only in a differential is permitted to alter by an 
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additive constant if continued along a closed path in Tn . We now consider 
on the torus a function f/(f, :r) = G(f — x) of the type (16). Formulas (14) 
and (15) are valid again, and if we apply them to the special domain D = Tn , 
JS = 0, we obtain 

(74) + 

(75) ynfix) = - f if -AG - G-Af)dVi 
On putting /({) = 1 we obtain in particular 

Tn = — f AG*dVi , 

JTn 

r 

thus AG cannot be 0. But it might be a constant, and if so, the constant must 
of necessity be — 7 * . That is, 

(76) AG = -7n . 

Furthermore a solution of (76) must of necessity be unique. The actual existence 
of such a G can be proven in many ways. Suffice it to state here, that except 
for a constant factor, it is the sum of the series 

exp {27ra [ Ai(a;i — ^i) + • • • + hn(,Xn — {»)]} 

* 1 .- hi + - " + h^„ 

The series is not absolutely convergent but can be' “summed” by general sum- 
mation processes. From now on, G will be this solution of (76). Therefore, 
we now have 



and in particular 
(78) 


Jnfix) ^ 
0 


dG 


-G^y 

dU 


+ constant. 


16. Green’s integral. We again'eonsider simplices Bi , • • • , B, ; Ci , • • • , Cr . 
The complement 7\ — B decomposes into domains /)i , • • • , Dt , with no 
being present. We again set up the integral 

(7« 

for an arbitrary harmonic conglomerate function /({) in B, and we note that 
Theorems 1 and 2 carry over literally. In the proof to Theorem 1 relation (77) 
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has to be used instead of (20). In the proof to Theorem 2, the value of (25) 
is not 0, but some other constant, namely 

-y^tf f^dv, 

and thus, in the proof, yn(F(x) — F'(x)) is constant, and hence F(x) continuable. 

The remarkable thing about the torus is the way in which Theorems 1 and 2 
merge immediately with a part of Theorem 12. 

Theorem 13. ///(?) ts a harmonic conglomerate function in B and if its saltus 

vanishes identically in C, thenf is in its turn the saltus of the harmonic conglomerate 
function F in D = Tn • 

In 'particular^ if S is an exceptional set^ if v? is a conglomerate harmonic function 
in D — S, and if its saltus f has no singularities in 5, then the function F is a 
harmonic conglomerate function 'without singularities having the same saltus as ip. 

Finally wc will analyze Theorem 3. 


17. Meromorphic functions. Denoting again (79) by Lf wc sec on the 
basis of (31)-(34) that 


a,. 

and that in particular we have 


1 , 


(81) 


L Lf = constant; 

dX(i 


df Of , 

provided again that the saltuses of , • • • , vanish on C. Thus wc will 
have 


if and only if 
(82) 


-^Lf=0 

6(0 dXff 


f = 0. 

Jr 


It will now be easy for the reader to verify the following analogue to Theorem 3. 
Theorem 14. If /(f) is harmonic in B and if its saltus vanishes identically 
in Cf then 

(83) LA/ — ALf = constant 

If A he represented in some (or any) way as 

where Ai , • • • , An ore any operators^ then 
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(85) LAf - ALf = -Y» (g 

In particular we have 


LAf = ALf 


if and only if 

( 86 ) 


= 0. 

s-i / 


Therefore, if Af = 0 and if (86) holds, then AF is likewise 0. 
For 


(86) is 


Or, if 


where 




^ dxi dXi ^ dV 


2 = .T1 + ix -i , 

then we may put Ai = 1, A2 = i, A3 = • • • = An = 0, and therefore 


m < n 


^-1 


Turning now to the torus space T 2 k of the complex variables Za — Xa + iya , 
a = 1, • • • , A), we therefore obtain the following analogue to Theorem 12. 

Theorem 15. If (prizi , • • • , 2*) is meromorphic in Dr , r = 1, • • • , t, bid 
each ipa — ipb is analytic in Bq and if the k periodicity conditions 

(87) f = 0, a = 1, • . • , fc 

Jh 

are fulfilledy then there exists a meromorphic function F{zi , • * • yZk) on the torus, 
such that F — ifr is analytic in Dr . 

If the conditions (87) are not stipulated, then by (83) we have at any rate 



ANALYTIC AND MEROMORPHIC CONTINUATION 


673 


where Ca is a constant. In this case the function 

F{zi , • • • , Zifc ; , • • • , zjfc) - CiZi - • • • - Wk 

in the plane will be strictly merombrphic, however if continued along a closed 
path on the torus it alters by an additive constant which need not be 0. 

The additive constants do not alter the algebraic singularities, and in this 
sense we have 

Theorem 16 . If an exceptional set S on 7\k is locally the singular set of a 
meromorphic function, then it has the same property in the large. 

Princeton University 
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DISCONTINUOUS GROUPS 

By Carl Ludwig Siegel 
(Received May 6, 1943) 

I. Introduction 

1. Jjet (? be a topological group, and let H be a discrete subgroup of (?; this 
means that there exists in G a neighborhood U of the unit element e such that no 
other element of H is contained in U. If M is a subset of G and a tH, then the 
set Ma is an image of M. A fundamental set F relative to H is defined by the 
following three properties: 1) FH = G\ 2) Fa fl = 0, whenever e ^ a ell] 
3) F is a Borel set in G. The first two properties establish that every point 
a: of G is covered by one and only one image of F. We obtain an arbitrary set M 
with these two properties, if we select a representative x from every left coset 
xH of II relative to G; however, in general, such a set M is not a Borel set. In 
Lemma 2, we shall prove that a fundamental set exists, if G satisfies the second 
axiom of countability. 

We say that a fundamental set F is normal, if every point of G has a neighbor- 
hood contained in the union of a finite number of images of F. An image Fa of F 
is called a neighbor of F, if Pa D -P 0. Let Ho be the group generated by all 
elements a tll satisfying Fa fl F 0. In section 9 we shall prove, for any 
connected group G satisfying the second axiom of countability, that Ho = H, 
whenever the fundamental set F is normal; in particular, if F has only a finite 
number of neighbors, then H possesses a finite system of generators. 

2. Let T be a topological space of points r, and let t /{t, x), x eG, be an 
open continuous representation of G as a transitive group of homeomorphic 
mappings of T on itself. The representation r ■-> /(r, a), a ^H, oi H in T is 
called discontinuous, if no sequence /(r, an) (n = 1,2, • • •) converges to a point 
in T, as a^ runs over distinct elements of H. Let tx be a given point of 7\ and 
consider the set C of elements x tG satisfying /(ri , x) = ri ; obviously C is a 
closed subgroup of G. It is known that then T and C\G are homeomorphic, 
where the topological space C\G consists of the right cosets Cy of C relative to G; 
on the other hand, for any closed subgroup G of G and any homeomorphic 
mapping of C\G on a topological space T, the transformations Cy — > Cyx, x eG, 
define an open continuous representation of G as a transitive group of homeomor- 
phic mappings of T on itself. Therefore, -in order to find all discontinuous 
representations of H, we can restrict ourselves to the investigation of the case 
T = C\G, where C is any closed subgroup of G. In Lemma.6 we shall prove that 
the repi-esentation of H in G\G is discontinuous in the case of a compact group C, 

Ijct G be; a locally compact group satisfying the second axiom of countability. 
For all Bond sets B in G, the Haar measure defines a completely additive and 
right-invariant volume v(B), which is positive for all open sets. It will be 
proved that the volume of a fundamental set F does not depend upon the parti- 
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cular choice of F and only upon the discrete subgroup H, The main result of 
the second chapter is the following theorem. 

Theorem 1 : Let v{F) he finite) then the representation of H in C\G is discon- 
tinuous, if and only if the closed subgfoup C is compact. 

The interest of Theorem 1 lies in the necessity of the condition concerning C, 
The proof uses an idea similar to that in the proof of Poincare’s theorem in 
ergodic theory. 


3. Let the subgroup C be compact, and assume that the representation of H 
in C\G has no fixed points; this means that Cya Cy for ally eG and all a 5 ^ e 
in II. It can readily be seen that this assumption is fulfilled, in particular, if 
II does not contain any element of finite order except e. We shall prove, in 
Lemma 7, that there exists a fundamental set F relative to H such that F = CF, 
whenever G satisfies the second axiom of countability; then F may be considered 
as a fundamental set in the space C\G. 

I^et (? be a locally compact group satisfying the second axiom of countability. 
We say that 11 is a subgroup of the first kind in G, if there exists a normal funda- 
mental set relative to H, of finite volume, having only a finite number of neigh- 
bors. We have no general constructive method of deciding whether a given 
subgroup H is of the first kind; however, in the known particular cases where 
we are able to answer this question, the problem is simplified by considering it 
for the space C\G instead of G, with suitably chosen compact C. In the case 
of the unimodular group, e.g., G = (?,« is the multiplicative group of all real 
m-rowed matrices x with determinant rbl, and H = Hm is the subgroup con- 
sisting of all a; = 2 ^ with integral elements; if C denotes the orthogonal grouj) 
in m dimensions, then the space C\G is homeomorphic to the space T of the 
positive symmetric matrices t = x^x with determinant 1 , and Hm is represented 
by the transformations t — > u'tu of T into itself. In this way, Minkowski re- 
placed the problem of constructing a fundamental set for Hm in Gm, by the cor- 
responding problem concerning the reduction of positive quadratic forms in 
m variables, and he proved that Hm is a subgroup of the first kind in Gm . 

The problem of finding all subgroups H of the first kind in G seems to be far 
beyond our power, even if we consider only the particular case G — Gm{rn 2). 
The solution is known only for m = 2 : 


G 2 is the group of all two-rowed matrices 



with real elements and the 


determinant 1 . A subgroup H of G 2 is of the first kind, if and only if the repre- 
sentation of H by the linear mappings z {az + b)(cz + possesses in the 
upper z half-plane a fundamental polygon with a finite number of vertices. 
However, even in this comparatively simple case, we have no method of deciding 
whether two arbitrarily given subgroups H and Ho of G 2 are isomorphic. 


4. In the third chapter, we investigate the properties of a special type of 
discrete groups; these groups include the unimodular group Hm , and they are 
found by the following considerations: 
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We assume that the topological group G may be imbedded in a connected topo- 
logical ring A which is locally compact and satisfies the second axiom of counta- 
bility. It follows from a theorem of Jacobson and Taussky^ that A is isomorphic 
to an algebra of finite rank in 72, the field of real numbers. Consequently, we 
can introduce the norm N{x) of an arbitrary element x in A, Let G be the group 
of all X with N{x) = ±1. 

On the other hand, let be a simple algebra of finite rank in i2o , the field 
of rational numbers. Under extension of /2o into 72, the simple algebra A(s in 
72o is replaced by a semi-simple algebra in 72, and we assume now that this is 
the algebra A. I^et an order J in Aa be given; a quantity a is called a unit in 
/, if both a and oT^ belong to J, It is obvious that the units in J constitute 
a discrete subgroup H in (?. 

Theorem 2: The group of units in a simple order is of the first kind. 

The proof of this theorem depends upon the theory of reduction of positive 
quadratic forms; it is a generalization of Minkowski’s proof concerning the 
unimodular group Hm • 

6 . By a well-known theorem of Wedderburn, the simple algebra Aq is iso- 
morphic to an algebra of matrices whose elements are arbitrary quantities in 
a division algebra Do . Let Z be the center of Do . In two important special 
cases the theory of the group of units in J had been investigated a long time 
since, namely in the case Aq — Z hy Dirichlet, and in the case Do = 72o by 
Minkowski. Recently, Humbert^ studied the more general case Do = Z, 
and Weyl^ proved Humbert’s results as simple consequences of a geometric 
theory of reduction of lattices, which he applied also in the case of a totally 
definite quaternion algebra Do over a totally real center Z. 

Concerning the general case of the group H of units in an arbitrary simple 
order, Eichler* stated that H has a finite system of generators; however, his 
proof is correct only for ilo = Do . Moreover, Eichler’s paper contains an 
interesting theorem about continuous mappings of G/H on manifolds with the 
Poincar^ group H, also without complete proof; it is related to Theorem 1, 
and it was the starting-point of the researches in the second chapter. 

6, Let an involution in Aq be given, i.e., a mapping a: — > x* of Aq onto itself 
such that (x*)* = x, (x + y)* = x* + y*, {xyY = y* x*; under extension of 72o 
into 72, we obtain an involution in A. Let s eAo , N{s) 7 ^ 0 and s* = s, and 
consider the set G{s) of all x € A such that x^sx = s; obviously G{s) is a subgroup 

' N. Jacobson and O. Taussky, Locally compact rings^ Proc. Nat. Acad. Sci. 21, pp. 
106-108 (1935). 

* P. Humbert, Theorie de la reduction des formes quadraliques (Ufinies positives dans un 
corps algthrique Kfini, Comment. Math. Helv. 12, pp. 263-306 (1940). 

3 H. Weyl, Theory of reduction for arithmetical equivalence. II j Trans. Amcr. Math. Soc. 
61, pp. 203-231 (1942). 

^ M. Eichler, Zur Einheitentheorie der einfachen Algebren, Comment. Math. Helv. 11, 
pp. 253-272 (1939). 
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of G, For any given order J in ilo , the intersection H fl G{s) defines a discrete 
subgroup His) of (?(»). 

Assume now that the involution x x* leaves invariant all elements of the 
center Z. By the results of Albert,® the division algebra Do is then either Z 
itself or a quaternion algebra over Z. 

In the first case, Ao is the ring of all m-rowed matrices x with elements in Z, 
and X* is the transpose of x) then His) is the group of units of the symmetric 
matrix s. In particular, let Z = Rq ; then it is known® that //(s) is a subgroup 
of the first kind in G(s), except in the trivial case m = 2, Nis) = —r^,rsi rational 
number. This result was proved by an application of Hermite’s method of 
continuous reduction of indefinite quadratic forms: We consider the space T 
of all positive symmetric matrices t, with real elements, satisfying s = 
the transformations t --> x*tx, x e G(s), are transitive in T, and the group C of 
all X satisfying t = x*tx is compact, for any fixed t; from the theory of reduction 
of positive quadratic forms it follows that the representation t — > aHa, a e His), 
is of the first kind in 7\ except in the above mentioned trivial case. If n, m — n 
is the signature of s, then T has n(m — n) dimensions; it can easily be shown, 
by Theorem 1, that any discontinuous representation of His) is at least n(m — n)- 
dimcnsional. 

In the second case, Aq is the ring of all m-rowed matrices x with elements in 
the quaternion algebra Do over Z, and x* is the conjugate transpose of x. In 
particular, let Z be totally real, of degree h over 7?o , and let the norm, relative 
to Z, of every element 7*^0 in Do be positive at — 1 infinite prime spots of Z. 
It is known^ that then Hie) is of the first kind in G(e); it can easily be proved, 
by Theorem 1 , that any discontinuous representation of Hie) is at least m(m + 1)- 
dimensional. 

These examples indicate that a systematic investigation of all unit groups of 
fixed points in an involution might be of some interest. 

II. General Theory 

7 . Throughout the piusent chapter, (7 is a topological group and // is a dis- 
crete subgroup of G, 

liEMMA 1 : For every x eG there exists a neighborhood Vx of x such that D 
Vx = 0, for all elements a ^ e in H. 

Proof: Let U he a neighborhood of e containing no other element a of H, 
Since e~^e = e, there exists a neighborhood V of x such that V~^V C U, Define 
Vx = xV, and let y, z be two arbitrary points in Vx ; then y~^z e U, hence y~^z a, 
ya 7 ^ z, and Vx has the required property. 

Lemma 1 establishes that the neighborhood Vx of x contains at most one 
element from every left coset yH of H relative to (?. 

» A. A. Albert, Structure of algebras, New York (1939) ; Chap. X. 

• C. L. Siegel, Einheiten quadratischer Formers, Abh. Math. Sem. Hansischen Univ. 13, 
pp. 209-239 (1940). 

^ C. L. Siegel, Symplectic geometry, Amer. Jour. Math. 65, pp. 1-86 (1943). 
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Lemma 2: Let O satisfy the second axiom of countability] then there exists a 
fundamental set relative to H, 

Proof: Let Ai ,A2 1 • • * constitute a basis of G, We consider all -4* contained 
in at least one of the neighborhoods Vx defined in Lemma 1, and we denote 
these Ak hy Bi , B2 , • • * . Let 

Fi = B,, ii-* = - (Bi U . • • U (A = 2, 3, • • •), 

F = >1 U F, U • • . . 

Since any Vx is the union of a certain number of sets Bk , every element x of G 
is contained in some Bk ; in particular, this is true for every element a of H, 
On the other hand, by Lemma 1, Bk does not contain two elements of H, Con- 
sequently, H is finite or countably infinite, and F is a Borel set. 

We have Fk C Bk{k = 1, 2, • • •); therefore, by Lemma 1, 

Fjda n F* = 0 , {e a € II)) 

moreover 

Fka C (Bi U ••• U Bi_i)II, Ffca n F, = 0 (1 ^ k < 1 ] a e II)] 

hence Fkfi fl Fz = 0, for arbitrary positive integers fc, I and e 9^ a tH. 
follows that Fa n F = 0, for c 7^ a 6 //. 

T^et X be any element of G. Since x lies in some Bk , there exists also an index 
k such that x lies in BkH, but not in (i?i U • • • U Bk-\)II] then x eBkII ~ 
(Bi U . • . U Bk^i)H = FkH, X € FH. It follows that FH = (?. 

Wc have verified that F has the three characteristic properties of a funda- 
mental set relative to H, and the lemma is proved. • 

If Si y S2 , • * • is a finite or countably infinite number of disjoint sets, we 
denote their union by the sign 2. 

Lemma 3: Let G satisfy the second axiom of countability, and let E, F be two 
fundamental sets relative to H] then there exist two decompositions 

F = ZF<,, F = T.Fa, 

atH a*H 

where Ea and Fa = EaO are Borel sets. 

Pkoof: Define Fa fl F = Fa , F fl Fo“' = F. ; then Ea and Fa = Eaa are 
Borel sets; furthermore 

F„ n Ft = Fa n F& n F = 0 (atHibellia^ib), 

Fa n Ft = F n Fo-‘ n f6"* = 0 

and 

T, Fa = (E Ea) n F = (EH) DF^ODF^^F, 

atH a*H 

E F, = F n (E Fa-^) = F n (FH) = F H G * F; 

atH atH 

q.e.d. 



DISCONTINUOUS GROUPS 


679 


8. Let us assume that there exists a fundamental set F, relative to //, such 
that F is compact, and consider any infinite sot of cosets x7/, x e S, We choose 
Qg € H such that xa^ e F; then the set xa^ , x e S, has a limit point y in F, hence 
the set of points xll^ re 6 S, in G/H has the limit point yH; i.c., G/H is compact. 
Conversely, we shall prove that the existence of a fundamental set with compact 
closure follows again from the compactness of G/H, provided G satisfies the 
second axiom of countability. However, in the following lemma, we do not 
need the latter assumption. 

Lemma 4: Let the topological space G/H he compact] then G is locally compact. 

Proof: Let IJ be a neighborhood of e in G containing no other element of 
H, Since the topological space G is regular, we can choose a neighborhood W 
of e such that W~^WW~^W Cl U. I^et S be an infinite subset of W, Since 
G/H is compact, there exists a point 2 in G such that, for any neighborhood 
F of 2 in G, the set VH contains infinitely many points of S. Let V Cl Wz^ 
and let x^ y be two points of VH fl then xa and yb are points of Wz, for suit- 
ably selected elements a and b of //, and 

a6~' 6 x-'WW-^y C W~^W\V~'W C U; 

hence a ^ b. Tt follows that there exists a fixed a tH such that Fa contains 
infinitely many points of aS, for any neighborhood F of 2 ; then aS has the limit 
point 2 a, and W is compact. Hence G is locally compact; q.c.d. 

Assume now that G satisfies the second axiom of countability, and consider 
again the construction of F in the proof of licmma 2. In view of Lemma 4, 
we can suppose that the sets F* are compact; then also the sets Bk and F* are 
compact. We shall prove that Fk is empty for all sufficiently large values of k. 
Otherwise there would exist a sequence of points x\ , X 2 ^ • • • in G such that 
Xn c Fkn , where ki , k 2 , • • • is an increasing sequence of indices, and a sequence 
of points ai , 02 , • • • in 7/ such that the sequence Xndniji — 1,2, • • • ) converges 
to a point xq in G. The point Xq lies in some Bk , if Xo e Bi and k > l^ then 

Bi n FkH = n {BkH - (7?1 U • • • U Bk-i)H) = 0; 

consequently, no XtAnikn > 1) lies in Bi , and this is a contradiction. It fol- 
lows that F = Fl U F 2 U • • • is the union of a finite number of Fk ; hence F 
is also compact. 

Let F be compact, and let C be an arbitrary compact subset in G. Consider 
all a € ^ such that Fa fl C ^ 0. All these a are contained in the compact set 
F~^G; since H is discrete, they belong to a finite set. On the other hand, the 
images Fa cover the whole space G. It follows that C is completely covered 
by a finite number of images Fa. Since G is locally compact, every point in 
G has a neighborhood contained in a finite number of images of F. Further- 
more, for G = F, we see that F has only a finite number of neighbors Fa. 

9. In this section we assume that there exists a normal fundamental set F; 
this means that a suitably chosen neighborhood of every point is contained 
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in the union of a finite number of images of F, It is obvious that then every 
compact set in G is covered by a finite number of images of F, Let A be the 
set of all elements a oi H which are contained in it is clear that a € A, 

if and only if Fa is a neighbor of F. Let Hq be the smallest group containing 
A) i.e., Hq is the group generated by all a € A, We are going to prove that 
ffo = Hy provided G is connected. 

If Hq 7^ Hy let Go = S I'hen Go 0 and G — Go = ^ 0. Since 

atHQ 

G is connected, the two sets Go and G — Go have a common point x. On the 
other hand, only a finite number of images of F enter into a suitably chosen 
neighborhood of x. It follows that there exist a point a in Ho and a point b 
in H — Ho such that x € Pa and x e Fb; then ba~^ e F^^P, ba~^ e A d Hoyb € Ho , 
and this is a contradiction. 

10. In this section we assume that G is locally compact and satisfies the second 
axiom of countability. The volume v(B) of a Borel set B in G has the follow- 
ing properties:® v{Bx) = v{B)y for all xeG; v{xB) = 

k k 

A(x)v(B)y where A(x) is a positive continuous function of x and A(xy) = 
A(x)A(y)y for all Xyiy eG; v(B) > 0, for all open sets B; v(B) is finite for all com- 
pact sets B, Moreover, by these properties, v(B) is uniquely determined up 
to a positive constant factor. 

Ijct Ey F be two fundamental sets relative to //. Any Borel set in G/H can be 
expressed in the form BH, where B is a Borel set in G; let BH fl = G, BH fl 
F = D. In view of Lemma 3, 

C =T>iBHC[ S„), D = L (BII n Fa), Fa = Eaa 

atH atH 

v{C) = E v{BH n Ea), vip) = z fl Fa), v{BH fl E„) = v^BII fl Fa) ; 

a*H atH 

hence v(C) = v{D)y and we can define, for all Borel sets BH in G///, a volume 
in the space G/H by the formula Vh{B) = v{BH fl F), Then Vh{B) ^ v{F)y 
and Vh{G) = v[F) = v{E)a 

Lemma 5: Let v{F) be finite] then v{B) and Vh{B) are left-invariant a 
Proof: It follows from the definition of a fundamental set F that also E = xF 
is a fundamental set, for any given x in G. Hence 

v(F) = v(E) = A{x)v(F), 

We infer from the construction of the particular fundamental set F in the proof 
of Lemma 2 that it contains the open set Bi ; hence v{F) > 0. On the other 
hand, we assumed v(F) to Ixi finite. Therefore A(x) = 1, for all x eGy and 

Vh(xB) = v(xBH n /?) = A{x)v{BH fl F) = v„{B). 


* J. von Neumann, The uniqueness of Haar's measure, Rec. Math. N. S. (Mat. Sbornik) 
1 (43), pp. 721-734 (1936). [English. Russian summary.] 
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11. Lemma 6: Let C be a compact subgroup of G] then the representation of H 
in C\G is 4iscontinuou8, 

Proof: Let ai , a 2 , • • • be a sequence of distinct elements in Hy let x eG, 
and assume that the set of right cosets Cxan {n = 1, 2, • • •) has the limit point 
Cy in C\G. We choose a neighborhood P of y and a neighborhood Q of e such 
that P~^Q~^QP contains no element of H, Then xa^ = CnPn , Cn^Cy and 
Pn e P for all sufficiently large n. Since C is compact, there exists a point 
c € C such that Cn € cQ for infinitely many n. Let Cn € cQ, Cm « cQ, m n, 
then Om an ~ pm Cm OnPn e P Q QP f hence a^t — an , and this is a contradiction. 
It follows that the representation of H in C\G is discontinuous. 

Proof of Theorem 1 : In view of I^emma 6 we have only to prove the neces- 
sity of the compactness of C, We assume that the representation of H in C\G 
is discontinuous, where C is a given closed subgroup of G. Consider the par- 
ticular fundamental set F constructed in the proof of Lemma 2; it contains the 
open set Bi , hence it contains also an open set Bo , whose closure Bo = B is 
compact. Then v«(B) = v{BH fl B) ^ v{BqH fl F) = v{Bq) > 0. Conse- 
quently there exists a compact set B such that the volume Vu{B) is positive. 

Let Cn{n = 1, 2, • • •) be a sequence of distinct points in C, and define 

c-^BH (\F = 1\, 1\ U /Vu U ... = Q„ (n = 1, 2, ...), 

Q, n 02 n ... = Q. 

Then Pn, Qn , Q are Borel sets, Qn C B, and by Lemma 5 

viF) ^ viQn) S v(P„) = Vh{cZ^B) = Vb{B); 

moreover 

Z - Qk+i) = KQ.) - KQn) g v{F) (« = 1, 2, . . .) 

ib-l 

Z v{Qk - Qk+i) = vCQi) - V{Q); 

jb-l 

hence 

v{Q) = lim v{Qn) ^ Vh(B) > 0. 

n--»op 

It follows that Q is non-empty. 

Let X eQ; then x tPn for an infinite number of indices n, hence x « c^BH 
for the same set of indices. Consequently, there exists a sequence aneH{n = 
1, 2, . . .) such that c«a:a„ eB for infinitely many n. But B is compact and 
the representation of H in C\G is discontinuous. Therefore it follows from 
Cxa„ e CB that o„ belongs to a finite set of elements in H. This implies that 
c»xo e B, for a fixed a tH and infinitely many n, and hence the set Cn(n = 
1,2, . . . ) has a limit point Co . Since C is closed, Co is a point of C. This proves 
the compactness of C. 
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12. Let C be a compact subgroup of G, The representation of H in C\G 

has no fixed point, if and only if none of the conjugate subgroups x c G, 

contains an element a ^ e of H. This assumption is satisfied, in particular, 
if H does not contain any element of finite order except e : Let a e x~^Cx, a e H, 
then tx^^Cx (n = 1, 2, • • •)> since x~‘^Cx is compact and H is discrete, it 
follows that a is an element of finite order, hence a = e. 

If a fundamental set F has the property F = CF, we may consider it also 
as a set in C\G. 

Lemma 7: Let G satisfy the second axiom of countability) then a fundamental 
set in C\fr relative to H exists^ if and only if the representation of H in C\G has 
no fixed point. 

Proof: The necessity of the condition is easily proved: Let F = CF be a 
fundamental set in C\G relative to //, and let a € x~^Cx, a eH, Choose b e H 
such that xb € F; then b~-^ab e (x6)~'C(xfe) C F = F"'F, F{b~^^ab) Ci F 9 ^ 0; 
hence b~^ab = e, a = e. In this part of the proof, we did not use the assump- 
tion that G satisfies the second axiom of countability. 

Conversely, assume that the representation of H in C\G has no fixed point. 
Let X eG and y eC, Since x^^yx 9 ^ a, for all elements a 9 ^ e of there exist 
a neighborhood Px,y of x and a neighborhood Qx,y of y such that Px,lQx,vPx,v 
does not contain any element of H, For any given x, the compact set C 
can be covered by a finite number of the neighborhoods Qx,y , and the cor- 
responding Px,y have a non-empty open intersection Vx . Consequently every 
point X in G has a neighborhood F» such that CVxU 0 CVx = 0, for all a e 
in H. 

Now we generalize the proof of Lemma 2 in the following way. We define 
Fi = CBi , Fk = CB, - {CBi U . . . U CB,^i)II (A; = 2, 3, • • •), 

F = Fi U F 2 U . . . . 

Since C(CA U CB) = CA U CB and C{CA - CB) - CA - CB, for arbitrary 
sets A and B, it is readily proved that F is a fundamental set and that F = CF, 

13. In this section we assume that G is a locally compact group satisfying the 
second axiom of countability. Let C be a compact subgroup of G. Any Borel 
set in C\G can be expressed in the form CB, where J5 is a Borel set in G. The 
formula Vc{B) = v{CB) defines in C\G a right-invariant completely additive 
volume, which is positive for open sets and finite for compact sets; it is uniquely 
determined by these properties, up to an arbitrary positive constant factor.® 
In order to establish that J? is a subgroup of the first kind in G, it is sufficient 
to prove the existence of a normal fundamental set F = CF in C\0, of finite 
volume Vc(F), having only a finite number of neighbors. 

•A. Weil, UinUgration dans lea groupea topologiqiLea el aea applicationa, Paris (1940); 
pp. 42-45. 
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By the result of section 8, the group H is certainly of the first kind, whenever 
G/H is compact. 

In the next chapter we shall apply the following lemma: 

Lemma 8: The group H is of the first kindy if and only if there exists, for some 
compact subgroup C of G, an open set M = CM in C\G of finite volume Vc{M) 
such that MH = G and that Ma fl M 5*^ 0 holds only for a finite number of a € H. 

Proof: Let H be of the first kind; this means that there exists a normal 
fundamental set F of finite volume v{F), having only a finite number of neigh- 
bors. Let Q be the union of all open sets contained in Pa, where A denotes 

at A 

the finite set of all elements of H contained in F"~^P; the set Q is open. If x 
is an arbitrary point of F, then a certain neighborhood IT of x is covered by the 
union of a finite number of images Fa, a e H; on the other hand, if Fa enters 
into every neighborhood of x then Fa is a neighbor of F and a e A ; consequently 
there exists also a neighborhood W CZQ, It follows that x eQ, F CZQ, QH = G, 
Furthermore, 

QaflQ C U {FbaDFc); 

btCtA 

hence Qa fl Q = 0 for any element a eH not lying in the finite set A~^AA, 
Therefore M Q and C = e have the required properties. 

Conversely, let C be a compact subgroup of G, and let M = CM be open, 
Vc(M) finite, MH = G, Ma f) M 9 *^ 0 for only a finite set S of a e H, In view 
of MH = G, we can determine, by the construction in the proof of I^emma 2, 
the fundamental set F as a subset of M ; then v{F) g v(M) = Ve(M), hence 
v{F) is finite. I^t x be an arbitrary point in G, and let x c Mb, b eH; then b 
belongs to a finite set Sx . The intersection of all Mb, 6 € aSx , is a neighborhood 
IF, of X. If Fa n IF, 0, a c H, then Ma fl IF, 5^ 0, Ma fl Mb 9 ^ 0, for b e Sx ; 
hence a belongs to the finite set SSx . It follows that F is normal. Moreover, 
let c e H, and let Me, M have a common point x. We choose a eH such that 
X e Ma; then Ma fl Me 9 ^ 0 and Ma fl M 0, hence ac~^ e S and a e S; this 
proves that c belongs to the finite set S~^S, Since P CZ M, the fundamental 
set F has only a finite number of neighbors. Consequently the group H is 
of the first kind in G. 

III. Groups of units in simple orders 

14. Let .4o be a simple algebra of finite rank in Ro , the field of rational num- 
bers; then Ao is isomorphic to an algebra of n-rowed matrices f = (f*/), whose 
elements fjbz (fc, Z = 1, • • • , n) are arbitrary quantities in a division algebra Do . 
The center Z of Do is an algebraic number field; let h denote the degree of Z 
over Ro , and let g be the rank of Do in Ro ; then g/h = s^ is the square of a positive 
rational integer s. We choose a basis Si , •••, Sg of Do in Ro and extend Ro 
into R, the field of real numbers; then Do is extended into a semi-simple algebra 
D in R. Every element of D is uniquely expressed by the linear form S = 
+ • • • + SffXff with arbitrary real Xi , •••, Xg ; we say that Xi , • • • , are 
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the coordinates of d. In the regular representation of D, the clement d is rep- 
resented by a gr-rowed matrix 8. The ^-rowed unit matrix will be denoted by €. 

Let r2 be the number of imaginary infinite prime spots of Z, and let Do be 
ramified at ra real infinite prime spots of Z ; define n = h — 2r2 — . There 

exists a non-singular ^-rowed matrix c with constant complex elements such that 
cdc~^ decomposes into s equal matrices X of degree hsy and X itself breaks up into 
h matrices Xi , • • • , X/, of degree s; the g elements of these matrices are homo- 
geneous linear functions of :ri, • ' ‘ , ocg, whose matrix is the inverse of c'; the 
Vi matrices Xi , • • • , X^ are real; the r2 pairs of matrices and (k = 

1 , • • • , r2) are conjugate complex; the n matrices \k (k — Vi + 2r2 + I, • • • , A) 


have the form 



, where a and 0 denote complex matrices of degree s/2; 


moreover, the matrix c'c is real. In order to simplify the notation we write 
c8c~^ = 8. 

The general quantity of the algebra Ao in R, or A, is the n-rowed matrix 
f = feO with arbitrary elements ^ki from D; we define = | and consider 
f as the n-rowed matrix with the gr-rowed matrix elements c^kic- ^ = iki Qc, I = 
1, • • • , n). The gn' coordinates of the form the coordinates of Let G 
be the set of all ^ lying on the surface | f | = dtl. If we introduce the natural 
topology of R for all coordinates of the set G becomes a locally compact 
topological group satisfying the second axiom of countability. Let C be a 
maximal compact subgroup of G. Since the elements of C arc matrices, there 
exists a positive hermitian matrix such that M for all { € C; it follows 

from the proof of existence of n that /u can be chosen as an element of G, Then 
there exists rj cG such that pi = ff'riy and is unitary. Let Co denote the 
group of all unitary elements of G; then Co is a compact subgroup of G, and 
any maximal compact subgroup of G is a conjugate subgroup C = 
rj eG, Two points , {2 of G lie in the same right coset Cfo of C, if and only if 
; consequently the topological space T of all positive hermitian 
matrices f = in G is homeomorphic to the space C\G. It is easily proved 
that the number of dimensions of T is Wn — 1, where Wn = {hns + n — r3)ns/2. 
In T the group G is represented by the transformations f — > f'ff, $ € G. Let H 
be any discrete subgroup of the first kind in G; then the representation f ♦ 
c of i/ in r is discontinuous, and it follows from Theorem 1 that this 
representation is uniquely determined by the condition that the dimension of 
T be as small as possible. 


16 . Let an order Ji in Do be given, and denote by Jn the order in Ao con- 
sisting of all n-rowed matrices a = 6 Ji (fc, Z = i, • • • , n). We assume 

now that the basis 61 , • • • , 5 ^ of Do is a minimal basis of Ji ; then an element of 
D lies in Ji , if and only if its coordinates are rational integers. We say that 
a column of n quantities f 1 , • • • , fn in Do is a vector f ; if the components , 
• • • , {n lie in /i ,-then jc is called integral. 

Let f € r, and define fY? = f [j], where <r denotes the trace. 
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Obviously $(y) is a positive (luadratic form of gn variables, namely the co- 
ordinates of the components of the vector jr. Let V be the volume of the el- 
lipsoid < 1, and determine i) tG such that = f ; since the linear trans- 
formation lyf — ► 5 has the determinant dzl, it follows that V is independent 
of the point f in T, For our further purposes we do not need the exact value of 
V] a simple calculation, which we omit, leads to the formula 

F = d vr(i+f), 

where d denotes the absolute value of the discriminant of the basis 6i , * • • , 5^ . 

If yi , • • • , are vectors, then we denote by L(fi , • • • , ik) the set of all 

vectors Xih + • • • + xdk with arbitrary rational U , • • • , tk . We determine 
gn integral vectors = 1, • • • , gn) by the condition that the minimum 
of ^(i), in the set of all integral y outside L(t)i , • • • , be attained for 5 = 
i)* ; if fc = 1 , the set L(t)i , • • * , is defined as the null-vector. Put = 

Nk , then Ni ^ N2 S * and, by Minkowski’s theorem, 

n iVt s 

16 , If |i , • • • , Xk arc vectors, then we denote ].)y L*(yi , • • • , iCk) the set of 
all vectors Xin 4- • • • -f- XkTk with arbitrary ri , • • • , in Do . We determine 
n integral vectors Xk (k = 1, • • • , n) by the condition that the minimum of 

in the set of all integral x outside /-*(fi , • * • , Jt-i), be attained for y = ; 

if A; = 1, the set L*(xi , * • • , ?a-i) is defined as the null-vector. We call Xi > 
• • • , an extremal set. Put ^(Xk) = Mk , then Mi ^ ^ Mn . 

In order to find a relation between these Xk and the Xjk of the preceding section, 
we use an idea of Weyl. Let h , • • • , be any vectors in the set L*{xi , • • • , 
jAr-i), and let g > g{k — 1); then there exist q rational numbers , • • • , , 

not all 0 , such that^i^i + • • • + h^q = 0 . Consequently, for any given positive 
index k ^ n, there exists a uniquely determined positive index I — h ^ g{k — 1) 
+ 1 g gn, such that lies in L*(yi, • • • , Xk^i) iov t < I and outside for t = 1 . 
By the definition of Xk , we obtain the inequality ^ ^iXk)- On the other 
hand, the vector Xk lies outside L*(xij * * • » Xk-i) and, a fortiori^ outside L(^i , • • • , 
hence ^{Xk) ^ Consequently, ^{Xk) = 

n Nr, nii/*s4'*F“. 

17 . Let jCi , • • • , j« be an extremal set, and let (fi • • • Jn) = »> = »'r » we have 

to bear in mind that vf is not necessarily uniquely determined by f. It follows 
from the construction of fi , • • • , jn that jiri + • • • + 0, for any system 

of quantities ti , • • • , t« in Do , not all 0; consequently | | 0, and 1 v f = iV 

is a positive rational integer, N 1 . 

Put f = , then f[|] = p(i)], where p = P'^v = f[i<] is the n-rowed matrix 
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with the elements pki == (fc, i = 1, • • • , w) in D. Generalizing the Jacobi 
transformation, we have p = a)[5], where 6 is a triangular matrix with the ele- 
ments hi (ky I = 1, • • • , n) in Z), i.e., 8ki = 0 (& > Z) and 8kk == €, and cj is 
a diagonal matrix whose diagonal elements a>i , • • • , wn lie in D. Let Xf ^ (t/i , 
• • • , »;«)', = i = (fi • • • f«)', then 

n 

fib =* 17 * + 5*/i7z (fc = 1, • • • , n). 

Obviously the matrix a)Ar(fc = 1, • • • , n) is positive hermitian. Since 

k—X 

Pkk = w* + (fc = !,•••, n), 

2-1 

the hermitian matrix pkk — oj* is non-negative; hence 

(1) Mk = ^OCk) = (t(p**) ^ > 0. 

On the other hand, 

N = = IfWI = IpI = lc.1 =n|co.|, 

fc-1 

and consequently 

(2) Ni n n = n A/, s fv-i . 

*-1, t k^^i <r{<j0k) *-1 

\o)kr 

Let ri , • • • , be the characteristic roots of the matrix cok ; then 

. 1 1 

(3) <r(m) - n + • • • + ^ g(ri •• • r„)i = g\wk\« . 

1 

It follows from (1), (2), (3) that the numbers AT, <r{(ak)/ | m K Mk/aim) are 
bounded in T] then also the quotients rp /r^ {p, q == 1, • * • , and, by the 
inequality Mk ^ Mk+i, the quotients (r(u)k)/(T{o)k+i) (fc = 1, • • • , n — 1) are 
bounded in T. 

Let k and I be given indices, 1 ^ fc < Z ^ n, and choose rji — rjp = 0{k< 
p 9 ^ Z), hence fp = 8pi (k < p < Z), Tp = 0 (p > Z); furthermore, deter- 

mine rjp (p ^ k) in Ji by the condition that the coordinates of 

n 

fp = IJp -f- 5^ 5pg 7)q {p ^ k,k 1, • • • , 1) 

lie in the real interval — § ^ x < J. Since 

f = = fun + • • • + fun* + f j 

is an integral vector outside L*(fi , • • • , fi-i), it follows that #(f) ^ 

II «r(wp[fp]) ^ 23 «r(«p[5pj]); 

P—1 p— 1 
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but fp (p = 1, • • • , fc) is bounded, and consequently the quotients (T{oik[hi\)/ 
©•(wjfc) (1 ^ fc < i ^ n) are bounded. Moreover there exists a unitary matrix 
u such that wjt == wVw, where r is the g-rowed diagonal matrix with the diagonal 
elements n, • • • ,rg . It follows that (1 ^ k < I ^ n) is bounded in T. 

18. Let ^ be an m-rowed positive symmetric matrix with real elements. 
By the Jacobi transformation we have a uniquely determined representation 

= 0[D] = where T) = (dki) (k, I = 1, • • • , m) is a real triangular 

matrix, i.e., dki = 0 (k > 1) and = 1, andO is a diagonal matrix with posi- 
tive diagonal elements Qi , • • • , qm . For any positive /, the ^ — 1 

inequalities 

—t<dki<t (1 ^ fc < / ^ m) 

define an open set in the space of all 

Consider now the positive hermitian matrix 

= (c'pkic) = a)[(5jfejc)] = a>[(c5A;«)]; 

since c'mc = c'cCik is real, the matrices c'ojkC and are real positive symmetric* 
It follows from the results of the preceding section that e 11/, where the posi- 
tive number / does not depend upon the point f = p[v~^] in T, 

Let Ho be the group of all units d in the order Jn ; obviously Ho is a discrete 
subgroup of G. The matrix v = depends upon the point f in T. Since 
p lies in Jn and | p | is a bounded rational integer 9 ^ 0, it follows that all v lie 
in a finite number of right cosets of Hq relative to the group xG^ where x is an}’’ 
positive real numter. Let S = , • • • , Vp be a complete set of representatives 

of these cosets; then p = dPk , Pk e S, d e Ho . 

The point f of T is called reduced, whenever p^ e S; let Q be the set of all re- 
duced f . The images Q[i?] = d'Qd, d t Ho , cover the whole space T, 

Let f be a reduced point, and let p^ = p € S. Since IT/ is open, there exists 
a neighborhood TFf of f in T such that ^p e 11/ , for p = fo[H and all fo € . 

Let IFo be the union of all these TTf , f c Q. Then Wo is open, Q Cl Wo ] moreover, 
for any point fo of Wo , there exists an clement p ^ S such that ^p € 11/ , for p = 
folj']. Assume now that also ^o[d~^] = e Wo, for some d cHq , and deter- 
mine p* € S such that ‘iPp* c 11/ , for p* = Choose a positive rational 

integer a such that ap^^ ^ Jn {k = 1, * • • , p) and define ap~^d~^p* == 0 , then 
0 eJn, I jS 1 = db I ai/“V I, But also a^^p* lies in 11/, and 

is a grn-rowed matrix with integral rational elements and bounded determinant. 
By a known theorem concerning the reduction of positive quadratic forms, it 
follows that /3 belongs to a finite set, independent of f ; hence also d belongs to 
a finite set. Consequently we see that Tro[t?] 0 Wq 0 only for a finite num- 
ber of d €Hq. 

19. In this section we shall prove that Q is contained in an open set of finite 
volume. 



688 


CARL LUDWIG SIEGEL 


Let P be any open set in T, and let 2 be a positive number. We denote by 
P{z) the set of all products p = where 0 < a: < 2 and f € P. Let v,{P) 
be the euclidean volume of P(z)y computed in terms of the coordinates of the 
points p €P(z); obviously v*(P) = t;i(P) 2 ““ with an = Wn/gn, where Wn is the 
number of dimensions of P(z), For any { € G, the linear transformation p — > 
p[{] of the coordinates has the determinant 1; consequently Vi{P) defines the 
invariant volume in T, up to a positive constant factor. 

By the results of section 17, it is sufficient to prove the finiteness of vi(Pn), 
where Pn consists of all p = o)[d] in T satisfying 
1 

(4) a(a)jfe) < < I w* 1*^ (fc = 1, • • • ,n), <t (fc == 1, • • •, n — 1), 

^ t (1 ^ k I ^ n)y 

and t denotes an arbitrarily given positive number. The points of Pn(l) arc 
defined by (4) and the condition | p | < 1. Obviously the coordinates of m = 
Pii are bounded. We apply induction with respect to n. The assertion is 
trivial for n = 1, since then all coordinates of p are bounded. Let n ^ 2, 
and let the assertion be proved for n — 1 instead of n. 

We have 

n 

pM — 

jk-2 

with (fi • • • fn)' = 5t). For any fixed values of the coordinates of pik = cciSu 
(fc = 1, • • • , n), let Fi be the euclidean volume of the corresponding 
dimensional surface of section in Pn(l). Since 

I = I r* I p I < I "1 r’> 

il-2 

we have 

Vi < t;i(Pn-i)|wir""^ 

Instead of the coordinates of pu (A: = 1, • • , n) we introduce the coordinates 
of 0)1 and 6ik = on^pu (fc = 2, • • • , n), as variables of integration; these co- 
ordinates are bounded. Since the functional determinant of the transforma- 
tion is I oji the integrand becomes 

Filcoip-^ 

but vi(Pn^i) is finite and 


n 





(k(n - 


l)s + n - ra) = 


n + 1 


ri - ra 

2hs - 


n + 1 


2« ^ 2 - 


1 ; 


hence the integrand is bounded, and vi(Pn) is finite. 


2 
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20 . By the results of the two preceding sections, there exists in T an open set 
W of finite volume, such that the images t? € //o , cover T and that W[d] fl 
W 0 holds only for a finite number of t? € Fo . Let M be the set of all f € (7 
such that /i[{] = ^ eW; then M fulfills the conditions of Lemma 8. It follows 
that Ho is a group of the first kind in (7. 

Let J be an arbitrary order in , and let H be the group of units in J. Then 
J* = J n /n is again an order, and the group H* of units in ./* is a subgroup 
of finite indices j and jo in H and Ho . Let 

= £ atH*, H il/o = U Mat ; 

*-1 i-1 k 

then 


^foH = U MakH%i = U MHobi = MHo = G, 

k,l I 

and v(Mo) ^ jov(M) is finite. If f is a common point of Mo and Mo^, e //, 
then /xte] = f is a common i)oint of TV'[aA] and TF[a/t?], for some A*, I ^ jo , Ex- 
actly as in section 18, it can be proved that i? belongs to a finite set independent 
of f, if W is suitably chosen. Consequently Mo satisfies the conditioius of 
Lemma 8. It follows that II is a group of the first kind in f?, and Theorem 2 
is proved. 

The explicit construction of a normal fundamental set in G relative to Ho , 
and more generally relative to M, is perhaps of minor interest; therefoiu we give 
only the following sketch: Let fo be a frontier point of Q] then it is easily seen, 
from the definition of Q, that there exist for fo two extremal sets , • • • , Jn 
and pi , • • • , , and an index I ^ ?i, such that the differences ~ 

^(pAr) vanish identically in f for A; = 1, • • • , Z — 1, but not for k = Z, and that 
Li(fo) = 0; moreover, h and p/ belong to a finite set independent of fo ; hence 
the frontier of Q lies on a finite number of planes. Let S be the set of all f c (7 
such that /x[f] = f is reduced; then the frontier of S lies on a finite number of 
surfaces of the second order; furthermore, if Si? fl aS 7*^ 0, e /Z'o , then t? belongs 
to a finite set. Let Fo be the set of all { € S such that cr($i?) ^ whenever 
c S and i? c i/o ; then the frontier of Fo lies on a finite number of surfaces of 
the second order, and Fo is a fundamental domain relative to Ho ; i.e., the images 
Foi?, I? € Mo , cover G completely without overlappings, common frontier points 
excepted. Omitting a suitably selected set of frontier points of Fo , we obtain 
a normal fundamental set F relative to Ho , having only a finite number of 
neighbors. Finally, the passage from F to a fundamental set relative to H may 
easily be performed. 

The group G is not connected; it consists of the two sets Gi and G 2 defined 
by I { I = 1 and | f | = —1, each of them being connected. The group (Ti fl M 
is either H itself or an invariant subgroup of index 2. It follows from the re- 
sult of section 9 that H has a finite system of generators. 
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The present paper contains a certain number of purely algebraic results to 
be used in a local theory of algebraic varieties, which will be developed in a 
later paper. 

The most important part of this paper is contained in §IV, where is defined 
a notion of “multiplicity” (which might also have been called degree of rami- 
fication) in a complete local ring. This notion of multiplicity will appear 
eventually as the main tool in the definition of the multiplicity of intersection 
of two algebraic or algebroid varieties. 

Conventions of terminology 

f 

By a ring we mean always a comutative ring with unit element. When a 
ring 0 is said to be a sub-ring of a ring o', it is understood tacitly that the unit 
element of o is also the unit element of o' (except when the contrary is explicitly 
specified). If o is a sub-ring of o' and if a is an ideal in o, we denote by oo' 
the ideal generated in o' by the elements of a. 

A ring o is said to be Noetherian if the maximal condition holds for the ideals 
in 0, i.e. if every ideal has a finite set of generators. 

If a is an ideal in a Noetherian ring o, we call “prime divisors” of a the prime 
ideals which occur as associated prime ideals of the primary ideals in a shortest 
representation of a as intersection of primary ideals. 

We call adherence” of a set J? in a topological space the set which is usually 
called the closure of E, Any point of this set is said to be adherent to E, 

The symbol 0 denotes the empty set. 

§1. Rings of Quotients^ 

It is well known that any ring o can be imbedded in a “ring of quotients” 
whose elements are the fractions of the form a/6, o c o, 6 not being a zero- 
divisor in 0. 

Let now S be any set of non-zero divisors in o which is multiplicatively closed 
(i.e. the product of two elements of S is in S), Those elements of the ring of 
quotients which may be written in the form a/6, with a e o, 6 e S form a sub-ring 
Os of the field of quotients, which we shall call the ring of quotients of the set S. 

Lemma 1. If a is an ideal in Oa , we have a = (a 0 o) • Os . 

The inclusion (a fl o)os C a is obvious. Conversely, let a/6 be any element 
of a, with a € 0 , b € S; we have a = 6. (a/6) c a fl o, whence a/6 c (a fl o)os , 
which proves Lemma 1. 

^ The notion of ring of quotients of a set S is due to H. Grell (cf . Beziehungen zwi- 
acken d, Idealen verachiedener Rings, Math. Ann. 97, 1926). The results contained in §I 
are not new (cf. Krull, Idealtheorie, Erg. d. Math.). 
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It follows immediately from Lemma 1 that Os is Noetherian when o is itself 
Noetherian. 

Lemma 2. Let p he a prime ideal in o, and let q be a primary ideal for p. If 
S 7^ 0yWe have pos = qoa = Oa . // p fl S = 0, the ideal poa is prime in Oa ; 

the ideal qoa is primary for poa ; we have qoa fl o = q, and the primary ideals qoa , 
q have the same length. 

If p n S 0, we have also q fl >S 0 (because any power of an element of S 
is in S), whence pOa = qoa = Oa. Assume now that p fl S = 0; then 1 cannot 
belong to pOa , whence pOa 9^ Os and, a fortiori, qoa Oa . Let a/6, a'/6' be two 
elements of Oa such that a/6*a'/6' c qoa , aV6' 4 qOa (with a, a' e o, 6', b e S, 
a' 4 q). We have aa'fbV = c/c', c c q, c' € >S, whence c'oa' = c66' e q; since 
p n /S = 0, c' does not belong to p, whence oa' c q, and therefore o' eq for some r; 
it follows that (a/bY e qoa , which proves that qoa is primary. If q = p, we can 
furthermore take r = 1, which proves that pOa is prime. 

We have qoa C pOa ; conversely, if a/6 e pOa (a € p, 6 c S), we have a*" € q for 
some r, whence (a/bY e qoa , which proves that qoa is primary for pOa . 

Let a be an element of qoa H o; we may write a in the form 6/c, 6 e q, c € S. 
Since c 4 P, the relation ac € q implies a c q, whence qoa o = q. It follows that 
there exists a one-to-one inclusion preserving correspondence between the 
primary ideals for p in o and the primary ideals for pOa in Oa , which proves that 
q and qoa have the same length. 

Lemma 3. Assume that o is Noetherian; let a = (n,qi) D (flyt);) be an irre- 
dundanf representation of a as an intersection of primary ideals, where we have 
separated the primary ideals q^ with prime associated ideals p, such that p» fl S = 0 
from those Dy whose associated prime ideals meet the set S. Then aoa = n.-q^Oa , 
and this is an irredundant representation of aoa as intersection of primary ideals 
in Oa . 

We have obviously aoa C n,q,Oa ; let conversely a be an element of n,q,Oa ; 
for each i we may write a = 6,/ci , 6»- € q,* , c* c S, For each index j correspond- 
ing to a Py , we can ‘find an element Cy in Py PI S; we set c = n<c.ii jCj^ ; we have 
c t S and a = 6/c, with 6 c (fliq*) 0 (flypy) whence 6 c a and a € aoa . In order 
to prove that the representation aoa = n,q,Oa is irredundant, we observe first 
that it follows from Lemma 2 that the prime divisors associated with the pri- 
mary ideals q* are distinct from each other; moreover an inclusion qtOa C n,v^,qtvOa 
would imply by Lemma 1 that q* C : this is impossible. 

Let us now consider the case where o does not contain any zero-divisor 9 ^ 0 
and where S is the set of the elements of 0 which do not belong to some given 
prime ideal p. This set is clearly multiplicatively closed; the corresponding 
ring Oa takes then the name of ‘‘quotient ring'^ of the ideal p with respect to 
the ring 0 ; we shall denote this ring by Op . It is clear that the factor ring 
Op/pOp is the field of quotients of o/p. 


^ Observe that, if a is any ideal in r, the elements of ao« are of the form ax, a 6 a, a; e r . 
* This means that none of the ideals , ay is contained in the intersection of the others. 
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Let US return to the general case, where S is any multiplicatively closed set 
of regular elements of a ring o. If p is a prime ideal in o which does not meet S, 
it follows from Lemma 2 that o/p may be identified with a sub-ring of Oa/tiOs ; 
it is clear that O5/PO5 has the same field of quotients as o/p; but, in general, 
Oa/pOa will not be itself a field. 

§11. Semi-local Rings 

Definition 1. A Noetherian ring 0 is called a semi-local ring if there exist 
only a finite number of maximal prime ideals in 0 . 

Let pi , • • • , Pa be all the distinct maximal prime ideals in a semi-local ring 0. 
We set a = pi • • • Pa . We shall define a topology in the ring 0; a subset U 
of 0 will be called an open set in this topology if it satisfies the following con- 
dition: if w c f7, there exists an exponent n (depending upon u) such that u + 
a” C 17. It is obvious that any union or finite intersection of open sets in the 
sense of this definition aie open; the empty set and 0 itself are open. The usual 
requirements for the definition of a topology are therefore satisfied. If u is 
any element of 0, the sets u + 0!^ form a fundamental system of neighbourhoods 
of u) if we observe that {u + ci'‘) — (t; + a”) = w — y + a"*, {u + a")(i; + a”) C 
uv + we see that the operations of addition, subtraction, multiplication in 0 
are continuous. Whenever we shall apply topological notions to a semi-local 
ring, it will be tacitly understood that these notions apply to the topology 
we have just defined. 

We shall now prove that the Hausdorf separation axiom holds in our topology. 
It will be sufficient to prove that fln-ia” = {0}. 

Lemma 1 . If 0 is a semi-local ring^ an element of 0 which does not belong to 
any one of the maximal prime ideals in 0 is a unit in 0. 

In fact, if we had ou ^ 0, o^i would be contained in some prime ideal of 0, 
and therefore also in some maximal prime ideal, which is not the case. 

Taking Lemma 1 into account, the formula fln-ia” == {0} follows immediately 
from 

Lemma 2. Let a be an ideal in a Noetherian ring 0. The following statements 
are equivalent: 1) no element which is = 1 (mod. a) is a zero divisor in o] 2) we 
have rin-iC^ = {0}.^ 

Let n be the ideal fln-ia''. We shall prove that n = na. Let na = fl^qi 
be a representation of na as an intersection of primary ideals, and let p,- be the 
prime divisor of . If a cf: p, , we have qiia = qt ; in fact, let a be an element 
of a not contained in pi , and let g be an element of qiia; we have ag € q,* , a 4 pi , 
whence g 4 q* . Since na C qi , we have n C qi if a cf p,- . This last conclusion 
holds also if a C pi ; in fact, we have p* C qi for some fc, whence n Ca* C pj C qi . 
It follows that n C fliqi = na, whence n = na. Let us now take a set of gen- 
erators Pi , • • • , Vr of n; we have Vi = QijPj wth aij e a; the determinant 
d of the matrix (dij ~ Uiy) is = 1 (mod. a) and we have SPi = 0 (1 ^ f g r); there- 

• Cf. Krullf Dimensionstheorie in Stellenringen, J.f.d.r.u.M. 179, 1938, pp. 204-226. 
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fore, if 1) holds, we have I't = 0 (1 ^ i ^ r), whence n = {0}. Conversely, 
let us assume that there exist two elements a, b such that a ea^b 0, (I + a)b = 
0; we have b = — ab = ( — 6 for every n, whence 6 € n, n 5 *^ {0}. 

Since the topology of o is a Hausdorf topology, we may use the notion of limit. 
Since the first countability^ axiom obviously holds in o, it will be sufficient to 
consider limits of sequences. We shall say that a sequence (un) is ‘ ‘convergent” 
if limn-»oo(wn 4 i ““ ^n) = 0, i.c. if, given any fc > 0, we have Un+i — Wn € a* as 
soon as n is sufficiently large. 

Definition 2. The semi-local ring o is said to be complete if every convergent 
sequence of elements of o has a limit in o. 

Lemma 3. Let pi, ^ ph be the maximal prime ideals in a semi-local ring o. 
Let Ui , ^ , ah be h given elements of o, and let n be a given exponent. The system 

of congruences x = a* (mod. p?) has always a solution x, which is uniquely deter- 
mined modulo (pi • • • p;,)". 

It is clear that p,- 4: py for j ^ i. I^et a,- be the ideal II have a* ^ pi , 

whence a, + p,- = o, since pt is a maximal prime ideal. It follows that there 
exists an element of Oi which is s 1 (mod. p*). Set ei,n = 1 — (1 — ei^; 
we have e^.n € a? , ei,n = 1 (mod. p?). The element x — is a solu- 

tion of our system of congruences. If x' is any other solution, we have (.r' — x) 
ey.n = 0 (mod. (pi • • • p/,)”); by Lemma 1, ]C<-i 6,,n is a unit in o, whence 
x' ^ X ^ 0 (mod. (pi • • • p/,r). 

Proposition 1. Let o be a semi-local ring. If b is an ideal ^ o in o, o/b 
is a semi-local ring. If o is complete, o/b is complete. 

Let pi , • • • , pAi be the maximal prime ideals of o which contain b, and let 
p/,j^_i , • • • , pA be the other maximal prime ideals of o. The maximal prime 
ideals of o/b are clearly the ideals p,/b (1 ^ i S hi), which proves that o/b 
is semi-local. Assume that o is complete, and let {uZ) be a convergent sequence 
of elements of o/b. The element vZ = uX+i — uZ is the residue class of an 
element Vn of o which belongs to (pi ••• Pai)”*^”\ with limn-x^w(?i) = qc. If 
j > hi , we have i + pj = o; it follows that py contains an element wj which is 
= 1 (mod. b). We set Vn = Vn- (IIy>AiR^y)’”^”^ let ui an element whose 
residue class modulo b is ut ; we set Un = Wi + '^k^iv'k ; Un is a representative 
of the residue class ut , and the sequence (un) is convergent in o. Let u be its 
limit; it is clear that the sequence {ut) converges in o/b to the residue class 
w* of u. 

Proposition 2. Let o be a complete local ring, and let pi, • • • , ph be the dis- 
tinct maximal prime ideals of o. To every p,* (1 ^ i ^ h) there is associated an 
idempotent c,* in o, with the following properties: if 0 €,- is considered as a ring with 
the unit element u , it is a complete semi-local ring whose only maximal prime ideal 
ideal is p<6,- ; we have €< € pj for j ^ i; the idempotents €» , • • • , are mutually 
orthogonal and their sum is 1. 

We make use of the elements e,-,n which were constructed in the proof of 
Lemma 3. It follows immediately from Lemma 3 that e*,n+i — Ci,n € (pi • • • p*)"; 
it follows that each one of the h sequences is convergent, and has therefore 
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a limit e* in o. We have Ct.nCy.n € (pi • • • (for i j), 1 — «»*.n € (pi • • • 

Pa)’‘, whence €,€,• = 0 for i j and 1 == YIm ci • Since u = lim^^ooet-.n , u — 
6<.n is contained in pi • • • p^ , and, a fortiori^ in p^- if n is large enough; if j ^ i, 
we have also ei,n c py , whence €» € py . Th ring 0 €, is isomorphic to o/o(l — €»); 
Proposition 2 follows therefore from Proposition 1. 

Lemma 4.^ Let o be a Noetherian ring which does not contain any zero divisor 
^ 0 and let o' be a ring which contains o as a sub-ring and is a finite o-module. 
If a is an ideal o in o, we have ao' o'. 

Let us say that m elements Xi , • • • , :rm of o' are linearly independent over 
0 if the conditions J^JLi aiXi = 0, € o imply a* = 0 (1 ^ ^ m). If o' 

= Syli oyj , with yi == 1, we may extract from the set {^i , • • • , yM] a set of 
linearly independent elements {xiy • • • , x^} containing xi = yi = 1 and which 
is not properly contained in any other larger sub-set of {i/i , • • • y yjn] composed 
of linearly independent elements. It follows that there exists an element c 5 *^ 0 
in 0 such that co' C > whence ca”o' C 23?-ia”xt . ' Assume for a 

moment that ao' = o', whence 1 e a”o' for every n. It follows that c = J^JLi 
Ci,nXi with Ci.n € a"" (1 g i ^ m); since Xi , • • • , x^ are linearly independent over 
0 and Xi = 1, we have c == Ci,n € for all n, in contradiction with Lemma 1. 

Remark. The same argument proves that a'^o' fl 0 C a^'roc; we shall use 
this remark later. 

Lemma 5. The result of Lemma 4 still holds if 0 contains zero divisors. 

It is sufficient to consider the case where a is a prime ideal p. The ideal p 
contains some minimal prime divisor n of the zero ideal. Let {0) = n,0i be 
an irredundant representation of the zero ideal as an intersection of primary 
ideals, 0i being the component of n; we have 0i:n 9 ^ di , whence (di:n) 0 (ni>id,) 
9 ^ {0}. If c is an element 5 ^ 0 in the latter ideal, we have cn = { 0 }, c 4 di . 
Let n' be the ideal no' fl 0 : we have cn' = {0} ; if n' were to contain an element v' 
not contained in n, the equality cv' = 0 would imply c c di , which is not the 
case. We have therefore n' = n. Since 0 ' is a finite o-module, o'/no' is a finite 
module over o/n. By Lemma 4, the ideal generated by p/n in o'/no' is 5 ^ o'/no', 
whence po' 9 ^ o'. 

Proposition 3. Let 0 be a semi-local ring, and let 0 ' be a ring which contains 
0 as a sub-ring and is a finite o-module. Then 0 ' is a semi-local ring. If 0 is 
complete 0 ' is also complete. 

Let p' be a maximal prime ideal in o'; if p = p' fl 0 , the ring o'/p' contains 
o/p over which it is a finite module. But o'/p' is a field; it follows immediately 
from Lemma 4 that o/p cannot contain any ideal besides {0) and o/p itself; 
this means that o/p is a field, i.e. that p is a maximal prime ideal in 0 . More- 
over, o'/po' is a finite module over o/p, i.e. is a hypercomplex system over o/p; 
it follows that there are only a finite number of prime ideals in 0 ' which contain 
p. We have therefore proved that 0 ' is a semi-local ring. Let a be the product 


< Lemma 4 is a generalization of a theorem of Krull (cf. Beitrage zur Arithmetik kom- 
mutativer Integritatsberiche, M. Z. 42, 1937, Satz 1, p. 749). 
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of the maximal prime ideals of o; every prime ideal in o' which contains a is 
maximal in o', which proves that ao' contains some power of the product a' 
of all maximal prime ideals of o'. Assume now that o is complete, and let {un) 
be a convergent sequence of elements of o'; it follows from what we have said 
that Vn = Un+\ — Un € with limn_»oom(n) = oo . Let i/i , • • • , t/a be ele- 
ments of o' such that o' = J we may write with Vn,i c 

We set also u[ = Wi,,!/* , Wn.» = Wi.i + Each one of 

the sequences (Wn.i) is convergent in o; if we set Ui = limn-ooWn,» , the element 
““ belongs to a power of ao' whose exponent increases indefinitely 
with n, which proves that the sequence {un) converges in o' to the limit 

Lemma 6.^. Let o be a semi-local ring^ and lei b be an ideal in o. If a is the 
product of the maximal prime ideals of o, we have n*«i(b + a”) = b. 

We know that o/b is a semi-local ring and that a + b/b is contained in the 
product of the maximal prime ideals of o/b (cf. the proof of Proposition 1). 
It follows that nn-i(a + b/b)"‘ = fln-iCa” + b/b = {Oj, which proves Lemma 6. 

Lemma 7. Let o be a complete semi-local ring, and let (bn) be a sequence of 
ideals in o such that bn+i C bn (1 ^ w < « ) and Hn-i bn = {0} . 7/ pi , • • • , 

are the maximal prime ideals of o, we have bn C (pi • • • where m{n) is an 

exponent which increases indefinitely with n. 

We set a = pi • • • pA ; it follows immediately from I^emma 3 that o/a"" is 
isomorphic to the direct product of the rings o/pl" (1 g i ^ ft); since p, is the 
only prime ideal to contain p?, p? is a primary ideal. It is well known that the 
descending chain condition for ideals holds in o/p? ; therefore it holds also in 
o/a”. This being said, let ft be any fixed integer; we set bh = nn-i(aA + bn). 
It follows from what we have just said that there exists an integer N{h) such 
that + bn = bl for every n ^ AT (ft); therefore we have bi = + bl+i . I^t 

bh be any given element of bl ; we define by induction an element bh+n € bi+n 
in the following way: if bh^n is already defined, we represent it in the form 
“h bh+n +1 > with ah-^n € a ^ , bh+n+i € b^ 4 -n-t-i , and this defines bh-^-n+i • Our 
construction shows that the sequence (ft^+n) is convergent; let b be its limit. 
We have bh^n = bh (mod. a^) for every n, whence b = bh (mod. a^); on the other 
hand, we have also b = bh+n (mod. and c O*,.! + bm), whence 

b € + b,n for every 7n and n. By Lemma 6, we have 6 € bm for every m, 

whence b = 0,bhe a^, bl = a^, bn C a* for n g N{h), which proves Lemma 7. 

Proposition 4. Let o be a complete semi-local ring; we denote ft?/ pi , • * • , Pa 
the maximal prime ideals of o and by a the ideal pi • • • Pa . Let o' be a ring which 
contains 0 as a sub-ring, //fln-i a'^o' = {0}, ii^eftaye ao' fl o = a, a^o'flo 
where m(n) is an exponent which increases indefinitely with n. If we assume 
furthermore that o'/ao' is a finite module over o/a, o' is a complete semi-local ring 
and is a finite o-module. Moreover, o is a sub-space of o'. 

It follows immediately from Lemma 7 that a”o' fl o C with limn-^oo 


‘ This Lemma is due to Krull, Satz 2, l.c. note 3), p. 692. 
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m(n) = CO. Therefore each pi contains a”o' 0 o, and, fortiori, (ao' Do)” 
when n is sufficiently large; since p» is prime, we have ao' fl o C n<«i p* . It 
follows immediately from Lemma 3 that DlLi p» = a, whence ao' fl o = a. 
Assuming that o'/ao' is a finite module over o/a, let , • • • , Vd be elements of o' 
such that o'/ao' = o/a. v* , where v* is the residue class of Vi (mod. ao'). 
Every element of o' is congruent (mod. ao') to an element of ovi . Let 
also {oi , • • • , am} be a set of generators of the ideal a, and let x be any element 
of o'; we construct by induction d sequences (Xt,n)n-o,i,... of elements of o such 
that X = ^i.nVi (mod. a"o'). We set = 0; assume that the elements Xi,n 
have already been constructed; let , • • • , be all elements of o which may be 
expressed as monomials of degree n in ai , • • • , ; they form a set of generators 

of a”o', whence x — yk^k with yk € o'; we have yk = VkiVi 

(mod. ao') with yki € o: we may take Xi,n+i = Xi,n + SiLi yki^k . At the same 
time, we see that each of the sequences (x^.n) is convergent in o, and has there- 
fore a limit x , . We set .r' = XjVj ; since x, s Xi,n (mod. a'^), we have 

x' — X € a”o' for every n, whence x' = x. We have proved that o' is a finite o- 
module. Proposition 4 follows therefore from Proposition 3 above. 

Let 0 be a complete semi-local ring. Let A be anj" (finite or infinite) set of 
indices, and assume that we have assigned to every a e A an element Ua c o, 
in such a way that, given any A; > 0, we have Ua 6 a* for almost all a (i.e. for all 
but a finite number), where a is the product of the maximal ideals of o. Let 
Vk be the sum of those elements Ua which arc not in a* ; the sequence (vk) has a 
limit V in o, and we shall set v = tia . Such sums are associative; i.e., 

if A is represented as the union of a family of mutually disjoint sub-sets , 
we have Ua). 

Let r be a sub-ring of o; we shall denote by r[[Ai , • • • , Xm]] the ring of the 
formal power series in m letters , • • • , Xm with coefficients in r. If F is 
any such power series, we may write F = Fk , where Fk is a form of degree k. 
Let ai , • • • , a„» be any m elements of a; the infinite sum Fkiai, • • • , am) 
has a meaning in o; we shall set F{ai , • • • , am) = X)* Pki(i \ , * • * , ^m). It is 
clear that the mapping F — > F(ai , • • • , am) is a homomorphism of x[[Xi , • • • , 
JTm]] into 0. If this homomorphism turns out to be an isomorphism, we shall 
say that ai , • • • , are analytically independent over r. 

We shall now prove that any semi-local ring can be imbedded in a certain 
complete semi-local ring. First, we prove 

Lemma 8. Let o be a Noetherian ring. The ring o[[A'i , • • • , Xr]] of the formal 
power series in r letters X\ , • • • , Xr with ’coefficients in o is a Noetherian ring. 

Let be the ideal generated by , • • , Xr . The elements of are the 
power series which do not contain any term of total degree < n. It follows 
immediately that fln-i y" = {0}. If F is any power-series 9 ^ 0, and if F € 

F i (with the convention that y® is the whole ring), we can find a homo- 
geneous form F"^ of degree d such that F -- F* t y^'^\ and F* is uniquely deter- 
mined by this condition: F* is called the beginning form of F. Let SI be an 
ideal 7 ^ {Oj in o[[Xi , • • • , Xr]]; the beginning forms of the elements 0 in SI 
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generate a homogeneous ideal 21* in the ring o[Xi , • • • , Xr]. The latter ring 
being Noetherian, 21* has a finite set of generators At , • • • , ri* ; we may assume 
that each -4* is the beginning form of an element rit e 21. Let dihe the degree 
of the form A* ; if A* is a form 0 of degree d in 21*, we may write A* in the form 
BiAt , where each Bi is a form of degree d — di{Bi = 0 if d < dt); it follows 
immediately that A* is the beginning form of the element J5*Af e 21. 

Let C be any element of 21; we shall define by induction m sequences 
of forms in the following way: we set Ci^ = 0 (1 ^ ^ S w); if the 
elements C*,* have already been defined for fc < n, we construct the element 
C — 2^7-0 Ci,kAi ; if this element is 0, we set Ci,n = 0 for 1 ^ i ^ ?n; 

if not, it has a beginning form of degree say , and we may write this beginning 
form in the form ^^.nA? , where each C,.n is a form of degree Cn — d* 
(Ci,n = 0 if d» > Cn). If it happens for some n that all Ci,n are 0, A clearly 
belongs to the ideal generated by Ai , • • • , A^ in o[[A^ , • • • , Xr]]; if not, we 
have Cn+i > for all n, whence lim e„ = oc. It follows that 23n-o C,-.n is a 
power series C, and we have clearly C == 23^ > which proves that 21 is the 

ideal generated by Aj , • • • , A^ . This shows that o[[Xi , • • • , Xr]] is a Noe- 
therian ring. 

Let (Fn) be any convergent sequence of elements of our ring such that Fn+i —Fn 
belongs to a power of % whose exponent increases indefinitely with n. If M 
is any monomial in Xi , • • • Xr , the coefficient a{M\ Fn) of M in Fn remains 
constant when n is sufficiently large; let a{M) be this constant value. The 
sum 2^Af«(M)iW, extended over all monomials, represents a power series F\ 
we shall set F = ^7 Fn • 

Let now o be any semi-local ring; we denote by a the product of the maximal 
prime ideals of o and by {ai , • • • , a,„} a set of generators of a. We construct 
with m letters Xi , • * • , Xm the ring o[[Xi , • • • , X^]] of the power series with 
coefficients in o. If F = ^^Fk is an element of this ring (with Fk homogeneous 
of degree k), we set Un{F) = 2 ^ 7-0 Fk{ai , • • • , a^), and w’e denote by n the 
set of the power--series F for which we have limn-*oo Un(F) = 0. We see at once 
that n is an ideal in o[[Xi , • • • , Xm]]- We set o = ol[Xi , • * • , Xm]]/n. The 
ring 0 is a sub-ring of o[[Xi , • • • , Xm]] and has obviously only 0 in common with 
n; we may therefore identify o with the sub-ring of o upon wffiich it is mapped 
isomorphically in the natural mapping of o[[Xi , • • • , Xm]] onto o. Let y be 
the ideal generated by Xi , • • • , Xm in d[[Xi , • • • , Xm]], and let a be the ideal 
jc + n/n in o. We have clearly X,- = ai (mod. n) (1 g i g m), whence a = a5. 
We shall prove that a"* fl o = a”. Let y be any element of a" fl o; y is the 
residue class modulo n of a power series F such that F e i"", F — yen; since 
lim;fc-^oo (uk{F) — 2 /) = 0, there exists an index N > n such that y = Us{F) 
(mod. a"*); since F e f”, we have Un(F) = 2^fc-n Fk(ai , • • • , Um) € a”, whence 
y € a”, which proves our assertion. 

It is clear that, if w € 5 and n is given > 0, there always exists an element 
u' €0 such that u — u' € a"". Since 5 0 0= a, it follow^s that 5/5 is isomorphic 
with o/a. If p is any maximal prime ideal in o, we have 5 Cl p5, and 5/p5 is 
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isomorphic with o/p; it follows that is a maximal prime ideal in 5. Any 
element w of o which is = 1 (mod. a) is a unit; in fact, u is the residue class 
(mod. n) of a power series of the form 1 + X, with X e such a series has an 
inverse in o[[Xi , • • • , which can be represented by the series 1—X + 
X® + • • • ; it follows that u has an inverse in o. If p is any 

maximal prime ideal in o, we have therefore 1 4 ^ + a, whence 0 C p, and it 
follows that p is of the form po, p being some maximal prime ideal in 0. We 
know that 5 is Noetherian by Lemma 8; it follows that 0 is a semi-local ring. 
If (un) is a sequence of elements of 0 which is convergent in 0, we have Un+\ — 
Wn c with limn-ao = 00 . It follows that Un+i — Wn is the residue class 
modulo n of a power series Vn c The sum Vn represents a power 

series y ; if «; is the residue class of F, we have clearly m + v = limn-oo Un , which 
proves that 0 is complete. 

Let now 0* be a complete semi-local ring which contains 0 as a sub-ring and is 
such that a is contained in the product a* of the maximal prime 'ideals of 0*. 
Let F be any element of o[[Xi , • • • , X,„]]; the sequence (un(F)) is convergent 
in 0, and therefore also in 0*; as such it has a limit Si(F) in 0*; is clearly a 
homomorphism of o[[Xi , • • • , Xm]] into 0* and maps n onto { 0 }. It follows 
that defines in a natural way a homomorphism ^ of 0 into 0* which maps every 
element of 0 upon itself. The ring ^(0) is contained in the adherence of 0, 
considered as a sub-set of 0*; on the other hand, ^(6) is a complete semi-local ring; 
it follows immediately from Lemma 7 that ^(0) is a sub-space of 0*. Since 
^(0) is complete, it must be a closed sub-space of o*- 0(6) is therefore the ad- 
herence of 0 in 0*. 

If 0 is everywhere dense in 0*, we have 0 ( 6 ) = 0*: We may observe also 
that, in this case, the condition a C a* is automatically verified. In fact, 
o*/a* is isomorphic to o/a* fl 0, which proves that every prime ideal of 0 con- 
taining a* n 0 is maximal in 0, and that a* fl 0 is the product of these prime ideals, 
whence a C a* D 0. 

If 0 is a sub-space of 0*, it is clear that the elements of n are the only ones to be 
mapped on 0 under 0; in this case, 0 is therefore an isomorphism. We have 
proved 

Theorem 1.® Let 0 be a semi-local ring. There exists a complete semi-local 
ring 0 containing 6 as a sub-ring and a sub-space in which 6 is everywhere dense. 
If 0i is another ring with the same properties^ there exists an isomorphism of 6 with 
0i which maps every element of 0 upon itself. If 0* is any complete local ring 
containing 0 as a sub-ring, and if the product 'of the maximal prime ideals of 0 is 
contained in the product of the maximal prime ideals of 0*, the adherence of 0 in 0* 
is a complete local ring which is a homomorphic image of 6 . If 0 is a sub-space of 0*, 
the adherence of 0 in 0* is isomorphic with 6 . 

Definition 3. The ring 6 which is described in Theorem 1 is called the comple- 
tion of the semi-local ring 0. 

* Theorem 1 is a precision of Satz 14 of Krull, l.c. note 3 ), p. 692 . 
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Proposition 5. If b is an ideal in a semi-local ring o, and if 5 is the completion 
of 0, we have bo fl o = b. The ring o/bo is the completion of o/b. 

Let {6i, ••• ,bm)] be a set of generators of b; if w € bo fl o, we have 
u = biUi , € o; if n is any given exponent, we can find elements Ui,n to 

such that Ui = Ui,n (mod. a”o), where a is the product of the maximal prime 
ideals of o. We have b — biUi,n t 0 o = (cf. the proof of Theorem 1), 
and biWt.n t b, whence web + by Lemma 6, we have web, whence 
bo n 0 = b. It follows that o/b5 contains o/b as a sub-ring; this sub-ring is 
clearly everywhere dense. The product of the maximal prime ideals of o/b is 
a + b/b; the product of the maximal prime ideals of o/bo is a + bo/bo. Let w* 
be any element of (a* + bo/bo)"‘ PI o/b; w* is the residue class modulo bo of an 
element w e a^o and is also the residue class modulo b of an element w' € o. 
Since bO C b + a"6, there exists an element 6 € b such that w' — 6 c a”o fl o = a” 
whence w* € (a + b/b)”. We have proved that (a + b5/bo)” fl o/b = (a + b/b)”, 
which shows that o/b is a sub-space of o/bo: Proposition 5 is proved. 

Proposition 6. Let o be the completion of a semi-local ring o. If an element 
w € 0 is not a zero divisor in o, it is not a zero divisor in 5. 

Assume that wy = 0, i; € o. If a is the product of the maximal prime ideals 
in 0, we can find for every w > 0 an element Vnto such that v — Vnt a”o. We 
have uvn t wa”b 0 0 = wa”. Since w is not a zero divisor in o, it follows that 
Vn € a”, whence y = 0, which proves Proposition 6. 

Lemma 9. Let a be the product of the maximal prime ideals in a semi-local ring 
0, and let c be an element of o which is not a zero divisor. Then a”:oc is contained 
in a power of a whose exponent increases indefinitely with n. 

Let 0 be the completion of o. If W€a”o:ocfor very n > 0, we have 
cu € 0^1 a”b = {0}, whence w = 0 by Proposition 6. By Lemma 7, we have 
a”o:5c CZ with lim„-oo m(n) = oo. Lemma 9 follows if we observe that 

a”:oc Ca”5:0cno. 

Proposition 7. Let o, o' be two semi-local rings on which we make the following 
assumptions: o' contains o as a sub-ring and is a finite o-module; no element ^ 0 
in 0 is a zero divisor in o'. Let o, o' be the completions of o, o' respectively. Then 
5 is a sub-ring of o' {up to an isomorphism) ; ^/ o' = oyi , we have 

o' = • If ^ elements Xi, • • • ,Xm of o' are linearly independent over o, 

they are also linearly independent over 5. If an element of 5 is a zero divisor in o', 
it is already a zero divisor in o. 

It follows from Lemma 9 and from the remark which follows the proof of 
Lemma 4 that o is a sub-space of o', and therefore also of 6'. By Theorem 1, 
we may assume that b CZ o'. Set 5i = oyi ; oi is a finite 6-module, and is 
therefore a complete semi-local ring. If a is the product of the maximal prime 
ideals of o, o5' is contained in every maximal prime ideal of o', and therefore 
a5' is contained in every maximal prime ideal of 6' whence (1*.! a”5' = {0}. 
It follows from Lemma 7 that 5i is a sub-space of 5'; since bi is complete, it is a 
closed sub-set of b'; since o' C bl , we have b' = bi . 

If the elements , • • • , are linearly independent over o, we may extend 
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the set {iCi , • • • , Xm) to a maximai set of linearly independent elements (for 
instance by adjoining some of the elements y^). We may therefore assume 
without loss of generality that the set [xi^ • • • Xm] is already a maximal set of 
linearly independent elements. It follows that there exists an element c 7 ^ 0 
in 0 such that co' C • This being said, assume that UiXi = 0 

{ui € 0 ). For every n > 0,we can find elements Ui,n c 0 such that Ui — w»,n € 
whence a^o'r,- fl 0 ' C a^'o'. It follows that « 

a”xi , cUi,nXi = ai,nXi , a,-.n « o'* . The elements Xi being 

linearly independent over 0 , we have cw,.n = Oi.n c 0 ", Ui,n € o'^toc C with 
limn-oo m{n) == 00 (by Lemma 9). It follows that xh = limn_*oo w>.n = 0, which 
proves that Xi^ • • • , Xm are linearly independent over 0 . 

Let u be an element of 0 , and assume that uv ^ Qy v t O'. Using the same 
notations as above, we may write cv = ^ 7-1 UiXi , Ui e 0, whence wWtX* = 

0, uui = 0 (1 ^ ^ m). If is not a zero divisor in 0, we have Ui = 0 {i ^ i ^ 

m)y whence cv = 0 and y = 0 by Proposition 6. 

Proposition 8. Let 0 he a semi4ocal ring which does not contain any zero 
divisor 9 ^ 0, and pi , • * • , he the maximal prime ideals of 0 . Let Oi he the 
quotient ring of p,- xvith respect to 0 . The completion of 0 is isomorphic to the direct 
product of the completions of the rings o,- . 

We use, for the ring 0, the notations of Proposition 2. It follows from Proposi- 
tion 6 that 0 €i is a ring which is isomorphic with 0 . Let a be an element of 0 
which does not belong to p* ; since p< is maximal in 0 , there exists an element 
b €0 such that ab = 1 (mod. p<); it follows that abei has an inverse in oct ; this 
means that contains the quotient ring o»Ct of ptCt with respect to 0 €,* . This 
quotient ring is clearly everywhere dense in 0 €i . I^et'a be an element of 0 such 
that aei € p? 56< ; we have a = a€< + a(l — c») € pro , since 1 — €< e p^o for every n; 
it follows that aei « P.^c, . The ideal p?o fl o,€» is an ideal of 0 * 6 ^ whose intersection 
with 0 €, is p?€t ; by Lemma 2, §1, p. 691, this ideal is pro»Ci , which proves that 
Oiti is a sub-space of oc, ; 0 €, is therefore the completion of o<€i , which proves 
Proposition 8. 


§III. Local Rings 

The notion of local ring has been introduced by Krull.^ He has defined a 
local ring as being a Noetherian ring in which the non-units form an ideal. 
The local rings which we shall consider in this paper are however of a more 
restricted type. Before defining them, we make the following observation: 
if a ring 0 contains a field X as a sub-field, and if m is an ideal in 0 , the field K 
is mapped isomorphically under the natural mapping of 0 onto o/m, and there- 
fore K may be identified with a sub-field of the ring o/nr. This being said, we 
set up the following definition: 

Definition 1. A local ring is a Noetherian ring 0 which satisfies the following 
conditions: a) the nonrunits in 0 form an ideal m; b) the ring 0 contains a sub- 


^ CL Krull, l.c. note 3), p. 692. 
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field K with mfinitely many elements^ such that o/m is a finite K-modvle, The 
ring 0/ m, which is necessarily a fields is called the field of residues of 0. Any 
sub-field K of 0 which satisfies condition 2 ) is called a basic field of 0. 

Definition 2 . Let 0 be a local ring, and let m be the ideal of non-units in 0. 
We shall say that 0 is of dimension r if it is possible to find a set of r elements of 
0 which generates an ideal which is primary for in, but if it is impossible to find a 
set of less than r elements with the same property. Any set of r elements which 
generates an ideal which is primary for m is then called a system of parameters in 0.^ 

We include in this definition the case r = 0 by making the convention that the 
ideal generated by the empty set is the zero-ideal. 

Since m is a maximal prime ideal, the condition for an ideal of being primary 
for m is clearly equivalent to the condition of containing some power of ni. 
Therefore, a local ring of dimension 0 is a local ring in which every non-unit is 
nilpotent. 

Proposition 1 . If a ring 0' is a homomorphic image of a local ring 0, it is a 
local ring and we have dim 0' ^ dim 0. In the case where dim 0' = dim 0, the 
images in 0' of the elements of a system of parameters in 0 form a system of param- 
eters in o'. 

By Proposition 1, §11, p. G93, we know that 0' is a semi-local ring; the only 
maximal prime ideal of 0' is clearly the image of the ideal of non units in 0. The 
image of a basic field of 0 is a basic field of o', which proves that 0' is a local ring. 
If Xi , • • • yXr are elements of 0 which generate a primary ideal for the ideal m 
of non units, their images in 0' generate an ideal which is primary for the ideal of 
non units of o', which proves Proposition 1. 

Since a local ring is also semi-local, we may use the notions of “complete”, 
or of “completion”, (and more generally all the topological notions), in con- 
nection with a local ring. 

I^OPOSITION 2 . The completion 0 of local ring 0 of dimension r is a local ring 
of dimension r. Any system of parameters in 0 is also a system of parameters in 0. 

If m is the ideal of non units in 0, we know that 0 is a semi-local ring in which 
every maximal prime ideal contains mo; since 0 is everywhere dense in 0, o/mo is 
isomorphic with o/m, i.e. is a field. It follows that mo is prime and that a basic 
field of 0 is also a basic field of 0:0 is a local ring. The elements of a system of 
parameters in 0 generate in 0 an ideal which is primary for mo. Let convei'sely 
{xi , • • • , X,} be a system of parameters in 0, and assume that 
contains m^o. We can find s elements Xi , • • • , x, in 0 such that Xi = (mod. 

(1 ^ t ^ s). If w^e set q = ox» , w^e have q Cl q + m*‘’’^o, and, 

by induction, m*d C q + m*'^”o for every n. By Lemma 6, §11, p. 695, it 
follows that m*o C q, m" C q n 0 = oxi , which proves that 0 is of dimension 
g s. Proposition 2 is proved. 

Proposition 3. Let 0 be a complete local ring and let m be the ideal of non units 

* This restriction is not really necessary, but makes some of the arguments simpler. 

• This definition of the dimension is equivalent to the one given by Krull, l.c. note 3), 
p. 692. (Cf. The appendix at the end of this paper.) 
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in o; if there exists a basic field K of o such that o/m is separable over K, K is 
contained in a sulhfield K* of o which is a complete system of representatives for the 
residue classes of o modulo m/® 

Let f be an element of o whose residue class modulo m generates o/nt over X, 
There exists an irreducible polynomial F{Z) with coefficients in K such that 
F(f) = 0 (mod. m), dF/dZiX) ^ 0 (mod. m). It follows that dF/dZ{^) has an 
inverse a in o. We shall construct by induction a sequence of elements f jfc c o 
such that X(fjfe) = 0 (mod. m*). We set = f; if f* is already constructed, we 
set fjfc+i = f A — aF(^k)] it follows immediately from the Taylor expansion 
theorem that F(f*+i) = 0 (mod. m^*). Moreover our construction shows that 
the sequence (f;fc) is convergent; if is its limit, we have F(foo) = 0. Since 

is algebraic over X, we have X(f^) = X[f^] Cl o, and X(f„) is clearly a com- 
plete system of representatives for the classes modulo m. 

Proposition 4. Let o be a complete local ring, and let {xi , • • • , Xr} be a 
system of parameters in o. If K is a basic field of o, the elements x{ , • • , Xr are 
analytically independent over X. 

Proposition 3 will follow immediately from 

Lemma 1. Let o be a local ring; let , • • • , :Crt he a system of parameters 
in o; let F be a form of degree d in r letters until coefiwients in o; if one at least of the 
coefficients of F does not belong to the ideal of non units m of o, we have F{xi , • * • ,Xr) 
i where % = 

Assume for a moment that F{xi , • • • ,Xr) e let F* be the form with 
coefficients in o/m which is deduced from F by reduction of the coefficients 
modulo m; since o/m contains infinitely many elements, we can find r — 1 
elements af , > • • , ajLi of this field such that F’*‘(aJ' ,*•'*, at-i , 1) 5 *^ 0; we select 
for each t (1 g t g r — 1) a representative c o of the class a* , and we set 
Xi = Xi — aiXr . Let f be the ideal ox \ . We have F(xi , • • • ,Xr) ^ 
F{ai , • ' • , Ur-i , l)xr (mod. j') and F(ai , • • • , flr-i , 1) is a unit; it follows that 
Xr € i' + since C y' -f oxr , we have CZ i' + whence, by induc- 
tion, CZ for every n; by Lemma 6, §11, p. 695, it follows that 

C whence m*^^ C y' for some h, which would imply dim o < r. 

Proposition 5. Let o be a complete local ring, and let xi , • * • , Xm be elements 
of 0 which generate an ideal which is primary for the ideal m of non-units in o. 
Then o is a finite module over K[[xi , • • • , Xm \]. 

This follows immediately from Proposition 4, §11, p. 695. 

Proposition 6. Let obe a local ring, and let a be an ideal in o. If a contains 
an element which is not a zero divisor in o, we have dim o/a < dim o. 

Let 5 be the completion of o; we know that 5/ao is isomorphic with the com- 
pletion of o/a (Proposition 5, §11, p. 699). Moreover ad contains an element 
which is not a zero divisor in d (Proposition 6, §11, p. 699). It follows that it 

Mr. Cohen has proved that every complete local ring (in the sense of the definition 
of Krull) which contains a field contains a field which is a complete system of represen- 
tatives for the residue classes n^odulo the maximal ideal. 

u It can be proved that Lemma 1 still holds for any local ring in the sense of Krull. 
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is sufficient to prove our assertion in the case where o is complete. Let K be 
a basic field of o, and let {a;i , • • • , Xr} be a system of parameters in o. If y 
is an element of a which is not a zero divisor, y is integral over K\[x \ , • • • , Xr]] 
by Proposition 5: there exists a rdationship of the form y”" + + . . . 

+ bfn = 0, with bi e K[[xi , * * • , Tr]] (1 ^ i ^ m); since y is not a zero-divisor, 
we may assume that bm = F{x^. , • • • , Xr) 9^ 0. We have b^ e a, whence F(x [ , 
• • • , Xr) = 0, if xi , • • • , Xr are the residue classes of Xi , • • • , Xr modulo a. 
By Proposition 4 above, it follows that xj , • • • , x' do not form a system of 
parameters in o/a, whence dim o/a < r by Proposition 1. 

I^ROPOSITION 7. Let Xi , Xm be elements of a local ring o of dimension r 
which generate an ideal which is primary for the ideal m of non-units in o. Let 
K be a basic field of o; it is possible to find r linear combinations of Xi , • • • , x„i 
with coefficients in o which form a system of parameters in o. 

We proceed by induction on r. The result is trivial for r = 0. Assume that 
r > 0 and that our result holds in local rings of dimension r — 1 . Let jc be the 
ideal oxi , and let c be the set of the elements c € o such that eje'* = {0} 
holds for some a. It is clear that c is an ideal; since it has a finite set of gener- 
ators, we have = {0} for some Oo ; if C y, we have = {0}, whence 
^aoh+i _ since c C m. We set o' = o/c, and we denote by xl , • • • , Xm 
the residue classes of Xi , • • • , Xm modulo c. If c' e o', the conditions c'xi = 0 
(1 ^ ^ m) imply c' =* 0. I^et iti , * • • , be the prime divisors of the zero 

ideal in o': none of these ideals can contain all the elements x< at the same time. 
Let 2)? be the vector space over K spanned by xi , • • • , Xm ; if 9W» = SD? fl n, , 
we have 2)?* 9 ^ (I ^ i ^ g)] since K contains infinitely many elements, wc 
can find a linear combination yi of xi , • • • , xL with coefficients in K which 
does not belong to any one of the sets 21?, : yi is not a zero-divisor in o'. We 
denote by r' the dimension of o', whence r' ^ r. Let o" be the ring o'/o'yl : 
we have dim o" < r' by Proposition 5. If 1 / 2 , • • • , y, are elements of 0 ' whose 
residue classes modulo o'yi form a system of parameters in 0 ", it is clear that 
the ideal o'yi is primary for the ideal of non-units in o', whence s -|- 1 ^ r'. 
It follows that s = r' — 1. In virtue of our induction assumption, we may 
take for 1 / 2 , •••,2/m, linear combinations of xi , • • • , x„, with coefficients in K; 
the elements yi , • • • , yr' form a system of parameters in 0 ' which is composed 
of linear combinations of xl , • • • , Xm with coefficients in K, Let yi , • • • , yr' 
be linear combinations of Xi , • • , Xn, with coefficients in K belonging respec- 
tively to the residue classes y'l , • • • , yr' modulo c, and let nto be any prime 
ideal containing 2 / 1 , * * • , yr' • The ideal of non-units in 0 ' being m/c, we see 
that m* C nto + c for some k. It follows that C nto , whence nto = m, 

which proves that r' = r and that 2 / 1 , • • • , 2/r form a system of parameters in 0 . 

Corollary. Lei 0 be a complete local ring, and let K be a basic field of 0 . If 
Xi , • • • , Xr are elements of 0 which are analytically independent over K and s^ich 
that 0 is a finite module over iiC[[xi , • • • , Xr]], these elements form a system of param- 
eters in 0 . 

Let nt be any prime ideal in 0 containing xi , • • • , Xr ; the ring o/m is a finite 
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module over K][xi , • • • , Xr]]/K[[xi , • • • , xj] fl m = K; since o/m is a ring 
without zero divisors 9^ 0, o/m is a field, which proves that m is the ideal of 
non-units in 0. By Proposition 7, wc can form s linear combinations i/i , • • • , 2/» 
of Xi , • • • , a^r with coefficients in K which constitute a system of parameters 
in 0; since K[[xi , • • • , Xr]] is a finite module over K[[yi , • • • , jyj], we must 
obviously have s — r, which proves the corollary. 

Proposition 8. Let 0' he a ring which contains a complete local ring 0 as a 
sub-ring and is a finite o-module. If 0' has no zero divisor ^ 0, 0' is a complete 
local ring. If m is the ideal of non-units in 0, mo' is primary for the ideal of 
non-units in o'. 

By Proposition 3, §11, p. 094 we know that 0' is a complete semi-local ring 
and that mo' contains a power of the product of all maximal prime ideals 
m' of o'. By Proposition 2, §11, p. 693, we see that, 0' having no zero-divisor 
7^ 0, there can exist only one prime ideal m'. Proposition 8 then follows im- 
mediately. 

Definition 3. A local nng 0 is said to be regular^^ if the ideal m of non-units 
in 0 can be generated by a system of parameters; such a system of parameters is 
then said to be regular. 

From now on, we shall denote by 0 a regular local ring and by {xi , • • • , Xr] 
a regular system of parameters in 0. 

It is clear that the completion of 0 is again regular; if {ui , • • • , is a set 
of elements of 0 whose residue classes modulo m form a linear base of o/m 
with respect to a basic field of 0, we have 0 = K[[xi , • • • , Xr]]ui,^^ Every 
element a € m* may be written in the form F{xi , • • • , Xr), where F is a form 
of degree k with coefficients in 0; by Ijemma 1, the form F* deduced from F 
by reduction of the coefficients modulo m is uniquely determined when a is 
given; this form is null if and only if a e It follows that, if a € m*", a 4 

b €m\ b i m^'‘"\ we have ab 4 In particular, a regular local ring has no 

zero divisor 5*^ 0. 

Let now a be the ideal generated in 0 by a-i , • • • , , where s < r. The 

residue classes , • • • , xv of Xrs+i , • • • , Xr modulo a generate the ideal of 

non units in o/a; conversely", if 2/1 > ’ * ' > 2/« a-re elements of 0 whose residue 
classes modulo a form a system of parameters in o/a, the ideal generated by 
0*1 , • • • , , 2/1 , • • • , 2/< is primary for m, whence dim o/a = ^ ^ r — s. It 

follows that o/a is regular and that Xr-9+1 , • • • , x* form a regular system of 
parameters in o/a. Since o/a has no zero divisor 0, a is prime. 

Conversely, let p be a prime ideal in 0 such that o/p is regular, and let 2/1 , 
• • • , 2/« be elements of 0 whose residue classes modulo p form a regular system 
of parameters in o/p. We can express yi in the form ^ 0); let 

a* be the residue class of a,y modulo p. Since the residue classes xf , • • • ^ x* 
of Xi , • • • \ Xr clearly form a system of generators of o/p, we have also x^ = 

“ This notion corresponds to the notion of “p. Stellenring** of Krull, l.c. note 3), p. 692. 
We use the word “regular’^ because these rings occur in the theory of the regular points of 
an algebraic variety. 

“ Cf. the proof of Proposition 4, §11, p. 695. 



ON THE THEORY OF LOCAL RINGS 


705 


lliicvt : let A*, B* be the rectangular matrices (o?,), (6?*), and let C* = 
(cjfc) be the matrix A*B*, We have cJti/r ; by Lemma 1, we have 

c** = 5,* (mod. m/p). It follows that the determinant of C* is a unit, which 
proves that one at least of the determinants of order s extracted from A* 
is a unit; we may assume without loss of generality that this happens for the 
determinant of the s last columns. We may then express , • • • , Xr 

as linear combinations of yi , • • • , 2 /. , xi , • • • , with coefficients in 0 , whence 
m = ^*-1 02/i + Let bjk be a representative in 0 of the residue 

class b^modulo p; we set xk = Xh — ^h.kVk- It is clear that { 1 / 1 , • • • , 

I/, , xi , • • • , Xr-s] is a regular system of parameters in 0 and that xi € p (1 ^ 
h ^ r ^ s). The ideal p' = is contained in p; we know already that 

it is a prime ideal and that dim o/p' = s = dim o/p. By Proposition 6, it fol- 
lows that p = p'. We have therefore proved the following results: 

Proposition 9. Let 0 be a regular local ring. Then 0 does not contain any 
zero divisor 5 *^ 0. If [xi ^ Xr] is a regular syste^n of parameters in 0 , and if 
s < r, the ideal generated in 0 by xi, — , Xr_« is prime and the factor ring of 0 
by this ideal is regular of dimension s. Conversely^ let p he a prime ideal in 0 
such that o/p is regular^ and let yi^ • • • , t/, be elements of 0 whose residue classes 
modulo p form a regular system of parameters in o/p. Then we can find r — s 
elements in 0 which form a set of generators of p and which, together with yi , • • • , 
y , , form a regular system of parameters in 0 . 

§IV. Definition of the Multiplicity 

Lemma 1. Let ^bea hypercomplex system over afield K, and lei (0} = n?«i q» 
he an irredundant representation of the zero-ideal in ^ as an intersection of primary 
ideals. If u< is the prime divisor of , we have [0:/C] = 23?-! > 

where U is the length of q< . 

It is well known that ® is the direct sum of g ideals 0i = , where each 

is an idempotent and is isomorphic (as a ring) with ©/q» ; may be con- 
sidered as a primary” hypercomplex system over Ke, , in which the only prime 
ideal is Ut /q» . It follows that it will be sufficient to prove the lemma in the 
case where g = 1. We then set Ui = u, Zi = I, and we have to prove that [®:X] 
= [®/u :/?]•?. I^et us form a chain of Z -+• 1 ideals Oo , t)i , * • * , , beginning 

with do = {0}, ending with dz = such that d/_i Cl d> , dy_i 5 *^ d; and that no 
further ideal can be inserted between dy-i arid d; (1 ^ j ^ Z). Let Vj(l ^ j ^ 1) 
be an element of d^ not contained in d ; we have clearly d j = ©vi + • • • + ©vy . 
We shall prove that udy C dy-i ; in fact, the ideal dy_i + udy is either equal to 
dy_i (in which case our assertion is proved) or to dy ; in the latter case, we would 
have t;y(l + u) € dyi-i for some u € u, which is impossible because 1 + u is clearly 
a unit in @. It follows that dyd/y->i may be considered as an (@/u)-module. 
Every (@/u)-sub-module of dy/dy~i is of the form d/dy-i where d is an ideal 
in © such that dy-i C d C dy ; therefore d/ypy_i is an (©/u)-module of dimen- 
sion 1, whence [dy/dyL-it/C] = [©/u:K]. Since [©:K] = 

Lemma 1 is proved. 

Lemma 2. Let v be a local ring of dimension 1 in which the ideal of non units 
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is principaly and let x he a generator of this ideal. Let o be a ring containing r 
and which is a finite x-module. Assume that no element 9 ^ Q if x is a zero divisor 
in 0 . Let xo = n?«i Qt be an irredundant representation of xo as an intersection 
of primary ideals in 0 . We have [o:r] = [o/u,:r/xr]-Zi , where is the as- 

sociated prime ideal of q,- and where h is the length of 

It is clear that every ideal in r is principal and is generated by some power 
of X. It follows that 0 has a linear base {wi , • • • , wd} over r (the elements 
coi , • • • , c*>d being linearly independent over r). Since u,- 5 ^ 0 and since xx 
is a maximal prime ideal in r, we have u,- fl r = xx (1 g ^ g). The ring 
o/xo is a finite module over the field x/xx; this means that o/xo is a hypercomplex 
system over x/xx. It is clear that the residue classes of a?i , • • • , m modulo xo 
form a linear base of o/xo over r/xr, whence [o/xo:r/xr] = [o:r]. 

It is clear that {0} = q,/xo is an irredundant representation of the zero 
ideal in o/xo as an intersection of primary ideals and that the associated prime 
ideal of q,/xo is Ui/xo. The length of qt/xo is equal to U , because' there exists 
a one-to-one inclusion preserving correspondence between the ideals containing 
q,- in 0 and the ideals containing q,/xo in o/xo. The field (o/xo)/(Ut/xo) is iso- 
morphic to o/Ut ; therefore Lemma 2 follows immediately from Lemma 1. 

Theorem 2. Let 0 he a complete local ring which does not contain any zero 
divisor 9 ^ 0, and let {xi , • • • , Xr} be a system of parameters in 0 . There exists 
an integer e = 6 ( 0 ; Xi , • • • , Xr) which has the following property; if K is any basic 
field of 0 , we have [o:K[[xi , • • • , xj]] = e. [o/miK], where m is the ideal of non 
units in 0 . 

The proof proceeds by induction on the dimension r of 0 . If r = 1 , the result 
follows immediately from I^emma 2. Assume that r > 1 and that the result 
holds for the dimension r — 1, If X is a basic field of 0 , an element of the form 
x7^F{xi , • • • , Xr_i) (where is a power series with coefficients in K) is not 
integral over K[[xi , • • • , Xr]] (because this ring is integrally closed) and there- 
fore does not belong to 0 ; it follows that XrO fl K[[xi , • • • , Xr]] = XrK[[xi , • • • , Xr]]. 
The ideal XrO contains some power product of prime ideals in 0 ; if every one of 
these prime ideals were to contain an element 5 *^ 0 of K[[xi , • • • , Xr-i]] the same 
would hold for XrO (because K[[xi , • • • , Xr-i]] has no zero-divisor ^ 0) ; this is 
not being the case, there exists at least one prime ideal u in 0 containing Xr 
and such that u fl K[[xi , • • • , Xr~i]] = {0}. If u is any such ideal, the residue 
classes Xi , • • • , Xr-i of Xi , • • • , Xr-i fnodulo u are analytically independent over 
K and o/u is a finite module over the ring K[[xi , • • • , xLi]], whence dim o/u = 
r — 1, by the corollary to Proposition 7, §III, p. 703. Conversely, if u is a 
prime ideal ^ ntaining Xr and such that dim o/u = r — 1, the residue classes 
of xi , • • • , Xr-i modulo u obviously form a system of parameters in o/u, whence 
u n K[[xi , • • • , iTr-i]] = {0}. We see that the prime ideals u containing Xr 
and which satisfy the latter condition are characterized independently of the 
basic field K; it follows immediately from Proposition 6, §III, p. 702 that any 

w We denote by [o:rl the maximum number of elements of 0 linearly independent over r. 
This is also the dimension of the ring of quotients of 0 , considered as a vector space over 
the field of quotients of r. 
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one of these ideals is a minimal prime divisor of XrO, which proves that there are 
only a finite number of them, say Ui , * * • , ; moreover there corresponds to 

every Uj a uniquely defined primary component by of XrO; we denote by /, the 
length of by. Since o/uy is of dimension r — 1, our induction assumption 
guarantees the existence of a number = e(o/vLj ; Xi,j , • • • , Xr-i,y) (where Xt,y 
is the residue class of Xi modulo Uy) such that [o/Uy:/C[[;Ci.y , • • • , Xr-i,y]]] = ey • 
[(o/uy)/(m/uy):/C]. We shall see that the number e = has the required 

property. 

We denote l)y S the set of the elements 0 in K[[x \ , • • • , S is multi- 

plicatively closed and no element of /S is a zero divisor in o; it follows that we 
can construct the rings of quotients Os of o and r of [[xi , • • • , with respect 
to aS. The ideals Uy are all the prime divisors of xo which do not meet S; by 
Lemma 3, §1, p. ()91, .TrOs = Oy.i byOs is an irredundant representation of avo 
as intersection of primary ideals in Os , and byO^ is of length Ij . The ring r 
is clearly a local ring of dimension 1 in which the ideal of non units is generated 
by Xr ; since o is finite over K[[x \ , • * • , Xr]]t Os is finite over r. The field Os/uyO^ 
is the field of quotients of o/uy , whence [ 0 s/uy 0 s:r/uy 05 0 r] = cy*[(o/uy)/ 
(m/uy):K] = Cy[o/m:X]. By Lemma 2, we have [o^rr] = e[o/m:K], which 
proves Theorem 2 for the dimension r, since [os^r] = [o:i*C[[xi , • • • , Xr]]]. 

Definition 1. If o is a complete local ring without any zero divisor 0, 
and if [xi^ y Xr} is a system of parameters in o, the number c(o; Xi , • • • , .Tr) 
whose existence is asserted in Theorem 2 is called the multiplicity of o with respect 
to the system {xi , • • • , Xr}. 

It is clear that this multiplicity is an invariant of the ring K[[xi , • • • , .Tr]], 
where K is any basic field of o. We shall prove that it is also an invariant of 
the ideal • 

Proposition 1, Let o he a complete local ring which does not contain any zero 
divisor 9 ^ 0 , // {xi , • • • , Xr} and {xi , • • • , Xr] are two systems of parameters 

in 0 , the equality oxi = oxi implies e(o; Xi , • • • , Xr) = e(o; xi , • • • , Xr). 

We set x'i = a,yXy (Gty € 0 ), and we denote by m the ideal of non-units 

in 0 . One at least of the elements a^y does not belong to m, because otherwise 
we would have oXi Cl m(X^i ox»), which is clearly impossible if ox* = 
oXi . We may assume without loss of generality that Urr i m; it follows that 
arr is a unit, whence Xr e x<o + XrO and oXi = ^<“1 ox,- + oxr . It 
follows that, if r > 1, it is sufficient to prove Proposition 1 under the supple- 
mentary assumption that {xi , • • • , Xr} and {xi , • • • , Xr} have an element in 
common. 

This being said, we prove Proposition 1 by induction on r. If r = 1, Lemma 
2 shows that e(o; Xi) is the length of the primary ideal 0 x 1 , which proves Propo- 
sition 1 in this case. Assume now that r > 1 and that Xr = Xr . Making use 
of the notations of the proof of Theorem 2, we see that it is sufficient to jprove 
that e(o/uy ; Xi.y , • • • , Xr-i.y) = c(o/uy ; xi,y , • • • , where x,-.y , x,-.y are 

the residue classes of x,- , xi modulo Uy . But we have ^5-1 (o/uy)x,-,y = (uy + 
0Xi)/Ui = (uy + = £<-i (o/uy)x<.y, which proves the 

formula in question, since dim o/uy = r — 1. 
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APPENDIX 

On the dimension of local rings 

We shall prove that the definition of the dimension of a local ring which is 
given in the text (Definition 2, §III, p. 701 ) is equivalent to the definition 
given by Krull (loc. cit., note 3 , p. 692 ). In this appendix, we shall take the 
notion of local ring in the sense of Krull (i.c., we drop from our definition the 
requirement of existence of a basic field). 

I^t 0 be a local ring; we denote by r the dimension of o in the sense of our 
definition and by / its dimension in the sense of Krull’s definition. The in- 
equality r' ^ r follows immediately from Theorem 7 * in KrulPs paper; we have 
therefore to prove that r ^ r'; it will be sufficient to prove that there exists 
a chain of r + 1 prime ideals po , pi , • • • , pr in o such that pt_i is properly con- 
tained in p,* (I ^ i ^ r). There is nothing to prove if r = 0 . Assume that 
r > 0 and that our assertion holds for local rings of dimension .r — 1. We 
denote by p the ideal of non units in o and by Ui , * • * , the distinct minimal 
prime divisors of the zero ideal in o. We have n* ^ p {I ^ i ^ g) because r 0 ; 
it follows that none of the ideals n, can contain simultaneously all elements of 
a system of parameters {xi , • • • , av} in o. Assume for instance that Xi 4 Hi . 
It may happen that xi belongs to some Xik with k > 1 ; if this is the case, we select 
an index i(k) such that ;r,(A) 4 tiAr and an element a* which belongs to Uy 

but not to xik (this is possible because n* does not contain Uy for j 9^ k); we set 
CLkXii^k) , the sum being extended to all indices k such that Xi € xik . 
The element x[ does not belong to any of the ideals n< (1 ^ i ^ g) and the ideal 
oxi + ox,* is equal to o.r,* , which proves thp,t Xi , X2 , • • • , Xr form 

a system of parameters in 0. Let 0* be the local ring 0/0x1 ; if , • • • , 
are elements of 0 whose residue classes modulo 0x1 form a system of parameters 
in 0*, there exists an exponent h such that p^ + oxi C oxi + ^y-. oyj , and 
therefore the ideal 0x1 + oi/y is primary for p, whence s ^ r — 1. Since 

the residue classes of X2 , • • • , Xr clearly generate an ideal in 0* which is primary 
for p + oxi/oxi , we conclude that 0* is of dimension r — 1. It follows from our 
inductive assumption (applied to 0*) that there exists a chain of r distinct prime 
ideals pi , • • • , pr in 0, containing 0x1 and such that p,«i Cl p,- (2 ^ ^ r). 

Since pi contains x[ , it cannot be a minimal prime divisor of the zero ideal. 
Since pi is prime and contains 0 , it contains some minimal prime divisor of the 
zero ideal, say po , and our assertion is proved for local rings of dimension r. 

Princeton University 
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ON SOME ALGEBRAICAL PROPERTIES OF OPERATOR RINGS 

By John von Neumann 
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§1. The notations to be used in this paper agree with those of the papers 
quoted below, especially [2]. The results which we obtain will be used in [5], 
but they seem to have a certain interest of their own as well. 
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§2. We consider an operator ring M in a Hilbert space ^ which contains 1. 
We say that a notion defined in M is purely algebraical if it can Ix) expressed in 
terms of the entity 1 (the unit operator) and the operations olA (a any complex 
number), .4*, A + By AB alone and referring only to operators belonging to M. 
Thus if a mapping of M onto another ring is isomorphic, that is if the notions 
of ly aAy A*y A + B, AB are invariant, then every '‘purely algebraic'' notion is 
invariant. 

Notions w^hich refer explicitly to elements of iQ will not in general be purely 
algebraical. 

Now the notions which follow do refer to elements of 

(а) Definiteness of an A € M. 

(/3) The numerical value of the bound ||| A ||| of an A e M. 

(7) The fact that limn-oo strong An = A when A, Ai , A2 , • • • c M. 

(б) The fact that limn-*oo ^veak An = A when A, Ai , A2 , • • • c M. 

(For the strong and weak notions of convergence, used above, and for the cor- 
responding topologies, to be referred to below, cf. [1], pp. 381-388.) The object 
of this paper is to show that the notions (a)- (5) are nevertheless purely alge- 
braical. 

We shall not prove the same thing concerning the strong and weak topology 
(for operators). It is probably not generally true. For an important special 
case where it is true, cf. [5], Theorem I. 

(a) and (ff) are easy to dispose of, cf. §3. (6) follows from (7) by a known 

argument which will be given in §6. So the main difficulty lies in establishing 
the character of (7), which will be done in §5. The discussion of (7) and (5) 
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would be much easier if the notion of being purely algebraic did not exclude the 
use of operators not in M, cf. §4. 

§3. We begin by considering (a) and (jS). 

Lemma 1. A c M definite if and only if A = B*B for some B eM, 

Proof. Sufficiency: Suppose A = B*B for B eM. Since B* t My A cM. 
Furthermore (A/, /) = (B*Bfy f) = (B/, B/) = || B/ 1|' S 0 and hence A is 
definite. 

Necessity: If A € M is definite, then there exists a definite B c M with B^ = A. 
(For the existence of B cf. [2], p. 307, Theorem 7, or [4], p. 142, §4.4. B is 
bounded along with A} That A eM implies B cM is shown in [4], p. 143, 
Lemma 4.4.1. There exist also simple direct proofs, using functions of func- 
tional operators.) Now B = B* so A = B*B. 

Lemma 2. ||| A ||| is the smallest {real) number a ^ 0 such that a-1 — A*A 

is definite. • 

III A III is the smallest a ^ 0 such that for every/, || Af ||^ ^ ol • ||/ ||^, The 
inequality may be rewritten 0 ^ a* \\f\f — || A/||^ = a(f,f) — (A/, Af) = 
«^(/> /) "" i^*^fyf) = “ ^*^}fyf)- Thus the statement, “for every 

/, II A/ ^ a' 11/ ||‘^^^ is equivalent to “a^*l — A*A is definite.’^ Substituting 
in the first sentence yields the lemma. 

Thus we have shown 

Theorem I. The notions (a) and (fi) {definiteness and hound) are purely al- 
gebraical. 

§4. Let us now interrupt our discussion in order to analyze (7) and {5) with- 
out the necessity of avoiding the use of operators not in M. This is much easier 
than the discussion with the original observance, to be given in the two next 
sections. 

limn-*oo strong An = 0 means limn-« ||An/|| = 0 for all /€©; 

limn-^ weak An == 0 means limn-^00 1 (A,/, g) | = 0 for every / and g in §. Clearly 
we may restrict ourselves in both cases to the / and g with |1/1| = ||gf|| = 1. 

Denote the closed linear set of all af as usual by [f], and its projection by 
P[/] . Then one sees immediately that (for ||/|| = ||gr|| = 1) 

APinh = Cf, h)Afi P(.,APi/jft - Cf, A). (A/, g)g. 

Hence 

III APin 111 = 11 Af II , HI III = I (Af, g) I . 

Now the P[/] are obviously the minimal projections of the ring B of all bounded 
operators in §, i.e. those projections E for which the only projections F ^ E 

iWehave IIB/ll* « /) - (A/,/) ^ I1A/||.|1/|1 S 111 A HI • || / 1|*. Thus 

II B/ 11 ^ \/l|| A 111 • 11/11 • Hence B is bounded along with A. 
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are F = Oj E. (Cf. [4], pp. 143, 144, Definition 5.1.2. The assertion concerning 
minimal projections is obvious.) So we see 

limn-«, strong An = 0 means that always limn-o^ III 1|| = 0 

limn-*oo weak An = 0 means that always limn-.« ||| GAnE ||i = 0. 

Here E, G run over all minimal projections of the ring B of all bounded operators 
in fQ, 

The drawback in all this is that we had to refer to the ring B instead of M. 

§6. We now proceed to the more difficult analysis of (7) in the original sense. 
Definition. A sequence , ^2 , • • • € M fs a S sequence if it possesses the 
properties 

(i) The (numerical) sequence ||| ||| , ||| ^2 1|| , * * * is hounded, 

(ii) There exists an operator X € M such that 1.) for all C eM CX = 0 implies 
C = 0, and 2.) all the operators, 

1 — (AmX)*(^mX), (n = 1, 2, • • •) are definite. 

Lemma 3. For every 2 sequence, Ai , A2 , • • • eMwe have limn-*oo strong An = 0* 
Proof. For every / c § we have 

({1 - Z-x {A„X)*{A„X)\f,f) ^ 0. 

i.e. 

i:Z-x((A„X)*iA„X)f,f) ^ (/./), 
i.e. 

g ii/ir. 

Consequently |1 1|* g ||/||* and therefore || A„X/(| = 0. 

Thus we have shown: The set @ of all ^ § with Iimm_„ || Am^ 1| = 0 contains 
the range of X.- 

0 is clearly a linear set, and since the Ai, At, • • • are uniformly bounded (by 
(i)), 0 is closed. Let E be the projection on 0. We next show 0 M. (For 
this notation, cf. [4], p. 141, Def. 4.2.1.) For suppose U' eM' is unitary and 
/*©. Then lim,,„„ II A„C/'/|| = lim.,^. || U'A,J\\ = lim,,«„ || A„/|| = 0. 
Thus / « 0 implies U'f e 0 and 0 is invariant under every C/' « M' or 0 i; M. 
This implies E fM. 

Since the range of X is contained in 0, EX = X or (1 — E)X — 0. Hence 
by (ii), 1 — S = 0 and I = E. Thus 0 = $ that is limm_„ strong A„ = 0. 

Lemma 4. For every sequence, Ai , Aj , • • • « M vnth lim„_„ strong A„ = 0 
there exists a subsequence Ai< , Aj- , — which is a 2 sequence. 

Proof. ||| Ai ||| , ||| Aj ||| , • • • is bounded by [1], p. 382, footnote 35), hence 
1 1 Ml' III > IIM*' III > " ’ * fortiori bounded for every subsequence. 

Consider now an everywhere dense sequence ^ • in 

For every i = 1, 2, • • • , lim«_« || A«/S 1| * 0. Choose accordingly k(,i) such 
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that for n ^ Jfc(f), || Anf^ || ^ 1/2* for all j = 1, • • • , i. Choose a subsequence 
1', 2', • • • of 1, 2, • • • with 1' < 2' < • • • and ^ Hi). Then || An'fj || ^ l/2~ 
if n ^ j. Consequently || An^fj \ f is finite for j = 1, 2 , • • • . 

Thus: The set 5 of all g € § for which X)n-i || An^g \ f is finite, contains all 
/i , / 2 , • • • and therefore it is everywhere dense in 

Form the space oo ® § of all sequences </i , / 2 , • • * > of elements of § 
with II/» 11^ < is a Hilbert space. (Cf. [4], pp, 136-137, §2.4.) 

Consider the following operator T from ^ to oc ® 

Tf^ </, Ar/,^2^/, ...> 

(Cf. [3], Def. 1.2, p. 303.) The domain of this T is obviously the above defined 
set 5. T is linear and it is also easy to verify that T is closed.^ Therefore we 
may apply an argument for operators between Hilbert spaces similar to that of 

[2] , p. 309, Satz 10, according to which there exists one and only one self-adjoint 
(i.e. hypermaximal) definite operator B in ^ which is metrically equivalent to T, 
i.e. such that it has the same domain as T and always \ \ Bf \\ = \\ Tf \\ . (Cf. 

[3] , §4, pp. 311, 312.) 

Thus the domain of B is g and always 

(1) iiB/ir = ii/ir+E?-iiM.'/ii*. 

Consider a unitary J/'eM'. Then U'Ai> = ArJ7' and hence (1) implies 
II BU'f II = II Bf II and || U'-^BU'f || = || Bf\\ . Thus U'-^BU' possesses the 
above properties which characterize B uniquely. So IJ'~^BU' = B, i.e. U'B = 
BU'. Thus BriM. (Cf. again [4], p. 141, Def. 4.2.1.) 

By (1), Bf = 0 implies / = 0. This and the self-adjointness of B imply that 
is also self-adjoint. By (1), \ \ Bf \\ ^ ||/ || , hence || B~^g || g || g || and so 
is bounded. Now B rjM yields B“^ rj M and since B~~^ is bounded, B~^ c M. 
(Cf. [4], p. 141, Lemma 4.2,1.) Put X = B^'. ThusXeM. Since X = B”', 
CX = 0 implies Cf = CXBf = (CX)-Bf = 0 for / in the domain of B which is 
dense. For C bounded, this implies C = 0 and thus we have (ii) 1 of the defini- 
tion of this section. 


2 We must prove lim„^« II /n — / II “0, lim«_**, H Tfn — !l =0 imply the existence of 
Tf and Tf * /*. 

Put/* =» /^‘^ /^*^ • • •>. Then lim„_^« || Tfn — /* 1 !* = 0 means that 

limn-.oo (II fn - /»> 11* 4 - II Ai^fn - /<*> ||*) = 0 . 

Hence, a fortiori 

lim„^« II /n - II “ 0, lim„_^« || Ai^fn - //*^ I1 *= 0. 

Thus / » and Consequently 

II / II’ + E7-1 II II’ - II ^ II’ + Z?-i II II’ - II f* II’ 

i.e. 537-1 II is finite. 

So Tf is defined and Tf — </, A^f, Avf, • • •> — </<“>, /<*>, /<•>, •••>—/* as desired. 
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By equation (1), II' ^ l|B/|p, hence E-i'll^m-X^ |1* g 

1 1 gr 1 1®. This may be written 

i:;;-! {{A^.X)*{A„.X)g,g) g {^,g) 
or 

({1 - Em-1 g) S 0. 

Thus the operator 1 — E'"-i is definite, i.e. we have (ii)2. 

This completes the proof. 

Lemma 5. For a sequence ^1,^2, * • * , € M we have strong An = 0 

if and only if every subsequence Ai y , • • • 0/ Ai , A2 , • • * possesses a subsequence 
which is a ^-sequence. 

Proof: Necessity: limn-^ strong An = 0 implies for every subsequence 
Ai , A2 , • • • that limn-oo strong An = 0. Hence Lemma 4 applies to Aj , Aj , • • • 
and so it has a subsequence Av , Ao' , * • • which is a 2-sequence. 

Sufficiency: Assume that we do not have limn-oe strong An = 0. Then there 
exists an / € § for which we do not have limn-*«, || A„/ || = 0. Conseciuently 
there exists a subsequence Ai , Aj , • • • of Ai , A2 , • • • with limn- «iiA«/ii = « 
for an a 0 (but possibly a = cc ). Thus for every subsequence, Ay , Ao' ,••• 
of Ai , A2 , • • • equally lirun-x 1 1 An / || = a thus excluding limn-oo strong An' = 0. 
Hence Lemma 3 excludes that ^li , A2 , • • • be a 2 sequence. 

Therefore, if the condition of our lemma is satisfied, we must have 
limn-oo strong An = 0. 

Replacing Ai , A2 , • • • by Ai — A, A2 — A, ••• we can conclude 
from I^emma 5, 

Theorem II. The notion (7) {strong convergence) is purely algebraical. 

§6. (5) can be deduced from (7) by a known argument, which, nevertheless, 
we will give in full for the sake of completeness. 

Lemma 6. If limn-oo weak An = A there exists a subsequence Ay , A2' ,*•• 

0/ Ai , A2 , • * * such that linin-oo strong - 

n 

Proof. Since we may replace A, Ai , A2 , ■ • • bj' 0, Ai — A, At — A, • • • 
there is no loss of generality if we as-sume that .4=0, i.e. lim„_„ weak 4.. = 0. 

By [1], p. 382, footnote 35, ||| Ai ||| , j|j .42 1|| , • • • is bounded. Let a be a 
bound, i.e. 1 1 1 A* 1 1 1 ^ a < «j . 

Consider now an everywhere dense sequence /i , /? , • • • in §. 

We shall define a subsequence 1', 2', • • • of 1, 2, • • • by induction. Assume 
therefore that 1', 2', - (m — 1)' are already defined. We shall now define m'. 

Since lim.-,. weak A„ = 0, lim„-„ {A^, g) — 0 for any two/ and g Hence, 
in particular lim„-,» (Anfi , Ar/i) = 0 for all I = 1', 2', • • • , (m — 1)' and all 
z = 1, • • • , m. Consequently there exists a k{m) such that n ^ k(rn) implies 
I (Aji , Ai.fi) I ^ 1/2” for all f' = 1', • • • , (m - 1)' and all i = 1, • • • , m. 
Now choose w' ^ k{m) and >(m — 1)'. 
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Thus 1' < 2' < • • • and | | g 1/2”* for m > 1 and m ^ i. Inter- 
changing m, 1 ’ gives | , A rj^) | ^ 1/2*, for m < Z and Z ^ t. Summing up : 

(2) {|(A„./?,A,.>1)|gl/2"‘“'-'> 

if TO 7 ^ Z and Max (to, Z) S i. 

Now n ^ t yields 

II (E^-i ir = (E:-i , E:u. 

= > -dl'/i) -H , Am'fi) 

+ Em./- 

s(t-i)Vii/?ir-H(n-t-hi)«*ii/sir 

I \^n ^ /QMax(m,{) 

I ^^m,2->l(mV2,Max(m,0 

= « -11/2 ir(n + (* - m - 2)) -h 


and so 


^ a^||/^ir(n + (Z- 1)(Z- 2)) -t-3' 


I (1 II si ViOT.’ln 

This implies lim„_« j|Q E«i-^m'^/<j| = 0- 


? IIVI;/ -h (Z - 1)(Z - 2)] + 3 


Thus we have shown: The set 0 of all g with 

lim„_« I ^ I ~ ^ contains all /? , , • • • . 


Hence 0 is everywhere dense in Since all ||| A„r ||| S a I - E^i -^m' | ^ « 

Wn III 

for n = 1, 2, • • • . Thus the - E^i -^m' uniformly bounded and conse- 

n 

quently 0 is a closed set. So 0 == § and limn-.« strong - E^i ^m' = 0- 

Tb 

This completes the proof. 

Lemma 7. limn-oo An = A if and only if every subsequence , • • • of 

Ai, A 2 , • • • possesses a subsequence Ay ^ Ay ,•• • such that 

lim„_« strong - E^i = A. 
n " 

•Remember that = (Avfj;^, A„'fi'^). 

* We introduce a new summation variable, k » Max (i, j). Given k the number of paris 
if j which belong to it is clearly 2k — 2. 

‘We have 2t_i ^ Eiw “ 3- 
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Proof. Necessity: Assume limn-** weak An = A, For every subsequence 
Ai , Aj , • • • of Ai , A2 , • • • , limn-oo weak An = A. Hence Lemma 6 applies 
to Ai y Aj , • • • and so it has a subsequence Ay , A2' , • • • such that 

limn->oo strong -- = A. Thus the necessity of the hypothesis is 

n 

established. 

Sufficiency: Assume that the hypothesis is true but limn-00 weak An = A 
is not true. Then there exists an / and g e ^ for which we do not have 
limn^oo (Ati/, g) = (A/, g). Consequently there exists a subsequence 

Ai* , A2* , • • • of Ai , Ao , • • • with limn_*oo (An*/, g) = a for an a (A/, g) 
(but possibly a = <»). Hence if Ay, Ay, • • is any subsequence of 
Ai* , A2* , • ■ * 

limn-oo (An'/, g) = ot and a = limn-*oo - (Am'/, g) 

n 

= limn-»oo Am'ff • 

On the other hand, by hypothesis there is a subsequence Ar , A2' , • • • of 

Ay, A2* , ••• such that limn-« strong - X^m-iAm' = A and consequently 

n 

limn-oo Am'f, ^ = (A/, g) 9^ a. This contradicts the last result of 

the preceding paragraph, which states that for every such sequence, the limit is a. 
This contradiction proves the sufficiency of the hypothesis. 

With Lemma 7 , we have shown 

Theorem III. The notion (5) {weak convergence) is purely algebraical. 
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ON RINGS OF OPERATORS. IV 
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INTRODUCTION 

§1. The object of this paper is the investigation of the isomorphism properties 
of those operator rings which are factors and which are the substratum of several 
earlier publications of the authors. (Cf. [5], [6] and [8]. For the detailed defi- 
nitions and also for the cases of factors — of which there will be more to say 
lielow — cf. [5], p. 138, Definition 3.1.2, p. 172, Theorem VIII.) The discrete 
cases — i.e. the cases (I) — ha\’e been exhaustively dealt with before. (Cf. [5], 
p. 173, Lemma 8.6.1, p. 139, Definitions 3.2.1 and 3.2.2 and Lemmas 3.2.1- 
3.2.3.) The purely infinite case — i.e. the case (III)- -is the most refractory of 
all and we have, at least for the time being, scarcely Viny tools to investigate it. 
([8] deals mainly with these factors.) Thus we are left with the continuous 
cases — i.e. the cases (II) — and they are our main objective in this paper. 

An added justification of this program may be found in the fact that among 
all factors those of the finite continuous case — case (IIi) — ^lia\'e the strongest 
immediate interest. (Cf. [5], part V, [G] Chapter IV and Appendix.) 

It will be seen however that the discrete cases can be included in our discus- 
sion with scarcely any extra effort. So we shall deal with tliem, i.e. with all 
cases but the purely infinite one. 

For the discrete and continuous cases, the finite ones — i.e. the cases (In) 
(n = 1, 2, • • • ) and (IIi) respectively — are basic because the infinite ones — i.e. 
the cases (I«) and (II*,) respecti\'el 3 " — can be subsequently described with their 
help. (Cf. Theorem IX and Lemma 3.1.6) Therefore we shall direct our main 
effort on the finite cases. And since the discrete ones — (the cases (In), {n = 
1, 2, • • • )) — are just the finite order matrix rings, this means essentially the 
above-mentioned continuous finite case (IIi). 

§2. Let us now state the main problems of isomorphism more precisely. 

Consider an operator ring M in a Hilbert space ^ which contains 1. (We do 
not restrict M in any other way j^et. For the significant definitions, cf. [2], pp. 
388-389, Definitions 1-3). Then there exist two kinds of notions in M: First, 
those which can be expressed in terms of the entity 1 (the unit operator) and the 
operations aA (a any complex number), A*, A + B, A-B alone and referring 
only to the operators belonging to M; Second those which need other things as 
well, e.g. operators outside of M, elements of etc. The former notions are 
purely algebraical, the latter ones are not; we shall also call them spatial. 

These notions were already investigated by the second author in [9]. 

It seems worth while to formulate this distinction in terms of isomorphisms. 

Let, for each i = 1 , 2 a Hilbert space and an operator ring M» in be given. 
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We now define 

A) Spatial isomorphism of Mi and M 2 . This is a one-to-one isomorphic 
mapping of on ^2 (i.e. one which is linear and isometric — unitary) which carries 
Ml into M 2 . 

B) Algebraical ring isomorphism of Mi and M 2 . This is a one-to-one mapping 
of Ml onto M 2 which leaves the entity 1 and the operations aA {a any complex 
number) A*, A + B, AB (when passing from Mi to M 2 ) invariant. 

(Cf. also [5], p. 145, §5.2, in particular Definition 5.2.1. We have added the 
requirement that 1 be invariant.) 

Any spatial property is invariant under the spatial isomorphisms of A), while 
the purely algebraical properties are characterized l)y their invariance under the 
algebraical isomorphisms of B). 

Clearly A) implies B) while the converse need not be true. 

An important ring theoretical notion which is only spatial is M'. (Cf. [2], 
p. 388, Def. 3. For the spatial character, cf. the detailed discussion of §3.3.) 
Nevertheless the factor property, i.e. M-M' = (a-1) (cf. §3.3, loc. cit., and also 
the beginning of §1) is purely algebraical since it states t hat the operators a A 
exhaust the center of M (Cf. [5], p. 138, Def. 3.1.2.) 

Now our program is subdivided as follows. 

Question I : When does B) hold? 

Question II: Under what additional conditions does B) imply A)? 

Question II was already investigated in a special case in [6]. It was shown 
there that under certain conditions A) and B) are equivalent. (Cf. [6], p. 244, 
Theorem XI.) We shall obtain a complete answer to Question II in Theorem X. 

Question I is more difficult. It coincides with Problem 6 in [5], p. 172, and 
the present paper contains what progress the authors have been able to make in 
that direction. The main results are these: An extensive class of factors of 
case (III) which are all isomorphic to each other in the sense B) will be deter- 
mined. These factors are called ‘‘approximately finite’'. (Cf. Theorems XII, 
XIV, which are based on Defs. 4.1.1, 4.3.1, 4.5.2 and 4.6.1 below.) The iso- 
morphisms announced in [5], p. 229, (v) are contained in this class. On the 
other hand, certain factors of case (IIi) which are not isomorphic to the ap- 
proximately finite ones will be constructed. (Cf. Theorems XVI, XVI'.) 

§3. There are indications to the effect that the approximately finite factors 
are the simplest among those of case (IIi) but the evidence is not quite conclu- 
sive. It is true that every factor in case (IIi) has an approximately finite sub- 
ring. (Cf. Theorem XIII). However, this “imbedding theorem” does not 
settle the matter, since the analogue of the Cantor-Bernstein “equivalence 
theorem” is not true: Two factors in the case (IIi) might be such that each is 
isomorphic to a sub-ring of the other, but the factors themselves may not be 
isomorphic. (An example of this is given in the appendix.) Hence the possi- 
bility exists that any factor in the case (Hi) is isomorphic to a sub-ring of any 
other such factor. 
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§ 4 . The best we can do at present concerning the isomorphism problem in the 
case (III) is this: The limits of the approximate finite case are extended rather 
far in §5.2 and §5.6. The existence of non-approximately-finite factors in this 
case is established in Theorems XVI, XVI'. Certain algebraical invariants of 
factors in the case (IIi) are formed. ((1), (2), in §4.6, and the property T in 
Def. 6.1.1) of which the first two are probably of greater general significance, but 
the last one has so far been put to greater practical use. (Cf. the remark at the 
beginning of §6.1.) 

The isomorphism questions of the case (II^) are reduced to those of the case 
(III). (This follows from Theorem IX.) Those of the discrete cases — the 
cases (I) — have been settled before (cf. above at the beginning of §1; also a) 
in Theorem IX). 

This enumeration cxliausts our present program. It answers Problems 6, 7 
in [5], p. 172, and [v] eod., p. 229, as far as possible at this moment. 

9 

§ 6 . We add that §5.3 contains a new technique of constructing factors in the 
case (III). This seems to be considerably simpler than our previous procedures, 
but it is closely related to them. (Cf. §5.4, §5.5.) It also throws some light on 
the meaning of this work from the point of view of the unitary representation 
theory of groups (cf. the remarks after Lemma 5.3.4). P\irther generalizations 
are probably possible and important. (Cf. the remark at the end of §5.6.) 

The result that not all factors in the case (IIi) are isomorphic to each other, 
expressed in Theorem XVI' deserves some further comment. From the point 
of view of the systematic build-up of the paper, it seemed best to put it at the 
end. It is, however, intelligible and of interest in itself, and it can be derived 
independently of most of the paper. The reader who is primarily interested in 
this particular result need only read §5.3, Def. 6.11, licmma 6.1.1, Lemma 6.2.1, 
Lemma 6.2.2. The entire remainder of this paper is unnecessary for this pur- 
pose, in particular the extensive theories of algebraical and spatial types, of 
genera, and of approximate finiteness and its various equivalent forms. But we 
think, nevertheless, that knowledge of the whole paper will help to see this result 
too in the proper perspective. 

§ 6 . The notations are the same as in the papers referred to in the bibliography, 
particularly [5] and [6]. 

We use the Kronecker-Weierstrass symbol in the general sense: 

_ /l for a = 5 
"" \0 otherwise. 

for any objects a, b, 
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Purely Algebraical Character of Various Notions 

§1.1 Consider a Hilbert space ^ and an operator ring M in We know 
from §2 in the introduction as well as from [9] that the purely algebraical charac- 
ter of certain notions in M is neither obvious nor certain. 

It was demonstrated in [9], however, that the following notions in M are purely 
algebraical. 

Definiteness of an A € M ; the numerical value 1 1 1 A j 1 1 of the bound of an 
A € M; convergence in the sense of the strong and of the weak operator topolo- 
gies. (Convergence in the sense of the strongest topology is the same as in the 
strong one. Cf. [4], p. 112, end of §2.) 

We did not establish the same thing for the operator topologies themselves, 
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i.e. for the strongest, the strong and the weak. (For the definitions, cf. [4], p. 
Ill, §2, and [2], pp. 381-382.) The uniform topology, (cf. [2], pp. 384-386) 
causes no difficulty, since ||| .4 |1| is purely algebraical, but it will play no role in 
our discussions. This is ver}' unsatisfactory since the notion of a subring of M 
must be based on one of these topologies. (Cf. [4], p. 112, beginning of §3; 
[2], p. 396, end of §3; p. 388, Definition 1. Best consulted in the reverse order.) 
They cannot be replaced by convergence notions, nor by the uniform topology. 
(Cf. in particular [2], p. 382-3 and p. 384.) And yet the notion of a subring 
ought to be purely algebraical. 

For our present purposes it will be adequate to settle these questions for a 
restricted class of rings M and this we now do. 

§1.2 Observe first that the following notions are purely algebraical. 

The factor character of M and the case to which M belongs, the numerical 
value of the relative dimension function D^(E) {E any projection € M) apart 
from its normalization and even the standard normalization in the cases where 
one is defined; the numerical value of the relative trace 7 Vm(A), (A € M) in the 
finite cases. 

These assertions were established in [5J, p. 145, Lemma 5.2.1; p. 173, Theorem 
IX; [6], p. 219, Property IV (since that characterization is purely algebraical). 

We assume now that M is a factor in a finite case.^ We shall use the relative 
dimension function Z>m(^) and it will be advantageous not to normalize it. We 
shall also use the relative trace rrM(A) with its usual properties. We define for 
every A € M 

(1.2.a) [[A]] = VtVmCIM) = VrrM(iI^. 

(Cf. [6], p. 241, Lemma 4.3.2, The considerations of [8], p. 102, Def. 1.3.1 and 
Theorem II, are somewhat more general but of the same type.) Owing to our 
above remarks, the numerical value of [[A]] is purely algebraical too. 

By [6], p. 235, Theorem III, there exists a fixed finite sj^stem 9^1 , • • • , € § 

(depending on M only), such that for all A e M 

(1.2./3) Tr„(A) = Et.x(Agi , ?,)• 

Combining (1.2.a) with (1.2.|3), and remembering that g) — 

{AA*g, (/) = II A*g |f we obtain 

(1.2.7) [w]i = v£r-iiu« 7 .-ir = vz^uiMViir. 

This formula is useful for many purposes, although it obscures the purely alge- 
braical character of [[A]]. 

[[A]] has all the properties of a norm in a linear space, and accordingly [[A — 5]] 
has all those of a distance. (Cf. for these and for some further properties 
[[6]], p. 242, Property 11°. We need these for M only, and not, as loc. cit., for 

‘ A finite case is either a (I,), n = 1, 2, • • • or a (IIi). The inclusion of the former is 
unnecessary, since our real interest is in case (Hi). But these considerations have the 
totality of all finite cases as their natural scope. 
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its extension Q(M). All these properties can be read off the representation 
( 1 . 2 . 7 ) — decisive fact being, of course, that we have them both.) 

Thus M has become a topological space in a new way, with a purely alge- 
braical metric.* 

We now define 

Definition 1 .2.1. A sequence Ai, A 2 , ••• cM is metrically convergent to 
A € M limy_*oo [[Ar — A]] = 0. It is restrictedly metrically convergent /o A e M 
if lim„-oo [[A„ — A]] = 0 and the (numerical) sequence ||| Ai ||| , ||| A 2 1|| , ••• is 
hounded. 

The notions of closure for subsets S of M which are induced by these two 
notions of convergence, are the ^^metrical closure^* and the ^Westricted metrical 
closure'^ of S.® 

We shall also need: 

Definition 1 . 2 . 2 . A subset S 0 / M is linear if A, B eS imply aA, A + 
B eS, It is an algebra if A, B eS imply aA, A*, A + B^ AB e S. 

Clearly both these definitions define purely algebraical notions. 

Now a subring S of M is a closed algebra, where closure may be understood in 
any one of the three operator topologies: the strongest, the strong, or the weak 
(cf. the end of §1.1). We shall establish the purely algebraical character of 
the notion of a subring by proving the equivalence of the notion of closure in all 
these topologies to the purely algebraical closures of Def. 1 . 2.1 for a set S which 
is an algebra.^ 

§ 1.3 Observe first: 

Lemma 1.3.1. For the gi gm of (1.2.^) and (I. 2 . 7 ) the A'gi, (A' cM', 

{ ... ^m) span the closed linear set 

Proof. For a fixed z (= 1 , • • • , m) the A'gr* , A' € M' span the closed linear 
set (Cf. [5], p. 143, Def. 5.1.1.) Put 9? = [3)?JV , t = 1 , • • • , m]. We 

must prove 9? = §. Now 77 M (cf. loc. cit.. Lemma 5.1.1). Hence 
9J 77 M and = F91 € M. Also gi e CI so 

(1.3.a) Egi = gi . 

Now ( 1 . 2 . 7 ) shows that if A c M and Agi = 0 for z = 1 , • • • , m, then A = 0. 
Apply this to A = 1 — F. Then (1.3.a) yields 1 — F = 0, P 91 = -B = 1 as 
desired. 


* The uniform topology, already mentioneddn §1.1, is actually of the same character : 
III A III, III A — B III are a norm and a metric, just as [[i4]l, [[A — i5]]. But only the latter 
is useful in the theory of operator rings. This is due to its connection with the strong 
topology, which will appear in §1.4 and §1.5. 

’ The metrical closure is the conventional topological notion, based on the specified 
metric. The restricted metrical closure is not of that nature. Thus it is not evident that 
the set of all limits of all restrictedly metrically convergent sequences from a given set S is 
necessarily closed in that sense. Actually this is not true for all sets S although when S 
is an algebra it does follow from the results of §1.5 (cf. there). 

* Observe that restrictions on both the ring M and its subset S are necessary in order to 
secure this result. M must be a factor in a finite case, S, an algebra. 
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We now are able to prove ; 

Lemma 1.3.2. The sequence ili , A2 , • • • € M zs strongly convergent to A 
if and only if it is restrictedly metrically convergent to this A . 

Proof. Necessity: Assume that Ai , A2 , • • • is strongly convergent to A. 
Then the (numerical) sequence ||| ||| , ||| A2 ||i , • • • is bounded by [2], p. 382, 

footnote 35, and lim^-.^ [[A ^ — A]] = 0 by (I.2.7). Hence we have restricted 
metric convergence. 

Sufficiency: Assume that Ai , A2 , • • • are restrictedly metrically convergent 
to A. We must show, that they converge strongly too, i.e. that the set 9D? of all 
/ with lim,^^ II (A V — A)/ II = 0 is $. is obviously a linear set. Since the 
(numerical) sequence ||| Ai ||| , |||A 2 |||,“- is bounded, is also closed. 
Hence it suffices to show that spans the closed linear set ©. 

Now by (1.2.7), II (A. - A)cji || ^ [[A. - A]]. Hence lirn.^* || (A. - A)g, || = 0. 
Therefore for every A' € M', limv_.o || A'(Ay — A)gi || = 0. But A'(A,, — A) == 
{Ay — A)A' since A' € M' and A„ , A € M. Consequently lim^_ao || (A^ — A)A'gi || 
= 0 and all A'gi e 9)?. Hence SOJ spans the closed linear set ^ by Lemma 1.3.1, 
and the proof is completed. 

Thus closure with respect to strong convergence is ecpii valent to restricted 
metric closure for every subset S of M. This however is not enough to establish 
the purely algebraical character of the notion of a subring, since that involves 
topological closure which cannot be replaced by convergence closure (cf. the end 
of §1.1). In fact, from that point of view we have made no progress at all, since 
we knew all along from [9] that strong convergence is a purely algebraical notion 
for all rings M. Besides our present restrictions on M, we shall also have to 
restrict S to algebras before \ve can get any further (cf. the end of §1.2). 

§1.4 Consider first the following two simple results, valid for all subsets 

S of M. 

Lemma 1.4.1. Strong closure of S implies the restricted metric closure. 

Proof. Strong closure of S implies closure with respect to strong conver- 
gence, and by Lemma 1.3.2 the latter is equivalent to n^stricted metric closure. 

Lemma 1.4.2. Metric closure of S implies its strong closure. 

Proof. Let S be metrically closed and consider a strong condensation 
point A of S. Since S CZ M and M is strongly closed, this implies A e M. 

For every v = 1, 2, • • • choose an A^ c S with || (A, — A)g» || ^ \/v for 
f = 1, • • • , m. This can be done since, by the definition of a limit point, we 
must have at least one A, € M in the strong neighborhood Uz{A, gx , • • • firm ; 
l/v) of A (cf. [2], §2, p. 381). Then (I.2.7) gives [[A. - A]] g y/m/v and 
hence limv-00 [[Ar — A]] = 0. Thus Ai , A2 , • • • converves metrically to A and 
since S is metrically closed, A € S. This completes the proof. 

Now if we can show that the restricted metric closure implies metric closure, 
the above lemmas will yield the equivalence of the strong, the metric and the 
restricted metric notions of closure. As pointed out at the end of §1.3, this is 
what we need. The assumption that S is an algebra will be needed to secure the 
above implication.^ 
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§1.6 In what follows we shall make repeated use of the notion and properties 
of the functions of bounded Hermitian and of unitary operators,*^ and it will be 
convenient to omit specific references to that theory. 

Lemma 1.5.1. (i) If A is hounded Hermitian^ then {A — tl)’“^ can be formed 

and 

= (.1 - + *1) = (A + *1)(A - a)-‘ 


is unitary. 

(ii) If Ay B € M and Hermitian, then 


A + il B + ii 
A - il' B il 


M too, and 


- ^ 11 - 


Proof. Ad. (i). Consider the two functions 


/(X) = 


ff(X) = 


X + i 
X - i' 


Since they are continuous for all real X we can form f(A) and g(A). We also 
have 

(X - i)/(X) = /(X)(X - i) = 1 
(X + f)/(X) = /(X)(X + i) = g{\). 

Therefore /(A) = (A - fl)'* and g(A) = (A + il)f{A) - /(A) (A + il). 
Thus 9(A) = (A + il)(A - il)“‘ = (A - il)"*(A + il) or 9(A) = (A + il)/ 
(A — il) in the sense indicated above. 

Since 9^9(X) = 1 = 9(X)9W lor all real X, 9(A)*9(A) = 1 = 9(A)9(A)* 
and hence 9(A) is unitary. Thus the proof of (i) is completed. We note also 
that inasmuch as |/(X) [ g 1 for all real X, |||/(A) ||| ^ 1 or 

(1.5.a) III (A - il)-‘ III g 1. 

Ad (ii), A, £ c M imply 9(A), g{B) e M or (A + il)/(A — il), (J? + il)/ 
{B - il)€M. 

We have 


= (A - i-l)“M(A + il)(S - il) 

- (A - i-l)(B + i-l)}(5 - il)“‘ 
= -2i(A - il)"*(A - B){B - iA)-\ 


* Cf., e.g., [3], pp. 205 and 220. The real function-theory methods of [3] are actually 
much more than what is needed for the limited objectives of §1.5, as only continuous func- 
tions (sometimes even polynomials) of operators occur, ((i) in Lemma 1.5.1 can even be 
proven by elementary evaluations.) But it would take up too much space to go into such 
methodological questions systematically. 
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Consequently 

[[j^i " F^]] - 2 III III III 

and by (1.5.a) 

[[i^ - f^:]] * 

Lemma 1.5.2. Let a function <p(^) be given^ defined and continuous for all f 
with I f I = 1. Then there exists a function cji(€) {given (p, wi is determined) defined 
and >0 for all e > 0, with the following property: If U, V are unitary and € M 
then (p{U)y <p{V) cM and [\U — V]] < wi(€) implies [[<p{U) — (p{V)]] < t. 
Proof. That 17, V unitary and c M imply q>{U) e M, <p{V) e M is obvious. 
We shall now show that it suffices to prove our assertion for all trigonometrical 
polynomials 

^(1) = Zr-narf'.* 


Assume accordingly that it is true for these and consider a general ^({). 

Consider an «' > 0. Choose a trigonometrical polynomial 

= ZrZ„.' al' r 

such that I I S i for all f with | f | = 1®. Then the unitary of 

C7, V implies ||| ^{U) - ||| ^ y and ||| ^{V) - ^^\V) ||| ^ Je'. Hence, 

a fortiori, 

MU) - <P^\U)]] ^ y{V) - ^^\V)]] g h'- 

Denote the coi(€) of by ajl'Cc). Then [[U — V]] < oji'ile') implies 

M\U) - <P^\V)]] < Jc' 


and so, owing to the above. 


MU) - <p{V)]] < €'. 


Thus wi(€') = wrCic') meets our requirements for the original 

It only remains therefore to prove our assertion for the trigonometrical 
polynomials 


Obviously we may even restrict ourselves to the monomials 


^(f) = ^^ (v = 0 it 1, d= 2, • • • ). 


® Since 1 ^ 1 “ 1 we may put ^ a real, mod 2ir. Now 

Thus these <p{0 are the trigonometrical polynomials with their familiar approximation 
properties. Cf. Zygmund, Antoni, “Trigonometrical Series”, Warsaw (1935), §3.23 (iii), 
p. 47. 
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For v = 0 this is trivial, and for y < 0 the unitarity of U, V implies [[f/' — V*]] 

= [[(C^ - F')*]] = [[[/•' - F*’]] = [[cr' - F"’]]. 

Therefore we may even assume v > 0. In this case, however, 
f/- _ F' = 23 ;.i(i/'‘f'-'‘ - 17'-' 

= Z;-1 U’^^u - F)F■^^ 

[[17' - F']] = [[E;.it^'‘"\f/ - F)F'-'‘]] 

= z;-i 111 f/"" 111 [[t/ - V]] 111 F'-" 111 

= 'L:-AIU - F]] = v[[V - F]]. 

Thus wi(€) = (l/v)c meets our requirements for these ^(f). 

Lemma 1.5.3. Let a function ^(X) he given, defined and continuous for all real X 
and for which limx-*±oo ^(X) existsJ Then there exists a function o) 2 (() (given w 
is determined) defined and > Q for all e > 0 with the following prdperty: If A, B 
are Hermitian and eM then ^(-4), >KB) €M and [[A — B]] < cooCe) implies 

mA) ~ 

Proof. That A, B Hermitian and €M imply ^(A), yl/(B) cM is obvious. 
The correspondence 


X — i 


or equivalently X = f 


+ 1 


6 “ 1 


is a one-to-one and bicontinuous mapping of { with | { | = 1 on all real X and 
X = zb 00 where | = 1 corresponds to X = ± oo . Hence 


•limx_±« for f=l 

is defined and continuous for all f with | { | = 1. Clearly 


- A + A 


We recall the g(\) = (X + i)/(X — i) used in the proof of Lemma 1.5.1 and 
let U = g(A) = (A + i-l)/(A - t-1), F g(B) = (B + il)/(B - il). Then 
the above relations imply 

HA) = HU). HB) = ^(F). 

By Lemma 1.6.1, U and F are unitary and c M and 

IIU - V]] ^ 2[[A - B]]. 


’ We require liinx...« iKX) — limx_-a, This condition could be removed, but it sim- 

plifies the proof and suffices for our present purposes. 
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Now Lemma 1.6.2 applies to <p(^). Consider the resulting cciCe). Then 
[[A — JB]] < i«i(€) implies [[U — V]] < wi(c) and hence [[(p{U) — <p{V)]\ < c 
or [[4/(A) — ^(J?)]] < c. Therefore a) 2 (c) = meets our requirements. 

Lemma 1.5.4. Let an algebra S in M he given and a sequence Ai, A 2 , • • • € S 
which converges metrically to an A € M. Then there exists another sequence^ 

, A 2 , • * • € S which converges restrictedly metrically to A. 

Proof. , A 2 , • • • converges metrically to A ; hence A?, A*, • • • converges 
metrically to A*.® Consequently (l/2)(Ai + Af), (1/2)(A2 + A*), • • • converges 
metrically to (1/2)(A + A*), and (l/2t)(Ai ~ Af), (l/2i)(A2 — A?), • • • con- 
verges metrically to (l/2t) (A — A*). The operators occurring in the two last as- 
sertions are all Hermitian and c S. Also A = (1/2)(A -f- A*) +i(l /2i)(A — A*). 
Now suppose our result has been established in the special case in which all the 
operators Ai , A 2 , • * • are Hermitian. Then to treat the general case, we 
should apply the special result to the above-mentioned Hermitian ‘^real and 
imaginary parts” and by taking the linear combination we should obtain the 
desired result since the notion of ‘^restricted metrical convergence” holds for 
linear combinations of series if it holds for the series themselves. Thus we may 
assume in what follows that A, Ai , A 2 , • • • are Hermitian operators. 

Now form the function 


= X 


iiiAiir 


for IXl^lil^lll 
for IXI^IIUIII. 


Lemma 1.5.3 applies to ^(X) yielding aj 2 (c). 

Consider a v = 1, 2, • • • . Choose a i/' = 1, 2, • • • (depending on v as well 
as on A, Ai , A 2 , • • • ) with 

[[A,. - A]] < 

Then Lemma 1.5.3 gives [[^(.4,<) — ^(A)]] < 1/v. Since i^(X) = X for all X 
with I X I ^ III .4 III , i/^iA) = A? Thus we have 

(1.5./3) WHA.') - A]] < 1/y. 


Form next the function 

1=1 for |X|^|||A||| 

Ill^lir/X* for |X|^|||A|||. 

It is clear that ^(X) = X-tf(X). Choose a polynomial p,(X) with 

e(X) ^ p,(X) ^ Max (tf(X) - 1 /k- I X I, 0) for | X | g ||| A,. |||.’® 


» Since [[A]] [[A*]], A A* is an isometric mapping. 

» The set, |Xl^|||A|||, contains the entire spectrum of A. 

This is an easy variant of the Weierstrass (polynomial) approximation theorem. 
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Then the polynomial g,(\) = Xp,(\) has no constant term and w6 have 
I g»(X) - lAW I ^ l/v for I X I ^ III Ill . 

Furthermore 0 ^ qp{\) ^ ^(X) ^ ||| A 1|| and thus 

|g,(X)| ^ IIIAIII for | X | g |M,. Ill- 
These two inequalities imply 

III qM,') - HA^) III ^ 1A“ 

^nd hence, a fortiori 

(1.5.7) [[g,(A,0 - HA,')]] ^ !/»' 

and 

(1.5.5) lllg.(4.')lll ^ IIMIII.“ 

Combining (l.S.jS) and (I. 5 . 7 ) gives 

(1-5.€) l[qp(Ap^) - A]] < 2/v. 

Now put Ay = q{Ay>), Then Ay» e S implies qy(Ay^) € S since q,{\) has no 
constant term. Hence the sequence Ai , A 2 , • • • consists of elements of S, 
and it is restrictedly metrically convergent to A by (1.5.5) and (1.5.6). 

Observe that in the above proof we even had ||| ||| ^ III A ||| when A is 

Hermitian. This could be extended to all A but we shall not pursue this matter 
further. 

§1.6 The desired results are now immediate. 

Lemma 1.6.1. Restricted metric closure of an algebra S implies its metric 
closure. 

Proof. Immediate by Lemma 1.5.4. 

Theorem I. For an algebra S within a finite M the following eight notions of 
closure are equivalent to each other: 

а) Restricted metric closure 
ff) Metric closure 

7 ) TTeafc (topological) closure 
5) W eak convergence closure 

e) Strong (topological) closure 

б) Strong convergence closure 

f) Strongest (topological) closure 
rj) Strongest convergence closure. 

Proof. The implications 6) — ► a), /S) — ► 6), a) —> ff) were established in 
Lemmas 1.4.1, 1.4.2, 1.6.1, respectively. Consequently a) ^ P) ^ e). Also 

The set, 1 X | ^ ||| A HI, contains the entire spectrum of 
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Lemma 1.3.2 yields a) 6). From [2], p. 396, end of §3, we have y) ^ €). 
[4], p. 112, beginning of §3, yields 7) ^ f). Also [4], p. 112, end of §2, implies 
0) ^ ri). These equivalences give together 

a)^fi) ?=>7) ri). 

And obviously 

7) -> 5) 0). 

Thus 5) also is equivalent to the others. 

Thus all those topologizations of the space of all operators, which may be 
reasonably used in this connection, turn out to be equivalent to each other for 
the algebras S in a factor M which is in a finite case.^ 

We also state explicitly 

Theorem II. The notion of a subring S of M, for a finite M, is purely air 
gehraical. 

Proof. The equivalences of Theorem I now permit us to apply the ar- 
gument given at the end of §1.2. 

Thus the desideratum expressed at the end of §1.1 is fully realized. 

Chapter II. The Algebraical Type and its Operations. 

The Fundamental Group 

§2.1 We shall call the abstraction of a ring M with respect to algebraical 
isomorphism, its algebraical type, i.e. two rings Mi and M2 will be said to have 
the same algebraical type if and only if they are algebraically isomorphic. We 
denote the algebraic type of the ring M by M. Notions in M which are purely 
algebraical, i.e. invariant under algebraical isomorphisms, will be said to be 
notions concerning the algebraical type M (and not M itself) 

Thus the properties enumerated in §1.1 (or equally in [9]) are properties of M 
for every ring M. The notion of a subring of M concerns M when M is a factor 
in a finite class (cf. Theorem II). This is also true of Tr^{A), [[A]] 

(cf. the beginning of §1.2), and the various notions of closure, as enumerated 
in Theorem I, when they concern an algebra S. Thus when M is in a finite 
class, the properties concerning M are particularly extensive. 

§2.2 As in the introduction, §2, let for each i == 1,2 a Hilbert space and 
an operator ring Mt- in be given. We generalize 5), loc. cit., as follows: 

B*) General (algebraic ring) isomorphism of Mi and M2 . This is a one- 
to-one mapping of Mi on M2 which leaves the entity 1 and the operations A*, 
A + B invariant; while it carries the entity aA (a any complex number) into 
either oA always (case a') or into oA always (case b') and AB into AB always 

This definition should be compared and contrasted with that of spatial type in §3.3. 
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(case a") or into BA always (case 6"). More specifically, we talk according to 
which combination of the above cases occurs, of an [a', a"] (or ^‘proper^O W, a"] 
(or ‘‘conjugate'^ [a'5"] (or ^‘duaF^ or Wy (or ‘‘conjugate duaP^) isomorphism. 

The existence of a general isomorphism, of any one of the above four kinds, be- 
tween Ml and M 2 is clearly a property of the types Mi and M 2 . If a (proper) 
isomorphism holds, we have Mi = M 2 . If a conjugate or a dual isomorphism 
holds, then Mi determines M 2 uniquely, assuming its existence. Hence we may 
express these relationships by Ml = M 2 or Ml = M 2 respectively. 

We must now deduce the existential and other properties of the operations 
M' and M'. 


§2.3 Let a Hilbert space § be given. Modify the fundamental operations 
«/» f + if y 9 ) in © hy replacing them by o/, f + g, (fy 9)- Denote the set § 
with the new definition of its fundamental operations b}" . Clearly is 

also a Hilbert space; eveiy (linear bounded) operator A in § is also one in , 
and every ring of operators M in § is also one in • But we shall denote the 
A, M of §, when considered in , by Ac, Me . 

Now consider an operator ring M in The identical mapping then 
maps M in § on Me in and it is in this aspect a conjugate isomorphism of 
M and Me . 

Consider next the mapping 3*, A — ♦ A*. This maps M in § on M in § and 
it is, in this aspect, a conjugate dual isomorphism of M and M. Consequently 
3*3^ (i.e. 3* in a new aspect) is a dual isomorphism of M and Me . 

Thus we have ^ 

Theorem III. M' and M' always exist and are sirigle-valued. They are both 
equal to the above Me . We shall denote them by M'^. 

Clearly 

(2.3.a) M^ = M 

since §e,c = Ae.c = A, Me,® = M. 

Observe that the definitions of a factor and of the case to which it belongs 
are unaffected by conjugate isomorphisms. For these definitions make use of 
aA only in defining the set of all al but never for a specific numerical value of a. 
To see this, reconsider [5]^p. 138, Def. 3.1.2; p. 173, Theorem IX. Hence the 
operation M'" (viewed as M ) does not affect the factor character of M nor the 
case to which it belongs. 

§2.4 In what follows we shall consider matrices of operators. Given a 
p = 1, 2, • • • , 00 a p-order matrix < A«,, > is a scheme or array of operators 
At., in which the indices s and t range from 1 to p for a finite p and over 1,2, • • • 
if p = 00 . (This last will be abbreviated Syt ^ p m both cases.) An < At,, > 
is finite if there exists a finite gf = 1, 2, * • • such that At,, = 0 if either t > q 
or « > g. For a finite p this is automatically fulfilled, but it is a real restriction 
for p =» 00 . 

Now as in the Introduction, §2, let, for each i » 1, 2, a Hilbert space 
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and an operator ring M< in be given. We generalize B), loc. cit., as follows: 

Bp) p-matrix (algebraic ring) isomorphism of Mi (wer M 2 . This is a one-to- 
one mapping of Mi on a set 3 of p-order matrices <At,,> over M 2 (i.e. c M 2 ) 
which is algebraically ring-isom6rphic in the matrix sense, i.e. it carries 1, 
A°* A° + A°B° in Mi into <a:A,.,> <A^>, <A^, + 

Ar,nBt,r> in Q. The Ihe above expression, when p = <» must 

converge in the sense of the strong operator topology, irrespective of the order 
of summation. 

The set 3 must, at any rate, contain all finite matrices <A(,«> over M 2 . 
(Cf. [5], pp. 136-137, Lemma 2.4.3, where the same notions are used, the same 
multiplication convention obtains, as well as the same notion of convergence 
for Er-i .) 

For a given p. Mi , M 2 the existence of such a p-matrix isomorphism of Mi 
over M 2 is a property of types Mi , M 2 . This is obvious for p = 1, 2, • • • while 
for p = 00 it is only necessary to remember the purely algebraical character 
of the notion of strong convergence (cf. the beginning of §1.1, or [9], 
Theorem II). Whether Mi (assuming its existence) is uniquely determined by 
Mo or not, for a given p = 1, 2, • • • , 00 depends obviously on whether the set 3 
in Bp) is uniquely determined or not. For p = 1, 2, • • * (p finite), the last part 
of Bp) implies that the set 3 niust be the set of all <At,«> with Ae.« e M 2 since 
they are all finite. Hence in this case Mi is uniquely determined. For p = oc 
the question of uniqueness is not so immediately settled. We shall prove that 
3 and with it Mi are again unique, but we delay this discussion to the next 
section. Nevertheless, for p == 1, 2, • » • , oc we express the existence of a p-order 
matrix isomorphism of Mi over M 2 as a relationship between Mi and Mo by 
Ml = M? . But then, quite apart from the question of existence, we may 
assume that M'" is single-valued only for a finite p. At present we must consider 
the possibility that for p = 00 , M^ is many valued. 

The general existence of M^' belongs in abstract algebra, but we shall need 
M'’ as an operator ring. For this reason, as well as for the sake of general 
orientation, we shall construct it explicitly within the framework of [5], pp. 
135-137, §2.4. 

Let a Hilbert space ^ and a ring M in it be given, and ap = l,2, •••, 00 . 
We perform the constructions of [5], loc. cit., the ©2 there being our © and the ©1 
there, any p-dimensional unitary space. (This is not the ©1 of Bp) above. We 
conform to the notations of [5], loc. cit.) Form ©1 ® ©2 and the ring B® of 
all its bounded operators. Then all elements of B® can be represented as p 
order matrices <At,,> (^ s ^ p, A<,, in ©2 = ©). (Cf. [5], p. 136, Def. 2.4.2 
and Lemma 2.4.2.) For the given ring M, form the set Mi consisting of all 
operators in ©1 ® ©2 which have a matrix <At,,> with all At,$ cM. 3 is the 
set of all those <At,»> with A«., c M which correspond to some operator in 
©1 ® ©2 . From this it follows immediately that 3 contains all finite matrices 
<At,,> with At., € M.** Now Mi in ©1 ® ©2 and M in © = ©2 together with 

For a finite matrix <At,,> an operator A° in ©1 0 ©s with A® <A<.,> can be con- 
structed in the sense of [6], p. 136, Def. 2.4.2, without any convergence difficulties. 
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the interpretation of the matrix scheme which we are now using, clearly 
fulfill all the requirements of Bp). (We have our 0 §2 , § = §2 , Mi , M 
in place of the ^i , .^ 2 , Mi , M 2 of Bp).) 

Summing up the results obtained so far, we have 

Theorem IV. M^ exists for aZZ p = 1, 2, • • • , » and it is certainly one-valued 
for p = 1, 2, • • • (p finite). 

Our definitions in Bp) and that of §2.3 give together 


(2A.a) 

and Bp) gives 

(MO** = (M”)', 

ip = 1, 2, 

•••), 

(2.4.|8) 

(The exponent 

(MY = M'* 

« will be considered in the next section.) 

ip, g = 1, 2, • 

•••). 


§2.6 In this section we shall make use of the operations A(sw) , M(®i) defined in 
[ 1 ], p. 78, and [5], p. 186, Def. 11.3.1. If A is an operator in § which is reduced 
by the closed linear set 2)? then is its part in 99Z. And M(OT) is the set of all 
A( 9 n) for all A e M which are reduced by 9K. A(i>j) , Me®?) are in while A, M 
were in §. 

Lemma 2.5.1. Assujne E = Pjr € M. Let M^ be the set of all A for which 
EA = AE = A. Then we have 

(i) A (SR) can be formed for all A eM^. 

(ii) M( 3 R) coincides with (M^)(sr) . 

(iii) A — ♦ A<ir) is a one-to-one mapping of M^ on M(gR) which carries E (in 
M^ i.e. in ^) into 1 (in M( 3 R) i.e. in SO?) and leaves the operations ocA, A*, A + P, 
AB invariant. 

Proof. Ad (i) Every A € M^ commutes with E = P(aR) , i.e. it is reduced 
by 3». 

Ad (ii) A € M implies EAE c M and thence clearly EAE e M^. Now if 2)2 
reduces A, then both A and EAE have the same part in 2)2, i.e. A(sr) = (EAE)(<m) • 
Thus (M^)( 3 R) 2 M(aR) . But M^ ^ M hence also (M^)(sr) C M(gR) . 

So (M^)(SR) = M(3R) . 

Ad (iii) Every A e M^ is reduced by 2)2 (cf . (i) above) and its part 
in 2 ) 2 '^ (= $ © TO) is clearly 0. So we may view it as an operator in TO as well 
as and in its former aspect it is A(sr). All our assertions are now immediate. 

Consider now Mi , M 2 and § 1 , §2 and an 00 -matrix isomorphism of Mi over 
M 2 as in B^) in the last section. For any ^ = 1 , 2 , • • • form the set 3* of all 
matrices <A/,,> for which all A«,, €M 2 and where A<,, = 0 when t > q or 
8 > q. Form also the matrix <e?,,l> where e?., = 1 if 2 .= s ^ q and e?., = 0 
otherwise. Then it is easy to establish that 

Lemma 2.5.2. (i) 3 ® g; 3 . 

(ii) < 6 ?,,> €3* corresponds to a projection P® c M. Put E^ = Pana . 

(iii) S E^ ^ - and lim^-^ P* = 1 in the strong sense. 

(iv) Every matrix <A«.,> ca'^ he viewed both as a order matrix and as 
an CO •order matrix. It corresponds in its former aspect to an element of a ring 
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MJ with M? = MJ and in its latter aspect to an element of £ Mi . The 

latter correspondence can be continued by Lemma 2.5.1 to one with an element of 
(MOcTOfl) . These elements exhaust the sets M? , Mf^ and (MOcsr®) , respectively. 

(v) The corresp ondence of is an algebraic ring isomorphism of M? and 

(Mi)(®i«) . Hence (Mi)(®i9) = = M? . 

Proof. Ad (i). Immediate by the final clause of 

Ad (ii). Clearly hence it is e 3 and thus corresponds to an 

element of Mi . The rules of matrix computation show that this element is a 
projection. 

Ad (iii). The rules of matrix computation show that ^ ^ • • • . Now 

if / = </i , /2 , * • • > c v^i ® §2 then E'^f = </i , 0, •••>—►/ as g . 

Hence lim^^**, E^ is . 

Ad (iv). The <At,,> c 3^ are clearly characterized by = 

<At,i><e1,»-l> == <At,s> and thus we mayadd by (i), <At,»> Hence the second 
correspondence mentioned maps the precisely on the A® c M with 

jEJ^A® = A^E"^ == A® i.e. on the A® e (Mi)^*. All other assertions are obvious, 
remembering in particular Lemma 2.5.1. 

Ad (v). The corresponding assertions for the relationship between M? and 
(Mi)^** follow immediately from the rules of matrix computation. They are 
transferred to M? and (Mi)(aR 9 ) by using Lemma 2.5.1. 

We now go further: 

Lemma 2.5.3. A matrix <A<.«> ^3^ corresponds to three operators in the sense 
of (iv) in Lemma 2.5.2, i.e. to an operator of M? to one in (Mi)^^ and to one in 
(Mi)(»ifl) . All three operators have the same bound, ||| • • • ||| and we denote this 
common bound by \\\ <At,$> ||| . 

Proof. The operator in (Mi)^"' and that one in (MOca^g) have the same bound, 
since we are considering the same operator, once in and once in The 

operator in M? and that one in (Mi)(to«) have the same bound since they obtain 
from one another by an algebraical ring isomorphism (cf. (v) in Lemma 2.5.2) 
and since the numerical value of the bound is a purely algebraical notion (cf. 
§1.1.). This completes the proof. 

Lemma 2.5.4. Consider a matrix <A<.a> all At,« € M 2 . Define the matrices 
<A?..> €3® by the equations A?,« = A«.« ,ift^q and s ^ q and A?,, = 0 other- 
wise. Then <At,s> ^ ^ if cind only if the numerical sequence ||| <AJ.,5 ||| , 
III <A?.,> III , • • • (cf. Lemma 2.5.3 above) is bounded. 

Proof. Necessity: Assume <A/,,><3 and. let it correspond to A®6Mi. 
Then, clearly <A?,.> = <C/.,*l>-<At.,><6?.,*l> i.e. <A?..> corresponds to the oper- 
ator £®A®£^ € Ml . Clearly ^®A®^® € (Ml)^^ Thus the second definition of 
Lemma 2.5.3 gives ||| <A?,,> ||| = ||| J5U®i7® ||| . Now we have in §1 that 

III E^A^E^ III S HI III • III III • III E^ III = III A® III . So III <A?..> ||| ^ 

III A® III . This holds for g = 1,2, • • • and hence the sequence ||| <Ai., > ||| , 
III <A?..> III , • • • is bounded. ^ ^ 

Sufficiency: Assume that the numerical sequence ||| <Al.,> ||| , III III > ‘ * 

** The part of the first-mentioned operator in (2W*) is 0. 
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is bounded. so it corresponds to an A® e (Mi)** Sm Mi . Owing 

to the definition of Lemma 2.5.3, ||| ||| = ||| il® ||1 hence 

(2.5.a) The (numerical) sequence 1|| ||1 , ||1 ^^ ||| , • • • is bounded. 


For^ ^ r clearly hence = A’'. 

Now consider an / e SK*". 

For g ^ r, let fq = A% Since 1|/J|^ g 111^* IIP* 11/ iT, these /^’s 
are bounded. Also / € 9JZ’’ C SK® so E^f = jf. Hence for q' q r, = 
E^A^y = E^A^'EJ = A7 = /« . So/,. - /, and/, are orthogonal, 1 1 /,' - /J I" + 

ii/jr = iiA'iri.e. 

(2.5.« ii/,. - /, ir = WU ir - II/. ir for g' ^ g ^ r 

Thus the ||/r |1^, ||/r+i 11^, • * * form a monotone bounded sequence, and hence 
the lim,-^^ 11/, 11^ exists. Therefore the right-hand side of (2.5^) converges 
to zero for g, g' — > «> . Hence (2.5./?) now implies that strong limit Ay exists 
for g 00 . The restriction g ^ r may now be dropped. 

The set of all / for which Ay is strongly convergent is closed, since the [ 1 1 A® | j | 
are uniformly bounded. This set is obviously linear and by the above it con- 
tains 9W\ 9K*, • • • . Thus we see 

R \ fThe sequence A\ A^, • • • converges for all / in the 

^ \closed linear set determined by 9)^^ • • • . 

Since the 2)?\ 211^, • • • are together dense, the set of (2.5.7) is necessarily § 
itself. Denote the limit of Ay, Ay, • • * by A/. Then A belongs to M along 
with A\ A^, • • • . Thus we have shown 


(2.5.6) 


The sequence A\ A*, • • • converges for all / in 00 ® $ 
to an A € M in the strong sense. 


Let A correspond to the matrix <Be,,> in B^), Of course <B«,,> e 
Since for q r, = A% (2.5.5) implies that E'^AE'" = A’’. Hence 

= <AI.,>. Thus the rules of matrix computation yield 
B[,» = AJ,, . Now let t, 8 be given and choose r = Max (t, s). Then the above 
formula gives Bt,8 = Ae,«. Since t, s were arbitrary, this means = 

<At.,> and consequently <A#,,> too. 

Thus the proof is completed. 

Lemma 2.5.5. The set ^ can be uniquely and purely algebraically characterized 
in terms of M2 alone. 

Proof. A unique characterization of 3? was given in Lemma 2.5.4. By using 
the first definition of Lemma 2.5.3 for ||| <A?,,> ||| that one in terms of M? 
it becomes clear that this characterization is purely algebraical in terms of M2 
and of the M? , g = 1, 2, • • • . But we have already reduced the M? i.e. the 
M2 = M? for g finite, to M2 by Theorem IV. 

The proof is thus completed. 
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The remarks made in §2.4, preceding Theorem IV, in conjunction with the 
above Lemma 2.5.5, permit us now to assert 
Theorem IV'. M“ too is oner-valued. 

Our definitions in and that of §2.3 give together 

(2.5.€) = (M•)^ 

(This corresponds to (2.4.a). We could extend (2.4.j8) too, but we shall not need 
it here. Furthermore this extension is an easy consequence of Lemma 3.1.6.) 

§2.6 We undertake now to find the inverse operation to N^. At first we re- 
strict neither the ring N nor the exponent p == 1, 2, * • • , oo. 

Definition 2.6.1. A system of operators (/x, v g p) is a system of p- 
matrix units if it possesses the following properties: 

(i) W*.. = W,., 

(ii) forv = ff 

= 0 if V 9^ a. 

Some immediate properties of these systems are given in 
Lemma 2.6.1. Every system of p-matrix units (/x, v g p) possesses the 
following properties: 

(i) The IV,* (m g p) are pairwise orthogonal projections. 

(ii) Every is partially isometric with the initial projection Wp,p and the 
final projection IV,*,,* (cf. [5], §4.3). 

(iii) Form Eo = TV,*,,* . This is either a finite sum or when p = oo 

converges in the sense of the strong operator topology, irrespective of the order in 
which the n = 1 , 2, • • • are gone through. This Eo is a projection and it is the 
unit of the system TV,*,» i.e. always 

EoWf^.p = TV^.^i^o = TV,*., . 

Proof. Ad (i), (iii): The convergence in (iii) is a consequence of (i), as is 
seen from familiar considerations concerning pairwise orthogonal projections 
(cf. e.g. [5], pp. 76-78, or the proof of (2.5.5) in the proof of Lemma 2.5.4 above). 
All other assertions are immediately verified by using (i), (ii) in Def. 2.6.1. 

Ad (ii). Definition 2.6.1 gives directly 

Wt.W,„ = W,.. , = w ,.. . 

Since W,,, , are projections by (i) above, these formulae imply our asser- 
tions by [6], p. 142, Lemma 4.3.2 (the last two criteria), and p. 141, Lemma 
4.3.1. 

We prove now 

Theokem V. 58=®” is equivalent to this: There exists a system of p^matrix 
units W^., tM (u, V ^ p) with the unit 1 (qf. (iii) in Lemma 2.6.1) and with the 
following further property: 
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TFi.i is a projection. Let 5Di be the closed linear set with Pm = Wi ,\ . Then 
M(sr) must be algebraically isomorphic to 

(Concerning the omission of this extra condition, cf. the corollary below.) 
Proof. Sufficiency: Assume the existence of (/x, J' ^ p) as described. 
Wi,i € M is a projection. Let be such that Pm — E = Wi,i . 

For every A® e M define 

(2.6.«) A't,. = Tri..AV,.i (t, s^p). 

Clearly A^.^cM and one verifies immediately that EA't,s = AJ,,J? = A^,, 
(E = Hence A^., e M*. Now apply Lemma 2.5.1 and form 

(2.6.i8) A*,. = (A;.,)^,^ . 

Accordingly At,» € M(®i) . 

Thus to every A® € M there corresponds a p-order matrix <Ae..>, (<, s ^ p) with 
all A I,, € M(fR) . Let 3 be the set of these <At..> which correspond to an A® € M. 

We shall now show that this correspondence establishes a p-m^rix ^to- 
morphi sm of M over M(jw) in the sense of Bp) in §2,4- That means M = M(®i) 
and as = N so M = N". This will complete the proof of the sufficiency. 
We prove the al)ove assertions in three successive steps. 

The correspondence is one-to-one — i.e. if A®, eM have <Af.,> = <Bt,a> 
then A® = jB®. Now <A<.,> = <Bt,$> means A<., = JB*,, for s S P and 
hence (AJ,,)(sk) = and A[,a = i?<,, since both are e M^. Thus 

Wi,aA^Wt,i = . Multiplication by Wa,i on the left and by Wi,t 

on the right, gives Ws,$A^Wt,t = . If we sum over s and t we obtain 

A® = jB® as desired, since by hypothesis ^ = 1 = W,,, . 

The correspondence is a matrix isomorphism. This can be verified by the 
use of Def. 2,6.1, Eq = IFm^m == 1 and the equations (2.6.a) and (2.6./3). 

For these show that by the use of Equation (2.6. a) we correspond to 1, aA®, 
A®*, A® + A®^® (ill M) matrices <aAj,,>, <As*>y <A\,» B\,,> 

Ar,,B't,r> of elements of and then by the use of Equation (2.6.iS) we 
correspond these to <5i.,l>, <aAt.,>, <Am>, <At,» + jBt.,>, Ar,.Be.r> whose 

elements are in M(bo . 

3 contains all finite matrices. Consider a finite matrix <At,»> where 
At,a € Mm) . There is a ^ < oo such that Ae,. == 0 when t > qor when s > q. 
Let A I,, € satisfy (23,0) and put 

A® = ZJ-i Ws.iA't.,Wi.t . 

Observe that in this presentation N is determined by M and IVi.i together. Whether 
M alone suffices to determine N is a different question. If, however, p is finite and M is a 
factor, we do have that fland p determine N uniquely if there is such an N. For if is 
the range of Wi.i for one choice of the p-matrix units and that for another, then 

« (1/p)/>m('&) ** Hence Lemma 2.8.1 (of our present text) implies, M(s»<i)) »« 

M(9»<<)}. Hence Mean) depends only on M and p. 

If however p is oo then M itself is in an infinite case by (iii) of Lemma 2.7.1. Under these 
circumstqnces, ® fails to determine N as may be seen from 5) in Lemma 3.1.5 (write St for 
its M*). 
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Then .4° c M and it follows from the rules of Def . 2.6.1 that (2.6.a) holds. Thus 
<A«.,> corresponds to ^is A® and therefore it belongs to 3. 

Necessity: Assume M = R*" in the sense of Bp) in §2.4. For every pair 

p ^ p form the matrix, This matrix is clearly finite and hence 

it belongs to 3. Thus it corresponds to an element of M which we denote by 
Wp,, . Then the matrix computation rules of Bp) give immediately the rules 
of Def. 2.6.1. Thus the results of Lemma 2.6.1 are now available. Now in 
the notation of (ii) in Lemma 2.5.2, F® = (s = L 2, • • •)• Hence 

Lemma 2.5.2 (iii) and Lemma 2.6.1 (iii) imply Eo = = 1- 

Put PjR = E = TFi.i . A® e means FA® = A®F = A® or, by the above- 
mentioned rules, that the matrix A® has the form <8/,i5».iA>, A eN. This 
correspondence between the A® e M® and the A e N is clearly one-to-one, it 
carries E «M^ (which has the matrix <5(,i5,,jl>) into 1 tN and it leaves the 
operations aA, A*, A -f- B, AB invariant. These results, together with Lemma 
2.5.1, show therefore that M(si) is algebraically isomorphic to N. 

Thus all our requirements arc fulfilled. 

Corollary. Given M and p, the equation M = N’’ possesses a solution N if and 
only if there exists a system of p-matrix units, e M (m, v g p) vnth the unit 1. 

Proof. This becomes clear when we omit the last condition in the above 
theorem, since the only effect of that condition is to determine S in terms of 
the Wp ,, . 

Under certain conditions we may even go further. 

Lemma 2.6.2. If M is a factor not in case (/„), and p = 2, 3, • • • is finite, 
then there is a system of p-matrix units Wp,, , (p, v g p) loith unit Eo = 
1, 

Proof. We first obtain a set Ei, • ■ • , Ep of projections in M such that 
Du(^i) = Dit{Ei) and 2n-i Suppose first that M is in a case (//i). 

We may assume that Dm( 1) = L The range of Dji contains 1/p (cf. [5], Theorem 
VIII, p. 172), and hence there is an Fi c M with Dji{Ei) = 1/p. Since Du{Ei) = 
1/p g 1 — 1/p = Dm(1 ~ El), there exists a projection F 2 g 1 — Fi with 
DuiE-i) = Ifp Du{Ei). (Cf. [5], Lemma 8.3.1, p. 167.) Furthermore 
DmU — El — E 2 ) = I — 2/p. If p > 2 we can find an Fa g 1 — Fi — Fj 
such that Dk(Fj) = 1/p. Thus we may continue until we obtain a set of p 
pairwise orthogonal projections Ei, • • • , F, e M with F* = 1, Dn{Ep) = 
1/p. If M is in an infinite case, we can easily modify the proof of [5], Lemma 
7.2.3, p. 157, to yield that there are p pairwise orthogonal, dimensionally equiva- 
lent, closed, linear sets 9Ki , • • • , which together span In that proof it is 
only necessary to separate the R<’s into p sets rather than 2. Then if F< is the 
projection on aW< , ^l-iEn = 1 and DuiEp) = » = Djs,(Ei). 

Since DuiEt) = Dic(Fi) there is a partially isometric « M with initial set 
aWi and final set by the definition of the dimensionality function. If we now 
define Wt,. by the equation Wt,, = Wt.iWti the properties of the partially 
isometric Wi.i (cf. [5], §4.3) readily yield the equations of Def. 2.6.1 above. 
Hence the Wt,, constitute a set of p matrix units with Eo — 1, W c M. 
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Lemma 2.6.3. If M is in case (In) then M possesses a set of p-matrix units with 
jEo = 1 i/ and only if p divides n. 

Proof. Necessity: If M has a set of p-matrix units, with £7o = 1, then by 
Lemma 2.6.1, the W\,i , • • • , Wp,p are p pairwise orthogonal projections each 
with same relative dimension, and whose sum is 1. It follows that Dj/i(Wt,t) = 
(1/p)Z)m(§). If we take we know that Dyi(Wt,t) = (1/p)^^m($) 

is a whole number and hence p divide n. (Cf. [5], Theorem VIII, p. 172.) 

Sufficiency: If p divides n, we can find p dimensionally equivalent pairwise 
orthogonal projections and with En = 1. For 

if Z)m(v^) = we can find a projection Ei^'NL with Dyi(Ei) — njp and we 
proceed as in the proof of Lemma 2.6.2 to find E 2 , • * * , Ep , The rest of that 
proof then applies to the present situation. 

Theorem V yields 

Lemma 2.6.4. (i) // M is a factor , not in case (In) and p is a finite integer^ 

then there is an N such that = M. __ 

(ii) If M is in case (In) there is an N such that = M if and only if p divides n. 

(iii) If there is an N such that = M for p < qo , p = 2, 3, • • • , then there is a 
manifold TO such that = N and Z)m(TO) = (1/p)I)m(^)* 

As we remarked in footnote 15, we may add 

Lemma 2.6.5. If p is finite, M is a factor and if N is such that N" = M then 
N is uniquely determined, 

§2.7 It remains to consider the nature of N and also what happens if p == oc . 

Lemma 2.7.1. We have for any fixed p = 1, 2, • • • , oc, 

(i) N is a factor if and only if is one, 

(ii) //R, R^ are factors, then they belong to the same onevf the Cases (I), (II), (III). 

(iii) If R, R'", are factors, then R'’ is in a finite case if and only if R is in a finite 

case and p is finite. 

Proof. Choose an M with M = R*". 

Ad (i). An € M belongs to the center of M if and only if its matrix <A<,«> 
(all At,„ eN) commutes with all matrices 6 3 . For this it is necessary 

that it commute with all finite matrices <Bi, 9 > (all cf. Bp)), This 

is immediately seen to imply that = dt,,A (t, s ^ p) for an A belonging to 
the center of N. This condition is also clearly sufficient. Hence the A® of the 
center of M are precisely the al corresponding to the matrices <adt,$l> if and 
only if the A of the center of N are precisely the al, i.e. M is a factor if and only 
if N is one. 

This completes the proof. 

Ad (ii). By Theorem V, N is isomorphic to an M(a») . Hence our assertion 
follows from [5], p. 189, Lemma 11.4.3. 

Ad (iii). The Wp,p (p ^ p) are pairwise orthogonal projections € M all with 
the same relative dimension in M owing to (i), (ii) in Lemma 2.6.1. Hence 

(2.7-a) Duil) = = pDu(.Wi.i)}^ 

Here as in some subsequent instances (proof of Lemma 5.3.4; III in $5.5) it is con- 
venient to use the convention 00 *0 ■■ 0. 
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Now 1^1,1 is not zero, since if it were we should have = 0 and = 0 

for p = 1, 2, • • • , 00 . Hence D'm(}Vi,i) 0. Now M is in a finite case if and 
only if is finite. By the above, this is equivalent to the statement that 

both p and nre finite. And the finitencss of Z)m( 1 ^i,i) = 

(Pffli = Wi,i) is, according to [5], p. 189, Lemma 11.4.3, equivalent to M(»o 
being in a finite case, i.e. by Theorem V, to N being in a finite case. 

This completes the proof. 

§2.8 Txjt M be a factor in a Hilbert space §. As usual we denote by 
and by (E = P^n cM) a fixed relative dimension function of M. We 

consider again the rings and M(5 r^ as described in the beginning of §2.5. 

Lemma 2.8.1. If 2)?i , 59J2 are two closed linear sets rj M mth DmOWi) = Dm(2)?2) 
then M(ani) and M(gK 2 ) {in 9D?i and 5D?2 , respectively) are spatially isomorphic. 

Proof. Since 7 )m(59Ji) = Pm(®? 2) there exists a partially isometric L/ « M 
with the initial set SWi and final set 9D?2 . This is a one-to-one isomorphic map- 
ping of 9D?i on 9D?2 and it obviously carries M(3)j j) into • Hence it establishes 

the desired spatial isomorphism. 

For the remainder of this chapter, we assume that the factor M is in a finite 
case. 

Consider a real number a and a projection E e M or equivalently a closed 
linear set 9Ji 77 M with E = . We assume E 0, i.e. {0} and 


(2.8.a) 


l^E) 

Dud) ‘ 


Then the above liCmma 2.8.1 shows that M(a«) depends only on M and a but not 
on the E, themselves. (A spatial isomorphism implies an algebraic iso- 
morphism.) 

Consider now two algebraically isomorphic Mi and M2 . Choose Pi € M 
with a = Pmi(^)/Pmi( 1)- Then the isomorphism carries Ei into an P2 € M 
with a = L>m 2(^2 )/I>m 2(1)* Le^ 9Wi, 2)?2 be r; Mi, 77 M2 respectively, and such 
that Pswi = El j PiRj = E 2 . The isomorphism carries Mf * into Mf* in particular 
El into E 2 and it leaves the operations aA, A*, A + B, AB invariant. Hence 
it generates, by Lemma 2.5.1, an algebraic isomorphism of (Mi)(swi)jtnd (M2)(a»,) . 
Thus M(9R) (assuming its existence) is uniquely determined by M and a. We 
denote this M(9R) by M“. 

This notation could conflict with that of Tl^orcm IV when p = a = 1 But 
in that case clearly M^ exists and is equal to M under both definitions. 

The a, for which M“ can be formed, comprise precisely the rang^ of 
Du{E)/Du{1) for all P € M, P 5^ 0. JThis is the set (1/n, 2/n, • • • , 1) if M is 
in a case I» and the set 0 < a ^ 1 if M is in a case (IIi). 

Summing up, ^ 

Theorem VI. M“ exists if and only if a belongs to the following set: 
(1/n, 2/n, • • • , 1) ty M in a case (In), (n = 1, 2, • • •), (0 < a g 1) M is 
in the case (IIi). 

There is no conflict between this notation and that of Theorem IV. 

Since the relative dimension Du{E) can be characterized in a way which is 
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invariant under conjugate isomorphisms (cf. the remark at the end of §2.3), 
our present definition and that of §2.3 yield together 

(2.8./3) (M®)“ = (M“)* (a in the range 

of Theorem VI), 

Consider next two projections i?, F € M, J5J, F 9 ^ 0 and E ^ F or equivalently 
the closed linear sets 9)J, 31 ry M with Fan = F, = F. Hence 9J? 7 ^ (0),3l 9 ^ (0) 
and SDt C To avoid misunderstanding, let 1 be the unit operator in § and 
1' = F(51) be the unit in Put 

_ Dji(F) _ _ Dji(E) 

" Dm(1)’ «>(!') W)- 

Clearly a/3 = Dm(F)/Dm(I) ^^nd M(a)o = (M(3i))(®i). Our definitions now yield 
immediately • 

(2.8.7) (M"*)^ = (a, in the range of Theorem VI). 

§2.9 We continue the discussion of the preceding section 
Lemma 2.9.1. If p is finite and M and N are factors in a finite case, N = 
is equivalent to the staietnerit M = {The statement == includes 

exists^) _ 

Proof. Assume M = It follows from Theorem V that there is an E 
with Du{E) = (1/p)Dm( 1) such that S == M(»i) where. SEU is such that F = Pjw . 
Hence, by the above definition, = N. 

Conversely, suppose == N. It follows that 1/p is in the set of Theorem 
VI and hence, if M is in a case (/„) p divides n. Thus Lemmas 2.6.2 and 2.6.3 
imply that there is an No such that No = M. Hence the above result (with No 
in place of N) gives No = i.e. No = N. Consequently N^ = No = M. 

This completes the proof. 

Lemma 2.9.2. If M® exists {in the sense of Theorem VI) and if pa = qP, {p, q = 
1, 2, • • • ) then (M"*)^ = (M®)^. (This is to include the statement that (M*)^ 
exists,) ^ 

Proof, pa = qp. Hence afq = P/p, M“ exists. From this we shall draw 
inferences so that the existence of each expression that appears will be estab- 
lished when we write it down. In this way (2.8.7) and Lemma 2.9.1 give 

M“ = ((M^)b“ = (M*)^ = 

Hence by Lemma 2.9.1, 

(M“)'’ = ((Si»)7)’’ = (((M’/)i)*’ = (M*)'* 

Lemma 2.9.3. For a given M consider all a of the set in Theorem VI, and all 
p = 1 , 2, • • • . Then we have 

(i) The range of B — pa is the set (1/n, 2/n, • • • ) if TA is in a case (In) (n == 
1, 2, • • • ) and the setO < 6 < <x) if Mis in the case (Hi). 
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(ii) (M“)^ depends only on B = pa and not on the individual values of a and p. 
Proof. Ad (i). Immediate by Theorem V. 

(ii). Lemma 2.9.2 yields, when pa = qP, == (M®)^ and = 

(M®)^ Hence =JM^)". 

We denote the above 6 = pa by M®. 

This notation does not conflict with those of Tlieorems IV and VI. This can 
be seen by putting a = 1 or p = 1, respectively. 

Summing up, — __ 

Theorem VII. exists if and only if 6 belongs to the following set: (1/n, 
2/n, • • • ) if Mis in a case (/n), (n = 1, 2, • • • ), (0 < 0 < -c) if Mis in the case 

(III). 

There is no conflict between this notation and that of Theorems IV and VI. 
Combining (2.4.a) and (2.8./3) gives 

(2.9.a) {M^y = (M^)*^ (19 in the set of Theorem VII). 

Also, by the use of (2.4.i3), (2.8.7) J^nd Lemma 2.0.2, we obtain 
(((M“)'’)^)" = (((MY)0" = (M“^)M^^ 

Hence if we put 6 = pa, ^ = q0, then 

(2.9.^) (M^^)^ = (M^)*' = (6 and J in the set of Theorem VII). 

(Concerning the exponent qo , consider the remark at the end of §2.5.) 

§2.10, Denote the set of all 6 for which exists and equals M by 

(2.10.a) & = @(M). 

Obviously 1 € ® and B, ^ e (pimply B^ c ®. Since exists and equals 

M, M® = M implies = M i.c. Be® implies 1/Be ®, (All this is due to 
(2.9.i3) in §2.9.) 

Theorem VIII, The set ® of (2.10.a) above is a subgroup of P the multiplication 
group of the real numbers B,0 < B < 00 . We call ® (he fundamental group of M. 
Some properties of ®. __ 

Lemma 2.10.1. (both sides are assumed to exist) is equivalent to 

B/^e®. __ _ _ _ _ 

Proof. Sufficiency: c implies = M. Hence M^ 

Necessity: Assume M^=M^ (M^)^'^ exists and equals M. Hence (M^)^^^ = 

exists and eq^alsJM. Thus^^/{ e ®. 

Lemma 2.10.2. M, M® and all M® have the same fundamental group. 

Proof. Ad M^ Immediate by (2.9.a). 

Ad. M^. Immediate by Lemma 2.10.1. 

Before we conclude this chapter, we determine the behavior of the discrete 
finite cases, i.e. the (/n), n = 1, 2, • • • . 

Consider the ring 0 of all operators a-1. This is obviously the prototype of 
all factors of the case (/i), its type 0is that of the ring of all complex numbers. 
Now we have 
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Lemma 2.10.3. If M is in case { In ) An = 1, 2, • • • ) then M“ (a finite), exists 
if and only z/ na = 1, 2, • • • , and then M** = 0”“. 

Proof. The range asserted for a is the same as that of Theorem VII. Put 
not = k. Then 

Si“ = M» = 

Now consider Apply the definition of §2.8, preceding Theorem VII. 

For the E in question, Dm(^)/Dm( 1) assumes its minimal value, 1/n. Hence, 
this E is minimal. (Cf. [5], pp. 143-144, Def. 5.1.2.) Consequently is the 
set of all aE (cf. [5], p. 144, the last part of the proof of Lemma 5.1.3 — or it may 
be proved directly). Hence M(a«) is the set of all a*l in SD? i.e. 

— ^ — — 

= M(3R) = 0. 

Consequently 

M" = 0^, k = na 

as desired. ^ 

Corollary. If M is in a case (/n)(n = 1, 2, • • • ) then M == 0”. 

Proof. Put a = 1 in the above lemma. 

Lemma 2.10.4. If M is in a case {In){n = 1, 2, • • • ) then M*" = M and 

& = ®(M; = (1)^ 

Proof.^' Ad. IW = M. Clearly 0® == Hence the corollary to Lemma 
2.10.3, and (2.4.a) or (2.9. a) imply M® == M. __ 

Ad. ® = (1). By Lemma 2.10.3 and its corollary, M“ is in case (Ik), k = na. 
Hence M" = M implies na = n or a = 1. So ® _ 

The validity or invalidity of the equation = M and the fundamental 
group ® = @(M) are algebraical isomorphism invariants of M. Lemma 
2.10.4 showed us how they behave when M is in a discrete finite case, i.e. in a 
case {In), n = 1, 2, • • • . The really interesting factors are the remaining finite 
ones, those in the continuous finite case (Hi). We shall see that they are not 
all isomorphic to each other, but we shall achieve this differentiation with the 
help of other invariants. (Cf. the end of §5.6 and the beginning of §6.1.) 

For all M in case (IIi) for which we have succeeded in settling this question, 
= M and = M (0 in the set of Theorem VII), i.e. ® = P, was found. 
(Cf. Theorem XV and the end of §5.6. Observe Lemma 2.10.4 by comparison.) 
There seems to be, however, no reason to believe the general validity of these 
relations. The general behavior of the above invariants remains therefore an 
open question. 

Chapter III. Characterization of all Spatial Types in Terms 
OF Algebraical Types 

§3.1 We have classified all operator rings M according to their types lil i.e. 
with respect to algebraical isomorphism. Now we shall introduce a broader 


Both assertions could be proved directly by matrix considerations. 
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classification, to be called the genuSy each genus consisting of one or more types. 
It will be necessary, however, to restrict this new classification to factors M. 

We need some auxiliary lemmas which lead up to the desired definition. 
Throughout this section M will be a factor in a Hilbert space $. As before, we 
denote by D^{E) and DmC®?) a fixed relative dimension function of M applicable 
to the E eM or the 9)? r; M. 

Lemma 3.1.1. If W: is a closed linear set, 9K rj M and such that SD? 9 ^ (0) and 
© 9K) == 00 then 

M = (1^))“. 

Proof. Under our hypothesis, 90? ‘^divides^^ 0 90} an infinite number of 
times, i.e. there are an infinite number of pairwise orthogonal closed linear 
sets 90}2 , 90}3 , • • • such that DM(90?'i) = Dm( 90?) tind 90?i Cl © 0 90? for i = 
2, 3, • • • . If 90? is relatively finite-dimensional, this is obvious. If 90? is infinite- 
dimensional, we apply a variant of [5], Lemma 7.2.3, p. 157, to S © 90? which 
shows that © 90? is determined by a denumerably infinite number of pairwise 
orthogonal closed linear sets 90}2 , 90?3 , • • • , each of which is relative^' infinite- 
dimensional. (To prove the variant, it is only necessary, in the proof of [5], 
I^einma 7.2.3, to divide the , * • * , into an infinite number of sets, each 

having an infinite numl>er of 'iJJ/s, rather than into two sets.) 

If we now apply [5], Lemma 7.1 .2, p. 1 55, to 90? and $ 0 90? we see that 0 90? 
is determined by a dcnurably infinite number of sets 9D?2 , 90}3 , * • • , which are 
pairwise orthogonal and for which Z)m(®}») = I>m( 2)}) for i = 2, 3, • • • . Let 
9J} = mi. 

The second paragraph of the proof of Lemma 2.G.2 can now be used to show 
the existence in M of a set of oc -matrix units with lUia = 

Psuii = P^ • For the hypothesis p < oo is not used here. Furthermore, 

E, = E;-1 W,., = fFx.i + = Pm, + Z;-2 Pm, = Pm + = 1- 

Thus Theorem V in §2.6 above yields the desired result. 

Lemma 3.1.2. If 50? is a closed linear set, SO? M and ^ (0) and if M is in 
an infinite case, then 

M = (m;;;;)". 

Proof. If Dji(§ © result is implied by Lemma 3.1.1. Hence 

we may assume that © 21?) is finite. Since M is in an infinite case, 

Z)j((§) is infinite and hence Dn^Tl) = Dm(^) ~ © ®?) is infinite also. 

Since Dm($) >8 infinite, there exists by [5], Lemma 2.7.3, p. 157, a clos ed 
linear set 91 such that J!>m( 91) and £)m(^ © 21) are also infinite. Hence M(M) = 
M(«) by le mma 2 .8.1 (we need only the algebraical, not the spatial , isom orphism) 
and M = (M^)* by Lemma 3.1.1. These give together M = (Meso) » . 

Lemma 3.1.3. A factor M is in an infinite case if and only if 

M = M“. 

Proof. Sufficiency: Immediate by (iii) in Lemma 2.7.1. 

Necessity: Put 9)1 = ^ in Lemma 3.1.2. 
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Definition 3.1.1. //, for two factors, M, N 

N = M(gn) 

for a suitable closed set 2)Z 9 ^ (0) and yfM in the Hilbert space ^ of M then we 
say that M is a multiple of fl, or that R is a divisor of M. 

It is clear that this relationship concerns M and R. Cf . the argument imme- 
diately preceding Theorem VI in §2.8. It is also obviously transitive. 

Lemma 3.1.4. R is a divisor of M if and only if a)M = R when R is in an 
infinite case /S) M = R^ with ad ^ lin the range of Theorem VII or of Theorem IV' 
(i.e., ^ = 00 ) when R is in a finite case. 

Proof. Ad a). Su fficiency : Obvious. 

Necessity: Since R = M(sr) is in an infinite case, Dm( 9D?) is infinite by [5], p. 
189, Ijemma 11.4.3. Hence M is in an infinite case and thus Lemma 3.1.2 gives 
M = = R*. On the other hand, R = R“ by Lemma 3.1.3. Thus 

M = R. 

Ad 0). Sufficiency: 6 finite: Then R == M" with a = 1/^ < 1. Hence the 
assertion follows by our definition of M“ for a ^ 1 in §2.8. 6 infinite: Immediate 

by Theorem V. ^ 

Necessity: M in a finite case: Clearly R = M(gn) = M“ wi^ a = Dj^iE)/ 
Du(l) 5 1, (JB = Piw). Hence M = R® with 6 = 1/a ^1. M in an infinite 
case: M = = R** by Lemma 3.1.2. 

Lemma 3.1.5. The four following statements are equivalent to each other: 

а) M is either a multiple or divisor of R, 

/3) M and R possess a common multiple, 

7 ) M and R possess a common divisor, 

б ) = R“. 

Proof. The implications 

«) P)f «) 7 ) 

are obvious. Furthermore 

follows from Theorem V, since this theorem shows that M** = R** is a multiple 
of M and of R. 

We prove next 

P)^cc) 

Let L be the common multiple of both M and R. Let close d linear s ets S B 
and 91 be chosen in the ^ associated with L, so that M = L(sw) and R = L( 9 j) . 
Since L is a factor either 9K has the same relative dimension (in L) as an 5R' C 9Z 
or 91 has the same relative dimension as an 9W' c 9)?. Cf. [6], p. 153, Lemma 
6.2.3, or p. 154, Theorem VI. By symmetry we may assume the former. By 
Lemma 2.8.1 we may now replace 9W by 91', i.e. we can assume that iDl £ 91. 
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Th^ (L(W)(®i)) = L(sr) so that Loi) is a multiple of . Hence N is a multiple 
of M. 

Finally 

Let K be a common divisor of M and Since M is a divisor of M* by Theorem 
V, so K is a divisor of_M* too. Now M“ is in an infinite case by (iii) in Lemma 
2.7.1. Hence = M* by Lemma 3.1.2. Similarly K* = R**. Consequently 

M* = N". 

All these equivalences give together 

7 ) 5 ) -> /?) -> a) 

thus completing the proof. 

Definition 3T.2. If the equivalent conditions of Lemma 3.1.5 are satisfied 
then we say that M, N are commensurable. 

6 ) of Lemma 3.1.5 implies that the notion of commensurability is reflexive, 
symmetric and transitive. 

Lemma 3.1.6. M, R are commensurable if and only if 

а) M = S’ when M, S are both in infinite cases. 

M = S^* when M is in an infinite case and S in a finite case 

y) M* = S when M is in a finite case and S in an infinite case 

б ) M = S^' with a d in the range of Theorem VII when S and M are both in 
finite cases. 

Proof. Ad a) — 7 ). Condition 8 of Lemma 3.1.5 for commensurability is 
M* = S’*. Lemma 3.1.3 shows that when M is in an infinite case we may 
substitute M for in this condition and correspondingly for N. When M and 
fl arc both infinite, this yields a) while if only one is infinite we obtain or 7 ) 

Ad 8). By Lemma 3.1.4, /3), M = for 0 ^ 1 in the range of Theorem VII 
is equivalent to N a divisor of M. Since M is finite, 6 is finite by liCmma 2.7.1 
(iii). _ 

On the other hand, M = for a ^ ^ 1 in the range of Theorem VII (for R) 
is equivalent to = N with 1/6 in the range of Theorem VII (for M). (Cf. 
(2.9 .i 3 ). That 6 is in the correct sets in the discrete cases is readily shown 
by reference to Lemma 2.10.3 and its corollary.) Lemma 3.1.4_with M and R 
interchanged shows that this is equivalent to St is a multiple of M. 

Thus M = for a ^ in the range of Theorem VII is equivalent to R is a 
divisor of M or R is a multiple of M, i.e. to the condition of Lemma 3.1.5 for 
commensurability. _ 

We call the abstraction of type M (for factors) with respect to commensur- 
ability its genus, i.e. two types Mi and M 2 will be said to have the same ge^s if 
and only if they are commensurable. We denote the genus of the type M by 
Ul. Notions invariant under commensurability will be said to be notions con- 
cerning the genus lit (and not M or M itself). 

Thus the cases I, II, III are notions concerning the genus. This follows from 
(ii) in Lemma 2.7.1 (with p = «>) and the characterization 8) in Lemma 3.1.5. 
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Similarly M® is an operation concerning the genus. This follows from (2.5. € 
and the above-mentioned characterization. Therefore we can define 

= M". 

Observe finally that (M(sw)), M^, p = 1, 2, • • • , qo and (when it is defined, 
i.e. for M i n a fini te case) (6 in the range of Theorem VII) have the same genus 
as M (for (M(sw)) this follows from a) in Lemma 3.1.6; for M*" this is implied by 
Theorem V and Lemma 3.1.5 a); and for this follows from Lemma 3.1.66).) 

It is clear then that being in a finite or an infinite case does not concern the 
genus (cf. Theorem IX for details). 

§3.2 Since the cases (I), (II), (III) are notions concerning the genus, each 
one of these cases is the sum of one or more genera. And of course each genus is 
the sura of one or more types. These are the details. 

Theorem IX. a) Case (I) consists of exactly one genus. This genus contains 
exactly one type in an infinite case: (!«); for every positive inleger M exactly 
one type (In), these being all its types infinite cases, 

fi) Case (II) consists of one or more genera. Each such genus contains exactly 
one type in an infinite case (Iloe) ond one or more types in finite cases (IIi). 

7) Case (III) consists of one or more genera. Each such genus contains exactly) 
one type which is, of course, in an infinite case (III^). 

Proof. Ad a). Each one of the cases (Ii), (I2), • • • , (I^o) contains exactly 
one type by [5], p. 173, Lemma 8.6.1. They can obviously all be obtained from 
the last one by the operations Mvan) • Hence they are all of the same genus as 
this last by a) of Lemma 3.1.5 and Def. 3.1,1. 

Ad 0), Consider a genus HL of case (II). Then there exists an M(gw) in a finite 
case, for any with Dm(2R) < qo will do. Thus M ( jj? > is^nite and it belongs to 
the given genus of M by condition a) of Lemma 3.1 .5. M** belongs also to this 

genus for the same reason, since M is a divisor of M** by Theorem V of §2.6. 
The infinite case in a particular genus is unique by a) of I^emma 3.1.6. 

Ad 7). Consider a genus HL of case (III«,)» Then M must be in an infinite 
case, and consequently it is unique by a) of Lemma 3.1 .6. 

Observe that none of the three cases (I), (II) or (III) is empty. Cf. [8], p. 94, 
§1, in the introduction. 

Lemma 3.2.1. Consider a genm HL which contains types M in finite cases, i,e, 
one in the cases (I), (II) (cf. Theorem IX above). Then the fundamental group 
®(M) is a notion concerning the genus i.e, it is the same for all the types M of 
the genus which are in a finite case. 

Proof. Immediate by 5) in Lemma 3.1 .6 and Lemma 2.10.2. 

We shall therefore denote the fimdamental group from now on by @(ffl). 
Some simple properties of @(ffl[) follow. 

Lemma 3.2.2. Consider a genus Hi as above. Form the ring M and two closed 
linear setSy SK, 9^ 17 M which are both 9 ^ (0) and of finite relative dimension. Then 
we have 

(i) ii;;;;; = 

(ii) M(r) = M(it) if and only if Djt(fDl)/Djt&t) t 
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Proof. Ad (i). Suppose first that DmCSK) ^ 

Her e Dm(2W) = Dm( 2)?') for an 9DI' C and since by lamina 2.8.1, Mojo = 
M( 9 W) we may suppose 9JJ C If ^ is a set M and DmC^ P) is a dimension 
function for M(<r) . Since TO £ 91 by definition, Mm) = (Mod)" for a = 
-DM(TO)/Z>M(9i)‘ (Cf. §2.8, v<p, M are replaced by 9f, M( 9 i) .) 

On the other hand, if DmCTO) > D^(^) the above argument yields (M(TO))^^“ == 
M(51) . Equation (2.9.i3) can now be used to show that m 7^ = (M(gi))", suitable 
use of Lemma 2.10.3 and its coroll ary b eing made in the discrete case. 

Ad (ii). By the de finitio n of @(M^), (i) implies = Mm if and only if 
a€®(M( 9 ?)). But®(M(sn)) = @(^) by Lemma 3.2.1. 

liEMMA 3.2.3. Consider a genus HL as above. Then it contains 'precisely one 
type in a finite case if and only if @(il) = P (cf. Theorem VITI). 

Proof. Sufficiency: Immediate by 8) in Lemma 3.1.6. 

Necessity: Assume ©(SS) ^ P- Consider an M of thus genus in a finite case. 
If we find a 6 not e which is in the range of Theorem VII, then M® has the 

same genus, is also in a finite case and yet t^M, thus completing the proof. 

Now in case (I), ©(fflt) = (1) by Lemma 2.10.4. Hence any ^ = 2, 3, • • • 
will do. And in case (11), P is the range of Theorem \T1, so ®(^) 5 ^ P guaran- 
tees the existence of the desired d. 

§ 3.3 The moment has now come when it is opportune to introduce the notion 
of a spatial type (cf. footnote ^“). We shall call the abstraction of M with 
respect to spatial isomorphism its spatial type. Thus two rings Mi and M 2 in 
two Hilbert spaces and ^> 2 , respectively, will be said to have the same spatial 
type if and only if they are spatially isomorphic. We denote the spatial type of 
the ring M by fit. ^ 

We shall now answer Question II in §2 in the introduction, for the cases (I) 
and (II)'^, i.e. determine when an algebraic isoiriorphism determines a spatial 
one. Thus we shall establish the relationship of fit to M. For the cases (I) 
and (II) we shall determine all spatial types fit in terms of the algebraical tj^pes 
M. 

The notions M^, 0(M) as well as the genus S will be basic in these considera- 
tions. 

A spatial isomorphism of Mi in ^1 and M 2 in §2 (cf. the Definition A in §2 in 
the Introduction) will also carry Ml into Ml . So the spatial tjpe fit of a ring M 
determines not only the algebraical type M but also the algebraical type M'. 
Now fit does not detennine Mp uniquely, not even for a factor M^®. Conse- 
quently a discussion of the spatial type fit of a factor M must begin with an 
investigation of the relation between M and M'. At this point the notion of 
genus comes in. 


” In the cases (I) of course the answer is known. Nevertheless we include them for the 
reason given in footnoted 

»» The direct factors described in [5], p. 139 or p. 173, Lemma 8.6.1, give elementary 
examples of this. The exhaustive results in this respect are contained in the last part of 
our Theorem X, 



748 


F. J. MURRAY AND J. VON NEUMANN 


Lemma 3.3.1. For every factor M in the cases (I) and (II) 

^ = fik*. 

Proof. Due to our assumptions concerning M there exists a closed linear set 
SD? r? M which is not = (0) and has a finite Dm( 3W). Choose an / c 9D? with / 0 

and form Wlf , 93?/® by [5], p. 143, Def. 5.1.1. These are closed linear sets, 
clearly t) M and rj M' respectively, both ^ (0) and 93?/®' C 23? since / € 93? t; M. 
Hence Dm(93?/®') is finite. 

We now normalize Dm so as to make Dm( 93?/® ) = 1 and then Dm' so as to 
make C = 1 for the C of [5], p. 182, Theorem X. Hence 

(3.3.a) Dm(93??®') = Dm^(93?J®) = 1. 

For the sake of brevity we write 

(3.3.iS) 9J?i = 93??®' , 93?'i = 93??® . 

Let us now use the considerations of [5], pp. 188-190, §11.4. We form 
in accord with them, M( 3 R,.aR 0 . These are coupled factors in 

93?r93?'i?^ (O)just asM, M' arc in Cf . the remarks, loc. cit., at the beginning 
of §11.4, and immediately preceding Lemma 11.4.3. We can use Dm and Dm' 
to obtain relative dimension functions in M(a;ei.aKi) , respectively, as 

described in Lemma 11.4.2, loc. cit. Our equations (3.3. a) and (3.3.i3) are 
now seen to imply: 

First, the relative dimension of 93?r93?i is 1 for and for . 

Hence both factors are in a finite case. Besides. C = 1 (cf. above). Hence 
they are either both in a case (In), n = 1, 2, • with 1/n times the standard 
normalization, or both in case (IIi) with the standard normalization.^’’ 

Second, they fulfill the requirements of [6], p. 235, beginning of §4.1, on which 
the Theorem VI on p. 239 eod. is based.^^ Now this theorem states that the 
coupled factors to which it applies are dual isomorphic.^^ Again, by [5], p. 188, 
Lemma 11.4.1, M(smi) , M(gKi.a»i') are algebraically ring isomorphic and similarly 
Mean;), M(awi.3R{) . Thus M(a«i) , M(aKi) are dual isomorphic, i.e. 

(3.3.7) mr; = 

Consequently, 

W = mWd = 

as desired. 

This lemma determines the direction of further analysis of our present topic. 
It is easy to obtain now more detailed information. 

This discrepancy is of course due to the different ways in which we defined the standard 
normalization in the cases (I) and (II) (cf. [51, p. 172, Theorem VIII). 

The theorem referred to is stated for the case (IIi) only. It holds however for the cases 
(In), n » 1, 2, • • • too, and with precisely the same proof. Our remark in footnote^ could 
have been applied to [6] also. 

•• Called anti-isomorphic, loc. cit. 
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For this purpose we define 

Definition 3.3.1. For every factor M in the cases (I) and (II) we form the 
number 


(3.3.5) 


c Z>m( 4>) 


with any normalization of and the corresponding C of [5], p. 182, Theo- 

rem X. 

The expression for 6 is clearly independent of the normalization of Dm , Dm' . 
Since 0 < C < oo , 0 < Dm(v©), (^) ^ oo , (3.3.5) characterizes 0 as a well 

defined number with 


(3.3.€) 0 ^ e S ^ 

except when Dm($) = Dm'($) = i.e. when M, M' both belong to infinite 
cases. If this happens, we construe (3.3.5) to mean 


(3.3,f) , 

00 

the symbol 00/ « being considered as an entity different. from all numbers of 
(3.3.«). 

Lemma 3.3.2. Let M arid 0 be as above. Then we have 
a) //M,M' are both in infinite cases, then 

M’ = and 0 = — . 


/3) If M is in an infinite case, and M' is in a finite case, then 

M = (M'®)* and 6 = 0 so 1/6 = oo. 

7) If M is in a finite case and M' is in an infinite case, then 

M' = (M®)* and 6 = 

5) If M, M' are both in finite cases, then 

__ 1 

ST' = (M®)® or equivalently M = (M'*^)® and 0 < 6 < 00 . 

Proof. All assertions concerning 6 are immediately by Def. 3.3.1. Let us 

now consider the other statements. __ 

Ad a), j3), 7). Lemma 3.3.1 states that M' and M® are commensurable. 
Hence our a), P), 7) follow from a), /3), 7) in Lemma 3.1.6 respectively. 

Ad 5). The equivalence of these two equations is obvious. We consider the 
first one. 

We choose the normalization of Dm , -Dm' exactly as in the proof of Lemma 
3.3.1. Now (3.3.a), (3.3./3) in that proof give 

1 1 

55^) = - (MO^M'W 
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Then (3.3 .y) and (2.9.a) jdeld 


or 

M"' = = (M')* 

as desired. 

Remark. The first formula of 5) holds clearly for 7 ) as well, while it becomes 
meaningless for a), jS). The second formula of 5) holds clearly for ff) as well, 
while it becomes meaningless for a), 7 ). 

It is furthermore apparent from our proof that for 5) the exponents 6 , 1 / 6 are in 
the range of Theorem VII. 

Lemma 3.3.3. Let M and 6 be as above. Then the spatial type fit is uniquely 
determined by the algebraical types y M, M' and the number 6, 

Proof. As in the introduction, §2, for each ^ = 1 , 2 a Hilbert space $)i and 
an operator ring M» in must be given. We assume that both M* are factors 
in case (I) or (II) and form for each Mj its di in the sense of Def. 3.3.1. We 
assume further that 

Ml = Si 2 , Ml = Ml , $1=- $2== 0. 

Then our task is to cstaVjlish fiti = fit 2 i.e. to find an isomorphic mapping 
§1 on §2 (cf. A) in the Introduction, §2) which carries Mi into M 2 . 

In proving this we must distinguish several alternatives corresponding to 
various values of d (the joint value of di). 

Observe first that the isomorphic mapping of '^1 on i02 which carries Mi into 
M 2 also carries Mi into mJ . Thus we can always replace each dJli by its M* . 
This has the consequence that ^1 = ^2 = ^ is replaced by I/61 = l/$2 = 1/0. 

Let us now consider the alternatives for 6. 

First alternative 0 < ^ < «:> . Since we may replace 6 by 1/6 we can even 
assume that 0 < 0 ^ 1. For both i = 1,2 the factors M< , Mi are in finite cases. 
Choose the normalizations of both Dm, > so that DmK^i) = 1, (7* == 1 (we 
use the notation of Def. 3.3.1 for both i = 1 , 2). So Dm.(§*) = 1/Oi = 1/0 ^ 1. 
Hence 1 belongs to the range of Dm, (cf. [5], p. 182, the discussion of the ranges 
of A, Ao , A', Ao in Theorem X and preceding it). Choose accordingly a rj M* 
with Dm, (®») = 1. There exists furthermore an € in the range of Dmi for which 
there is a p = 1 , 2 , • • • with 0 < € g’l, pc = l/O/^ Choose accordingly an 
2 i 7j Ml with Dmi( 8 i) = c, Si ®i , 

” The discussion of [5], p. 182, shows that the ranges of I>Mi and Z>m( agree for the area ^ 
both their maxima, i.c. 1, 1/9. Hence we can argue as follows: 

Case (In), n “ 1, 2, • • • : The range of Dmi is (0, 1/n, •••,!) now 1/9 ^ 1/n and 1/n is the 
smallest positive element of the range of Dui • Hence that range contains only integer 
multiples of 1/n. So 1/^ = p/n, p « 1, 2, • • • . So e » 1/n meets our requirements. 

Case (III). Choose p =» 1, 2, ••• so that 1/p^ ^ 1. Then « «■ 1/p^ fulfills pe 1/9 
and besides c ^ 1, 1/9. Since # belongs to the range of Dmi it belongs to the range of Z>Mi 
also. 
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Let us now use the considerations of [5], pp. 188-190, §11.4. We form, in 
accord with them, . (We choose .Sp, , and Mt , M' for the 

6 p, 2», W and Ml M', loc. cit.) These arc coupled, factors in ii,- (0) just as 
Mi, m; are in . We have 

= Mi . 

Hence Ml = Ml gives 

Mi(«i) = M 1 (« 2 ) • 

Besides 

(i?*) = = 1 , 

V tO 

= 1 . 

and Ci — 1 as before. Hence [ 6 ], p. 244, Theorem XI, applies with our ’ 
Mu,.) , M.c.) in place of its iOt , M, , M^ . There exists an isomorphic map- 
ping 3 of '^1 on fio which carries Musto into M 2 (« 2 ) and into M^cff.) » 

?i ry Ml , Si C hnply Vi v Mkjjj). So 3 carries into an S 2 v . It 

follows that ?2 rj M2 and ?> ‘^2 . Now 

= ^M: 2 (jf 2 )(^ 2 ) = Djfi (jfj)( 8 l) = == «• 

3 carries M^stoi^o = Mk?,) into M 2 (« 2 )( 82 ) = M 2 (? 2 ) • Restrict 3 from .lli to 
81 and denote this restricted mapping by Then g is an isomorphic mapping 
of 81 on 82 which carries into Macjj)- 

We have = 11$ and therefore for both i = 1,2 

or if we introduce the piojection Ei = P^. then 

DuiiEi) = ( 1 /p)Dm,( 1 ). 

Consequently we can proceed as in the proof of Lemma 2 . 6.2 or 2.6.3 to obtain 
a set of 2 >order matrix units , u,v = 1 , • • • , p with Wta.i = , 

^u^iWi;u,u = 1. Let the projection F»;u = Wi-.u.u have range Sit.u . We 
note that 5 rtta == ^-nd that Wi;u,v is partially isometric with initial set 
and final set ; i.e. it is an isomorphic mapping of on 9L;u . 

Thus W2\u,i^Wi;i,u = 55 w is an isomorphic mapping of 9 ti;u on 912 ;^ for u = 
1 , 2 , • • • , p. For w = 1 , ir»a,i = Fi.i , Ei = , 9 iia = 8. and hence gi 

coincides with g. Since the , w = 1, • • • , p are pairwise orthogonal and 
span together the closed linear set we can combine the 5u,w=l,*--,pto 
one isomorphic mapping g* of §1 on §2 . On 81 this g* coincides with gi = g. 
Hence 

(3.3417) g* carries 81 into 82 and in it Mueo into Mk?,) . 
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By virtue of the properties of Wi,u,v (cf. Def. 2.6.1), and owing to the definition 
of 5* we have further 

( 3 . 3 .^) 5 * carries Wuu,v into IFtju.v , u, t; = 1 , • • • , p 

Now Mt can be characterized in terms of Mic?i) > Wi-u,v , u, v = 

1, •••, p. Indeed: Ai^Mi is equivalent to for 

all Uy V = 1 , * * • , Consequently (3.3.1?) and ( 3 . 3 .^) imply that S* carries 
Ml into M2 . 

This completes the proof of the first alternative. 

Second alternative : ^ = 0 or 00 . Since we may replace 6 by 1/6 it is clear that 
we need only consider the case 0 = 0 . For both z = 1, 2 the factor Mi is in an 
infinite case and the factor Mi is in a finite case. Choose the normalization of 
Dui , so that 

= 1, Ci = 1. 

We may parallel our discussion of the first alternative however with e = 1 , 
p = 00. We form the accordingly. Since e = 1, 2 i = ili . 3 obtains as 
loc. cit. 81 = yields 82 = and 5 = 3. 

Let Ei = Pgf . We proceed to obtain an infinite number of pairwise ortho- 
gonal manifolds 9 li,i , 9^t,2 , • • * with 9 ii.i = 8i , 9?i,i4 v Mi , DMi( 9 ^<,w) = 1 for 
w = 1, 2 , • • • , and finally §i = [ 9 li,i , 9li,2 , • * • ] (cf. [ 5 ], p. 155 , Lemma 7 . 1 . 2 ). 
We obtain the Wi,u,v as in the second part of the proof of Lemma 2 . 6 . 2 . 

As in the discussion of the preceding alternative, we now obtain 5 m > w = 
1, 2, • • • and finally 5*> and by a literal repetition of that argument, the iso- 
morphic mapping 5 * $2 is seen to carry Mi into M2 

Thus the second alternative too is settled. 

Third alternative: 0 = qo/qc . For both t = 1, 2 the factors Mi , Mi arc in 
infinite cases. Choose a finite ^li rj Mi , ^1 0 and put Pst^ = £1 € M. Under 

the (algebraic ring) isomorphism of Mi , M2 (due to Mi = M2) this projection 
El € Ml corresponds to a projection E2 € M2 . Let ^2 be the range of E2 . Then 
^2 V M2 , ^2 7 ^ ( 0 ). Then the isomorphism of Mi , M2 also induces one of Mi(jfi) , 
M2(«2) owing to [ 5 ], p. 187 , (i), in Lemma 11 . 3 . 3 . Thus 

( 3 . 3 .t) Mi(«i) = M2(«2) . 

Also by (ii) eod., Mic^j = Mi hence SSi = SlJ gives 
( 3 . 3 . k) M 1 («x) ~ MIcJ^) . 

Put Ai,u,v =“ W i:i,vAiW i:u»i . The forward implication is obvious; the reverse follows 
from the formula 

^ Wi;v.lAi,u,v WiM,u y 

which is easily verified. 

** Footnote*^ applies to this case too. The convergence of in footnote*^ is 

readily seen to be a consequence of the convergence of the sum Wi:u,u . And in con- 

nection with the latter convergence, the remarks made in the proof of (iii) in Lemma 2.6.1 
apply again. 
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Now choose the normalization of 2 )m< , so that = 1, C* = 1. 

Automatically == «>. We may then write 

= 1. 

and C< = 1. Apply Def. 3.3.1 to .Si , , M'(ft.) in place of M, M' and 

denote the resulting number by 0* . The above equations give 

(3.3.X) == 00 . 

(3.3.t), (3.3.#c) and (3.3.X) permit us to apply the second alternative, which we 
have already disposed of, to .il* , M.ck.) , . There exists an isomorphic 

mapping 3 of on il 2 which carries M^sto M 2 (« 2 ) and Mu^,) into . 

We can continue from here on exactly as in the discussion of the second 
alternative, i.e. paralleling the considerations of the first alternative. We have 
the ifi already. Again we put € = 1, p = cc. Since c = 1, ?i = .fti. We 
already have 3* Si = gives fo = ^2 and 3 = 3* We have . = P^. , 

The Ft,« , = 1,2, • • • and , ?/, y = 1,2, • * • obtain as loc. cit. So do the 

,u = 1,2, • • • and finally g*; and exactly as loc. cit., the isomorphic mapping 
g* of v^i on §2 is seen to carry Mi into M 2 . 

Thus the third alternative too is settled and the entire proof is completed. 
We settle now the question of existence. 

Lemma 3,3.4. A factor M in the cases (I) or (II) with given algebraical types 
M, M' and given number d (cf, Def, 3.3.1) exists if and only if these fulfill the 
alternative conditions a)-5) in Lemma 3.3.2. 

Proof. Necessity: This is merely the assertion of Lemma 3.3.2. 

Sufficiency: We shall continue to denote the two prescribed algebraical types 
by M, M' although we have not yet identified them as belonging in this way to 
any coupled factors M, M'. (In fact, this is what we propose to prove.) The 
relations a)-b) in Lemma 3.3.2, which we assumed, imply for the genera 

(3.3.m) = iS*. 

(This cannot be deduced from I^mma 3.3.1, since M, M' are fictitions, cf . above.) 
The genus ill contains a (unique) infinite type R (cf. Theorem IX) — R being 
an actual factor in a Hilbert space 

Consider now the factor R' in S. We repeat the construction in §2.4, im- 
mediately preceding Theorem IV, with our 5?, R' in place of its M and with 
its p = 00 . Thus using the notations of §2.4, loc. cit., our R' is a factor in 
if = ^ = §2 and with the (p = <» dimensional) Hilbert space § 1 , we obtain 
the Hilbert space §1 ® §2 and in it the ring Mi of all operators with 

all € R' (cf. the similar argument before Theorem IV in §2.4). Put Ri = M^ 
i.e. Ml = Ri . It is obvious by the usual matrix computations, that Ri = Mi 
is the set of all operators <A5«,,>, A € R. Hence Ri = R. On the other hand, 
the discussions of §2.4 show that rJ = Mi = R^*. Thus R[ is in an infinite 
case (by Lemma 2.7.1). 
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Now Ri = ft permits us to replace R by ® $ 2 , Ri . So we have shown : 
It is permissible to assume that S' is in an infinite case. We do this, but we 

continue using the original notations i?, R. 

By I^mma 3.3.1, R' = ft^. Now ft = hence R' = St'’. By (3.3 .m) 
this means R' == Sk'. Since ft, R' are both infinite, we have (cf. Theorem IX), 

( 3 . 3 . J') I ft, R^ are the (unique) infinite types of the genera, SI, M' respectively. 

Choose an /o 5 *^ 0 in ^ and form the closed linear sets rj R, ri R'. 
(cf. [5], p. 143, Def. 5.1.1). We may assume that SOJfo is finite dimensional. 
(Choose a finite dimensional ?? R, 99? (0) and then fo e 99?. Clearly 99?/o £ 

99 J.) In this case, 9)i/o is automatically finite dimensional. (Use [5], p. 182, 
Theorem X, for this and for the next step.) Hence both /)r(99?/o ), I9r'(99?/o) 
are >0, < oc and C = 7)r/(99?/o)/Dr(9W/o'). Now’ normalize Dr , Dr^ so that 
i^R(®i/o ) = J^r'(®?/o). The above formula for C gives 

(3.3.0) C = 1. 

Write 9D?i = 9W?; , = mf, then 

(3.3.f) Dr(9Wx) = Dr.(9W;). 

We shall now again make use of the considerations of [5], pp. 188-190, §11.4. 
In accord with them w’e form Rcswi aR/) , R'oii swf) . These are coupled factors 
in 9}fi*99?| 9 ^ (0) just as R, R' are in and (3.3 .f) gives 

This, together with ( 3 . 3 .o) and a normalization, show’s that the requirements 
of [ 6 ], p. 239, Theorem YI, are fulfilled.*^ Hence R(mi^ 3 ni) , ^'(awi srol) are dual 
isomorphic,^ i.e. 

R^Wi-®ib = R(aKi-aw;)^ 

Now’ R(a»i) = R( 3 Ki-arq') > R^f) = R( 3 »i-swi) 

Consequently 

(3.3.ir) R(aRi) = R(bi<)^ 

Since R = Sk, R, M are commensurable, ft is in an infinite case. Hence 
a), 13 ) in Lemma 3.1.6 and I^mma 3.1.4 give together that M is a divisor of ft. 
Hence by Def. 3.1.1, 

(3.3.p) M = ft(?) for a suitable 8 17 R. 

If 8 is of finite relative dimension, we may assume by [5], Theorem X that 8 == 
9D?/o' for some/o . Similarly 

( 3 . 3 .<r) M”' = R(?q for a suitable 8 ' 8 ' = , when finite. 

From here on, it is again convenient to distinguish several alternatives, cor- 
responding to various values of B. 
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First ^temative: 0 < ^ < oo . We have the case 5) in Lemma 3.3.2. Hence 

M' = (M‘)*orby (3.3.p) and (3.3.<r) 

= (^ 0 * 

Now (3.3.7r) and (i) in Lemma 3.2.2, gives 

= (^ 0 ^ 

where jS = Hence (ii) in Lemma 3.2.2 give 

a = /3/d = (1 /^)(/)rK8')//>r(S)) €@(R) = ©(ra 

The interchange of M and ST' and with them of d and 1/d as well as R, 2 and 
R', 2' replaces a by 1/a. So w'e may assume a ^ 1. Hence a e @(R(8)) secures 
the constructability of R^)“ in the original sense of §2.8. Thus there exists an 
2" C 2 with 2" V R(8) and 

= PaWn ^ />r(8") 

Z>r(8)(2) Dr(2) 

(2" V R(?) implies 2" r; R.) ae &(R^) gives 

R(8'') = R(?)“ = R(8) = M. 

Thus we may replace in all our considerations 2 by 2". This carries a = 1. 
Writing again 2 for 2", we see: We may assume that a = 1 i.e. that 

Now consider the coupled factors Rce.?'), R(8.?') in 2-2' ^ (0). Combining 
our results, we see that we have 

R(8.8') = R(8) = M. 

R^ = R^ - M'. 

Thus the spatial type R(8.?') meets all our requirements. 

Second alternative: d = 0 or d = <» . Since we may interchange M and M' 
and with them d and 1/d we can even assume that d = 0. Then we have the 
case 13) in Lemma 3.3.2. __ 

Thus M is in an infinite case. Hence (3.3. i') gives R = M. Now consider 
the coupled factors R(?i) , R(8') in 2' (0). Combining our results we see that 

we have 

R(9') = R = M. 

R^ = ST' 

Or(8.)(8) = Z)r(S) = 00. 

2>r' 
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Thus the spatial type R(8o meets all our requirements. 

Third alternative: B = oo /oo . We have the case a) in Lemma 3.3.2, Hence 
M, M' are both in infinite cases, and so (3.3.1^) gives 

R = M 

F = wP. 

Also 


Dr(^) == = 00. 

Thus the spatial type R meets all our requirements. 

This completes the proof. 

Summing up the results of Lemmas 3.3.3 and 3.3.4, 

Theorem X. Consider factors M in the cases (I) an.^(II). Then the spatial 
type fit is uniquely determined by the algebraical types M, M' aAd the number 0 
{cf. Def. 3.3.1). 

M exists if and only if M, M' and B fulfill the alternaiive conditions a) • • • 6) 
in Lemma 3.3.2. 

Remark. In some cases, two of M, M' and B suffice to determine the third 
one andjthus St. Specifically, ^ 

а) If M is in a finite case, then M and 6 determine M' by 7), 6) in Lemma 3.3.2. 

/3) If W' is in a finite case, then M' and B determine M by jS), 5) in Lemma 

3.3.2. _ _ 

7) If either M or M' is in an infinite case, then M, M' determine ^ by a), fi) 
or 7) in Lemma 3.3.2. __ 

б) If M, M' are.both in finite cases, then M, M' determine B precisely up to a 
factor belonging to the group owing to 6) in Lemma 3.3.2 and to (2.10.a) 
and Lemma 3.2.1. Consequently they determine B outright if and only if 

@(Sl) = 

Thus the only remaining objects for our inquiries in the cases (I) and (II) 
are the algebraical types M. Theorems IX and X (or Lemmas 3.2.1 and 3.2.2 
in place of the latter) show that the knowledge of these is equivalent to the 
knowledge of their genera UL, The case (I) is completely clear; hence the 
above concepts must be studied in the case (II). And we can analyze a genus 
at in case (II) by analyzing any one of its types M in a finite case. Conse- 
quently we need only be concerned with (algebraical) types M in case (Hi). 

Chapter IV, Approximate Finiteness 

§ 4.1 In accordance with the above we begin the systematic investigation of 
the algebraical types M in case (IIi). Throughout this chapter M will be a 
factor in case (IIi) in Hilbert space §. We use Dm(^)> (but now in the standard 

Hence 0 is never needed in the cases (I) by Lemma 2.10.4 The situation is different in 
the cases (II). Cf. Theorem XV and the remark at the end of §5.6. 
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normalization) Trn{A), [[4]] as in §1.2. We shall also consider other factors in 
$ but they will be denoted by different letters. All our considerations however 
will take place in 

We begin by stating some familiar facts about factors in the case (I„), n = 

1 , 2 , ... . 

Lemma 4.1.1. Let N 6e a factor in a case (Ip), p = 1, 2, ... . Then there 
exists a one-to-one correspondence between the two following sets of entities, 

(a) The {algebraical ring) isomorphisms TK between N and the system of all ' 
complex p-order matrices 

a = (<, s = 1, ... , p)” 

(0) The matrix bases of N, z.e. the systems Wu,v , 0^, v = 1, • • • , p) 0 / p order 
matrix unitSy that are contained in N and have 

(4.1.a) Eo = ES-i W„,u = 1. 

The correspondence is this: 

(1) IK' is given: 

(ii) The Wu,v are given: 

XA = a = 

is equivalent to 

A = 

Peoop.** (i) leads from (a) to (j3). The conditions of Def. 2.6.1 as well as 
(4.1. a) are verified by direct matrix computation. 

(ii) leads from (/3) to (a): The rules of matrix computation are verified from 
Def. 2.6.1 and (4.1. a). 

(i) implies (ii) : Immediate bj" matrix computation. 

(ii) implies (i). Put in (ii). 

Remark 1. It is clear b}' (ii) that the ring N is generated b^^ the Tr«.„ , 

UyV ^ 1, ••• yPy 

N = R(Wu,v ;UyV = 1, • • • , p). 

Remark 2. The two sets (a), (0) are of course not empty. This follows in 
numerous waj^s from past results; the equivalent was even stated explicitly in 
the Corollary to Lemma 2.10.3. 

Lemma 4.1.2. Let N, O be two factors in the cases (Ip), (!<,) respectively, p, q, = 
1,2, • • • . Assume that 

NCO. 

The (cbmplex numerical) matrices which we consider now should be viewed as en- 
dowed with the same operations and defined in the same way as the (operator) matrices of 
Bp) in §2.4. 

*• Given only for the sake of completeness. 
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Then we have 

(i) p is a divisor of qiq = pr, r = 1, 2, • • • . 

(ii) To every matrix basis, Wu,v y u, v = 1, • • • , p o/ N there exists a matrix 
base Xo,w yO,w = 1, • • • , g o/O such that 

Wut9 ~ i)r+<,(*— l)r+i 

(iii) If we pass from the matrix bases Wu,v and Xo,w in (ii) to the isomorphism 
X and i? which correspond to them by Lemma 4.1.1, then the correlation of (ii) is 
equivalent to this: 

For A cN £ O, both X4 = a = {at,,}, t, s — 1, • • • , p and £A = a = 
k,l=l,‘--,qare defined and 

ak,i = (it,Jbi,j for k = {t — l)r + i, Z = (s — l)r + j. 

Proof. Ad (i). Do(F) will do as Dff(E) for the projections E e'N ^ O 
in the sense of [5], p. 165, Def. 8.2.1^® and standard normalizatfon. And since 
the dimension is imiquely characterized by those properties, therefore Do(E) = 
Djsi{E) for these E. 

Hence the total range of Do{E) contains the total range of />n(®) i-©* the set 

(0) V^> * * * ) 1) contains the set (0, 1/p, • • • , 1). Consequently, p is a divisor 
of q. 

Ad (ii). Consider a matrix base Wu,v of N and an arbitrary matrix base X^o,w 
of O. Put 

(4.1./3) X(t*-l)r+*,(i»~l)r+i • 

Then one verifies by explicit computation (using Def. 2.6.1) that the also 
form a system of p-order matrix units. Also 

= Z-i x'o.o = 1. 

Since .u) = we have Z)o(W^i,i) = 1/p and similarly 2)o(iri,i) = 

1/p. Therefore there exists a partially isometric U in O with the initial projec- 
tion W[,i and the final projection Wi,i . Now put 

V = 'Eu-iWu.iUw'i,^. 

Clearly V eO and one verifies by direct computation 

(1) V*V = VV* = 1 i.e. V is unitary. 

(2) VWu.^ = ‘ i.e. Wu.v = VWu.,V~^ 

Hence replacement of Xu,v by VXu,vV~^ = Xu,v will leave all its properties 
intact, but replace Wu,v by Wu,v = VWu,vV~^. And now (4.1.jS) yields the 
desired equation of (ii). 

Ad (iii). Apply (ii) in Lemma 4.1.1 to X (with Wu^v) and £ (with Xo,«,). 
Then the equation of (ii) goes over into the desired relation of (iii). 

^ Consider also p. 170, Lemma 8.3.6, loc. cit. We are using the fact that O belongs to a 
finite case. 
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We now define 

Definition 4.1.1. M is approximately finite of type [piyPi ^ • • • ]if is true. 
There exists a sequence of factors Ni , N2 , • • • with the following properties: 

(i) Nn is in case (Ip„) 

(ii) Ni C N 2 C • • • . 

(iii) The ring M is generated 6?/ Ni , N 2 , • • • . 

M = R(Nn ; n = 1, 2, . . . ) 


We have immediately: 

Lemma 4.1.3. Under the conditions of Def, 4.1.1, we have necessarily 

(i) Pn is a divisor of Pn+l , Pn+l = VnTn (r*n = 1,2, ••• • ). 

(ii) Pn ^ for n — > 00 i,e, infinitely many rn > 1. 

Proof. Ad (i). As Nn £ N this follows from (i) in Lemma 4.1.2. 

Ad (ii). Owing to (i), pi ^ P 2 ^ • so failure of (ii) implies pm = Pm+i = 

Pm-f 2 = • • • for some m. Hence equally = Nm-n = Nn »+2 = • • - and so 
(iii) in Def. 4.1.1 gives 

M = R(Nn , n = 1, 2, . • . ) = Nn,. 

But this is impossible since M is in the case (IL) and N« in the case (Ip„). 

For every sequence [pi , P 2 , • • • ] which meets these requirements there exists 
an M which is approximately finite of that type. But the concept introduced 
by Def. 4.1.1 is a preliminary one and we prefer to prove this existence only in 
conjunction with the final reformulation of the concept of approximate finiteness 
in Theorems XII and XIV. We now proceed in a different direction. 

Lemma 4.1.4. For any sequence of rings Ni , N 2 , • • • which fulfills conditions 
(ii), (iii) in Def, 4.1.1, denote by S the set theoretical sum of that sequence. Then 
we have 

(i) S is an algebra, 

(ii) M is the set of elements of B which are limits of a convergent sequence from S. 
Proof. Ad (i) : Every Nn is a ring; hence an algebra. Also Ni Cl N 2 CZ • • • . 

Hence the sum S is an algebra also. 

Ad (ii) : Denote the set of limits of all metrically convergent sequences from 
S by Si . We must prove that Si = M. 

Now 


M = R(Nn,n = 1,2, ... ) = R(S) 

and S £ Si M. Hence Si = M is established if we can show that Si is a ring. 

S is an algebra and aA, A* (as one-variable functions), A + B (as a two- 
variable fimction), and AB (as a one-variable function with respect to either 
variable) are continuous for metric convergence. (This follows from the 
evaluations of [6], p. 242, property II®.) Hence Si is also an algebra. Therefore 

•® For f ^ m, N« and Nz contain the same number of linearly independent elements; 
Pz “ Pm . As Nm £ Nz this implies Nm “ Ni . 
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its closure with respect to metric convergence implies its closure in the weak 
topology by Theorem I. Consequently, Si is a ring. 

This completes the proof. 

We can now prove 

Theorem XI. The {algebraical) type M 0/ an M which is approximately finite 
of type [pi , P2 , • • * I depends on the sequence [pi , p2 , • * • ] alone and not on the 
particular choice of M. 

(Provided such an exists at all. Cf. above.) 

Proof. Consider two such A == 1, 2, and form their • • • by 

Def. 4.1.1 and their by Lemma 4.1.4. We wish to prove that and 
are algebraically isomorphic. 

We shall choose by induction for every n = 1, 2, * • • an (algebraical) isomorph- 
ism Xn ^ between and the system of all (complex) pn-order matrices in the 
sense of {a) in Lemma 4.1.1. For n = 1 we choose a which meets this 
requirement (cf. Remark 2 after Lemma 4.1.1). If for any n = 2, 3, • • • , 
has already been chosen, then we choose in the following way: Apply 
Lemma 4.1.2 to N(n-i) , \ in place of its N, O, X (with in place 

of M) and put Xi'^^ = i?. Thus Xi^li and Xn ^ are related to each other as X 
and i? in (iii) in Lemma 4.1.2. 

Now form the (algebraical) isomorphism 3n = (Xn*^)““^Xn^^ of and 
Nn\ In view of the relationship given in the last sentence of the preceding 
paragraph, 3n is a part of 3n+i . Thus the isomorphisms 3n of Nn ^ and Nn ^ 
for n = 1, 2, • • • are compatible with each other and they merge to an (alge- 
braical) isomorphism 3 of and In our 3 agrees with 3n . Hence 
3 maps Nn^ on Nn\ 

In Trn;*)(A) is purelj^ algebraical (cf. §1.2). Clearly will do 

as rrNi*>(A) for the A in the sense of [6], p. 219, Property IV. And as 
the trace is uniquely determined by that property, so Tr^{h){A) = rrNi*)(A) 
for A Hence [[A]] = (TrMu\(A*A))^ = {Tr^i^^ {A* A))^ ior A cNL" and 

therefore [[A]] and with it [[A — R]] is purely algebraical in 

Thus 3 loaves [[A — B]] invariant in for all n = 1, 2, • • • . Hence the 
same is true in all 

Summing up : 3 is an isomorphism of and with respect to 
(4.1.7) 1, «A, A*, A + B, AS, 

and 

(4.1.6) [[A ~ B]]. 

By (4.1.6) 3 is isometric. Now extend 3 as far as possible in B by metric 
convergence, thus obtaining a new isometric (and hence one-to-one) correspond- 
ence 5. By (ii) in Lemma 4.1.4, % maps all of on 

The continuity of the operations (4.I.7) (cf. the proof of (ii) in Lemma 4.1.4) 
guarantees that 5 too leaves (4.1. 7) invariant. Hence % is an (algebraical) 
isomorphism of Mi and M2 . This completes the proof. 
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§ 4.2 As a preliminary before introducing other definitions of approximate 
finiteness, we develop further the ideas which appear in §1.5. 

Lemma 4.2.1. For any € > 0 exists an wz = Wzie) > 0 with the following 
property: 

Consider a ring N M and a projection £ e M. If there exists an A c N with 
[[A — E]] < ws then there exists also a projection F e N with [[F — F]] < €. 

Proof. Consider first the hypothetical A. We have [[A* — E]] = 
[[(A ~ F)*]] = [[A - F]] < t/;3 . Since hU + A*) - F = ~ F) + 

(A* — F)) these inequalities imply [[J(A + A*) — F]] < wz by the triangle 
inequality. Thus we may replace A by ^(A + A*) i.e. we may assume that A 
is Hermitian. 

Now form the following functions 


1 

= 1 

for 

|X| 

s 1 

^i(x) 

= 2|X|-1 

for 


1 X 1 < 1 

1 

1 = 0 

for 

1X| 

^ h, 

\ 

wH (N 

II 11 

for 

for 

|X| 

|X| 

^ h 
< h 


Clearly Lemma 1.5.3 applies to both of them. We form the vh{e) of that lemma 
for both functions and denote their minimum by Wn{^), We put 


(4.2.a) 


1P3(«) = 



Form the further function 


v(X) 


r = 1 for I X I ^ I 

\ = 0 for 1 X 1 < 1.’* 


The following facts are clear: 

v(X) = v5(X) = v(X)°. Hence F = <p{A) is a projection which belongs to M 
along with A. ^f'i(X) = = ^(X) = X for X = 0, 1, the entire spectrum of E. 

Hence 


(4.2.^) ^i{E) = — tp{E) = E. 

Finally (1 - ^(X))i/'i(X) + <e'(X)i/' 2 (X) = v’(X). Hence 
(4.2.7) (1 - F)UA) + FUA) = F. 

Now [[^ — E]] < tos(«) implies by Lemma 1.5.3 and (4.2.a;) that [[if'iC.d) — 
't'li.E)]] < e/2 and [[i^ 2 (A) — iA*(®)]] < «/2. Hence (4.2.|3) now jdelds that 
[[UA) - E]] < e/2 and [[^,(A) - E]] < e/2. Since HI F |ll and ||| 1 - F||| 
are g 1** we can therefore conclude that 

[[(1 - F)(^i(A) - + FiUA) - £)]] < e. 


*' Observe that are continuous, while <p(\) is not. 

** Actually we have an equality in the case of each of these operators except when it is 
zero. 



762 


P. J. MtrRB.\,Y AND J. VON NEUMANN 


This may be rewritten 

[[(1 - F)UA) + FUA) - E]] < *. 

With (4.2.7) this gives [[F — £]]<« as desired. 

Lemma 4.2.2. For any « > 0, there exists an Wt — Wi{t) > 0 with the follomng 
property. 

Consider two projections F « M with the closed linear sets SR, If [[E — F]] 
< Wi , then there exists a partially isometric W' e M with an initial set SO?' ^ SO? 
a final set 3?' £ S? and with [[TF' — F]] < e. 

Proof. Form the canonical decomposition of A = FE in the sense of [5], 
p. 143, Def. 4.4.1: 

(4.2.5) FE = A = W'B. FF = A* = BW*. 

Here B is Hermitian and definite, W' is partially isometric with initial set SO?' = 
[Range A*] = [Range FF] £ [Range F] = 30? and final set 3?' = [Range A] = 
[Range FF] £ [Range Fj = 3?. 

The range of W'* is SO?' C 90? = [Range Fj. Thus FIP* = W* and taking 
adjoints, we obtain 

(4.2.e) IF'F = W. 

For any canonical decomposition B^ = A*A. In our case A^A = EF-FE = 
EFE so 

(4.2.f) F* = EFE 

Observe also that due to the character of these operators 
(4.2.1,) |liF||l<l, lllFlli^l, III IF' III g l.“ 

Thus (4.2.f) implies ||| III ^ 1 and so 
(4.2.5) III Filial. 

Now form the function 


Hh) 


= 1 _ for I X I ^ 1 

= \/|X| for |X| g 1. 


Clearly Lemma 1.5.3 applies to it. We form the Wtt{e) of that lemma for this 
function and put 

(4.2.1) M>i(«) = Min 

It is clear that ^(X‘) = X for 0 ^ X ^ 1 which includes the entire spectrum of 
F, since F is definite and (4.2.5) holds. 'Thus ^(F“) = F, or using (4.2.f) we 
obtain 

(4.2.ic) 


f(EFE) = F. 
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On the other hand, if (X) = X for X = 0, 1 the spectrum of E and hence 
(4.2.X) if(i;) = E. 

Now our assumption, [[£ — F]] < Wi implies by (4.2.»j) that [[(F — F)E]] < w 
and [[E{E — F)F]] < wt or 

(4.2.m) [[F - FF]] < «)4 , {[F - FFF]] < wt 

(4.2.m), Lemma 1.5.3 and (4.2.i) together imply 

[[,f(F) - if (FFF)]] < 

This and (4.2.#c) and (4.2.X) yield [[E — B]] < c/2. This and (4.2.t;) imply 
[[W'(E - B)]] < c/2. Hence (4.2.c) and (4.2.5) give 

(4.2.1^) [[W' - FE]] < 

(4.2.m) and (4.2.t) imply [[E - FE]] < c/2. Hence (4.2.*/) yields [[W' - £]] < c» 
as desired. 

Lemma 4.2.3. // (7 € M is unitary and TF c M is partially isometric, and if 
U agrees vrith W on its initial set, then 

|[t/ - IF]] ^ (2 [[If - 1]])‘ 

Proof. The initial set of If is the range or final set of If*. Therefore 
UW* = If If*. This implies for the adjoints Iff/* = ITIf*. Hence 

(JJ - W){U - If)* = UU* - UW* - Iff/* + If If* 

= 1 - If If* - If If* + Iflf* = 1 - If If*. 
Therefore [[U - If]f = TmHU - If)(C/ - If)*) = IYmCI - Iflf*) or 
(4.2.0) [[t/ - If]] = (FrK(l - If If*))‘ 

We now make use of Schwartz's inequality in the sense of [G], p. 241, Theorem 
Vni, remembering that ||| If ||| ^ 1 and so [[If]] g 1. Thus 

Truil - Iflf*) = rrM(-If(If - 1)* - (If - 1)1*) ^ 2[[lf - 1]]. 

This and (4.2.o) yield the desired inequality of the lemma. 

Lemma 4.2.4. For any e > 0, there exists an Wi — u)s(«) > 0 with the following 
property: 

Consider two projections, F, F « M with I>n{E) = Z)m(F). If [[F — F]] < Wi , 
then there exists a unitary f/ e M with F — UEU~^ and with [[U — 1]] < «. 
Proof. Put «>»(*) = Wtft') where e' = «'(e) > 0 will be chosen later. 
Apply Lemma 4.2.2 to F, F and their closed linear sets It gives a 

partially isometric If ' « M with an initial set 3)f C 9W and a final set 9F £ ill 
and with 

(4.2.€) 


[[If' - F]1 < 
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In view of the relation of W to SW' and 91', Dm( 211') = Dif(9l'). By hypothe- 
sis, Z>m(2«) = DM- Hence Dm(2« © W) = Dm( 5« © 9^0- Choose a par- 
tially isometric F' « M with initial set SW © 9K' and final set 91 0 91'. Then 
U' = IF' + y' e M is also partially isometric, with initial set 9J1, final set 91, and 
it agrees with W on the initial set 9)1' of W. 

Apply all this to 1 — S, 1 — F and 9)l'^(= ^ © 9)1), 91'^ in place of E, F and 
9)1, 91. (Clearly [((1 - F) - (1 - F)]] = [[E - F]]). Thus we obtain a 
partially isometric W” « M with an initial set 9)1" £ 9)1'^ a final set 91" C 91"^ 
and with 

(4.2.») [[W" - (1 - F)]] < *'. 

Furthermore, there exists a partially isometric U" t M with the initial set 9)1'^ 
final set 91"^ and agreeing with W” on the initial set 9)1" of W. 

Now put • 

IF = IF' + IF", U = U' + f7". 

Then IF, t/ € M are partially isometric, with initial sets [9)1', 9)1"], [9)1, 9)1'^] = ^ 
respectively, and with the respective final sets [91', 91"] and [91, 91"^] = So 
U is unitary. 

U agrees with U' on the initial set 9)1 of U'. Hence it maps 9)1 on 91. There- 
fore 

(4.2.p) F = UEirK 

U agrees with W on the initial set [9D?', 9)?"] of W. ' Therefore by Lemma 4.2.3, 
(4.2.«r) [[C/ - W]] = (2[[iy - 1]])^ 

(4.2.^) and (4.2 .t) imply 

(4.2.t) [[IF - 1]] < 2*' 

(4.2.0-) and (4.2 . t) give together [[17 — IF]] < (46')*. This and (4.2 .t) yield 

(4.2.0) [[U - 1]] < (4«')* + 2*' 

Hence if we choose t' so that (4e')* + 2«' ^ «, (4.2.o) yields 

(4.2.^) [[17 - 1]] < * 

In view, therefore, of (4.2.p) and (4.2.v>), the Ws which we have specified 
satisfies the condition of our lemma. 

|4.3 We shall recast the definition of approximate finiteness in a series of 
steps, i.e. Defs. 4.3.1, 4.5.2 and 4.6.1, below: 

Definition 4.3.1. M is approximately finite (A) if this is true: 

Given any Ai , - - • , Am eM and any e > 0, there exists an n — ni(Ai , • • • , 
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Am , €) Slich that for every q'^n there exists a factor N = Ni(g, Ai , • • • , Am , €) 
with the following properties*, 

(i) N is in case (1^) 

(ii) N C M 

(iii) There exist Bi , • • • , Bm « N with 

[[Bh — Ah]] < c for /i = 1, . . . , m. 

In the present section we are interested in certain consequences of this defini- 
tion, in particular what other properties of the approximating factor N may be 
assumed. It will be assumed therefore in the five lemmas of this section that 
M is approximately finite (A). 

Lemma 4.3.1. Given any Ai , • • • , Am € M any projection B c M with D^iE) = 
1/p for p = 1, 2, • • • and any € > 0, there exists an 712 = n2(Ai , • • • , Am , E, i) 
such that for every q rh which is divisible by p there exists a factor N = N2(g, 
Ai , • • • , Am , e) with the following properties: 

(i) N is in case (!<,) 

(ii) N C M. 

(iii) There exist JSi , • • • , Bm c N with 

[[Bh — Ah]] < € for ft = 1, • • • , m. 

(iv) There exists a projection F € N with Z>m(F) = = 1/P, [[^ B"]] 

< 

Proof. Apply Def. 4.3.1 with Ai , • • • , Am , E in place of its Ai , • • • , Am 
and with c' in place of € where e' = «'(«) will be chosen later. 

Put n2(Ai , • • • , Am , F, €) = 71 i(Ai , • • • , Am , F, €') and N2(g, Ai , • • • , 
Am , F, e) = Ni(g, Ai , Am , F, e). Now consider a q ^ n 2 which is di- 
visible by p and its N = N2 . 

In view of the above definition of N2 , (i) and (ii) of the present lemma follow 
from (i) and (ii) of Def. 4.3.1. Furthermore, (iii) of Def. 4.3.1 states that 

(4.3. a) [[Bh - A^J] < €' for ft = 1, • • • , m, 

and 

(4.3 ./3) [[Fm+i "" F]] < e'. 

Put 

(4.3.7) 0 

where c" = c" (c) will be chosen later. Now (4.3.a) and (4.3.7) imply (iii) in 
the lemma, so we must only derive (iv) from (4.3 ./S). 


M Observe that this is a strengthened form of Def. 4.3.1, 
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By Lemma 4.2.1, (4.3.j8) and (4.3.7) imply the existence of a projection 
Fi « N with 

(4.3.a) m - E]] < 

This implies 

(4.3.*) I Du(F{) - Dy,XE) I < *".“ 

As N is in case (I,) and q is divisible by p, there exists a projection F * N with 
(4.3.f) i)M(F) = DjtiE) = 1/p, 

and we can even choose Fi ^ F. This latter implies [[Fi — F]] = (| DuiFi) — 
I>u(F) 1 )^’* This equation, (4.3.*) and (4.3.f) together imply [[Fi — F]] < e"^ 
Hence (4.3.5) now implies 

(4.3.1?) [[F - E]] < *"‘ + *". 

Thus if we choose *" = *"(*) > 0, so that (*")* + *” ^ « we can conclude 
from (4.3.1;) that [[F — E]] < €. In view of (4.3.f) and F € N, our last in- 
equality shows that N has property (iv) as desired. 

Lemma 4.3.2. Given any Ai ^ • • • , ^ ^ « M any projection F e M with D^(E) = 
1/p for p = 1, 2, • • • and any e > 0. Then there exists an Uz = nz{A\ , • • • , 
Am y E, i) such that for every q Uz which is divisible by p there exists a factor 
N = NaCg, , • • • , , F, c) with the properties (i), (ii), (iii) of Lemma 4.3.1, 

and in addition 
(iv')F€N."® 

Proof. Our hypotheses are identical with those of Lemma 4.3.1, and we 
apply the latter to i4i , • • • , Am ,E but with c' in place of € where 

(4.3.0) €' = Min. {wzin, e") 

and 6" = c"(€) > 0 will be chosen later. 

Denote the no , and J?i , • • • , Bm , F which we obtain in this way by nz , 

For any two projections F, F e M 

I Du(F) - Z>m(F)1 ^ [[F - E]l 

Proof. We have 

I Du(F) - Du(E)\ - I TruiF) - Tr^m = 1 Tru(F - E)\ 

This is g [[!])• [[F - E]] (cf. [6], pp. 241, Theorem VIII); hence ^ [[F - E]] as desired. 
^ For any two projections F, F € M with F ^ F 

[[F - F]] = (I />m(F) - Fm(F)I)* 

Proof. By symmetry we may assume E ^ F. Then F — F is a projection, Dm(F) — 
Du(E) = 2)m(F — F). Put G ^ F — E. We must prove [[6?]] «* (Dm(G))1. Now 

IIG]? =« Tru(G*G) - Tru(G) « Du(G). 



ON RINGS OF OPERATORS. IV 


767 


NJ and Bi , • • • , B'„ , F'. We put n* = ni and N"*" = N* . In view of (4.3.6), 
Lemma 4.3.1 (iii) gives 

(4.3.0 [[Bh - Ah]] < e" for 

while (iv) of that Lemma yields 

(4.3.0 [[F' - E]] < i/.,(6") 

and 

(4.3.X) Du(F') = Iht(E). 

(4.3. (c) and (4.3.X) allow us to apply Lemma 4.2.4 with F\ E in place of its E, F. 
Consequently there exists a unitary 17 « M with 

(4.3.H) [[t/ - 1]] < e" 

and 

(4.3.0 E = UF'ir\ 

(4.3.m) implies [[Ah - IT^AhU]] = [[A» - AhU + AhU - U-^AhU]] g 
III Ah III [[1 - U]] + [[1 - I/-‘]] III AhU ||| g 2 ||| Ah HI'*". Hence by (4.3.0 
[[Bl - XT^AhU]] < (2 III Ah ||| + 1)*" and so 

(4.3.0) [[UB'hU-^ - Ah]] < (2 ||| Ah ||| + l)e". 

Now we choose t" = 6"(«) > 0 as 

(4.3.f) €" = e/(2 Max*.,......» III Ah ||| + 1). 

Put N = N$ = l/N'*'!/”*. Then N is a factor in the case (I,) along with N'*'. 
Thus (i) holds, (ii) holds since N"*" M. C/ e M implies N ^ M. B'h e N'*' 
gives Bh — UBhU~^ e N, while (4.3.o) and (4.3.{) imply [[B* — j4*]] < «, so (iii) 
holds. And finally «N+ and (4.3.1-) imply E = UF'U~\JH so that (iv') 
holds. 

Lemma 4.3.3. If we add to the assumptions of Lemma 4.3.2 that 

(a) EAh = AhE = Ah 

then we can add to its assertions that 

(0) EBh = BhE = Bh 

Proof. Apply Lemma 4.3.2, but write B* for its B* . Now put B* = 
EB'hE. Then (jS) is satisfied and B'h,E t'S give B* c N. By (a), EAhE = Ah . 
By (iii) of Lemma 4.3.2, [[B* — A»]] < «. Hence [[E(Bh — AOB]] < e or 
[[Ba — Aa]] < «. Thus (iii) holds for Bh as well as for B'h . 

The other assertions ((i), (ii), (iv')) are not affected by our replacing B'h by 
Ba . Thus the proof is completed. 


•• With the same nt , JV| as in that lemma. 
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Lemma 4.3.4. If we add to the assumption of Lemma 4.3.3 that B e N® where 
N® is o factor in case (Ip), then we can add to its assertions 
(v) N® £ N.”' ” 

Proof. Apply Lemma 4.3.3 but write for its N. 

The considerations at the beginning of the proof of (i) in Lemma 4.1.2 show 
again that Du(G) = DgitiG) for all projections G t N®(C M). 

Hence in particular = Djt(E) = 1/p. Then the argument used in 

proof of Lemma 2.6.2 establishes the existence of a system of p-order matrix 
units TP®„., , M, t- = 1, • • • , p in N® with Wl.u = 1 and ir?.i = E. Thus 
in terms of (|8) of Lemma 4.1.1, 

(4.3.7r) There exists a matrix base IT® ,, , «, i; = 1, • • • , p of N® 


with Wh = E. 

f 

On the other hand, the argument of Lemma 2.6.3 applied to establishes 
the existence of a system of p-order matrix units u, v = 1, • • • , p in N 
with = 1 and irti = E. (Observe that this is not a matrix base of 

since N'*' is in case (I,) and not (Ip) !). 

Now put U = Wl.i WU . As Tf®.i €N® C M, ITtu «N £ M so 

If eM. One verifies by direct computation that U*U = UU* = 1, i.e. U is 
unitary. Also 

(4.3.p) UWt., = Wl,,U or Wl,, = UWt,,U~^ 

and, since ir®,i = ITti = E 

(4.3.<r) EU = UE = E. 

Apply the mapping 

(4.3.r) X uxir^ 

to N"*". This carries N'*' into N = Now we see: N is a factor in case 

(I,) along with N'''; thus (i) holds. N'*' £ M, 17 eM imply N £ M; so (ii) 
holds. By 08) in I^emma 4.3.3 and (4.3.(t), the mapping (4.3. r), leaves all 
fixed; hence they belong to N as well as to N'*’. Now (iii) and (fi) in Lemma 
4.3.2 are unaffected and hence hold in the new case. By (4.3.p) the mapping 
(4.3. t) carries into Wl,v . Hence Wt.v * N"*” gives cN. Hence by 
(4.3.t) and (ii) in Lemma 4.1.1, every A eN® has the form A — 
a 9 ,uW%,v so A « N. Thus N® C N which is the desired relation (v). 

Thus the proof is completed. 

Lemma 4.3.5. Assume that M is approximately finite (A). Given any 
Ai , • • • , Am « M any p = 1, 2, • • • and any € > 0, then there exists an nt — 
n 4 (Ai , • • • , Am , p, «) such that for every q nt which, is divisible by p and every 
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factor N® C M in case {!,), there exists a factor N = N 4 (g, Ai, • • • , ilm , N® , p, «) 
with the following ‘properties’. 

(i) N is in case (I,). 

(ii) N £ M. 

(iii) There exist , • • • , € N ‘with [[5^ — ^4*]] < e for h — 1, m. 

(v) N® £ N. 

{Note. This lemma is quite similar to Lemma 4.3.4. However, (a) has been 
dropped from the assumptions and (/3) from the conclusion. Thus E is no 
longer mentioned.) 

!^oof. Choose a matrix base TF„,, ,u,v = 1, • • • , p of N® and let E — TFi,i . 
Put . 

We have Du{E) = = 1/P (cf. the argument of (2.7.a)). Clearly 

EAu,v;h ~ Au.vihE — .4.u,«:k . 

Now apply Lemma 4.3.4 with the mp* operators .4„,r;A h = — 

1, • • ■ , p in place of .Ai , • • • , and e/p® in place of e. 

Denote the m* , Ns which obtain in this way by , Ns . Write N = Ni . 
Denote the operators which correspond to the j4u,»;fc (as the Bh do to the .4* 
in Lemma 4.3.4) by Bu.va . 


Clearly: 


(4.3.U) 

Aa = i:;_, 2: Li Tr».iAu,,:»Wi.,. 

Let 


(4.3.v») 



Now we argue as follows: 

(i), (ii) and (v) in Lemma 4.3.4 are unaffected. 5 u.»;a * N and Wu.v e N® £ N 
imply 5fceN. We have [[Bu.va — < «/p®. Hence — 

A«..;a)Wi..]] < e/p® and [E’l.i < e. Thus 

Thus (4.3.u) and (4.3.^) and this inequality yields [[£» — ^4^]] < e. So (iii) 
holds and the proof is complete. 

§4.4 We now use the results of the preceding two sections to compare the 
two notions of approximate hniteness which we have introduced. 

Lemma 4.4.1. Assume that M is approximately finite (41) and that the sequence 
[Pi > Ps > * • • ] fulfills (i), (ii) in Lemma 4.1.3. Then Ipi , Ps , • • • ] possesses a 
subsequence [pi- , ps' , • • •] such that M is approximately finite of type [pr , Ps- , • • • ]• 

Proof. By [2], pp. 387-388, there exists a sequence .4i , -4s , • • • e M which 
is everywhere dense in M in the sense of strong convergence. Put po = 1 and 
No = (al). This is a factor £ M in case (Ij). We shall choose by induction 
for every » = 1, 2, • • • , a p„' and a factor N„ £ M in the case (Ip^'). If for any 
n = 1, 2, • • • , P(«_i)' and N„_i have already been chosen, then we choose p«< 
and N, in the following way. Apply Lemma 4.3.5 to Ai , • • • , A« , P(„_i)- , 
1/n, N_i in place of its Ai , • • • , A», p, «, N®. Choose p*- from the sequence 
[pi , ps , • • • ] with p„. > Max (nt , P(«_i)')- Thus p,- is divisible by P(n-i)'. 
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Put q = pn> and then put Nn == N (from the above application of Lemma 4.3.6). 

Thus [pv ,P 2 ' , • • • ] is a subsequence of [pi , p 2 , * • * ]. We have Nn-i £1 Nn , 
hence 

(4.4.a) Ni £ N2 C • . . . 

Nn is a factor £ M of class Clearly 

(4.4.i8) R(Nn , n = 1, 2, . • . ) £ M. 

Now for n ^ /i, there exists a eNn with — A;^]] < 1/n. So Ah is a 

metric limit of R(Nn , w = 1, 2, • • •) and hence, by Theorem I, Ah e R(Nn, 
n = 1 , 2, •••)• Thus ^1, A2,“-cR(Nn, n = 1, 2, •••)• Since the 
Ai , A 2 , • • • are everywhere dense in M in the sense of the strong convergence, 
this and (4.4./3) yield 

( 4 . 4 . 7 ) R(Nn,n = 1,2, .•.) = M. 

(4.4.a) and (4.4.7) and our observations establish that M is approximately finite 
of type [pv , P 2 ' , * • •] as stated. 

We need one more auxiliary lemma. In view of a later application, we shall 
prove it in a stronger form than that immediately needed. 

Lemma 4.4.2. Let N, O be two factors in the case (1^) and (I^) or (IL) respec- 
tively, Let p be a divisor of r and (if q exists) r a divisor of q. Suppose N £ O. 
Then there exists a factor R m case (L) snch that N £ R £ O. 

Proof. By Lemma 2.6.2 or Lemma 2.6.3, since O is in case (IIi) or in the 
case (Ig), q divisible by r, there exists a factor R £ O in the case (L) with a 
matrix base Wt,w y Oj w = 1, • • • , r. Choose also a matrix base Wi,* , UyV = 
l,---,p of N'^. Thus Wt,w is a system of r-order matrix units with 
= 1 and Wl ,v is a system of p-order matrix units with ,u == 1. 

Put 

(4.4.5) Wtt = EVZ Wtu-l)r/p4-M.-l)r/p+.-- 

Then one verifies by direct calculation that the Wtt ^ , w, y = 1, • • • , p form a 
system of p-order units with WiX = L One can readily prove that 

-Do(II^t) = 1/p = Bo(W\,i) in the standard normalization. Thus there exists 
a partially isometric F € O such that V*V = WiX, FF* = IFi.i . Now put 

U ^ Z-i wl^vwtX• 

Clearly U eO, One verifies by direct computation that U*U = UU* = 1 
and hence that U is unitary. Also that 

(4.4.€) UWtX = Wl.M or = UWttir\ 

Hence the replacement of R by URU''^ and of the system Wt,w by the system 
UWt,wU~^ leaves all their properties unaffected, but it carries IF^^ into TFi.v = 
UWtXU^^- Consequently, we may assume that we had WtX = i.e. 

(4.4.f) Wu,v = IFOi-l)r/jH^.(i>--l)r/p+i . 

to begin with. 
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Thus all Wu ,v € R, hence N £ We know already that R is a factor in the 
case (Ir) and that R £ O- 
Thus the proof is completed. 

We can now conclude our deductions from Def. 4.3.1. 

Lemma 4.4.3. Under the same assumptions as Lemma 4.4.1 , M is approximately 
finite of type [pi , p 2 , • • •]. 

Proof. Apply Lemma 4.4.1. Denote its Ni , N2 , • • • by , N2' , * * * . 
Write 0' = 0, No' = No = (a*l). 

Thus Nn is now defined for n ~ O', I', 2', • • • only. Consider a fixed 
m' = 1', 2', • • • . We have N(^_i)' C N,„^ and that Nr^i-o' , are factors 
in the cases (hm') respectively. Each , Pm^-i , 

Pm> is a divisor of its successor. Hence we obtain by ropc'ated applications of 
Lemma 4.4.2 a succession of factors , N(„,„i)^^.2. • , N,„/_i , with these 

properties : 

N(»i— D' ^ N(to— D'- fl ^ Nr/,'_i ^ Nm' 

and Nn (n = (m — 1)' + 1, • • • , m' — 1) is in the case (Ip„). 

So we have defined Nn for all n = 1,2, • • • . We have 

(4.4.7;) Ni £ N2 £ • • • , 

and Nn is a factor in the case (Ip„). Finally, by (4.4.?;) and Lemma 4.4.1, we 
have: 

(4A,e) R(Nn ; n = 1, 2, . . .) = R(Nn.' ; m = 1, 2, • • •) = M 

(4.4.7;), (4.4.^) and our other observations establish that M is approximately 
finite of type [pi , P2 , • • •] as stated. 

§4.6 We proceed now to the second operation announced at the beginning 
of §4.3. 

Definition 4.5.1. A ring N is of finite order if it possesses a finite linear basiSy 
i.e. a (fixed finite) system, A? , • • • , AJ such that N is the set of all 

A = XuAu (^i > • • * > complex numbers). 

Definition 4.5.2. M is approximately finite (B) if this is true: 

Given any Ai , • • • , e M and any c > 0 there exists a ring N urith the foU 
lowing properties 

(i) N 0/ finite order 

(ii) N £ M 

(iii) There exists Bi , • • • , J3m « N with 

[[Bfc - A*]] < € for /i = 1, • • • , m. 

Lemma 4.5.1. If M is approximately finite of type [pi , P2 , * *] then it is also 
approximately finite (B), 

Proof. Suppose Ai , • • • , Am « M and a 6 > 0 arc given. Form the 
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Ni, N 2 , ••• of Def. 4.1.1. By (ii) in Lemma 4.1.4, there exists for each 
h = 1, • • • , m an such that for some Bh e 

(4.5.a) m - Ah]] < c. 

Put n = Max (ni , • • • , w^) then Bh € £ Nn i.e. 

(4.5.^) Bi, ••• ,B„€Nn. 

Now Nn is a factor in the case (IpJ. By (ii) in Lemma 4.1.1 it is a ring of 
finite order. This, together with (4.5.a) and (4.5./3), completes the proof. 

Comparison of Lemmas 4.4.3 and 4.5.1 shows that if we can derive approxi- 
mate finiteness (A) from (fi), then the equivalence of all kinds of approximate 
finiteness is established. This we accomplish in the next section. In the present 
section we obtain certain preliminary lemmas on rings of finite order; indeed 
we shall determine the structure of thesc.®^ Thus for the present section N 
is to be a ring of finite order. 

Lemma 4.5.2. (i) There is a maximum r such that there is a system Ei y • • • , Er 

of mutually orthogonal projections and cN. 

(ii) For such a system {with r maximum) E = 

(iii) Every Eg in such a system (until r maximum) is minimal (with respect to N) 
in the sense of [5], p. 143, Def, 5.1.2. 

Proof. Ad (i) : Any such system is necessarily linearly independent. Hence 
the number of its elements must be ^ the q of Def. 4.5.1. Hence the numbers 
for which there is such a system have a maximum. 

Ad (ii): Let E be the unit of N. is a projection in N; hence 

Eg ^ E. So Er^i = E — Es is a projection in N which is orthogonal 
to the original E , . Hence the assumed maximum property of r necessitates 
Er+i = 0, i.e. E = 2^1-1 Em . 

Ad (iii) : Consider a projection F ^ E/mJa, Then Em=^F and E'm = Em — F 
are mutually orthogonal projections in N which are also orthogonal to all Em' , 
s' 7 ^ s. Hence the assumed maximum property of r necessitates = 0 or 
E'! = 0 i.e. F = 0 or . This however is the defining property of minimality. 

Remark. The center N N' of N is of finite order along with N. Hence we 
can apply the above lemma to it, thus obtaining a system j?i , • • • , £?f . 

By this lemma, E = ^ ' N', hence by [2], p. 393, Theorems 

3 and 4, it is also the unit of N. 

Lemma 4.5.3. (i) E, (cf. above) is such that its range 5^, reduces N, N', N*N' 
(u) (N-N0(il»., = 

Proof. Ad (i): This is implied by E, eN-N'. 

Ad (ii) : This is equivalent to the statement = A2, = oEt for all A « N -N'. 
Put E.A = AE, = A'. Clearly A'«N-N', M,A’ = A'S. = A'. Since S, 
is a minimal projection in N -N' this implies A' = aE, (cf. the last part of the 
proof of Lemma 5.1.3 in [5], p. 144). 



ON RINGS OF OPERATORS. IV 


773 


Lemma 4.5.4. N(SR,) is a factor {in SR,) in a case (l^J (g, = 1, 2, • • •). 

Proof. If A' is in the center of defines an operator A in ^ 

which is readily seen to be in the, center of N and for which AE, = E,A = A. 

Thus the center of is included in (N N')(fj ) . The converse inclusion 
is obvious. 

It follows that the center of is (N*N')(a»j , and hence NtSwj is a factor 
by (ii) in I^mma 4.5.3. 

N(sr.) is of finite order along with N. Therefore Lemma 4.5.2 implies that 
N(sRj contains a minimal projection. Thus is a direct factor (cf. [5], 

pp. 150, 173, Theorem IV and Lemma 8.6.1). Obviously, since it is of finite 

order, is not in a case (Too), and hence it is in a case (I^J, g, = 1, 2, • • • . 
This completes the proof. 

Lemma 4.5.5. N possesses a finite linear base which consists of the operators 
W*u,v, s = 1, f, u, V = 1, ••• ,g, where for any fixed s the Wu,v, 
u, V == 1, • • • j qa are a system of Qn-order matrix units with Ea = Wu,u> 

Tints for the q of Def. 4.5.1, q = {qif. 

Proof. In virtue of Lemma 4.5.4, we may apply Lemma 4.1.1 and Remark 2 
after it to . So N(|r,) possesses a finite linear base of operators Wu,^ 
(in 5J?,), w, y = 1, • • • , g, which form a system of g, -order matrix units in 
with Earn,) = Wu,u . 

Since Wu^v € N(aR,) there is a in N for which the part in is Wu,v . Let 
Wu,v = W\lEa . Since Ea € N -N', we have Wl, e N and also Wl, = - 

EaWl,v Clearly (TVt,v)(SS,) = Wl,v and one can readily show that the 
form a system of g,-order matrix units in ^ with Ea = Wl,u . 

Consider an A, cN with £,A, = A«£. = A* . Then A, has the part A,(®.) 
in and 0 in iSJit . In the sense then that Ea is a transformation from ^ to 
^a , Aa = Aa(^,)Ea Rod rIso = Wl,vEa . As A,ff?,) €N(to,) , we have, 

from the first paragraph of the proof, that A,(ar?,) = ctu.vlFu.t; and 

hence A. = A,(^r.)£, = Ei-i &i «u. jn.. . 

Consider now any A € N. Put A, = E,A which also equals AEa since 
JS, cN-N'. By the above, A, == ^l’'^i^lLial,vWn,v • By the remark after 
Lemma 4.5.2, we have 

A = £A = E-i E.A^ EU S«-i au.vIFL,. . 


Thus the Wu,v , s = 1, • • • , f, w, t; = 1, • • • , g, form indeed a finite linear 
basis of N. 

We now prove a lemma which possesses a certain interest of its own. It 
applies to any ring of finite order N M. We assume that a representation of 
N in the sense of Lemma 4.5.5 is given, with the IFJ,,® as described there. 


The four lemmas which follow are merely an ad hoc derivation of Wedderburn’s struc- 
ture theorems for semi-simple algebras — specialized to the present situation. They can 
also be interpreted as a summary of certain results of unitary representation theory in- 
cluding the theorem of Burnside-Frobenius-Schur for that case. 
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Lemma 4.5.6. Given a (fixed) g = 1, 2, • • • there exists a factor O in case (I^) 
with N C O C M z/ aiid only if this is true for N: 

(4.5.7) All qDjig(Wi,i) are integers. 


Proof. Assume that an O with the specified properties exists. 

The considerations at the beginning of the proof of (i) in Lemma 4.1.2 show 
again that Dj^{G) = Dq(G) for all projections (? e 0(£; M). Hence in particular, 
= i^o(W^i.i), since W\,i is a projection € N s; O. But as O is in case 
(Ig), = Do(Wl,i) must have a value (0, 1/g, •••,!) i.e. 

must be an integer. Thus (4.5.7) holds. 

Sufficiency: Assume that N fulfills (4.5.7). Considering Lemma 4.5.5, we 
must prove this: 


(4.5.5) 


Let a system of mutually orthogonal projections 5*^0 from M be given: 
£1 , • • • , jEr . For each 5, let a system of ^,-order matrix units Wl,v 
" from M be given, with Es = and Qe = 1, 2, • • • . Let for 

a given q ever}^ qDuOVi.i) he an integer. Then there exists a factor 
P £ M in a case (I^) such that all Wu,v c O. 


We therefore disregard N completely and deal with (4.5.5) alone. 

Proof of (4.5.5). We have /)m(TF1,i) = V»/Qf p# = 1, 2, • • • . The projec- 
tions and Wu,u are equivalent in virtue of the partially isometric Wu,i 
(cf. Ijcmma 2.6.1). Hence 

(4.5.C) DuiWu.u) = pjq, D^(E,) = 


We may assume that 

(4.5.f) EU E. = 1. 

Otherwise we could put Ef+i = 1 — . Then Ei+i is a projection 9^0. 

Also qDjt(Ef+i) — q — qDu(E,) is an integer. Thus we could add ^f+i 
to the system Ei , ' • • , Ef with ^f+i = 1 and W'l^ = Ef+i ■ 

By (4.5.€) and (4.5.f), ^1-ip.q, = q. We put I, = for 

s = 0, 1, • • • ,f. Then 

\l. - l,_i + pjq, for 8 = 1, • • • , f 

(4.5.1;) , ^ 

(io — 0, If ~ 3 . 

As M is in case (IIi), by Lemma 2.6.2 there exists a factor O'*’ £ M in the case 

(Ij) with its matrix base Wt,a , 0 , w — I, • ■ • , q, . Thus Wj* is a system of 

g-order matrix units, with = 1. 

Put 

Et = Wt.u for 8 = 1, • • • , f 

IP... “ 

for 8 = 1, • • • , f, «, » = 1, • • • , g. . 


(4.5.0) 

(4.5.t) 
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Then one verifies by a direct computation that the Et are mutually orthogonal 
projections with = 1 and (using Def. 2.6.1) that the Wt!v form 

(for any fixed s) a system of g,-order matrix units with ^Vt!u = Et. All 

these operators are in M. 

The ]Vt,u are equivalent (due to the ^Vt,v) and since = 1, 

D^{Wt,u) = l/q. Hence by (4.5.t), DuOVtl) = p./g and by (4.5.€), = 

^m(W^i.i). Consequently there exists a partially isometric operator F, € M 
with the initial projection Wt,i and final projection . 

Now put 

Clearly C/ € M. One verifies, by direct computation, U*C = Ulf* — 1 which 
implies that U is unitary, and similarly that 

(4.5./C) UWt^v = or Tn,. = UWt.,U-\ 

O = UO'^U~^ is a factor and in case (I,) along with O'*'. By (4.5.t), 
iri.'. « and hence by (4.5 .k) = UWZU^" e UO^U~^ = O. Thus aU 

ir„.. e o. 

§4.6 We are now in a position to complete our proof of the relationships 
between the various kinds of approximate finiteness. 

Lemma 4.6.1. Suppose N, M, , • • • , Er and the are as in Lemma 
4.5.5 with E = -B = 1. For any € > 0 there exists an ns = n5(N, e) such 
that for every q ^ there exists a projection E = E{q, N, e) which is c M-N' and 
has the following properties: 

(i) D^{1 — B) < € 

(ii) All qDu{EWl,i) are and integers. 

Proof. Given a g = 1, 2, • • • we wish to choose for each 5 = 1, • • • , f a 
= 1, 2, • • • with 

(4.6.a) - - e/'ELiq.) < k. ^ qD^iWU). 

This is certainly feasible if ^ 1 and qt/^l-i 9, ^ 1 for s = 1, • • • , f- 

We assume therefore that q ^ with 

(4.6.0) n» = n5(N. e) = Max (Ei-i q.U, l/DuiWh), s = 1, • • • , f). 

Now (4.6.a) and k, 0 give 

DuiWl,) - e/'Zi-i q. < k./q ^ D^iWU), k./q ^ 0. 

As M is in case (IIi), this implies that we can find a projection (?* e M with 

(4.6.7) DuiG*) = k./q 9 ^ 0 

and 

(4.6.a) G* g Wh 

and that then 

(4.6.*) 


i>M(w"‘i.» - G.) < 9. • 
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TFJ,,i is a partially isometric operator with initial projection Wi,i and final 
projection . Its mapping carries therefore the G‘ ^ Wi,i into a projection 
Cr« c M with 

(4.6.f) Gl ^ Wu,u . 

The same mapping carries (4.6.<) into 

(4.6.1?) DuiWi.u - G’u) < c/ELi q. • 

Finally = W’u.i implies that the mapping of TFt., carries Gl into 

G‘u . This may be written 

(4.6.<?) = G'uWi,, . 

For s 9^ t or V ^ w, the initial projection of IFJ,., is orthogonal to 
hence, a fortiori, to Gl ^ Wl,w . So we have 

(4.6.i) Wu,vGI, = 0 for s 9^ t or V 9^ w. 

(4.6.k) GmW\t,t = 0 for s 9^ t or u ^ w 

Now put E — G'u . Clearly E (M and since W ’^ ,« = 

E, = 1 we have I - E = Yil-i Z»-i - Gl). Hence (4.6.ij) yields 

(4.6.X) Z)m(1 -£)<*. 

(4.6.0), (4.6.t) and (4.6 .k) give 


Wl,,E = EW'uA= Wi,,Gl = G^in..). 

So E commutes Vfith Wu.v and hence by Lemma 4.5.5 with all of N. Since 
E eM this yields 

( 4 . 6 . m ) EfM-W. 

Finally, direct computation shows that 

(4.6.*-) EWh = Gl = G*. 

Our assertions now follow immediately. (4.6.?») gives the preliminary one, 
(4.6.x) implies (i), and (4.6.J') and ( 4 . 6 . 7 ) yield (ii). Thus the lemma is proven. 
It is now possible to take the final step. 

Lemma 4.6.2. If M is approximately' finite (B), then it is also approximately 
finite (^1). 

Proof. We must verify the criteria of Def. 4.3.1 for M. 

Let therefore a system Ai, • • - , Am « M and an e > 0 be given. Apply Def. 
4.5.2 to these Ai, •■' , Am and to tf2 thus obtaining the ring N and 
Bi, • • • , € N described there. Thus 

( 4 . 6 . 0 ) ■ [[B. - A.]] < t/ 2 . 
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N is a ring of finite order C®*. We form Ei, ,E, and the Wi., in the 
sense of Lemma 4.5.5 for this N. To these and to 

(4.6.,r) *' = (*/2 Max- (||| i|l ; s = L • • • , f)f 

we apply I^emma 4.6.1, thus obtaining nj = nj(N, t'). For any q ^ nt we form 
the projection E = E{q, N, «') of Lemma 4.6.1. 

Accordingly we have E c M'-N and = .B-N = NB is a finite order ring 
CM along with N. Thus BBi , • • • , EEf and the EWu,v perform for the 
functions of Bi , • • • , j&f and the IFl.* for N (cf. Lemma 4.5.5). By (ii) in 
Lemma 4.6.1 all qDii(^EWi,\) are integers. Thus Lemma 4.5.6 is applicable 
to N* and we obtain a factor O in case (I,) with 

(4.6.p) Ne C O £ M. 

B, « N implies 

(4.6.(t) C, = EB.t'Sg^O. 

, » 

Now (i) in Lemma 4.6.1 gives Bm( 1 — B) < Hence [[1 — B]] < «'* ’ 
and therefore 

P. - C'.]] = P.d - B)]] < III B. Ill e'‘. 

Hence by (4.6 .t) 

(4.6.r) [[B. - C.]] < «/2. 

Combining (4.6.o) and (4.6. t) gives 

(4.6.U) [[C. - A.]] < *. 

Thus we can satisfy Def. 4.3.1 by putting ni = ni(Ai , • • • , Am ; «) = njCN, «)** 
and then for g ^ ni = ns , Ni = Ni(g, Ai, •• • , Am , e) = 0.“ Then our 
Cl , • • • , Cm replace the Bi , ■ • • , Bm of Def. 4.3.1, and (i)-(iii) there obtain as 
follows: (i) holds by virtue of the construction of O (ii) follows from (4.6.p), 
and (iii) coincides with (4.6.u). 

Thus the proof is completed. 

We could now make the final steps as indicated after Lemma 4.5.1 abov-e, but 
we introduce one more variant of the concept of approximate finiteness: 
Definition 4.6.1. M is approximately finite (C) if: 

There exists a sequence of rings Ni , Nj , • • • vdth the following properties: 

(i) N, is of finite order 

(ii) Nj C N, C • • • 

(iii) The ring M is generated by Ni , Nj , • • • 

M = R(N„;n = 1,2, •••)• 

•* Observe that the (indirectly defined) expression at the extreme right has the proper 
dependence — i.e. that one indicated by the expression in the middle. 
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Lemma 4 . 6 . 3 . If M is approximately finite of type [pi , P2 , • • then it is also 
approximately finite (C). 

Proof. Immediate by comparison of Defs. 4.1.1 and 4.6.1. 

Lemma 4.6.4. If M is approximately finite (C), then it is also approximately 
finite (B), 

Proof, (ii) and (iii) in Def. 4.6.1 coincide with those in Def. 4.1.1. Hence 
Lemma 4.1.4 applies to our Ni , N 2 , • • • . 

Let then the Ai , • • • , Am € M and the c > 0 of Def. 4.5.2 be given. Owing 
to Lemma 4.1.4, Ak is the limit of a metrically convergent sequence from the 
set-theoretical sum of the Ni , N2 , • • • . Hence there exists a Bk e Nn^ with 

[[Bk - Ak]] < €. 

Now put n = Max (ni , ••• , n^). Then every Bk elUnk £ Nn . Thus 
N = Nn meets all the requirements (i)-(iii) of Def. 4.5.2. 

We can now prove 

Theorem XII. All kinds of approximate finiteness are equivalent to each other: 
(il), {B)y (C) and every type [pi , P2 , • • •] if or every sequence [pi , P2 , * • •] which 
fulfills (i), (ii) of Lemma 4.1.3). 

We shall therefore use the expression approximately finite from now on, without 
any further qualification. 

Proof. The implications 

(A) type [pi, P 2 , •••] (B) -> (A) 

were established in Lemmas 4.4.3, 4.5.1 and 4.6.2 respectively. Consequently 
type [pi , P 2 , • • •] ^ (A) ±=^ {B). 

Further 

type [pi , P 2 , • • (C) (B) 

by I.emmas 4.6.3, 4.6.4 respectively; hence 

type [pi , P 2 , • • •] ^ (C) 

too. 

§4.7 We have not shown so far that approximately finite factors exist at all. 
In §§5.2, 5.3 and 5.6 we shall give various examples of such factors. Actually 
it is more difficult to show that there are factors in case (IIi) which are not 
approximately finite. 

Our immediate goal is to prove a general theorem which yields the existence 
of approximately finite factors as a byproduct. 

A preparatory lemma is necessary: 

Lemma 4.7.1. Let a factor N ^ Min a case (Ip), p = 1, 2, • • • be given. If 
an A € IX possesses these two properties 

(i) \[AX - XA]] g 6 111 X III for every X eN 

(ii) TruiA) = 0, 
then [[A]] ^ e. 
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Proof. For any unitary C/ *N we have ||| U ||| = HI ‘ ||| = 1. Hence 
by (i), 

[[f/iitr* - A]] = [[UiAir^ - cr‘)A]] g [[au-' - ir^A]] ^ *. 

Also by (ii) 

TrjiiUAU-^) = Trj^iA) = 0. 

If Ui , — , Um are unitary and t N then we have by the above 
[[UiAV7" - A]] ^ «, TrjtiUiAUT") = 0. So for 

(4.7. a) B ^ (l/m)(i:T-i UiAUj') 

the evaluations 


(4.7.^) > [(B - A]] S t 

(4.7.7) Tru(B) = 0 

obtain. 

Now choose an isomorphism TK' between N and the system of all (complex) 
p-order matrices, in the sense of (a) in Lemma 4.1.1. Put 

= a = {atj, D(]5 = b = {b,.,}. 


Form next the operators F, Jfi , • • • , Xp € N with 


3(y = t; = 

SKX = Xr = 


. . /=! if 5 — ^ = 1 mod 

Q otherwise 

f=l if t = s 9^ r 
, x's,i — lif< = s = r 
[=0 otherwise. 


P 


The matrices v, Xr are unitary. Hence the operators F, Xt are also unitary. 

Now put m = and let I7i , • • • , C7w be the operators F*X^ Xp", 

b = 0, 1, • • • y p — 1 ; , • • • , Ajp = 0, 1. Then a combination of these formulas 

gives, due to (4.7 .a) by direct computation, 

, f= (1/p) = ao for I = s 

\= 0 otherwise. 

Consequently 

(4.7.«) 5 = oo-l 


** This computation may be outlined as follows. Let ** i.e. 


c 


l.v 




1 if r 3 ^ t and or if = f 

— 1 if either r *= s and r ^ t or r s and r 


t 


Then if 30r,AX7‘ - c- > - (c'.V) 


c 


(r) . 


«,,f a*.i • 


(eonttnued) 
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(4.7.8) and (4.7.7) give together 0 == Tr^iB) = ao , i.e. 5 = 0. Hence (4.7.i3) 
becomes [[A]] g € as desired. 

We are able to prove: 

Theorem XIII. If M is a factor in case (IIi), M contains a subring O which 
is a factor in case (IIi), and approximately finite. 

Proof. Choose a sequence [pi , P 2 , • • *] which fulfills (i), (ii) in Lemma 4.1.3, 
e.g. pn = 2*^. 

Put po == 1 and No = (al). This is a factor and in case (L). We shall 
choose by induction for every n = 1, 2, • • • a factor Nn £ M in the case (Ij,„). 
If for any n = 1, 2, • • • , Nn-i has already been chosen, we choose Nn in the 
following way: Nn~i , M are factors in the cases (Ip„_i), (Hi) respectively; 
Nn-i C M, pn-i is a divisor of pn . Apply therefore Lemma 4.4.2 to Nn-i , M, 
Pn-i , Pn in place of its N, O, p, r. Put Nn = R. Then Nn is a factor CM in 
the case (Ip^). 

Thus 

(4.7.€) Nx £ N2 C • • • C M. 

Denote by S the set-theoretical sum of the sequence Ni , N 2 , • • • . Owing 
to (4.7. e), S is an algebra along with Ni ,.N 2 , • • • . 

Denote the set of the limits of all metrically convergent sequences from S 
by Si . The same argument as in the proof of Lemma 4.1.4 shows that Si 
is an algebra along with S and then that it is a ring. Hence S C Si implies 
R(S) C Si . On the other hand R(S) is closed in the sense of metric convergence 
by Theorem I. Hence S C R(S) implies Si C R(S). Consequently R(S) = Si 
and so 

(4.7.f) M ^ R(Nn , n = 1, 2, . . •) = R(S) = Si . 

Next we prove that the ring Si is a factor, i.e. that every A c Si -Si belongs to 
(a-1). 


Let Bo - and « d ^ (dt.,). Then 

» ((<V)® + (<V)') 

=■( 14 - 0 4 - . 

Unless « ** <, « — 1 and d,.* « 0. If « ** t, Thus Bo is a diagonal matrix. 

The effect of F on a diagonal matrix is just to permute the diagonal terms cyclicly. Hence 
if B and b,.t are as in the text 

B - (l/p2») V’^BoV-’' 

bt,t — 0 if s id i 

b,,$ - (Vp) • 


and 
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Consider an A € Si*Si . Choose e > 0. As A e Si there exists a 
with 

(4.7.7;) [[B. - A]] < 6. 

Put C\ = — rrM(B«)*l. Then C* too, and 

(4.7.^) TruiC.) = 0. 

Consider an X € . As A € Sl , X € Si , so AX — X^A = 0. Also, clearly 

B.X - XB. = C.X - XC. . Hence C.X - XC\ = B.X - XB, = 
(B, ~ A)X - X(Be - A) and so [[C^X - XC,]] g 2 |i| X HI [[B. - A]]. This 
and (4.7.1;) yield 

(4.7.t) [[C.X-XCd] g2l|lX||i-€. 

(4.7.6) and (4.7. t) permit us to apply Lemma 4.7.1 to C« , 26 in place of its 
A, c. Thus 

[[C.]] ^ 26. 

Put Trj^iBt) = at . Then the above equation means 

[[Bt - at-l]] ^ 26. 

Hence by (4.7. 1;) 

(4.7./C) [[A - at-1]] < 36. 

As (4.7 . k) holds for all 6 > 0, it proves that A is the limit of a metrically con- 
vergent sequence from (a-1). As (a-1) is obviously closed in this sense, we 
have A 6 (a-l) as desired. 

Thus Si is a factor. The considerations at the beginning of the proof of (i) 
in Lemma 4.1.2 show again that Dsi(E) = D^iE) for all projections B 6S1 . 
Hence Si is in a finite case, along with M. If Si were in a ease (Ig), g = 1, 2, • • • , 
we could argue as follows: Np„ £ Si and Np^ is a factor in case (Ip^). Hence 
Pn is a divisor of q by (i) in Lemma 4.1.2. But this is impossible, since Pn-^ ^ 
as n oc . Therefore Si must be in the case (IIi). 

Now (4.7.6), (4.7.f) prove that Si is approximately finite of type [pi ,P 2 , * • *] — 
i.e. approximately finite by Theorem XII. 

Thus O = Si meets all our requirements. 

And to conclude: 

Theorem XIV. Approximately finite factors M (in the case IL) exist and they 
have all the same algebraical type M. 

We denote this algebraical type by A. 

Proof. The existence follows from Theorem XIII. 

Consider two approximately finite Mi , M2 . Choose a sequence bi > Pa > • * *1 
which fulfills (i), (ii) in Lemma 4.1.3, e.g. pn = 2". Then Mi , M2 are both 
approximately finite of type [pi > Pa , • • •] byJTheorem XII. Hence they are 
algebraically isomorphic by Theorem XI, i.e. Mi = M2 . 
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Thus M (M approximately finite) is uniquely determined and the definition 
of A is justified. 

§4.8 The algebraical isomorphism invariants described at the end of §2.10 
will now be studied for the algebraical type A. These invariants are 

(1) Validity of A"" = A 

(2) The fundamental group: 0^ = ©(A). 

Lemma 4.8.1. A® = A. 

Proof. By Theorem XIV on one hand and Theorem III on the other, it 
suffices to show that a definition of approximate finiteness is unaffected by a 
conjugate or by a dual isomorphism. This is obvioush^ true, even for all the 
definitions given in Theorem XII and for both types of general isomorphisms 
(cf. B*) in §2.2) mentioned above. 

Lemma 4.8.2. 65 = 65(A) contains all rational yiumhers 0 in^* < B < oo . 

Proof. Since 65 is a group, it suffices to prove that it contains all 1/p, 
P — 2, 3, • • • . 

Consider such a 1/p. Choose a sequence [pi , P2 , • • •] which fulfills (i), (ii) 
in Lemma 4,1.3 and with all p„, divisible by p, e.g. pn = p"". 

Choose an approximatel3" finite M and the Ni , N2 , • • * , for this M and the 
sequence [pi , P2 , • • •] in the sense of Def. 4.1.1, 

The considerations at the beginning of the proof of (i) in Lemma 4.1.2 show 
again that Dyi(G) = Dm^iG) for all projections G e Nn(£; M). 

As Ni is in the case (IpJ, pi divisible by p, there exists a projection E elXi 
with2)ifi(^) = l/p- Thus 

(4.8.a) EcNiCNaC ••• £M 

while Djx^iE) = 1/p yields 

(4.8.^) Do(E)/Do{l) = Do{E) = 1/p for O = Ni , N2 , • • • , M. 

\ 

Denote the range of E by 3K. 

By (4.8.a) we can form the factors Ni(®i) , N2(a«) , * • • M(iw) in 50?, and we have 

(4.8.7 ) NTkto) N 2(fn) £ * • • £ Mc3W) . 

By (4.8./9), N„(®i) = Nn ^ (cf. the discussion before Theorem VI). 

The former implies hy Lemma 2.10.3 that 

(4.8.6) Nn(sw) is in the’case (Ip«/p). 

We restate the latter: 

(4.8.e) = W” . 

We know that M is the closure of the set-theoretical sum of Ni , N2 , • • • in 
the strong topology.^® Hence it follows from (4.8.a) that M(»i) is the closure of 

^ That closure is obviously — R(Nn , n — 1, 2, • • •)• Hence it is M by (iii) in Def. 4.1.1. 
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the set-theoretical sum of Nkw) > N 2(sii) , • • • in the strong topology. This and 
(4.8.7) give together 

(4.8.r) M« = ,n = 1, 2, - •). 

Now (4.8.5), (4.8.7) and (4.8.f) coincide with (i), (ii), (iii) in Def. 4.1.1 as 
applied to M(si) , Nkjk) , Nacw) , • • • ,Pifp, P2/P2 , • • • in place of its M, 
Ni , Nj • • • , Pi , P2 , • • • . Hence M(jn) is approximately finite. 

As M is approximately finite too, this .shows that M(i») = M by Theorem XIV. 
Owing to (4.8.e), this gives M*'" = M. Hence 1/p « 0 as desired. 

Lemma 4.8.3. 7/ there exists for every e > 0 an a in I — t < a < I such that 

M“ is approximately finite, then M itself is approximately finite. 

Proof. Assume that M possesses the propert}- described above. We shall 
establish its approximate finiteness in the sense of Def. 4.5.2. 

Let accordingly Ai, • • • , c M and an € > 0 l)e given. We shall construct 
an N which fulfills (i)“(iii) in that definition. 

Apply first our hypothesis concerning M to 

(4.8.1,) e' = (6/4 Max (||| A.\\\ , s ^ 1, • • • , m)f 

in place of its e. Choose the a mentioned there with 1 — 6' < a < 1 . Then 
choose a projection E € M wit h Djf{E) = a. Let be the range of E. Form 
M^sof) . Then we have M(a«) = (cf. the discussion before Theorem VI). 
It follows from our assumptions concerning a that M(a«) is approximately finite. 
[5]> P- 187, (i), in Lemma 11.3.3, 

A ^ A(3ji) 

is a one-to-one correspondence between all A 6 M with EA = AE = A and all 
A (TO) €M(a») . Now we can repeat with a slight variation an argument that 
was used in the proof of Theorem XI: Clearly cTrj^{A) will do as 
in the sense of [6], p. 219, Property IV, for the A, A^m described above, if we 
choose the normalizing factor c > 0 so that cTrju^A) = 1 when A(OT) is the unit 
of Mf®i) . This means A = £', so we want cTr^{E) = 1. Since Tr^{E) = 
= « this means c = 1/a. And as the trace is uniquely characterized 
by the above property, Tr^^^^(A(m)) = {l/a)Tr^(A). From this 

(l/a)Tru(A*A) = rrH,j„,((A*A)(sw)) = ?’>’M(W)((A*)(j«)-(A)(M)) for the same 
A, A(ffli) hence 

(4.8.fl) [[A<2 „]]m«, = (1/«)'[[A]]m “ 

Now put B, = EA,E, s = 1, • • • , to. Then we have Dn{l — E) < 
Hence [[1 — < «'* and therefore [[A, — = [[A,(l — E) + 

(1 - E)AM < III A. Ill Hence by (4.8.u) 

(4.8.0 [[A. - BJk < */2. 


As a rule we did not indicate the factor (in a finite case) with respect to which [[A]] 
is formed. However, here it is desirable. 
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Now Ba € M and EB, = B^E == B, imply Bm^^ t M(a») . We now apply Def. 
4.5.2 to the approximately finite Mcw) with Bum , • • * , Bnum > €/2a* in place 
of its , • • • , Am and 6. This yields a ring 2 M(W) of finite order with 
Ct , - ,CicN'^ such that ^ 

(4.8. If) [[Ci" — B,(aR)]]M(TO) ^ «/2a*. 

As C Mcsto) we extend every e N"^ to a C € M with EC = CE = C and 
C'^ = C(m These C form obviously a ring N C M of finite order with 
= N(sw) . By this process the Ct , * Ct e give rise to the 
Cl , • • • , Cm € N. Now (4.8. d) gives 

[[Ct - Bum]]u,m = = (V«')[[C. - B.Jk 

and so (4.8. k) becomes 

(4.8.X) [[C, - B,]]m < e/2. 

(4.8.t) and (4.8.X) together give 
(4.8.Ai) [[C, - A,]]m < e. 

Thus the ring N (jj; M of finite order meets the requirements (i)-(iii) in Def. 
4.5.2. Hence M is approximately finite as asserted. 

Lemma 4.8.4. @ = @(A) is the set P of all (real) numbers 6 in 0 < 6 < oo. 
P^ooF. Consider adinO<d<oo. By Lemma 4.8.2 we have for every 
rational f in 0 < f < oo , = A. Hence is approximately finite. Therefore 

(A^)“ = A®" is approximately finite if Bot is rational. 

Now it is obviously possible to find for any given .€>0anainl — €<a < I 
for which Ba is rational. This makes (A^)“ ai>proximately finite. Hence A^ 
itself is approximately finite by Lemma 4.8.3 with if in place of its M. Con- 
sequently Theorem XIV gives if = A. Hence B €(!>) as desired. 

We restate the results of Lemmas 4.8.1 and 4.8.4. 

Theorem XV. The algebraical isomorphism invariants in (1), (2) at the 
beginning of this section^ behave for the approximate finite type A as follows: 

(1) A‘ = A 

(2) @(A) = P. 

It is worth pointing out that tl^ two invariants (1), (2) are not sufficient to 
characterize an algebraical type MJn the case (IIi). A proof of this is only 
possible if we show first that not all M are approximately finite: If all were, then 
Theorem XIV would give M = A, i.e. only one M in case (IIi) would exist and 
thus no invariants for these M would be needed at all. ^ 

Now we shall prove in Theorems XVI, XVI' that not approximately finite M 
in the case (IIi) exist. By making advance use of this result we prove: 

Lemma 4.8.5. The algebraical isomorphism invariants in (1), (2) at the 
beginning of this paragraph are not sufficient to characterize the algebraical type M 
in the case (IIi). 


C is reduced by 9D?, its part in is C*** and its part in 901 is 0. 
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Proof. Assume the opposite. 

Consider a type M in the case (IIi). 

Owing to th^formulae (2.3.a) and (2.S,0) the validity of M'" = M is unaffected 
if we replace M by M*" o^by ai^S!l®(0 < ^ ^ qo). By Lemma 2.10.2 ®(M) is 
unchanged if we replace M by or by an M®(0 < 6 < co). In other w^ords: 
Th^in variants (1) and (2) are unaffected by a replacement of M by M*" or by 
an M®. 

^Therefore our^^assumptions concerning these invariants permit us to conclude 
M = M® and M = M^. The latter equations imply $ e @(M) and therefore 
@(M) = P. 

Thus the two invariants (1) and (2) are uniquely determined, independently 
of the choice of M in the case (IIi). 

Hence a second application of our assumption concerning these invariants 
yields that there exists only one type M in the case (lli). A is such a type; 
hence all M in the case (IIi) must equal A, i.e. be approximately finite. 

However, as stated above, the opposite will be proven in Theorems XVI, 
XVI', and we propose to use this now. Thus we have a contradiction and the 
proof is completed. 

We conclude with the observation that the existence of not approximately 
finite factors M in the case (IIi) will be established with the help of algebraic 
invariants other than (1), (2) above (cf. the beginning of §6.1). 

Chapter V. Ox Various Examples 

§5,1 We established the existence of approximately finite factors (i.e. of 
their type A) by the indirect procedure of Theorems XIII and XIV.“ It is 
therefore desirable to furnish examples of this by explicit and direct construction 
and also to investigate those examples of factors in the case (IIi) which we 
possess already as to their approximate finiteness. The latter investigation is 
also necessary in order to find not approximatelj^ finite factors in the case (IIi). 

In connection with this work we shall develop a new- technique to construct 
examples of factors in the case (IIi), which is a simplification of the original one 
of [5], pp. 192-209, Part IV. 

We begin by establishing the approximate finiteness of some of our old exam- 
ples: certain ones in [5] and that one in [7], pp. 72-77, §7.5. 

§5.2 Lemma 5.2.1. The ring C*^ of [7], p, 72, Lemma 7.5.1 is approximately 
finite. 

Proof. Using the notations loc. cit., particularly pp. 68, 72, we have 

C*‘ = R(5(«.w ; n - 1, 2, . . . ). 

Hence 

(5.2.a) C** = R(N« ; m = 1, 2, • • • ) 

** The decisive passage from Theorem XIII to Theorem XIV makes use of the existence 
of factors in the ease (IIi)> for instance the examples of [5]. 
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with 

(5.2.j8) N„ = R(S(,,i) ; n = 1, • • • , m). 

Thus Ni £ N* £ • • • and therefore C** is approximately finite by Def. 4.6.1 if 
theN„ are shown to be of finite order. ^ 

These considerations belong in C^(n.i) 0 5>(n.2)) where is a 

factor in the case (IIi), but in establishing the finite order of , we may as 
well consider the entire space 0 ^Cn,2)). 

We proceed as in the lower part of p. 68, loc. cit. B(n,i) is in §(n,i) . It is first 
extended to B(n.i) in _^(n,i) 0 '^(n.2) and then to B(n.i) in (©(n.l) 0 

Hence the Bfm.i) confute wdth each other. Therefore the N^* of 
(5.2.j9) is of finite order if the B(n.i) are. Now Bfn.i) is of finite order because 
it is in the finite 2-dimensional space $(n,i) and so B^n.i) is of finite order too. 

Lemma 5.2.2. The ring M of [5], pp, 203-204, Theorem XI, is approxi- 
mately finite if the group & possesses this property: 

(i) @ is the set-theoretical sum of a sequence ®i 02 £ * • • o/ finite groups, 
(We assume, of course, that the requirements of loc. cit. [5], p. 206, Lemma 
13.1.2, are fulfilled, placing M in the case (Hi).) 

Proof. Using the notations loc. cit., particularly those on pp. 198-200, we 
have 

(6.2.7) M = R(Uao > a € 0, ip(x) bounded and measurable). 

A familiar argument shows that the <p{x) in (6.2.7) can be restricted consider- 
ably without changing the ring M. Indeed: 

First. It suffices for reasons of continuity to consider the <p{x) with finite 
ranges only. 

Second. These ^(x) are finite linear combinations of the characteristic func- 
tions 

y (a:) I ^ ‘ 

^ \ = 0 otherwise. 

Third. Let T\ ,Ti, • • • hes, countable basis for the T (£ S and measurable).** 


It is not difficult to show that Nn is a factor in the case (L**). Hence Def. 4.1.1. would 
also be applicable, yielding approximate finiteness of type [2, 4, 8, •••]. 

The space of all measurable sets T (disregarding sets of measure zero) can be metri- 
cized by the distance 

¥r' - /i(r + T") - M(r'r'). 

This is obviously equal to 



Xr'(«) — 1* dz. 


Since is separable, there exists a sequence xn » xrt , • • * dense in the set of all xt* » and 
correspondingly the sequence Tj , ir 2 , • • • is dense in the set of all T, This is what we 
mean by a basis. 
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Then it suffices for reasons of continuity to consider these <p{x) = xr<(a:), i = 
1, 2, • • • only. 

Finally, these properties of the system Ti , 2^2 , • : • are not lost if we replace 
it by another countable system which contains it. We do this in such a way that 
the increased system 7^1,72, • • • possesses these further properties: 

(1) It contains T' • T" along with T\T'\ 

(2) It contains a^T' along with T' for any Oo c ®. 

These being understood, w’e have 

(5.2.5) M = R(Uao , ; Oo € , z = 1, 2, • • • 

Consider now the finite groups ®i , ®2 , * * • of (i). Ti , • • • , generates, 
with the help of the operations (1) and (2) when ao in the latter is restricted to 
©n , a finite subsystem of , T 2 , • • • , — say the set (T,* , i e /n). So /„ is a 
finite set. Clearly /i C ^2 £ • • • . In contains 1,2, • • • , n. Hence (1,2, • • • ) 
is the set-theoretical sum of /i , 72 , • • • . 

Consequently (5.2.5) gives 

(5.2.€) M = R(Nn,n = 1,2, ••• ) 

with 

(5.2. f) Nn = R(Z/aQ , 9 ^ ^ 7n). 

Thus Ni £ N2 £ • • • and therefore M is approximately finite by Def. 4.6.1 if 
theNn are shown to be of finite order.^® 

Now the group character of &n and the construction of In show that the 
operators 

(5.2.17) UaJjXT^ix) , Go € @n , i € 7n 

are reproduced by multiplication. As ®n , In are finite, these operator (5.2.17) 
form a finite set. too. Hence they are a finite basis of Nn completing the proof. 

This last result establishes the approximate finiteness of the examples (/3), (7) 
in [5], p. 208. Thus our Theorem XIV establishes their algebraic isomorphism 
and [6], p. 244, Theorem XI, their spatial isomorphism as announced hy (v) in 
[5], p. 299. In order to include (a), p. 208, eod., we need this 
Lemma 5.2.3. Ilie condition (z) in Lemma 5.2.2 can he replaced by this con^ 
dition: 

(ii) & is abelian. 

The proof of this lemma is somewhat complicated. It requires some rather 
deep results on the decompositions of mappings of measurable sets, which will 
be published elsewhere. We shall not pursue this matter further on this occasion. 

§6.3 We proceed to expound the new (simplified) method for the construc- 
tion of examples of factors in the case (IIi), announced in §5.1. 

This time we really must use Def. 4.6.1 and it would not be possible to replace it by 
Def. 4.1.1 — in contrast with footnote**. 
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Let a group ® be given. For the moment ® could be finite or countably 
infinite, but we shall be forced to assume the latter at a subsequent stage (cf. 
Lemma 5.3.4 and the Remark after it). 

Form a unitary vector space $ by using the elements of ® as indices for the 
vector components, i.e. $ is the set of all complex vectors / == [xa ; a € ®] with a 
finite I Xa 1^ and for / = [aia ; a € ®] and fir = [ya ; a € ®], (/, g) 

Now we introduce and discuss some operators in 
Lemma 5.3.1. Define the operators 


(i) 

(ii) 

(iii) 


\ a € ®] — [XaoQ I a € ®] 1 

Vai,[Xa , a € ®] = [Xa-i a I a € &]) 

W[Xa;a€&] = [Xa-i ;a€®] 


for any Oo € ®. 


These operators are unitary and 

W = W\ WUa^W = Va, 

In other words, f — ^ Wf is an involutory spatial automorphism of § which in- 
terchanges Uao with VoQ . 

Proof. All assertions are immediately verified. 

We introduce, as usual, the complete normalized orthogonal system 

(5.3.a) <paj a €&, 

in $ where = [5a,b ; be®]. Thus / = [xa ; a c ®] is equivalent to 
/ ~ and 

(5.3.^) ~ ) Fao^o ~ ^ooO-> ~ • 

Lemma 5.3.2. Lei I be the set of all Ua ^ a.nd J the set of all y... Form for 
each bounded operator A in §, its matrix {aa.b} («, be®) in the usual way.^ 


This $ coincides with the ^ of [5], p. 194, Def. 12.1.4. The only difference is that 
we now write Xa in place of the /(a), loc. cit. 

^ One also verifies immediately 

Ual'UaO *■ tfaicQ f V a\V uq * VaicQ 

i.e. a-^Ua and a V® are both representations of 0^. They correspond in fact to the regu- 
lar representation of 
** The definition is 

(" «) aa,b - (Aipa , <Pb) — (*Pa , -4 Vb). 

Hence 

II A<pa 11^ * I » ^) 1^ * I «a,b 1* 

II ^*»>»l|* - 2^0.® I «>. , I* - I “«•» I* 

i.e. 

("* P) “11 I “oA I*, £«« 1 I* “‘■e finite. 

(continued) 
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Then A eT if and only if has the form a«,6 = ijai-i arid A t J' if and 
only if Oafi has the form a<,.6 = ijo-'i i-o. aa,b depends on the value of ab~^ only 
or on the value of a~% only, respectively, (We do not determine for which sys- 
tems rie , c eOi a hounded A to which the given m corresponds, actually does exist.) 

Pboof. If a ~ {ao.6}, then (5.3.(3) gives UalAUa„ ~ {aao"‘.»o7*}-'” Now 
A tV means that A commutes with all i.e. that 

(5.3.7) <*0.6 = fOF all Oo « ®. 

Write tie = a«.i • Then (5.3.7) with Oo = 5 gives 

(5.3.5) Otajk = 17a»-l . 

Conversely (5.3.5) implies (5.3.7). Thus (5.3.5) is characteristic for A c I'. 
This proves our statement concerning F. 

If A ^ {a«,6} then WAW ~ {aa-i,6-i}.“ Hence the automorphism / —* Wf 
of $ carries (5.3.5) into 

(5.3.*) aa.6 = na-ib . 

Since it carries I into J it takes F into J'. Therefore (5.3. e) is characteristic for 
A € J'. This proves our statement concerning J'. 

Lemma 5.3.3. R(I) = J', R(J) = F. 

Pboof. Clearly Fao commutes with all t7a„ . So Va„ « F and hence J £ F. 
As F is a ring, this implies R(J) £ F. 

If A €F, B € J' then A ~ B ~ {5o->fc)- Direct computation shows 

that AB = BA (use the matrix computation rules as mentioned at the end of 
footnote **). Thus A « J" and hence F £ J". Since 1 e J, J" = R(J) (cf. [2], 
p. 397). Therefore F £ R(J). 


Finally 


i.e. 


(«, 7) 


(Af, <pb) =» iffA*ipb) = iff V>a)(v»a, A*(pb) 

= «a,6(/, <Pa) 

I If / * yq f 

l^then yh « • 


The matrix operations for these (complex numerical) matrices are defined in the same 
way as for the (operator) matrices of Bp) in §2.4. 

Use (*•, a) and (5.3. ff). Then 

iUoQ AUoQ^a f <Pb) “ iAUagfPat ^ agfPh) 


“ (Atpaao~^f 


(WAWipa ,V? 6 ) * (AWipa , Wtpb) ■■ 

Hence A ^ {aa.bl implies U^^AVao |a<iao'*^6oo~M and WAW ^ 
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The results of the two preceding paragraphs imply R(J) = I'. The spatial 
automorphism / — > Wf of ^ interchanges I with J and thus we obtain R(I) = J' 
too. The proof is now complete. 

Lemma 5.3.4. Pvt M = R(I) = J'. Then M' = R(J). I' is a factor if and 
only if @ fulfills this condition: 

( For every o € @, a 5 *^ 1 , the class of a, 

80 = (c“‘ac; c € ®) 

is infinite. 

Proof. Clearly M = (R(I))' = V. 

Now consider an A € M-M'. Put A ^ {ao.b). A c M*M^ implies that both 
(5.3.f) Oa.ft = T/a-ift and aa,b = 


hold. Put 5=1. This gives 770-1 = Oa . Thus (6.3.f) is equivalent to 


( 5 . 3 . 77 ) Oia,b na~^b — Vba"^ • 

The second equation in (5.3.77) may be rewritten by replacing a, b by 6, ah. 
Then it becomes 775 - lot = Va i.e. it states that rid is a constant for all d € ?o . So 
(5.3.77) is equivalent to this 


(5.3.0) aa.b = 770 - 15 , Vd is constant for all d e So . 


We now prove that (i) is characteristic. 

Sufficiency: Assume that (i) is true. If a 5 *^ 1 then So is infinite. Hence the 
finiteness of I ^d P together with (5.3.^) imply 770 == 0 if a 1 . 


Thus 


OJo,5 — 


Va'~^b 



for a b 
otherwise. 


or A = 77*1 and so M is a factor. 

Necessity: Assume that (i) is not true. Choose an ao 1 with ?oo finite. 
Define 


(5.3.0 


Ota,b = Va-^b 7 Vd 




= 1 for a € So 
otherwise. 


One verifies that the A {«a.b} may be expressed as A = Thus 

A cM-M' by (5.3.0) and (5.3.0* 

If M were a factor, this would necessitate A = a*l or A {«5o,b} where 
Sa,b = 1 for a = 6 and 5 = 0 otherwise. Consequently 


(5.3.k) 


OCa,b = OcSa^b • 


Now (5.3.0 and (5.3.it) give for a = 1 and 6 = 0© (remember Oo 9 ^ 1) ai.ao = 1 
and ai.oo = 0 respectively. This contradiction shows that M is not a factor. 


The iiniteness of \ Vd\^ follows immediately from the first formula of (**, /5) 

with a *■ 1 : 

I “J* 1* “ I *» I*- 

“ Observe that the sum can be formed because So is finite. 
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This last result forces us to assume that ® is infinite, since even its classes 

, G 1 are to be infinite. Groups @ with this property are easy to construct. 
We shall give some examples at the end of §5.5 and in §5.6. Clearly no such 
group can be abelian. 

There is, however, another circumstance worth pointing out before we go 
further. Our construction is obviously nothing but an extension of Frobenius^s 
group numbers to infinite groups.^^ The unitary space § and its operators are 
only technical devices to take care of convergence difficulties. Both the Ua and 
Va furnish representations of ® (cf. footnote and so both M = R(I) and 
M' = R(J) are the equivalents of Frobenius’s group numbers. But in the case 
of finite @ this procedure does not give a factor. The group numbers notoriously 
possess other central elements than the a-1. There are as many linearly inde- 
pendent ones as there are different classes ?o in ®. The real meaning of our 
I^mma 5.3.4 appears to be this: The role of all classes in ®, when ® is finite, is 
now taken over by the finite classes.^ For finite ® this distinction is vacuous, 
but for the infinite ® it is now seen to be decisive. 

In other words: We have essentially merely extended the construction of 
Frobenius group numbers to infinite ®. For finite ® this can never give a 
factor; indeed, the usefulness of the group numbers lies in that case in the oppo- 
site direction. For infinite @ however, our treatment of the convergence ques- 
tions makes this constmetion perfectly adequate to produce factors. 

We now determine the case to which these factors M, M' belong, and a few 
other characteristics. 

The condition (i) in Lemma 5.3.4 is assumed to be fulfilled. 

Lemma 5.3.5. (i) M, M' are coupled factors both in case (IIi). 

(ii) In their standard normalization, the C of [5], p. 182, Theorem X, is 1. 

(iii) 7/ A cM, (A cM') then Tr^{A), (Tr^>(A)) has the value rji for the rjc 
of Lemma 5.3.2. 

Proof. We proceed in a somewhat changed order. 

Define for A € M, a quantity T'(A) = m for the rje of I^mma 5.3.2. Let us 
check for this T'(A) the properties (i)-(vi') in [6], p. 218. 

(i)-(iii), (v) loc. cit., are obvious. 

If A ^ {aa,b} = {va-^b}, B ^ {Pa.b] = then clearly AB ^ (7a.6} = 

{fa- Id! where fa = . (Use the matrix computation rules indicated 

at the end of footnote Hence T'(AB) = fi = VcOc-^ • This expres- 
sion is symmetric in rja and da . Hence 

(5.3.iu) T'iAB) = T'{BA) = £„» VcOc-i ■ 

This proves (vi), loc. cit., and (vi') eod., by replacing .4, B by U~^A, U. 

“ We treat these groups as discrete groups and use everywhere sums not integrals. The 
familiar generalization of Peter-Weyl to continuous groups and of von Neumann to almost- 
periodic groups where integrals and means are used, do not show the peculiarities of our 
present discussion. In those cases the infinite group behaves almost entirely like the finite 
group. 

** Concerning the connection between factors and representation theory, cf. also [51, 
pp. 118-120, Introduction, §3. 
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Asil* = {«»,„} == with fa = tia-i , (5.3.m) yields for B = A* 

(5.3.r) r(A*A) = I Vc r. 

This proves (iv), (iv'), loc. cit. 

Thus all desired relations are established. 

If we consider T'{E) only for projections E tM. then the above relations 
allow us to assert the validity of (ii), (iii) in [5], p. 165, Def. 8.2.1. Also ^'(l) = 
1 5 ^ 0, 00 , Hence, by [5], p. 170, Lemma 8.3.5, this T'(E) is a relative dimension 
function of M and M is in a finite case. 

The cases (I»), n = 1, 2, • • • are excluded, since M is not a finite ring. Hence 
M is in the case (Hi). 

Now we conclude by [6], p. 218, Property IV, that Trji{A) = T'{A) i.e. that 
r7^(A) = j/i . 

Thus our (i), (iii) hold for M. The spatial automorphism / — > Wf in ^ shows 
that they hold for M' in view of Lemma 5.3.1. 

Let us now consider our (ii). Observe that by (5.3.j?) 3)?“ as well as SllZlfj 
(cf. [5], p. 143, Def. 5.1.1) contain all , a « Hence both are It follows 
that in the standard normalization. 

Dumf,) = Dm-(2«?.) = 1. 

Therefore [5], p. 182, Theorem X, gives c = 1 as asserted. 

Lemma 5.3.6. Consider an A « M (A « M') and its t/c by Lemma 5.3.2. Then 
we have 

(i) [[A]] = (Ec^ I Dc r)‘ . 

(ii) A = 2o«e ycUe , (A = 


in the sense of metric convergence in M, (M') irrespective of the order in which the 
c are gone through. 

Proof. The spatial automorphism / Wf of § interchanges M and M'. 
Therefore it suffices to consider the A eM, 

Ad (i): By Equation (5.3. v) in the proof of Lemma 5.3.5, 


[[A]f = TruiA*A) = r(A*A) = | Vc |*. 

Hence [[A]] = (23«« I Ve I*)'. 

Ad (ii) : Choose any enumeration • • • of ®. One verifies immediately 

that for A^"^ = na^klUaik) 


A(n) 




with 


Vo 



for c = 
otherwise. 


a 


M 


Hence 




with 


{„)! r = 0 for c = a“’, 
\ *= n* otherwise. 


a 


(n) 
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Consequently (i) above gives 
[[A - = (Z..® 

= (Zr-«+iha(ol*)* 


This is equivalent to 

(6.3.0) [[A - Zw = (Z?-»+i I >;«(« P)*. 

Now Zw I ’?<•“> i* “ Z«« I ’ll! f is finite by (i) above. Hence the right hand 
side of (5.3.o) tends to 0 as n — ♦ oo . This means that ^7c(*)l7a(*) converges 
metrically to A. 

Since this holds for any enumeration • • • of our assertion is estab- 

lished. 

§6.4 As we pointed out, the construction of §5.3 is closely related to that of 
[5], pp. 192-209, Part IV. The group @ plays the same role in both cases, and 
the difference consists in the disappearance of the space S, 

This space played an important part in the constmction referred to above: 
Every a € @ had to induce a mapping x-^xainS (cf . loc. cit., p. 195, Def. 12.1.5). 
The absence of S from our present construction may also be interpreted by saying 
that S is now a one-element set: S = (xo) and that for every a c Xoa = x© . 

Now the difference between our two constructions can be expressed as follows: 
In [5], & was entirely unrestricted, but S had to obey (among other things) (iii) 
in Def. 12.1.5, loc. cit., p. 195: for a 1 and x e S always xa 9 ^ x.“ In §5.3, @ 
had to fulfill (i) of Lemma 5.3.4, but the (iii) referred to was most flagrantly 
violated.^®’ Thus our two procedures correspond to two different ways of 
securing the factor character of M in what is fundamentally the same construc- 
tion. In one case the whole burden of the necessary restrictions was thrown on S 
in the other case, on @. 

It would be possible to use a more general arrangement of which both these 
procedures are special cases. The necessary restriction would then be of a mixed 
type, affecting the structure of S and ®. 

We shall not consider this question in more detail at this time. 

§ 6.6 A second connection between our two constructions which deserves some 
attention can be obtained as follows. 

Let an arbitrary countably infinite group ® be given. We shall try to use it 


“ Except for an x set of measure zero. 

*• We have Xoa - xq and fx{{xo)) “ ti(S) 9 ^ 0. 

There is no difference between the two constructions as regards the other conditions of 
Def. 12.1.6, loc. cit., p. 195. In particular, ® is ergodic in our present construction, since 
S (xo) is a one-element set. 
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for the construction of [5] referred to above, that is to find an S which fulfills all 
preliminary conditions of that construction in conjunction with the given ®. 

This construction runs as follows:®® 

(I) Let S be the set of all systems a: = [«« ; a e ®] where each «« = 0, 1. Let 
® be the set of those x = [««;«€©] for which aa = 0 except for a finite number 
of a’s. 

Define in 5: If a: = [oa ; a € ©], 2/ = [fia ; a €&] then x © y == [7o ; a € ®] 
where ya = oca + /9a(mod 2), 7^ = 0 or 1. S is clearly a (commutative) group 
with the ^^unit^’ 0 = [0; a c @] and <S is an enumerably infinite subgroup of S. 

Define further in S: If x = [«« ; o €.®] and a© 6 ® then xo© == [oaoa ; a € ®]. 
Then the mappings x — > xo© represent the group & by permutations of S, all of 
which carry 0 into itself. 

Now choose an arbitrary but fixed enumeration • • • of ®. For S 

we use the mapping 

E X = [«„; tt « » i(x) = 2^1 

of S on the numerical interval 0 ^ ^ 1. Except for the 2 image of 0 the set 
of all dyadically rational numbers, which is a set of Lebesgue measure 0 this 
mapping is one-to-one. So the common (exterior) Lebesgue measure in 0 ^ 
f ^ 1 is mapped by the inverse of E on a Lebesgue measure in S with all its usual 
properties. 

We shall now consider ® as the ‘‘group’' and S (with the “mappings” x — ^ xo© 
for X € 5, a© € ®) as the “space” described in [5], pp,. 192“195. In the sense of 
[5], p. 195, Def. 12.1.5, ® is an rw-group and ergodic in S, 

First we show the rw-group character. Ad (i), loc. cit. This is concerned with 
the preservation of outer measure of the measure determining sets {T,}. In 
view of the definition of measure in S given in the previous paragraph, we may 
take for a set of T/s the set of images, imdcr the inverse of 2, of ^-intervals 
k/2'^ g f < (A; + l)/2”*. An image of a $-interval k/2”' ^ ^ < (k + l)/2’” 
is given by specifying the values of aa(i),...,ao(m) . Hence it is mapped by 
X — > xo© onto a set, in which the values of ««© are specified. 
Choose n so that ao^a^^\ • • , occur among the • • • , Then the 

above set is the sum of 2”“’" sets, each of which is defined by specifying the values 
of aaO>, , i.e. each of which corresponds to an interval //2” ^ f < (i + 1)/2**. 

Thus the set corresponding to the J interval k/2'^ ^ f < (A; + l)/2”* having 
measure 1 /2’” is mapped on a set of measure 2”~”*/2’* = 2“”*. Thus the measure 
of each such is conserved. Ad (ii) which states that (xa©)6© = x(ao5©) can be 
verified by a direct computation.®® Ad (iii), states that if a© 1, xo© = x holds 

The construction (I)~(V) which follows is in many respects analogous to the con- 
struction (I)-(VII) in [71, pp. 72-77. The main differences arc these: We use ® and not 
0 as the group of mappings in S, and the latter parts of the two constructions pursue dif- 
ferent aims. 

*® Let X “ [aa t at xa© « [^a y a t @], (xao)6o - [7® , a e Then * aooa and 
* tt0o(b0a) •" ^(tf0bo)a* Hencc (^xad^bo ■■ I o • ®] x(ao^o)« 
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only for a set of measure zero. For x = [aa ;a e ®], xa^ = x is equivalent to 
«ooa = «o for all a. But since Oo € @, Uq 5*^ 1 we can construct an infinite sequence 

, G2 , * * • such that the ui , ^2 , • • • , UoUi , (hch , • • • are all different. For 
any m, let n = n(m) be such that • • • , includes ai , • • • , , GqGi , * • • , 

OoU^ . Then the x-set for which aao^i = “a* for i = 1, • • • , w consists of 
2”*"^ sets in each of which the aan),...,aain) have specified values. Such a 
set is the image of a f interval of measure 2"'' and hence has measure 
2n-m _ 2“”*. Now the x-set for which aa^a = eta for all a € ® is in for 
every m. Thus it has measure zero. Since this is also the set for which xoo = x 
we have shown, Ad (iii). 

The ergodicity will be established in (III) below. 

(II) Form for these ® the spaces $5 and of all complex-valued functions 
/(x) resp. F(x, a), x € S, a e & which are measurable in x and with a finite 

f \f{x) I*(fo resp. f I F(x, a) |Vx. Thus (/, g) = f f{x)^) dx, (F, G) = 
•fs Js Js 

/ F(x, a)G(x, a) dx (cf. [5], p. 194). Form the bounded operators 
Js 


_UaJ(x) = /(XOO) 
UaoF(x, a) = F(xao , aoo) 


} 


Oo € @. 


Lv(x)F(Xy a) = ^(x)F(x, a) (<p(x) bounded and measurable) 


(loc. cit., pp. 196, 198-199) and the ring M in which the Uao , Lp(x) generate 
(loc. cit., p. 200): 


(5.5.a) M = R(f/ao > Li>iz) 1 Uo € ®, ^(^) bounded and measurable). 


Before we go on we form the follo\^ ing system of functions in 

'W^x(^) = (— (.f = [oLa , a tOd] € 3, .r = [tta , G C ®] € S.)®^ 


It is easy to verify that these functions (for all ;f c 3) form a complete normalized 
orthogonal system in Consequently the functions 

Fi,a(x, a) = 03i{x)ba,a , (x € Zy d € &) 
form a complete normalized orthogonal system in .^©,5 . 


If the ao , ao , • • • are all distinct, let a,* =» ao*~^. The result readily follows in this 
case. Otherwise, ao is of finite order, p = 2, 3, • • • (p 5 ^ 1 since ao 5 *^ 1). For each a we 
can define Sa as the set of 6 e ® for which h = oJa for some A: = 0, 1, • • • , p — 1. It is 
easily seen how we can choose a sequence ai , 02 , • • such that the Sai are mutually ex- 
clusive. For this sequence we have that the 01 , 02 , • • • , aoOi , 0002 , • • • are all different. 
This readily follows from the facts that the Sai mutually exclusive and oo ^ 1. 

•* Owing to f — [a« , a « @] « 0 we have aa 7 ^ 0 only for a finite set of a's. Hence the 
sum aacta is really finite. 

In this particular case the group nature of © is irrelevant. Hence we can replace @ 
by any other countably infinite set. We replace the o e ® by a « 1,2, • • • . After this 
substitution our iat{x) become the well-known complete normalized orthogonal set of 
Walsh-Rademacher functions. It was also considered in [7], p. 74, under the name of 
w«(x). 
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A familiar argument shows that the tp{x) in (5.5.a) can be restricted consider- 
ably without changing the ring M. Indeed: 

First it suflSces, for reasons of continuity, to consider those ^(x) only which 
are finite linear aggregates of the Second, we may now restrict the ^(x) 

to the ci)i(x) themselves. So we have 

(5*5.^) M = R(Uao ) Ltaf(x) 5 ^ 

And as 1 occurs among the Ua^ (for Oo = 1) and among the Z^(*) (for 2 = 0), 
we can equally write: 

(5.5.7) M = R(f7ao^«i(*) ; ^ ^ « ®)* 

(III) Clearly 

t 

Uao<»t{x) - uiixoo) = «foo*(a:). 

Now consider any f e^a with Uatf = / for all ao t Use the orthogonal expan- 
sion /(x) = X/*,e XfWf(a:). Then the above formula gives / = X-ew* , 

l/ao/ = ^fteXiswjaj-* = ^f«eXioi,Wi. Hence Xi = Xjoo • As ||/ 1|* = 2t«e 1 X* |* 
is finite, this implies that Xj = 0 if there are infinitely many distinct xoo , Oo t ®. 
Now this is the case for all x « x 0.“ So x 5^ 0 implies X* = 0. Thus 
f(x) = Xowo(x) = Xo . 

So UaJ = f (for all ao e &) implies that /is a constant. Hence ® is ergodic. 

(IV) Clearly 

Z^F5,5 (x, o) = ut(x)Fs.s(x, a) = F,®5,t(x, a). 

Next 

UiFy,i{x, a) = Fi,i(xa, aa) = F5i-i,ta-i(x, o). 

Combining these gives 

(5.5. c) ^a^w2(.)Fy,s(x, o) “ F (4®y)o“* .5o“* (^, o)* 

Now treat the index g, 5 of F;,s as one pair. Make these pairs into a group 
{©, ®) by defining 

(5.5.f) \y,h]\2,6] ^ \gs® 2,h6). 

Cf. the argument of [7], pp. 73-74 (II). 

We prove this as follows: Put JR — [a* , a # ®]. Since JR ^ 0 there is an a* such that 
fio* 5 ^ 0. Now as in footnote*®, we can construct an infinite sequence of the a^fl « ® such 
that aia*f a 2 a* are all different. Then «• l&ai’-^a » a € has for its ata* component 
fia* — 1. Thus if we consider the £aT^, JRaf', • • • we find that there is an infinite number of 
a’s € such that the a component is not zero for at least one of the JRaJ^* Since each £aT^ 
can have at most a finite number of components different from zero, there must be an infinite 
number of distinct JRo7^. 
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As X © S = 0 (5.5.f) implies that 

[y, 5} {f, o}“‘ = {(x © 

Hence (5.5. e) becomes 

( 5 . 517 ) ~ ^{vi6) (i»a|”^(^> ®)» 

(V) Apply the construction of §5.3 to the group {©, @} of (5.5.f) above, 
instead of its ®. This is possible since {@, @} fulfills (i) in Lemma 5.3.4; i.e. 
if [x, d] 9 ^ {0, 1} then there exist infinitely many different \y, {y> 5}. 

Indeed, if x 5 ^ 0 then form {0, a} {0, 5} = {xb, V'^ab]. There are in- 

finitely many distinct xh for be®. Cf. footnote Thus our statement is 
true for x 9 ^ 0. If however x = 0, then necessarily a 1. Form {y, 1 } {0, a} 
{y, 1} = [^d ® y, d} . There exist infinitely many different yd © y.®® 

Now write $/ , Mi for its §, M. We have 

(5.5.0) Mr = R(Uii,ai ; x e ®, o € ®) 

and by (5.3.13) 

(5.5. t) • 

We can map isomorphically on by carrying the complete orthonor- 
malized system F(y. 5 j of the former into the set of of the latter. Then 
comparison of (5.5. t) and (5.5. rj) shows that this isomorphism carries UajL^^^{x) 
into U{s,a] . Hence (5.5.7) a.nd (5.5.d) show that it carries M into Mi. Thus 
M and Mi are spatially isomorphic. 

Summing up: 

Lemma 5.5.1. Given any countably infinite group ® define S, © as described 
in (I) abovey and the group 0/ = {©, ©} as described by (5.5.f) (IV) above. Then 
the construction of [5], pp. 192-209, Part /F, can be applied to @ and S and our 
construction of §5.3 to {©,0) (in place of its 0). 

These two constructions produce spatially isomorphic factors M. 

The mappings 

(5.5.k) x{gf, 6} = x6 + y 

provide a convenient representation of the group {©, 0} of (5.5.f) in (V). If 
we specify x t S then (5.5. k) appears as a pennutation of S. But as it maps © 
on itself, we can also prescribe x € © and view (5.5. k) as a permutation of ©. 

(5.5. k) makes it clear that {©, 0} is the simplest combination of © and 0 
apart from the ‘‘direct group producF\ 

Our above result can also be interpreted in this way: 

We start with an arbitrary (countably infinite) group 0 and should like to 
apply the construction of §5.3. Since 0 may not fulfill the condition (i) of 

•• Put gh l^a,h , a € ®], € As fi 1, ybd © « Ved © Ve means either 6 « c or 

db ^ Cy do ^ h. In other words ; If b runs over all ® there can never coincide more than 
two gta © gh> Now ® is infinite. Hence there are infinitely many different ybd © yb . 
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Lemma 5.3.4 this cannot always be done directly. We therefore propose to 
expand @ to a group ®/ which fulfills that condition. (5.5.f) provides a very 
simple generally valid mechanism to do just that. This has the further interest- 
ing consequence that within M, the set of group numbers for any ®, the metric 
closure of a subalgebra is equivalent to the topological closure for any of the ring 
topologies. For we extend M to M/ as above, and Theorem I (of §1.6 above) 
shows that our statement is tme in the extended space . Since any sub- 
algebra of M will be reduced by the original space topological closure in 
will yield topological closure. Similarly the discussion of Chapter I may be 
carried through on the assumption that M is a group algebra. 

§6.6 The analogue of Lemma 5.2.2 is true for the construction of §5.3 too, 
and this time it is even easier to prove. 

Lemma 5.6.1 . The ring M of §5.3 is approximately finite if ® possesses the prop- 
erty (i) of Lemma 5.2.2 (besides the property (i) of Lemma 5.3.4). ' 

Proof. Form the ®i , ® 2 , • • • of (i) in Lemma 5.2.2. Now 

M = R(f7a;a€®). 

Hence 

M = R(Nn;n - 1,2, ‘-O 

with 

Nn = R(t7a;a€®n). 

Thus Ni £ N 2 C * • • and is of finite order because ®n is finite. Therefore 
M is approximately finite by Def. 4.6.1 

Observe that if @ fulfills (i) in Ijcmma 5.2.2 (but hot necessarily (i) in Lemma 
5.3.4) then the group @/ = {©, @1 of Ijemma 5.5.1 possesses that property too. 
Put ® = ®i + @2 + • • • , @1 £ ®2 £ • • • all finite. Let ®„ be the set of all 
X = [ota, a €&] with Ola = 0, when a is not in . Then £ ®2 £ • • • and all 
the Sn are finite. So {0, @} = {0i , @i} + |02 , © 2 } + • • • , {®i , ®i) 

!® 2 , @ 2 ) £ • • • and all the {0n , @n} are finite. 

Thus it is easy to form groups ® which fulfill both (i) in Lemma 5.2.2 and (i) 
in Lemma 5.3.4. The following example is more direct. 

Lemma 5.6.2. The group ^ of all those permutations of (1,2, ••• ) which move 
only a finite number of elements, fulfills both (i) in Lemma 5.2.2 and (i) in Lemma 
5.3.4. 

Proof. Ad (i) in Lemma 5.3.4.: Given an a e ®, a 1 choose n so that a 
moves no number other than 1, • • • , n. Assume that a does move i (which is 
therefore =1, • • • ,n). Let c, be the transposition of ianAj where j = n + 1, 
» + 2, • • • . Then the only i = n + 1, n + 2, • • • nioved by c7* ac} is A: = j. 
Thus the cf^ac j ,j — n l,n 2, ••• are pairwise different and so ?« is infinite. 

Ad (i) in Lemma 5.2.2. : Let be the set of those permutations which move 
no number other than 1, • • • , n. Then ® = ®i + ®2 + 
and each Sn is a finite subset of ®. 
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The analysis of the invariants (1), (2) of §4.8, gives no new information. As 
to (1) all examples of [5] as well as those of §5.3 have M* = M. Indeed: Neither 
of these definitions ever mentions any specific non-real (complex) number. 
Hence , M« coincide with M so that M‘ = M* = M (cf. §2.3). _ _ 

Thus we possess no examples of a factor M in the case (Hi) with M' M. 
Possibly a generalization of the construction of 5.3, with the introduction of 
complex numerical factors in (i), (ii) of Lemma 5.3.1 (and (5.3./3) after that 
lenuna) might achieve this.*^ But we have not obtained so far any conclusive 
results in this respect. 

As to (2), ®(M) we know nothing beyond Theorem XV. 

Chapter VI. Non-Approximately Finite Factors 

§6.1 As pointed out at the end of §4.8 and again at the end of §5.6, we have 
not succeeded so far to establish the not approximately finite character of any 
factor with the help of the invariants (1), (2) of §4.8. We shall now prove the 
existence of not approximately finite factors, but it is necessary to introduce a 
new invariant in order to achieve this aim. 

Throughout what follows, M is again a factor in case (Hi). 

Definition 6.1 .1 . M has the properly F if this is true: 

Given any system, Ai , • • • , Am « M and any € > 0 there exists a unitary U = 
U(Ai , • - • , Am , «) e M vnth 


Tr^m = 0 


and 

[[ir^AkU - A,]] < « for /» = !,•••, /«.**• “ 

This property T is clearly a purely algebraic property — ^i.e. one concerning the 
algebraic type M only. 


Corresponding to the tcclinique of ^'multipliers^' in forming skew fields over a given 
center in abstract algebra. 

The requirement TruiU) = 0 is necessary, since otherwise we could choose f/ =» 1. 

Outright commutativity of U with Ai , • • • , Am (instead of the last inequality) would not 
do for the following reason: If M = R(Ai , • • • , Am) then this commutativity would mean 
U € M'. Hence U t M-M', U = a-l. Since T7jg(U) = 0 this would mean 17 =» 0, contra- 
dicting the unitarity of U. Hence no M = "RiAi , • • • , Am) could then have this property. 

Now it can be shown that an approximately finite M = R(.4i , A 2 ) for two suitable 
Ai , Ai . Hence an approximately finite M would not have this property—but we need 
Lemma 6.1.2. 

This property could be further subdivided, according to the values of m and of ex- 
pressions like c/Max (HI ||| , • * * , 111 111)* We could also require Ai , • * • , Am to be 

unitary, etc. For our present purpose, hovrever, these refinements are not needed. 
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Observe first this 

Lemma 6.1.1. Let a group ® fulJUling (i) in Lemma 5.3.4 be given, which 
possesses this property'. 

... (Given any system • • • , e @ there exists 
\oco«®, coj^l which commutes with • • •. , 

Then the M of §5.3 possesses the property F. 

Proof. Let Jli , • • • , A™ « M and « > 0 be given as indicated in Def. 6.1.1. 
Following (ii) in Lemma 5.3.6, we can choose • • • , ® and , • • • , 

f*.„ (these are the i/od) , • • • , no(»> mentioned there for A = A* for A = 1, • • • ,m) 
so that 

(6.1.a) [[A* — ^"-.1 {■*.< f7a(o]] < e/2 for A = 1, • • • , TO. 

Now apply our assumption (i) to these • • • , obtaining a ca c co 1 
which commutes with them. 

Then Ue„ and [/„(•> commute (cf. footnote “) and so 

f/r;(A» - EJ-i f*..- = f7-‘ Au., - 2:r., [7,(0 . 

Hence (6.1. a) yields 

(6.1.^) [(cc; AL^,, - Er-i f*..- [-^.(o]] < e/2 

and (6.1. a) and (6.1. /3) yield together 

(6.1.7) Ilf/r;A*C/., - A*]] < *. 

Clearly [7,, where J 

As Co 5^ 1 this implies rji = 0 i.e. 

(6.1.5) TruiUe,) = 0. 

Thus (6.1.7), (6.1.5) show that U = [7,, meets all our requirements. 

We can now prove 

Lemma 6.1.2. Approximate finiteness implies the Property F. 

Proof.” It suffices to find a group @ which fulfills the condition (i) in Lemma 
5.3.4 (so that the M of §5.3 is a factor, of course, in case (IIi)), (i) in Lemma 
5.2.2 (so that M is approximately finite by Lemma 5.6.1), and (i) in Lemma 
6.1.1 (so that M possesses the property F). Then Theorem XIV and our 
remark after Def. 6.1.1 take care of everything. 

Now the group @ = (S of Lemma 5.6.2 possesses the first two properties. 
As to (i) in Lemma 6.1.1 : Let • • • , o^”’ be the given elements of @. Choose 
p so that none of the a“’, • • • , move any. element other than 1, • • • , p. 


There exists also a relatively simple direct proof, based on Def. 4.1.1. 
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Let Co be the transposition of p + 1 with p + 2. Then co 9 ^ 1 and it commutes 
with o”’, • • • , o^"’. 

§6.2 We now proceed to establish the decisive negative result. 

Lemma 6.2.1. Let a group @ fulfilling (i) in Lemma 5.3.4 he given^ which 
possesses this property 

(i) There exists a set £■ ® properties: 

(11) There exists a Cte® such that 

5 + cigcr' = &- (1). 

( 12 ) There exists a C 2 e®, such that the three sets ci^C 2 \ i = 0, ± 1 are 
disjoint 

Then the M of §5.3 does not possess the property F. 

Proof. Assume the opposite, i.e. that M possesses the property F. Apply 
Def. 6.1.1 with n = 2. Put Ai = , A 2 = Uc ^ , while 6 > 0 will be chosen 

subsequently. Form the U = ?7(Ai , A2 ; c) described there. 

Then we have: 

(6.2.a) rrM(J7) = 0 

(6.2./3) {[V-^VcJJ - <6 for h = 1, 2. 

As UcK » U are both unitary and 

U7^UiU-^Uc,U - t/.J = U - . 

(6.2.j9) is equivalent to 

(6.2.7) [[c; - UTiUUc,]] < € for A = 1, 2. 

Now determine the i;. in the sense of Lemma 5.3.2 for U, UT^UUc ^ , 
U — UTiUUes in succession. If the first is Be it is easy to verify that the second 
is and hence the third is Be — • Therefore the application of (i) 

in Lemma 5.3.6 to U and to U — U7lUUt^ gives 

[[c/ir = z«0ioer 

[[[/ - v:l UUe,]f = I Be - r. 

As U is unitary, [[f/]]* = 1. Considering this and (6.2.7) these equations yield 
(6.2.5) Ec-»|0.|*=1 

(6.2.«) (E«0 I l*)‘ < « for A = 1, 2. 

After these preparations we introduce a measure in (M by defining 

•-(31) = E«« for 31 C®. 

’^This proof copies to a certain extent Hausdorf’s famous 1/2 - 1/3 division of the 
sphere. In this connection the use of the free group in Lemma 6.2.2 should be noted. 
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Then (6.2.5) becomes 

(6.2.f) K®) = 1 

(6.2.«) means = 0 i.e. 

(6.2.ij) «'((!)) = 0. 

The triangle inequality in infinitely many dimensions gives 

I I I^)‘ - (Zc« I »c*ccir* r)‘ I g (Zc^ 1 r)‘. 

The left-hand side is clearly | rCS)* — rCcAttc* *)* I • The right-hand side 
S (Z®** 1 ~ I*)* which is <« by (6.2.e). So we have 

(6.2.5) I K?l)* - i.(c*3lcp)‘ I < «. 

Now by (6.2.f), i'(?l) and •'(caSIc*^) are ^ »>(®) = 1. Hence , 

I i-(a) - KcAacr*) | = | ^(a)* - Kc*8tcr*)‘ I (K?!)* + KcaSIc*-*)*) 
g 2 1 r(3l)‘ - Kca21c:‘)* I 

Therefore (6.2.5) becomes 

(6.2.0 I K?0 - KcaJIc*') I < 2*. 

Let us apply (6.2.0 to 5> , ct in place of its 31, ca . Then 

(6.2. a) I «'(i5) — »'(ci5cr*) I < 2e 

(6.2.x) I >'(5) — v(fii%C2^) I < 2ie 

(6.2.m) I Kcr‘Sc2) - KS) I < 26 

obtain. Now (ii) and (6.2.f), (6.2.»/) and (6.2.*) give 

Kg) + (Kg) + 26) > 1 

i.e. 

(6.2. »») «'(g) > § — «• 

On the other hand (ij) and (6.2.f), (6.2.X) and (6.2.#*) give 
*'(g) + (>'(g) - 26) + (i'(g) - 2e) < 1 
i.e. 

(6.2.0) Kg) < i + 

(6.2.1') and (6.2.o) imply 

i — 6 < J + or 1/14 < 6. 

Hence it suffices to choose e = 1/14 in order to have a contradiction. 

Thus we have shown that M cannot possess the property F. 
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Corollary 1. Under the above assumptions, M is not approximately finite. 

Proof. Combine the above lemma with I^emma 6.1.2. 

Corollary 2. We may replace condition (jn) on @ and 5 by 

(ii). There exist two elementh C 2 and Cs in & such that 5, C 2 }^C 2 ^, Cz^Cz^ are 
mutually exclusive. 

Proof. In the first paragraph of the above proof we let Az == J7c, and then 
take U = U{A\ , Az , Az , e) instead of [7 = U{Ai , A ^ , f). We have ^ = 1, 2, 3 
in (6.2.j9), (6.2.7), (6.2.€), (6.2.d) and (6.2.t), instead oi h = 1,2. Finally we 
obtain an equation 

(6.2./) I /5) - KcaW) I < 26 

instead of (6.2.At), by applying (6.2.t) to g, cz instead of 02^502, C2 . (6.2.ai') 

is used instead of (6.2.pi) in order to obtain (6.2.o), and the rest of the proof is 
the same. 

We conclude by giving a specific instance of an M which does not possess the 
property F and is not approximately finite. We do this by giving an example 
of a group ® which fulfills the requirements of Lemma 6.2.1. 

Lemma 6.2.2. Let & be the free group of two generators Ci , C 2 , Then & fulfills 
the requirements of Lemma 6.2.1. 

Proof. Ad (i) in I^mma 5.3.4: Consider an a e®, a 9 ^ 1. Write a as a 
power product of Ci , C2 of minimum length. Then it is easy to verify that 
cT'^aci, n = 1 , 2, • • • are pairwise different unless a = c\ , In the latter case 
we have that the c^"ac2 = c^”crc2 are distinct unless m = 0 i.e. a = 1. Thus 
unless a = 1, is infinite. 

Ad (i) in Lemma 6.2.1: Let g be the set of a c @ which when written as a 
power product of Ci , C2 of minimum length end with a cl* , /i = ±1, ±2, • • • . 
Then (ii) and (b) in Lemma 6.2.1, i.e. (i) eod., are immediately verified. 

Combining Lemma 6.2.2 with Corollary 1 to Lemma 6.2.1 gives 

Theorem XVI. There exist not approximately finite factors M in the case (IIi). 

Or, considering Theorem XV, 

Theorem XVI'. There exist in case (IIi) more than one algebraical type M. 

§6.3 We wish in this section to present a number of examples of groups @ 
for which the corresponding M of §5.3 is not approximately finite. 

Lemma 6.3.1. Let ® be a group which contains two multiplicative subsets gi 
and g2 . Suppose that @ is the free product of gi and g2 and that gi contains at 
least two elements and g2 contains at least three. Then & satisfies condition (i) 
of Lemma 5.3.4, condition (ii) of Lemma 6.2.1 and condition (ij) of Corollary 2 
of that lemma {for the same g). 

Proof. Let ci be an element of gi which is not 1, and C2 , Cz elements of g2 
which are each not 1. 

We prove first that (i) of Lemma 5.3.4 holds, i.e. that for a €&, a ^ 1 the ?a 
is infinite. 

Suppose an o € @, a 5^ 1 is given. Since @ is a free product of gi and g2 , 
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each a has a unique factorization Oi-Oa ap into a product in which the 

factors are alternately in and ^2 and no factor is 1. 

We note for later use that if c € 5* , then • Suppose i =1. Then 

will have a factorization K . If 6i e 82 we have 1 = (xT^ = 

c-bvb2 br 9^ 1. Thus 61 € . But 1 = = (cbi)-b2 br implies 

r = 1. Consequently c""^ = . 

Now suppose firstly that ai (the first factor) and Up (the last factor) are both 
from . Ijet bn = (C2C1)”. Then the set of bn^abn are for n == 1, 2, • • • all 
distinct. (The factorization is immediately apparent.) Hence ?« is infinite 
in this case. 

If ai and ap are both from ^2 , we let bn = (C1C2)” and the result 
is again apparent. 

If ai is from and ap is from ^2 1 we consider C2 and C3 and denote by c' that 
one of C2 , C3 which is not equal to ap\ Let bn = (c'ci)'". Then forn = 1,2, • • • 
the factorization of bn^abn is obtained by simply writing out the expressions for 
these elements and coalescing ap and the first c' in bn.apc' is in but is not 1 
since c' 9^ ap\ Hence the factorization has been obtained. These factoriza- 
tions forn = 1, 2, • • • show that the bn^abn are distinct, and hence ?« is infinite. 

If ai is in §2 and Op is in 5i we define c' as that one of C2 , Cs which is not equal 
to ai . An argument similar to that of the preceding paragraph will show that 
in this case also is infinite. 

Thus we have established (1) of Lemma 5.3.4. 

To establish (ii) of Lemma 6.2.1 and (i^) of Corollary 2 of that lemma for the 

same we define % as the set of a^s, a 9^ 1 having a factorization ai ap 

in which ap is in , 

We show firstly (ii) in Lemma 6.2.1, i.e. 

(5 + ci^iSci = (S — (1). 

If a € ®, a 5^ 1 then a has a factorization ai Up . Now if a is not 6 Op 

is not € 5i but ap € ^2 • In this case we consider ciOcT^ = ciai apcT^. If 

p is even, i.e. p =J2, 4, • • • then Oi € (since ap e ^2) and the factorization of 

ciocr^ is either (ciai) -02 Gp-cT^ or (if ciai = 1) 02 apcT^. If p is odd, 

i.e., p = 1, 3, • • • , ai € ^2 and ciacT^ has the factorization ci-ai ap•c^^ 

These factorizations all show that ciacT^ is e 5. Thus if a 3?^ 1 and a is not € 
CiOcT^ € 5 or a € This is equivalent to ® — (1) £ 5 + cT^Sci . How- 

ever this inclusion is not proper. For 1 is not in g. Consequently 1 is not in 
and g • We can now conclude 

S + cT'Sci = ® - ( 1 ). 

One can establish (i^) of Corollary 2 of Lemma 6.2.1 in a similar (in- 
deed easier) way. 

Thus our Lemma has been proven. 

This lemma permits us to offer many other examples similar to the @ of Lemma 
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6.2.2. For we may obtain and ^2 in a number of ways, and then 

® = @ (81 , 82) is constructed by adding to 1 the ''free’^ products ai-a2 ap 

where the a/s are never 1 and are alternately from and 1^2 • As an example 
we may take gi as the group generated by a single generator a of order 
p = 2, 3, • • • , 00 and ^2 as the group generated by an element h of 
order ^ = 3, 4, • • • , <» . @(a, b) = @({5i » ^2) is then an example. Of course 
we may take for any group of order ^2 and ^2 of order g3. 

The restriction that ^2 contains at least 3 members rules out the case in which 
and ^2 are both groups of order 2, i.e. gi consists of (1, a) and ^2 consists of 
(1, b). Here of course we do not have the (i2) of Ix'inma 6.2.1 or the (i^) of its 
second corollary. However, condition (i) of Lemma 5.3.4 also fails. For the 
element ab has only ba and itself as eonjugat<\s, i.e. = (ab, ba). Thus Vab 
is finite. Hence by Lemma 5.3.4, the M for this © is not even a factor. 

Another lemma, which we shall use in an appendix, is readily shown now. 
Lemma 6.3.2. If @ is such that to every a e a 9 ^ \ there is ab e&,b of order 
^3 such that ® contains the free group ®(a, b) then Qfi ftdfills (i) of Lemma 5.3.4. 
(// a is not of order 2^ b need only differ from the identity.) 

Proof. Let denote the class of a relative to the subgroup ©(a, 6). Our 
discussion following Ixjmma 6.3.1 shows that ®(a, h) satisfies the hypotheses 
of Lemma 6.3.1. Consequently that Lemma and Lemma 5.3.4 imply that ?a 
is infinite. Since 5a 2a we have infinite for @ itself, and thus (i) of T^mma 
5.3.4 holds. 


Appendix 

In this appendix we give examples of two C'lass (IIj) factoi’s which are not 
isomorphic and yet each of which is isomorphic to a subset of the other. 

The factors will be the factors associated with certain groups @1 and $1 as 
in §5.3. These groups are best presented as subgroups of a group @ which we 
shall now defiae. 

® is determined by generators Xr one for each rational number r = p/q. The 
commutation rules for these generators are determined as follows. Let A 
denote the set of dyadic rationals g/2" in the most reduced form where 
n = 0, 1, 2, • • • and q is odd except possibly when n = 0. I^t B denote the set 
of all other rationals. 

The commutation rules for Xr are the following: 

(i) If rtA then Xr combines freely with any product 

if , 52 , • • • , Sp are all < r. 

(ii) If r € B, Xr commutes with all products M'tj if 5i , S2 , • • • , 5p 

are all < r. 

(iii) All Xr are of order 00 . 

One can show that the set of products Xr^ w, = ±1, ±2, • • • (with 

This example was originally part of a later investigation by the second-named author, 
but it can be most easily presented here, using our present methods. 
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a finite number of factors) constitutes a denumerably infinite group This 
is also true for the set of products in which the XrS are restricted, so that r is in 
a fixed non-empty subset of the rational numbers. 

Let be the subgroup of & determined by the generators Xr' with r' ^ r. 
Let &r be the subgi oup of & determined by the generators av^ with r' < r. We 
can show 

Lemma A.l. (i) Ob £ 

(ii) £0b. 

(iii) If n — zfcl, ±2, • • • then ^r+n is isomorphic to . 

(iv) ®r has property (i) of Lemma 5.3.4. 

(v) ®r has property (i) of Lemma 6.1.1. 

(vi) Assume re A. Then S^r satisfies the hypotheses of Lemma 6.3.1, and 
consequently it satisfies (ii) and (ij) of Lemma 6.2.1 and its Corollary 2 and (i) 
in Lemma 5.3.4. 

Proof. Ad (i) and (ii) are clear. 

Ad (iii). The correspondence Xr^.n Xr between the generators of and 
is one-to-one and preser\TS the properties r e A and r eB. Consequently 
it determines an isomorphism between ^n+r and . 

Ad (iv). Suppose a e Ob . Then a = Xi^ Xyf with each r,* < r. Let r' 

be the Maxi«i,....p r, . Then of course r' < r and there is an r" 6 A such that 
r' < r" < r. By the first commutation rule above Xr*^ combines freely with a. 
By the definition of 05r , 0K<^, •'^V") £ Ob . The third rule above tells us that Xr 
is of infinite order. Tliese last two results show that the h^^potheses of Lemma 
6.3.2 are satisfied. It follows from that lemma that the condition (i) of Lemma 
5.3.4 is satisfied. 

Ad (v). ®r has property (i) of Lemma 6.1.1: For let ai , • • • , be any k 
elements of ®r and let Xn , , • • • , Xn denote the generators which appear 

explicitly in ai , • • • , Qa . Let r' = MaXt«i,...,i ri . Then r' < r by the defini- 
tion of ®r . Hence there is an r" eB such that r' < r" < r. Let c = . 

Then c 5*^ 1, c € ®r and c commutes with ai , • • • , ua by the second commutation 
rule above. This result shows that (i) in Ijemma 6.1.1 is satisfied. 

Ad (vi). For we let 5i = ®r and ^2 = (xr). Now Xr is of infinite order 
and the first commutation rule shows that is the free product of ®r and ^ 2 . 
These show that the hypotheses of Ijemma 6.3.1 are fulfilled. That lemma itself 

This can be most readily shown by obtaining a “normal form’^ for each such product 

This normal form may be obtained as follows. Let r, denote the largest 

subscript which appears and is in B. We move as far to the left as possible. Let Vi' 
be the next largest subscript, which is also in B. We then rhove as far to the left as 
possible. We continue on until we have considered all the r* c B. The resulting product 
is then in a form in which the z^j , r,- c A have the same order as before, but each such 

r/ € A is followed by a product x”n x^fk with the Tit each in B, each < rj and 

with r,i < ri, < ••• < rijt . 

We may use this form to establish the associativity of the composition rule. The exist- 
ence of an inverse is clear. 
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now shows that (ii) and (ij) of Lemma 6.2. 1 and its Corollary 2 are satisfied, 
and (i) in Lemma 5.3.4. 

We next state a quite general lemma. 

Lemma A. 2. Let M 6e a ring which contains (al) and suppose/ e § is such that 
A/ = 0 and A eM imply A = 0. Let 9!Ti = . Then if A is closed, has 

domain dense, and rjlA, A is hounded if and only if it is hounded on 9W. 

Proof. It is clear that we need only show that if A is unbounded, it is 
unbounded on 50?. Let A — WB where W is partially isometric and R is definite 
(cf. [5], §4.4). Since A ?? M, we have jB M and also for all ^, ( Agr | = | I . 
(This may be <» of course.) Hence we may substitute B for A, or what is the 
same thing assume that A is definite. But A definite implies that there is a 

resolution [E(\)] C M such that A = XdE(\). Since A is unbounded, 

•^0 

1 — B(X) 5*^ 0 for X < cc . Let g = (1 — E(\))f for an3^ fixed X. B3" our h\'- 
pothesis on f,g 9 ^ 0 since 1 — £'(X) 0. From the formula for A we see | Ag | > 

X I gf I . Furthermore g 1 50?/^ = 50?. Thus if .1 is unbounded, it is unbounded 
on 50?. 

Corollary. If A eM the hound of A on 50? is the same as the hound 
ofA(\\\Al\\). 

Proof. It is clear that the bound of A on 50? is ^ ||| A ||| . To show that 
it canT be less one uses an argument similar to the above. 

We wish to apply Lemma A.2 to the case in which M is a subring of the set 
of group numbers in the sense of §5.3. We may do this by taking/ = in the 
sense of (5.3. a). For if A « M, we have that A by Lemma 5.3.2 and 

Vc<Pc by 7). Thus A(pi = 0 implies Vc — 0 for all c c® and 

hence A = 0, 

It is also useful to notice in appljdng this to group numbers that if we have 
any sequence {rjc} with \ Vc\^ < ^ then the matrix determines an 

A with a closure and domain dense. For it is clear from 7) that A is defined 
for all , a e & of (5 .3. a) and hence for the linear combinations of these. 
Since the latter are dense, A has domain dense. Furthermore the matrix 
lf}b-^a] is adjoint to it. Since this latter also has domain dense, A must have 
a closure. We shall consider A to be the least closed transformation, with 
matrix {i/a-ib}. On its domain, A is the limit of finite linear combinations of 
the Ue and hence is ?? M. Cf. Lemmas 5.3.1, 5.3.2 and 5.3.6. 

Lemma A. 3. Suppose and ®^ are two groups and M® and M“ their respec-- 
tive group numbers in the sense of §5.3. Then if ®® £ ®®®, M® is algebraically 
isomorphic with a subring of 

Proof. For an A € we have a sequence {rtc\c e as in Lemma 5.3,2. 
Let denote the set of A^s € M®'® for which i/c = 0 if c not e ®®. Since ®® 
is fi subgroup, this set of A's is closed under the operations oA, A*, A + B, 
AB. Furthermore this set of A 's is metrically closed, and as we mentioned 
at the end of §5.6, for a subalgebra of group numbers, this implies ring closure. 
Thus is a ring, and indeed is the ring determined by the Uc, ce 
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Let be the set determined by the ipa with o € (cf. 6.3.a). It is 

clear that we can identify this with the space on which we have M® defined. 
Now for every A € we have a sequence {fc ; c € ®°} and corresponding matrix 
Correspondingly, we have a sequence {t/c, cc®®®} with rie = fc for 
C€®® and rie = 0 otherwise. As we pointed out above, the matrix {rja-ib] 
determines a closed operator A with domain dense. This is clearly 17 and 
hence by the application of Lemma A.2 described above, it is boimded if and 
only if it is boimded on 5D?/* . Now one can show by our above definition of 
that = 9K®. Now ^ = A on iD?® and thus is bounded there. Hence, 
by Lemma A.2, A is bounded and e We now see that to every A c M° 

there corresponds B,n A e such that A agrees with A on = 2W®. On the 
other hand, it is clear that to every A e we have an A e M° with this prop- 
erty. 

One can readily verify that this is an algebraic isomorphisn^. 

We are now ready for the final step. Let Mi be the set of group numbers 
for @1 , M2 the set of group numbers for ^1 (cf. §5.3). 

Lemma A. 4. (i) Mi and M2 are factors in Case (IIi). 

(ii) Ml is algebraically isomorphic with a subring of M2 . 

(iii) M2 is algebraically isomorphic with a subring of Mi . 

(iv) Ml has property T of Def. 6.1.1. 

(v) M2 does not have property F. 

Proof. Ad (i). Mi is a factor by Lemma A.l (iv) and Lemma 5.3.4. M2 
is a factor by Lemma A.l (vi) and Lemma 5.3.4. Mi and M2 are both in Case 
(III) by Lemma 5.3.5 (i). 

Ad (ii). This follows from Lemma A.l (i) and .Lemma A.3. 

Ad (iii). Let Mo denote the set of group numbers for .^0 . Lemma A.l (iii) for 
n = — 1 shows that §0 and §1 are isomorphic, and this of course implies that 
M2 is algebraically isomorphic to Mo . Lemma A.l (ii) and Lemma A. 3 imply 
that Mo is isomorphic to a subring of Mi . Hence M2 is algebraically isomorphic 
to a subring of Mi . 

Ad (iv). This is implied by Lemma A.l (v) and Lemma 6.1.1. 

Ad (v). This is implied by Lemma A.l (vi) and Corollary 2 of I^mma 6.2.1. 

Since property F is an isomorphism invariant, (iv) and (v) imply that Mi 
and M2 are not algebraically isomorphic. Combining this with (ii), (i) and 
(iii), we have 

Theorem A. There exist two rings Mi , M2 , each a factor in Case (IIi), which 
are not algebraically isomorphic to each other but are such that each is algebraically 
isomorphic to a subring of the other. 

The Institute for Advanced Study and 
Columbia University 
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ERRATUM 

Page 318, lines 12 and 13 (after semicolon). Read: “and therefore ^ if B is 
completely additive {i, e., if the union of the elements of every subset of B exists) y 
then it is isomorphic with a direct sum of f -homogeneous Boolean algebras ^ 
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